Working Papers of the University of Vaasa,

Department of Mathematics and Statistics,
11

Parametrization of contractive block-operator
matrices and passive discrete-time systems

Yury Arlinkii, Seppo Hassi,
and Henk de Snoo

Preprint, December 2006

University of Vaasa

Department of Mathematics and Statistics

P.O. Box 700, FIN-65101 Vaasa, Finland

Preprints are available at: http://www.uwasa.fi/julkaisu/sis.html



PARAMETRIZATION OF CONTRACTIVE BLOCK-OPERATOR
MATRICES AND PASSIVE DISCRETE-TIME SYSTEMS

YU.M. ARLINSKII, S. HASSI, AND H.S.V. DE SNOO

ABSTRACT. Passive linear systems 7 = {A, B,C, D; $), M, N} have their transfer function
0,.(A\) = D+ XC(I — MA)7'B in the Schur class S(9,M). Using a parametrization of
contractive block operators the transfer function ©. () is connected to the Sz.-Nagy — Foias
characteristic function ®4(\) of the contraction A. This gives a new aspect and some
explicit formulas for studying the interplay between the system 7 and the functions @, (\)
and @ 4(A\). The method leads to some new results for linear passive discrete-time systems.
Also new proofs for some known facts in the theory of these systems are obtained.

1. INTRODUCTION

A bounded linear operator T acting from a Hilbert space £, into a Hilbert space )9 is
said to be

(1) contractive if ||T|| < 1;
(2) isometric if ||Tf|| = ||f]| for all f € $, < T*T = Is,;
(3) co-isometric if T* is isometric <= TT™* = I;,.
A linear system 7 = (A4, B, C, D; $, M, N) with bounded linear operators A, B, C', D and
separable Hilbert spaces §) (state space), 9 (incoming space), and 9 (outgoing space), of
the form

hiy1 = Ahy, + B¢,
. >
-y { on=Ch+Dg, " 20

where {hy} C 9, {&} C M, {ox} C N, is called a discrete-time system. The operators A,
B, C, and D are called the main operator, the control operator, the observation operator,
and the feedthrough operator of T, respectively. If the linear operator 7, : H H IM — H SN
defined by the block form

s = (48)(2) - (3)

is contractive, then the corresponding discrete-time system is said to be passive. If the
block-operator matrix 7T is isometric (co-isometric, unitary), then the system is said to be
isometric (co-isometric, conservative). Isometric and co-isometric systems were studied by
L. de Branges and J. Rovnyak (see [21], [22]) and by T. Ando (see [2]), conservative systems
have been investigated by B. Sz.-Nagy and C. Foias (see [33]) and M.S. Brodskii (see [23]).
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Passive systems have been studied by D.Z. Arov et al (see [9], [10], [11], [12], [13], [14], [15]).
The transfer function

(1.3) 0,(\) =D+ AXCO(I5—  A)'B, €D,

of the passive system 7 in (1.1) belongs to the Schur class S(9, N), i.e., O, (A) is holomorphic
in the unit disk D = {A € C: |\| < 1} and its values are contractive linear operators from
M into N. It is well known that a function O(A) from the Schur class S(9, N) has almost
everywhere non-tangential strong limit values ©(&), £ € T, where T = {£ € C: |£| = 1}
stands for the unit circle; cf. [33]. The subspaces

(1.4) H°:=span {A"BM : n € Ny} and $H° =span {A""C*"MN: ne Ny }

are said to be the controllable and observable subspaces of the system 7, respectively. The
notation Ny stands for the nonnegative integers; the positive integers will be denoted by
N. The system 7 is said to be controllable (observable) if H¢ = § (H° = $H), and it is
called minimal if 7 is both controllable and observable. The system 7 is said to be simple if
9 = clos {H°+ H°} (the closure of the span). It follows from (1.4) that

(1.5) (59 = [ ker (B*A™), ($°)" = (] ker (CA™),

and therefore there are the following alternative characterizations:

(1) 7 is controllable <= [ ker (B*A*") = {0};
n=>0

(2) 7 is observable <= [ ker (CA™) = {0};
=0

(3) 7 is simple <= <nﬁ:k_er (B*A*”)) N (ﬁ) ker (CA”)) — {0}.

It is well known that every operator-valued function ©(\) from the Schur class S(90t, N)
can be realized as the transfer function of some passive system, which can be chosen as
controllable isometric (observable co-isometric, simple conservative, minimal passive); cf.
[22], [33], [2] [9], [11], [1]. Moreover, two controllable isometric (observable co-isometric,
simple conservative) systems with the same transfer function are unitarily similar: two
discrete-time systems

T :{Al,Bl,C’l,D;f_)l,ﬁﬁ,‘ﬁ} and To = {A27B2,CQ,D;562,9,R,%}
are said to be unitarily similar if there exists a unitary operator U from $); onto $)o such
that
A1 = U_1A2U7 B1 = U_IBQ, 01 = CQU;
cf. [21], [22], [2], [23], [1]. However, a result of D.Z. Arov [9] states that two minimal passive
systems 7; and 7, with the same transfer function ©(\) are only weakly similar, i.e., there

is a closed densely defined operator Z : §; — $, such that Z is invertible, Z~! is densely
defined, and

ZAlf = AQZf, le = CQZf, f € dom Z, and ZBl = BQ.

Weak similarity preserves neither the dynamical properties of the system nor the spectral
properties of its main operator A. In [13], [14] necessary and sufficient conditions have been
established for minimal passive systems with the same transfer function to be similar or to
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be unitarily similar. These conditions involve additional operator-valued Schur functions
ve(A) and 1g(A) which satisfy the inequalities

(1.6) vo(&)pe(§) < Im—0%(§)O(),  veo(§)1s(§) < In—O(£)O(S),

almost everywhere on T, and they are uniquely (up to a constant unitary factor) determined

by the following maximality property: if ¢(A) and 1;()\) are operator-valued functions from
the Schur class such that

(1.7) FEOPE) < Im — O%(©)O(E), (&)Y (€) < Im — O()O"(€),
then
(1.8) FE)PE) < ve(&)wel), POV () < Yo(E)Vs(€),

almost everywhere on the unit circle T. Here ©(¢), € € T, stands for the non-tangential
strong limit value of ©(\) which exist almost everywhere on T, cf. [33]. The functions ¢g ()
and ©e(A) are called the right and left defect functions (or the spectral factors), respectively,
associated with ©(\); cf. [17], [18], [19], [20], [26].

In this paper passive discrete-time systems 7 = {A, B, C, D; $, 9%, 91} of the form (1.1) are
considered. Some new proofs and new formulas concerning these systems and their transfer
functions ©,(\) in (1.3) are presented. Also some new facts concerning the realization of
operator-valued Schur functions ©(A) € S(9M, N) as transfer functions of passive systems 7
are established. One of the main consequences of the approach used and developed in this
paper can be formulated as follows:

Theorem. Let O(\) € S(IMM,N) and assume that O(N) is not a constant function.

(i) Suppose that po(A) =0, e(A) =0, and that T = {A, B,C, D; 9, M, N} is a simple
passive system with transfer function ©(X). Then T is conservative and minimal.
Furthermore, if ©(X) is bi-inner, then in addition A € Cy.

(i) Suppose that po(A) = 0 (Veo(A) = 0) and that T = {A, B,C, D; $, M, N} is a con-
trollable (observable) passive system with transfer function ©(\). Then T is isometric
(co-isometric) and minimal. Furthermore, if ©(X) is inner (co-inner), then in addi-

tion A € (Y. (Co)

The classes Cy., C.g, and Cyg are introduced in [33]; see also Section 6. The above theorem
is very close to the following result established by D.Z. Arov, which was proved by means of
the so-called optimal and x-optimal realizations of Schur class functions (see [10], [11], [14]):

Theorem. ([10]) Let ©(\) € S(IM, MN). Then:

(i) if ©(A) is bi-inner and T is a simple passive system with transfer function ©(\) then
T 18 conservative;

(ii) if po(A) =0 or pe(X) = 0 then all passive minimal systems with the same transfer
function O(X) are unitarily equivalent and if po(A) = 0 and Ye(N) = 0 then they are
in addition conservative.

The arguments in the present paper use a parametrization of contractive block-operator

matrices of the form
(A B\ (9 R
r=(¢ 5): ()~ (5):
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established in the papers [16], [24], and [32]; a new proof of the parametrization is presented.
This parametrization leads to some explicit formulas for realizing operator-valued Schur
functions as transfer functions of passive systems. In particular, the transfer function of a
passive system is expressed in terms of the characteristic function of the main operator A
of the system; cf. B. Sz.-Nagy and C. Foias [33]. The connection is used to study passive
systems and their transfer functions via the Sz.-Nagy — Foias characteristic function. For
instance, an exact form of the inner (co-inner, bi-inner) dilations for a passive system with
a strongly stable (co-stable, bi-stable) main operator is established.

In what follows the class of all continuous linear operators defined on a complex Hilbert
space $); and taking values in a complex Hilbert space $)2 is denoted by L($1,$2) and
L(H) := L($,9). The domain, the range, and the null-space of a linear operator T" are
denoted by dom T, ran T, and ker T', respectively. The set of all regular points of a closed
operator T is denoted by p(7T).

2. THE MODEL OF SzZ-NAGY AND FOIAS

For a contraction A € L($, $,) the nonnegative square root D4 = (I — A*A)"/? is said
to be the defect operator of S and ® 4 stands for the closure of the range ran D 4. It is well
known that the defect operators satisfy the following commutation relation:

(2.1) ADy = Dy-A,
and that the block operator

22) (o 1) ()~ (an)

is unitary, cf. [33]. If H; = H, = 9 then the transfer function of the conservative system
{A", Da, Dy, —A; 9,04, D4+ }.

is given by

(2.3) Py(N) = (—A+ADa-(I5 — AA*) 'D4) [ D4, AeD.

The function ®4(A) is the Sz.-Nagy — Foias characteristic function of the contraction A
and it belongs to the Schur class S(D4,D 4+); cf. [33]. For the adjoint operator A* the
characteristic function takes the form

(2.4) Dy (A) = (—A* + ADa(Ig — AA) ' Da-) 1D 4 = ©u(N)".
Observe that ®4-()\) is the transfer function of the conservative system

(2.5) Y ={A, Dy, Da,—A"; 9,04+, D4}

The controllable and observable subspaces of the system Y take the form

(2.6) 9y =span {A"D4D 4 n €Ny, }, HY =span{A"D,D,: n e Ny}
It follows that

(2.7) (9g)" = ﬁ ker (D« A*™) = ﬁ ker D gen,

n=0 n=1
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and that

(2.8) (H%)" = ﬁ ker (DyA") = ﬁ ker D .

n=0 n=1
The subspace (9%)" (%)) is invariant under A* (A, respectively) and the operator
AR (95) (A} (92)T, respectively) is isometric. Clearly,
(95)" N (%) ={J €n: ISl =l14"1l = | 4™ ]|, n € N}.
This yields some basic facts, which are formulated in the next remark.

Remark 2.1. The conservative system X in (2.4) admits the following properties:
(i) X is simple if and only if A is completely non-unitary; cf. [33, Theorem 3.2];
(i) if ¥ is simple and A* (H%)" = (H%)7, then (%)™ = {0}, i.e., T is controllable;
(iii) if ¥ is simple and A ($%)" = (H2)", then (92)" = {0}, i.e., ¥ is observable.

3. AN IDENTITY FOR CONTRACTIONS

An identity is derived for a class of contractions. It is useful for the parametrization of
contractions in block form and for the representation of transfer functions of passive systems.

Lemma 3.1. Let 9, &, M, and N be Hilbert spaces, and let the operator F' € L($, R) be a
contraction, let the operators M € L(OM, Dp+) and K € L(Dp, M) be contractions, and let
the operator X € L(Dy, Dk+) be a contraction. Then the operator G defined by

(3.1) G =KFM + Dg- XDy € L(O,N)
satisfies the identity
(32)  |Inl* = IGAI* = |DeMA[* + || Dx Dash||* + (D FM — K*X D) B,

for all h € 9. In particular, G is a contraction.
Proof. jFrom the definition of G in (3.1) one obtains
1RI* = |GRII® = |P)]* = [|(K FM + Dy X Dag) h||”
= ||h|]> = |KFMAh||* — ||Dg-X Dyph||?> — 2Re (KFMh, Di- X Dysh) .
Taking adjoints in (2.1) gives K* Dy« = D K*, and hence
(KFMh, Dy XDyh) = (DxkFMh, K*X Dyh) .
The definition of Dy« shows that
~|KFM|* = ||Dx FMA||* — ||FMA|?,

(3.3)

and, likewise,
—||Dg- X Dyh||* = —||X Dashl|]? + || K* X Dashl?.
Now the righthand side of (3.3) becomes
IA[* = |FMB[* — [ X Dash|*
+ || Dg MM + | K*X Dysh||? — 2Re (D FMh, K*X Dyh)
= (||| = [|IFMR|* — [|X Dash||® + (Dx FM — K*X D) h|*.
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Finally, observe that
IDpMA|[* = |MR||* = |[FMR|?, | Dx Dahl|* = [|A]]* = [|MA]]* = | X Dashl*.
Hence the proof of (3.2) is complete. O

4. CONTRACTIVE BLOCK OPERATORS

The following theorem goes back to [16], [24], [32]; other proofs of the theorem can be
found in [30], [31], [6], and an equivalent parametrization is given in [28]. The present proof
is based on an approximation procedure and is along the lines of the proof in [8] for the
parametrization of all quasi-selfadjoint extensions of a symmetric contraction.

Theorem 4.1. Let A € L($H,R), B € LN, R), C € L(H,MN), and D € LM, N). The

operator matriz

" r=(20) (2) -+ (%)

15 a contraction if and only of T' s of the form

- A Dy-M
(4.2) r= (KDA —KA*M—FDK*XDM) ’
where A € L($H,R8), M € LM, D4-), K € L(D4,MN), and X € L(Dy, Dg-) are contrac-
tions, all uniquely determined by T. Furthermore, the following equality holds for all f € $,

h € M:
o ! Dy-M f
KDy —KA*M + Dy-XDy) \h

< )
(4.3) h
= ||DK(DAf —A*M h) - K *XDMh||2 + ||DXDMh||2 > 0.

Proof. Assume that T is of the form (4.2), where A € L($),8), M € LI, D), K €
L(D4,M), and X € L(D;;, Dg~) are contractions. Then T can be written in the form (4.6).
By applying Lemma 3.1 to (4.6) one obtains (4.3) from (3.2). Thus, T is a contraction.

Conversely, assume that T' € L($H @M, KB MN) in (4.1) is a contraction. Denote by Pg and
Py the orthogonal projections in the Hilbert space @9t onto K and I, respectively, so that
A=PgT[$H, B=PgT|M, C = PypT[$H, and D = PRT[9N. Since T'[ $ is a contraction,
one has

2

ICAIP < NI = I[AfII* forall f e 9.

It follows that C = KDy, where K € L(D4,M) is a contraction, which is uniquely de-
termined by A and C. The operators T* and T | K are also contractions. Therefore, one
concludes that B* = ND -, where N € L(D4-,9) is a contraction, uniquely determined
by A and B. Let M := N* € L(9, D 4-). Contractivity of T and the relation (2.1) imply

0 < IFIP + 1All* = [[Af + Da- MA|[> = |[KDaf + Dh|?
= [I£IIP + 15l1* = | AfI* = |Da- MB||* = 2Re (Af, Da-Mh) — ||[KD4 f + Dh|?
= | Daf|” + | A"MA||* = 2Re (Daf, A*Mh) + ||Dyh||* — | K Daf + Dhl
= ||Daf — A*Mh||* + || Dyh|)* — ||KDAf + DR,
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for all f € $H and h € M. Since ran M C D4+ and A*D 4 C D4, there exists a sequence
{fn}2, C D4 such that for a given vector h € 9 the equality

lim Dyf, = A*Mh

n—00

is satisfied. Hence (4.4) implies that
|KA*Mh + Dh||*> < ||Dyhl|?, heM.
Similarly taking into account that 7™ is a contraction one gets
|M*AK*g + D*g||> < || Dk-gll>, geN.
The last inequality yields that there exists a contraction Z € L(® g+, ) such that
M*AK* 4+ D* = ZDg-~,

and Z is uniquely determined by M, A, K, and D; thus, in particular, by 7. Substituting
D =—-KA*M + Dg+Z* into (4.4) shows that for all f € $, h € M,

|Daf — A*MAR|* + || Dah||* = |KDof — KA*Mh + Dg-Z*h|)?

= |Daf — A*MD|” + | Dshl||* = |K(Daf — A*MA)|? + |K*Z*h||* — || Z*n||?
—2Re (Dg (Daof — A*Mh), K*Z*h)

= || Di(Daf — A*Mh) = K*Z*h|]” + || Dash|* = || Z*h]]* > 0.

Finally, choose a sequence {f,}

xX0
n=1

n—00

C ® 4 such that for a given vector h € 901 the equality

is satisfied. This yields || Z*h|| < |[Dash|| for all h € 9. Therefore there exists a contraction
X € L(Dy,Dk~), uniquely determined by Z and M, such that Z* = X Dy;. Thus

(4.5) D=—-—KA"M + Dg- XDy,
and here all the contractions are uniquely determined by 7. This completes the proof. [

Observe that if T' is given by (4.2), then it can be rewritten in the form
po (I 0N (A Da)(Iy 0), (0 0
- \0 K)\Dy —A* 0 M 0 Dg«XDy )’
where the operators
(Is 0\ (R R Iy 0N (9 9
(8 ) (8) (@) 4 (8 0) () + (o)

are contractions and the operator

(A Du\ (09 R
(5, 75)(52) (o)
is unitary. Introduce the contraction X by
(0 0 [ 9 R
(0 %) (o))~ (ah)
Since Dy =06 D+ € LR N) and Dy = 08 Dy € L(H S M) one can write
(4.6) T'=KUM+ D« X Dpy.
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Corollary 4.2. Let A € L($,R) be a contraction. Assume that K € L(D4,M), M €
LN, D4-), and X € L(Dy, Dg+) are contractions. Then the operator T in (4.2) is:

(i) isometric if and only if DxDy =0 and Dg D4 = 0;

(i) co-isometric if and only if Dx«Dg~ =0 and DypD 4« = 0.

Proof. By symmetry it suffices to prove statement (i). Suppose that Dy Dy, = 0. If, in
addition, A is isometric, i.e., if Dy = 0, then D4 = {0}, A*[D4. = 0, and dom K =
dom Dy = {0}, so that K* = 0 € L(M,{0}). Now the identity (4.3) in Theorem 4.1 shows
that T is isometric. On the other hand, if A is not isometric but Dx D4 = 0, then Dx = 0,
i.e., K is isometric, since dom Dg = ®4. In this case K*Dyg« = DgK* = 0 and since
ran X C D=, one has also K*X = 0. Thus, again (4.3) shows that T is isometric.
Conversely, assume that T is isometric. Then from (4.3) it is clear that DxDy = 0.
Moreover, taking h = 0 in (4.3) one obtains Dx D4 = 0. O

As the proof shows the equality Dg D 4 = 0 means that there are two cases:
(1) Dy =0, ie. D4 ={0};
(2) ®4 # {0} and Dg = 0.
In the case (1) A is isometric. In the case (2) the operator K is isometric. Likewise, one can

interpret the equality Dx D), = 0: either M is isometric, or M is not isometric, in which
case X is isometric.

5. TRANSFER FUNCTIONS OF PASSIVE SYSTEMS

Let 7 = {A, B,C, D; $, 0,91} be a passive linear system with the corresponding block
representation

o r=(20) () ().

The next theorem gives an expression of the transfer function ©,(\) of 7 by means of the
characteristic function of the main operator A and the parameters of the block representation
of the operator T in (4.2). For this purpose, define the following operator-valued holomorphic
functions

_ (Dg®s-(AM)M — K*XDy\ D
(5.2) o(A) = ( " DyDy, CIN — D, ) A e D,
and
(5.3) P(A) = (KCDA*()\)DM* — Dy XM* DK*DX*) : <2M) — 2N, AeD.
K*

Theorem 5.1. Let 7 = {A, B,C, D; $H, M, N} be a passive linear system and let (4.2) be the
representation of the block operator T in (5.1). Then the transfer function ©,(\) of 7 and
the characteristic function ®a-(\) of A* in (2.4) are connected via

(5.4) 0,(\) = K&, (MM + Dy-XDyr, A€ D
in particular, ©,(X) € S(M,N). In addition, the identities
2 2
(5.5) | Do, h||” = || Do,y MAE|™ + le(NA|P,  he M,
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2 « |12 .
(5:6) 1Dzl = HD%(X)K gl| +lv(N) gl gen,
hold and the functions @(A) and () in (5.2) and (5.3) are Schur functions.

Proof. Using (4.2) the equalities (1.3) and (2.4) yield (5.4). It is clear that ® 4+ () is a Schur
function. Hence, by Lemma 3.1 ©.()) is a Schur function, too. The relations

HDGT(A)hH2 = HD<1>A*(A)MhH2 + ||Dx Dashl?
+ (D@ a- (M — K*XDy) h|*, hem,

(5.7)

2
|De: || = HDM(X)K*!J‘ + |Dx- Dre-g?

By * * 2
+ || (Dar-@a(NK* — MX*Dg-) g||”, geM,
follow from (3.2) and (2.4). Furthermore, the definitions (5.2) and (5.3) show that

(5.8)

(5.9) le(MA|? = | Dx Darh|? + [[(Dr® 4- (\)M — K*X Dyy) hHQ» h e IMm,
and
(5.10) 1 (N)gl|> = [|Dx-Dr-g|]” + || (Dar+®a(N) K* — MX*Dg-) g 2ogent

Now (5.7) and (5.8), together with (5.9) and (5.10) yield (5.5) and (5.6). It clear from these
identities that the values of ¢(A) and (), A € D, are contractive operators and, hence,
they are Schur functions. O

Proposition 5.2. Let 7 = {A, B,C, D; 9, M, N} be a passive linear system and let ¥ be
the conservative system in (2.5) induced by the contraction A. Then the controllable and
observable subspaces of the systems T and ¥ satisfy the inclusions

(5.11) HCHS and H° C Hy.
In particular, if the system T is controllable (observable, minimal, simple), then so is the

system X. Moreover, if T is isometric (co-isometric), then the equality H° = 9% (H° = 9H5)
holds.

Proof. The block representation (4.2) in Theorem 4.1 shows that B = DM and C' = KD 4.
Hence the controllable and observable subspaces (1.4) for 7 can be rewritten as

(5.12) H¢=span{A"Ds-MM: ne Ny}, 9H°=span{A"DyK*N: ne Ny}
Since ran M C D4+ and ran K* C D4 the inclusions (5.11) follow directly from the repre-
sentations of H§ and H% in (2.6).

If 7 is isometric then Dg D, = 0 by Corollary 4.2. Here either Dy = 0, or D4 # 0 in
which case Dix = 0. If Dy = 0, i.e. K is isometric, then from (1.5) and (2.8) one obtains

(5°)F = [ ker (KD4A") = [ ker (D4A") = ($3)*".
n=0 n=0
If D4y =0 then clearly $° = 9% = {0}. Thus in both cases the equality $° = $H% holds.
If 7 is co-isometric then Dy« D g« = 0 by Corollary 4.2. If here Dy« = 0 then (1.5) and
(2.7) imply

(59 = [ ker (M*Dy-A™") = [ ker (Da-A™) = (9%)*.

n=0 n=0
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In the case that D4+ = 0 one has H° = H% = {0}. Therefore H° = H%. O

Corollary 5.3. Let 7 = {A, B,C, D; 9,9, N} be a passive linear system and let (4.2) be
the representation of the block operator T in (5.1). Then:

(i) If T is isometric, then @(X) = 0. In this case
1Po.)hl| = [|De .o M|, h .

Conversely, if o(A\) =0 and 7 is controllable, then T is isometric.
(i) If 7 is co-isometric, then ¥(X) = 0. In this case

Dq’A(X)K*g

| Doz 9l = , geMN

Conversely, if (X)) =0 and 7 is observable, then T is co-isometric.

Proof. (i) Assume that 7 is isometric. According to Corollary 4.2 DxDy; = 0 and DgD4 =
0. Here either D4 = 0, so that dom K = dom Dg = {0} and K* = 0, or Dg = 0 and then
K*X = 0. In each case the definition (5.2) shows that ¢(A) = 0.

Conversely, assume that ¢(A) = 0 and that 7 is controllable. In view of (5.2) the condition
©(A) = 0 means that

The definition (2.4) of ®4-(A) implies the power series representation

(5.14) Dype(\) = —A"+ > A"MD4A"D,.,
n=0

which together with the second identity in (5.13) gives

(5.15) —DxA*M = K*X Dy

and

(5.16) DiDaA"DyM =0, n € N.

Since 7 is controllable, (5.16) combined with (5.12) yields Dg D4 = 0. By Corollary 4.2 7 is
isometric and (i) is proved.
The proof of (ii) is similar. For later use we only mention that 1)(\) = 0 is equivalent to

(517) Dx«Dpg« =0, DM*(I)A()\)K* :MX*DK*7 )\QD,
where ®4(\) = ®4-(\)* is the characteristic function of the contraction A; see (2.3). O

6. ISOMETRIC, CO-ISOMETRIC, AND CONSERVATIVE SYSTEMS

A function ©(\) € S(OM, N) is said to be inner if O*(£)O(&) = Iy for almost all £ € T, and
is said to be co-inner if ©(£)0*(&£) = Iy for almost all £ € T. A function O(\) € S(IM, N)
is said to be bi-inner if it is both inner and co-inner. A contraction A in a Hilbert space $
belongs to the classes Cy. or C.q if

s— lim A" =0 or s— lim A™ =0,
n—oo n—oo

respectively. By definition, Cyg := Cy. N C.y. The completely non-unitary part of a contrac-
tion A belongs to the class C.o, Cy., or Cy if and only if its characteristic function ®4(A) in
(2.3) is inner, co-inner, or bi-inner, respectively; cf. [33].
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Lemma 6.1. Let 7 = {A, B,C, D; $H, M, N} be a passive system with transfer function
O,(A) € SON,M). If ©.(N) is inner, then the restriction A] H° belongs to the class Cy.. If
O, (A) is co-inner, then the restriction A*| H° belongs to the class Cy..

Proof. It ©,()) is inner, then (5.5) in Theorem 5.1 implies that Dg,.(§)M = 0 for almost
all £ €T, ie.,

| @4+ (&) MM = |Mh|)* for almost all €€ T, heM.

Therefore, the norm of the vector-function ®4-(£)Mh in the Hardy space H*(D,) equals
||Mh|; cf. [33]. From (2.4) one obtains

oy = O IDAA™D o MB|* + | A MBI, h e M.

n=0

[MA][* = ||®a-(€) Mh|

This implies that
|Da-Mh||?> — lim ||A™Da-Mh||* = ||Da-Mh|J?, h €M,
mM—r00

and, consequently,
lim A"D4Mh =0, heM.

m—0o0
Now for every n € Ny

(6.1) lim A™ (A"D 4. Mh) = A" ( lim AmDA*Mh) =0, hem

m—ro0 m—r00

Since $° = span{ A"D4 MM : n € Ny} and A is contractive, the identity (6.1) implies
that lim A™k = 0 for all k£ € H°, i.e., the restriction A[ H° belongs to the class (..

. m.—>oo
Similarly one can prove the other statement. O

The following result from [33] is needed in the sequel.

Theorem 6.2. ([33]) Let 9 be a separable Hilbert space and let N(£), € € T, be an L(9N)-
valued measurable function such that 0 < N(&) < Ip. Then there exist a Hilbert space 8
and an outer function p(\) € S(IMM, K) satisfying the following conditions:
1) ¢*(&)p(&) < N%(&) almost everywhere on T;
(ii) of R is a Hilbert space and p(\) € S(OM, K) is such that ¢*(£)P(€) < N?(€) almost
everywhere on T, then ©*(§)@(&) < ¢*(&)p(§) almost everywhere on T.

Moreover, the function ¢(X) is uniquely defined up to a left constant unitary factor.

Assume that ©(A) € S(IM, N) and denote by e (€) and e (§), £ € T, the functions which
are described in (1.6), (1.7), and (1.8). Their existence is guaranteed by Theorem 6.2 with
N2(&) = Iy — ©*(£)O(&) and N2(§) = In — O(£)0*(€), respectively. Clearly, if ©()) is inner
or co-inner, then pg = 0 or g = 0, respectively. In the case that the system 7 is simple
and conservative the following result has been established in [10], [11], [14], [18], [19], [20].

Theorem 6.3. Let 7 = {A, B,C, D; $, 9, N} be a simple conservative system with transfer
function ©.(X\) € S(M,MN). Then:

(i) the subspace ($°)* ((9H°)*) is invariant under A (A*) and the restriction Al (H°)*
(A*] (9°)*) is a unilateral shift;
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(ii) the functions pe(N) and e (X) take the form
(6.2) pe(A) = Pa(ls — AA)'B, ve(A) =C(I5 — A4) 7',
where
(6.3) Q= (9)"0A®), Q= () 45,
and Py is the orthogonal projector in $) onto ).
By Theorem 5.1 the functions ¢(A) and ¥(A) defined by (5.2) and (5.3) satisfy
(6.4) P (NeA) < Im = 07(N)0-(A),  ¥(A)Y7(A) < I — O-(A)O7(N),

for all A € D; see (5.5) and (5.6). Since all the functions involved in these inequalities have
limiting values almost everywhere on T, it follows from (6.4) that

(6.5) P"(£)@(§) < I — ©7(6)0-(€), (NP (A) < I — O:(X)O7(N),

for almost all £ € T. Hence, by Theorem 6.2, the functions ¢(\) and ¢ ()) satisfy the
inequalities

(6.6) p(§)70(8) < wol§)pell). Y)Y (€) < vol&)ve(S),

for almost all £ € T. In particular, (6.6) shows that if pg(£) = 0, then ¢(£) = 0 and if
Yo(£) = 0, then (€)= 0.

For a proof of Theorem 6.3 see [10], [11], [14]; the proof is based on the notions of optimal
and x-optimal passive systems. In the sequel the representations of the functions ¢g()\)
and 1g(A) as given in Theorem 6.3 are needed. Furthermore, the connections between the
system 7 and the system ¥ in (2.5) will be used; cf. Theorem 5.1.

Corollary 6.4. If the system 7 = {A, B,C, D, $, 9, N} is simple and conservative then
ve(A) =0 (Yo(X) =0) if and only if the system T is observable (controllable).

Proof. Let po(\) = 0 for all A € D. In view of (6.2) this means that Po(lg — AA)™'B =0
for all A € D. Therefore, PhA"Bf = 0 for all f € 9t and n = 0,1,.... This is equivalent
to the equality Po$° =0, i.e., 2 C (H°)1. On the other hand, (6.3) shows that Q C (£°)*.
Thus, © C ()L ((H°)* and, because the system 7 is simple, this gives Q = {0}, i.e.,
A(9H°)+t = (5°)*1. Since 7 is isometric, the equality $° = $2 holds by Proposition 5.2 and
hence by Remark 2.1 ($%)* = {0}, i.e., the systems ¥ and 7 are observable.

Conversely, if 7 is observable then ($%)+ = ($°)+ = {0}, so that Q = {0} and pe()\) = 0.

Similarly it is seen that ¢g(A) = 0 if and only if 7 is controllable. O

Theorem 6.5. Let 7 = {A, B,C, D; $H, M, N} be a passive system with transfer function
O.(A) € S(M,MN). Assume that O,(X) is not constant. Then:

(i) If 7 is controllable and po(N) = 0, then T is isometric and minimal. Moreover, if
©.(A) is inner, then A € Cy..
(i) If T is observable and g(\) = 0, then T is co-isometric and minimal. Moreover, if
©,(A) is co-inner, then A € C.y.
(iii) If 7 is simple, po(X) = 0, and Yo(A) = 0, then T is conservative and minimal.
Moreover, if ©,()\) is bi-inner, then A € Cyy.
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Proof. (i) & (ii) Tt suffices to prove (i), as the proof of (ii) is completely similar. Therefore,
assume that 7 is controllable and that pg(A) = 0. Then (6.6) implies that ¢(A\) = 0 and
hence 7 is isometric by Corollary 5.3. By Corollary 4.2 this means that Dx D), = 0 and
DkDy = 0. If Dy = 0, ie., A is isometric, then D4 = {0}, Dg~ = In, and (5.4) in
Theorem 5.1 shows that ©,(\) = XDy, for all A\ € D, which is impossible as ©,(\) is not
constant. Therefore, D4 # 0 and then Dg = 0, i.e., K is isometric. Next it is shown that
for the conservative system ¥ in (2.5) one has ¢x(A) = 0. Since 7 is controllable, also ¥ is
controllable and in particular simple; see Proposition 5.2. By (6.2) in Theorem 6.3

ps(A) = Pa(ly — AA) ™' Da- = Py (Z AﬂA”DA*) , AeD,
n=0
where P is the orthogonal projection from §) onto  := (%) © A(H%)*, see (2.8). From
the definition of the function ¢s(\) and (5.5) one obtains

les(NMA|* < || Do .o MA|I* < ||De,cyhl*,  h e M.
Now the assumption pg(A) = 0 and Theorem 6.2 imply that ¢x(A)M =0, A € D. Hence
PoA"Dy-M = 0, n € Ny,

and thus Pp$° = {0}; see (5.12). Since 7 is controllable, one has P, = 0. This shows that
¢x(A) = 0 and hence by Corollary 6.4 ¥ is also observable, i.e., % = §). Since 7 is isometric,
Proposition 5.2 shows that also 7 is observable. Thus, 7 is minimal.

Now assume that ©,(\) is inner. Since 7 is controllable one has $° = § and thus A € Cy.
by Lemma 6.1.

(iii) Let 7 be simple and assume that pg(A) = 0 and ¥ (\) = 0. Then (6.6) implies that
©(A) =0 and ¥(\) = 0, and hence the inequalities in (5.13) and (5.17) hold. Therefore, see
(5.15) and (5.16), one obtains

(6.7) _DgA*M = K*XDy, —DaAK* = MX*Dg-,
and
(68) D DsA"D g4 M = 0, DyDp A"DAK* = 0, né€eN.

Let f € 9. The equality — D A*M f = K*X Dy, f and
ran Dg Nran K* = ran D K* = ran K* Dy«

(cf. [7]), imply that K*(X Dy f — Dg-v) = 0 for some v € M. Since ker K* C ran D%.,
one has XDy, f = Dg+hy for some hy € M. Then Dg(A*Mf + K*hy) = 0 so that gy :=
A*M f+K*hy € ker D = ker D%, i.e., go = K*K gy, and here hy := K gy € ker Dg-. Hence,
A*Mf=—-—K*"h1+K*hy = —K*h with h = h;—hg and, moreover, Dg+«h = Dg-h1 = XDy, f.
Now — Dy AK*h = M X*Dg-h gives

Dy AA'Mf = MX*X Dy, f.
Taking into account the equality Dy Dy, = 0 one obtains
Dy AAMf=MX*"XDyf =MDy f =Dy Mf
for every f € 9. Hence Dy~ D%4. M = 0. Tt follows that
0= Dy~D4.-MDy; = (Dy-Dyg-)* (Da-Dyg=) M
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and hence Dy«Dy« M = 0. Since M* € L(D 4+, ), one has Dy« C D 4«. Therefore
D<M = MDjy; = 0.
This means that the operator M* is a partial isometry. Similarly it can be proved that the
operator K is a partial isometry. It follows that
Dpo=ran K*@ker K, DglranK* =0, Dglker K = e i,
D =ran M @ ker M*, Dyp[ranM =0, Dy ker M* = Lier ar.
Since X € L(Dy, Dg+), (6.7) gives Dg A*M = 0 and Dy« AK* = 0. This means that
A*:ran M — ran K*, A :ran K* — ran M,
and consequently
A:ker K — ker M*, A" :ker M* — ker K.
Therefore
D?%. :ker M* — ker M*, D% :ker K — ker K,
so that
M*D%.¢0 =0 forall o € ker M*, KD?%¢ =0 for all ¢ € ker K.
The equalities (6.8) yield

M*DyA""DyDg =0, KDsA"Da<Dy« =0, n € Ny.
Now, let ¢y € ker K. Then ¢ = Ay € ker M* and Dy~ Ay = A, so that
0=KD4A"Dj-Ap = KD4A" ™ Dy for all n € Ny.
Since K D% = 0, one has in fact
KDpA"Dyp =0, m € Ny.

Similarly, M*DA*"Dstp = 0, m € Ny. This means that the vector D41 belongs to
(H9)"N(H°)*. Since 7 is simple, it follows that D4t = 0 and thus ¢ = 0, i.e., ker K = {0}.
Similarly ker M* = {0}. Thus, the operators K and M* are isometries. In addition Dx Dy =
0 and Dy-Dg- = 0; see (5.13), (5.17). Hence, by Corollary 4.2 the operator T in (4.2) is
unitary, i.e., 7 is conservative. Furthermore, minimality of 7 follows from Corollary 6.4.
The last assertion is now obtained directly from (i) and (ii). Also, if ©,()) is bi-inner
then Dg-yM = 0 and Dge)K* = 0 almost everywhere on T. Since ran M = D4- and
ran K* = © 4, the characteristic function ®4+(\) is bi-inner by Corollary 5.3. Since 7 and
hence also X is simple, the operator A is completely non-unitary; see Remark 2.1. Therefore,
A belongs to the class Cy. O

Since every two controllable isometric (observable co-isometric) realizations of an operator-
valued function from the Schur class are unitarily similar (see [2], [1]), the following theorem
is a corollary of Theorem 6.5; cf. [10], [11], [14].

Theorem 6.6. Let O(\) € S(IM,N). Then:
(i) if O(N) is bi-inner and T is a simple passive system with transfer function O(X), then
T 18 conservative;
(i) if po(X) =0 or (X)) = 0, then all passive minimal systems with transfer function
O(N) are unitarily equivalent, and if po(A) = 0 and Ye(A) = 0, then they are in
addition conservative.
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7. BI-STABLE PASSIVE SYSTEMS AND BI-INNER DILATIONS OF THEIR TRANSFER
FUNCTIONS

Let ©(A) be a function from the Schur class S(9t, N). Following [15] the function O(N) is
said to have an inner dilation if there exists a function ©,(\) such that

o) = <§r((AA))) e S(M, N e 2)

is inner. The function ©(\) is said to have a co-inner dilation if there exists a function ©;(\)
such that

O(\) = (6,(N) O()) e S(ReM,MN)
is co-inner. The function ©()\) is said to have a bi-inner dilation if there exist functions
@11()\), @22(/\)7 and @21()\) such that

Ou(d) 6

O\ = (@Ql(A) @22()\)> cS(ReM N L)

is bi-inner.

Recall that a system 7 = {A, B,C, D, $H, 9, 91} is said to be strongly stable (strongly co-
stable) if the operator A belongs to the class Cy. (C.o); cf. [10], [15]. The following result
is well known; cf. [10]. The present proof is based on the parametrization in Theorem 4.1
and the relations between the transfer function ©,(\) and the characteristic function ® 4-(\)
established in Theorem 5.1.

Proposition 7.1. (cf. [10]) Let 7 = {A, B, C, D; $, 9, N} be a passive system with transfer
function ©.(\). Then:

(i) if T is strongly stable then ©,(\) has an inner dilation,
(ii) if 7 is strongly co-stable then ©,(\) has a co-inner dilation;
(iii) of 7 is strongly stable and strongly co-stable then ©,(\) has a bi-inner dilation.

Proof. (i) Let 7 be strongly stable. Then the characteristic function ® 4 is an inner function,
ie. ©4-(£)"Py-(§) = In,. for almost all £ € T. It follows from (5.5) that

It — ©:(£)"0-(&) = (&) ¢(E),

for almost all £ € T. In other words, the function
@AA))
O\ = , AeD,
2 (@(A)
is an inner dilation of ©,. _

(ii) Let 7 be strongly co-stable. Then the characteristic function ®4(\) = ®4-(N\)* is an
inner function, i.e., ®4(£)*®4(&) = Ip, for almost all £ € T. Now it follows from (5.6) that
In — ©,(§)0,(§)" = (v (&)",

for almost all £ € T. In other words, the function
O\ = (¥v(\) ©,(1), AeD,

is a co-inner dilation of O(\).
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(iii) Let 7 be strongly stable and strongly co-stable. Define

o) = (KM DD DY

Using the formulas in Theorem 5.1 it can be checked with a straightforward calculation that

the function
w(A)  O:(})
O\ = AeD
») (@m o) ) /
satisfies the following two identities:

(7.1) [-OMN'O0\) =MD}, M, I-0MNOWN =KD 5K,

N
where M, = (DM* 0 M) and K; = (K* Dy 0). Since the characteristic function
® 4+ () is bi-inner, (7.1) shows that the function @(\) is a bi-inner dilation of ©,(A). O

8. OPERATORS OF THE CLASS C(a) AND CORRESPONDING PASSIVE SYSTEMS
A bounded operator A on a Hilbert space §) is said to belong to the class C(«), o € (0,7/2),
if
(8.1) |A sina+icosall <1,

cf. [4]. Let Agp = (A+ A*)/2 and A; = (A — A*)/2i be the real and imaginary parts of A.
Then the condition (8.1) is equivalent to
tan o

(8.2) Ak )] < 5

cf. [5]. In particular (8.2) shows that the operators in C(«) are contractive. The inequality
(8.2) also implies that it is natural to define the class C'(0) as the set of all selfadjoint

contractions. Let _
C=J{C: ac0r/2)}.

The class C was studied in [4], [5]. In particular, it was proved in [4] that if A € C, then

(i) ran Dyn =r1an Dy =ran Dy, for all n € N;
(i) the subspace ® 4 = D 4+ reduces the operator A and, moreover, A[ D 4 is a completely
non-unitary contraction of the class Cyo, while Al ker D, is selfadjoint and unitary.

Let A belong to the class C and let ®4()) in (2.3) be its characteristic function. Then ® 4())
is bi-inner (see [33]) and there exist unitary non-tangential strong limit values

Dy(£l)=s5— ,\1521 D 4(N);

||DAf||2 for all f € §,

cf. [4]. Observe that if A is a selfadjoint contraction (i.e. belongs to the class C'(0)) then
Ou(£1) = £y,
Define the sets
Pi(a):={):|Asina+icosa| <1}, P (a):={A:|Asina—icosal<1}.

Theorem 8.1. ([5]) Let 7 = {A, B,C, D; $, M, N} be a passive linear system. If the operator
T in (5.1) belongs to the class C(«) for a € [0,7/2), then the transfer function ©.(\) has
the following properties:
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(i) ©,(\) is holomorphic on the domain
Pla) = P.(a) U P_(a);
(ii) the following implications hold for all B € [a,7/2):
A€ Py(B) = 10, ()sin B+ icos Blm < 1,

and
A€ P (B) = 110, (3) sin f — icos ]l < 1
(iii) the non-tangential limit values ©,(£1) exist and they belong to the class C(«) in the
Hilbert space N;
(iv) the coefficients {G,} of the Taylor expansion

O:(\) =D NG, A <1,
n=0

belong to the class C(«) in the Hilbert space N.

Observe, that o(T) C Pi(a) N P_(a), where Py(a) := {A: |[Asinaticosa| <1}. Tt
follows from (ii) that for g € [a, 7/2) the values ©,(\) with A € P,(5) N P_(5) belong to
the class C'(B) in the Hilbert space 1.

The next proposition, when combined with Proposition 7.1, shows that if the operator T'
in (5.1) corresponding to the passive system 7 = {A, B, C, D, $, M, N} belongs to the class
5, then the transfer function of 7 admits a bi-inner dilation.

Proposition 8.2. Let 7 = {A,B,C,D; $H,0M,N} be a passive linear system and let T in

(5.1) belong to C. If T is controllable (observable), then T is strongly stable and strongly
co-stable.

Proof. According to Theorem 4.1 the operator T in (5.1) takes the form (4.2), where A €
L(®), K € L(®4,M), M € LN, D4-), and X € L(D,;, D) are contractions. Suppose
that T belongs to C'(«) for some « € [0,7/2), i.e,

|T sina + icosall] < 1.

Then

||[Asina +icosal| = |[|[(PyT ] $)sina £ icosalg| < 1.
This means that the operator A belongs to the class C'(«) in the subspace $). It follows that
ran D4 = ran D4-. As a consequence of Douglas theorem [25] it is seen that there exists a
bounded and boundedly invertible operator L in the subspace $) such that

Dy =Dy L.
It follows by induction from the equalities AD4 = D4« A and A*D 4« = D, A* that
(83) A"Dp = Dy« (ALil)n, A"Dy = DA(A*L)n, n € N.

Suppose that the system 7 is controllable, so that
He=span{ran A"D4-M : n € Ny} = 9.

Then the first identities in (8.3) imply $° C D4+ and hence D 4« = §). Because A € C(w),
one has 4 = D4~ and therefore A belongs to the class Cyy, i.e., the system 7 is strongly
stable and strongly co-stable.
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Suppose that the system 7 is observable. Then
$H° =span{ran A”"D,K*: ne Ny} =9

and from the second identities in (8.3) one obtains $° C D4, so that D4 = $. Since
A € C(a), one obtains once again that A belongs to the class Cy, i.e. the system 7 is
strongly stable and strongly co-stable. 0
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