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GATHERAL DOUBLE STOCHASTIC VOLATILITY MODEL
WITH SKOROKHOD REFLECTION

YULIYA MISHURA, ANDREY PILIPENKO, AND KOSTIANTYN RALCHENKO

ABSTRACT. We investigate the Gatheral model of double mean-reverting stochastic
volatility, in which the drift term itself follows a mean-reverting process, and the
overall model exhibits mean-reverting behavior. We demonstrate that such processes
can attain values arbitrarily close to zero and remain near zero for extended periods,
making them practically and statistically indistinguishable from zero. To address
this issue, we propose a modified model incorporating Skorokhod reflection, which
preserves the model’s flexibility while preventing volatility from approaching zero.

1. INTRODUCTION

The famous Black—Scholes model, being classical and basic in stochastic finance, is
nevertheless constantly criticized as not flexible enough and not corresponding to real
price changes in the market. In an effort to make this model more flexible and realis-
tic, most researchers introduce into it a stochastic diffusion coefficient, in other words,
stochastic volatility.

As for stochastic volatility models, there are a lot of them and they are very diverse:
Hull and White model, Heston model, Constant elasticity of variance model, GARCH
model, rough volatility models and others. As a review of some models, we recommend
the paper [8].

The choice of a model for stochastic volatility is dictated by completely clear require-
ments: the model has to be non-negative and not grow too fast, so as not to drive prices
too high and also not to decrease to zero, in order not to over- or underestimate the
market prices. It should also be flexible enough.

From this point of view, the Gatheral model of double mean reverting stochastic
volatility, in which the drift contains mean reverting process, and the model is mean-
reverting itself, is very attractive. That is why we chose this model as the object of our
study.

However, models of this type contain some internal danger, which is often neglected:
namely, such processes can take on fairly small values for a fairly long time, that is, be
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practically and statistically indistinguishable from zero. During this period they lose
their flexibility, cannot control the market, and the price is actually subject only to its
drift, which, of course, is unrealistic.

There are various possible approaches to correcting such models. Our approach is
based on models with Skorokhod reflection, which simultaneously preserves the flexibility
of the model and does not allow volatility to be near zero. The choice of the reflection
level is a subject for a separate discussion, we discuss this issue.

The contents of the paper are presented in more detail at the end of the Section 2,
which we will now turn to.

2. PRELIMINARIES

Let (2, F,P) be a stochastic basis with filtration F = (F});>0, and let (w, W, B) =
(wy, Wy, By)i>0 be three possibly pairwise correlated Wiener processes with respect to the
filtration F. In his seminal paper [9], J. Gatheral introduced and convincingly motivated
a flexible model for the double mean-reverting dynamics of an asset price of the form

(21) dSt = St\/)Ttdwt,
dX, = (@Y, — b1 X}) dt + o1 X2 dW,
d}/t - (ag - bQ}/t) dt + 0’2}/,*,&2 dBt7 t 2 07

where a; > 0,b; > 0,0; > 0, o; € [%, 1], Xo, Yo, S0 > 0. We emphasize that throughout
the paper all initial values are nonrandom and strictly positive.

In the case a; = %, i = 1,2, the model was called double Heston, in the case a;; = 1,
i = 1,2, double lognormal, and in the general case double CEV (Constant Elasticity
of Variance) model. Note that in the case a; € (3,1), a more common name for the
respective process is the CKLS (Chan-Karolyi-Longstaff-Sanders) model [5].

Since the publication of [9], many papers were devoted to the model (2.1)—(2.3), includ-
ing its approximations and respective numerics. We mention just [1, 3] in this connection,
without claiming to present an exhaustive list. The problem of parameter estimation in
related classes of models has also attracted considerable attention; see, for instance,
[7, 10, 15, 18], as well as the references cited therein.

However, the analytic properties of the model (2.1)-(2.3) have not been sufficiently
studied until now. Some properties (such as existence and uniqueness of solutions and
comparison theorems) have been considered as obvious (as they really are such, to some
extent), others have not been addressed at all. What we have in mind: assume that X has
“too many” zeros, then it is not a suitable model for the asset price (2.1). Moreover, even
if the process X is strictly positive but is very close to zero for some time, the situation
is also inappropriate. So, in addition to summarizing the more apparent properties, our
paper examines this previously undescribed situation in detail.

The structure of the next part of the paper is as follows. Section 3 is devoted to the
asymptotic properties of the internal process Y, governed by equation (2.3). We analyze
the behavior of its mean and variance, as well as its pathwise asymptotic behavior.
The aim of this section is twofold: to review several known results and to establish
new findings of a similar nature that, to the best of our knowledge, have not been
previously reported. This section is organized according to the value of the parameter
g the linear case az = 1 is treated in subsection 3.1, the sublinear case az € (3,1)
(corresponding to the so-called CKLS model) is discussed in subsection 3.2, and the
case ag = 5 (corresponding to the Cox-Ingersoll-Ross (CIR) process) is examined in

2
subsection 3.3.
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Section 4 investigates the properties of the external process X. In subsection 4.1,
we establish the existence and uniqueness of the solution (X,Y) to the system (2.2)-
(2.3). Subsection 4.2 focuses on the behavior of the process (X,Y") near the origin (0,0),
demonstrating, in particular, that it may remain close to this point with non-negligible
probability.

To address this behavior, Section 5 introduces a reflected CKLS model, which prevents
the trajectories of Y from reaching zero while preserving the mean-reverting property.

The appendix provides supplementary results concerning the existence, uniqueness,
and a comparison theorem for the equation (2.2) in a more general setting.

3. THE PROPERTIES OF THE INTERNAL MEAN-REVERTING PROCESS DEPENDING ON
THE POWER INDEX OF THE DIFFUSION COEFFICIENT

In this section we consider the internal process (2.3). Its properties depend on the
value of all coefficients, however, we will conduct our study depending on the value of
the exponent as. And although all these cases are comparatively well studied, it is
still useful to consider in detail the asymptotics of the corresponding processes. We
study both the behavior of their mean and variance, and then consider their trajectory
behavior. Sometimes these behaviors are very different, in the sense that the behavior
of the trajectories does not correspond to the behavior of the numerical characteristics.
Note that from the empirical point of view, CKLS processes were carefully systemized
in [5] and then in [4], however, in some cases, both trajectory-wise analysis and even the
moment’s behavior sometimes need more calculations.

3.1. The linear case. Let as = 1. Then properties of the process Y are well known,
see, for example, [14, Sec. 5.3].

Proposition 3.1. (i) There exists a unique strong solution of equation (2.3), and
this solution has the form

t
Y; = exp{R:} (Yo +a2/ exp{—Rs} ds) ,
0

where
a3
Ry = —byt + 09B; — 5 t, t>0.

(i) The process Y is a.s. strictly positive.
(#i7) The process Y is ergodic with a stationary density that corresponds to an inverse
gamma distribution and has the following form:

U% —2bs /21 b, -1 20?2 a% )
3.1) poo == 'i—+1 Tev2/02 ——=x 5, 0.
o= (5) () e g e

Now, let us compute the mean and variance of Y and study their asymptotic behavior.

Lemma 3.2. Let oo = 1. Then

(3.2) Eyt:<%_tbl§>eb2t+cbz;
Y2e~(202-0)t 4 b??i%'g(yo — a2)ebat(] e~ (b=t

(3.3) BY? = f o (1 e_%_ag)?; ) 02 # by, 02 # 2bs,
YPeTht 4 20V — )t 4 GEA ), 0=y,

2

2
Y@+ 222 (Y — 22)(1 — e7b2t) + 3¢, 02 = 2bs.



4 YULIYA MISHURA, ANDREY PILIPENKO, AND KOSTIANTYN RALCHENKO

Proof. Taking the expectation on both sides of (2.3), we obtain the following integral
equation for EY;:

t
(34) E}/t:Yo‘F/ (CLQ*bQEY;)dS.
0

Solving this equation yields (3.2).
Furthermore, by the It6 lemma,

t t
yf:ﬁ+/(Mﬂﬁﬁﬁ%%ﬂfMHJ@/Yﬁ&.
0 0
Hence,
t
Eﬁ?zﬁf+/‘@@EHQ+Q@—2@)EKﬂd&
0

Denoting f(t) = EY;? and taking into account (3.2), we arrive at the following differential
equation

2
P10 = (03 = 200) (0 + 20 (Yo 2 ) e 32, p0) =3,
2 2
Solving this differential equation we arrive at (3.3). O

Remark 3.3. Let us study the monotonicity of EY;. From (3.2), it follows that

o if Yy > Z—;, then EY; decreases from Yj to Z—;“ as t increases from 0 to infinity,

e if Yy < ‘g—;, then EY; increases from Y, to g—;‘ as t increases from 0 to infinity.

In particular, we will make use of the fact that EY; remains bounded away from zero.

Taking the limit as ¢ — oo in (3.2)—(3.3), we obtain the asymptotic values of EY;
and EY??, and consequently, of the variance VarY;. Note that these asymptotic values
can be deduced by computing the moments of the stationary distribution (3.1), see [4,
Example 4.3].

Corollary 3.4. Let oy = 1. Then
EY, — a—27 t — 0.

b2

Moreover,

(i) if aa > 0, then
a303

VarY; — { b3(2by — 03)’
o0, Zf 0’% Z 2b2,

ZfO'%<2b2, PRI

(i) if as = 0, then
0, if 02 < 2bs,
VarY, — { YZ, ifo3 =2by, t— oc.

o0, Zf U% > 2b2,
Remark 3.5. Of course, the simplest case is when ag = 0, and ¥; = Ypexp{R;}. In
this case for any b > 0, Ry — —oo and Y; — 0 a.s., as t — oo, while EY; =
Yoexp {—bot} and tends to 0 if bo > 0 and equals 1 if by = 0. Moreover, variance
VarY; = Y exp {—2bat} (exp{o?t} —1) and can tend to 0 or to co depending on whether

2by > 02 or 2by < ¢2. In the case 2by = 02 VarY; — YOQ, t — co. We wish to emphasize
here that the case Y; — 0 a.s. while VarY; — oo is possible.

In this connection, let us consider trajectory-wise asymptotic behavior of Y;.
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Lemma 3.6.
(i) Let ag > 0. Then

limsupY; = +o0 a.s. and liminfY; =0 a.s.,
t— 00 t—o0

Y is a recurrent process.
(ii) Let ag =0. Then Y; — 0 a.s. as t — +oo.
Proof. We follow the approach proposed in [12, Ch. VI, Sec. 3, p. 446]. Consider the set
I =(0,400), ie., I =(l,r), where | =0, r = 4o00. If ¢ > 0, and we consider an SDE
dX; =b(Xy)dt + o(X¢)dBy, Xo=ax0, t>0,

then we can create a scale function

s(x):/;exp{—/cy Zg(é)) dz} dy.

In our case b(z) = as — baz, 0(2) = 022, therefore

-2 2az * 2a7 | %2
s(r)=c 2 exp{ ——— expy —5— ¢ ¥ 2 dy.
3¢ c 03y

Now we need to calculate s(0) := lim, o4+ s(z) and s(4+00) = lim,;_, 1o s(x). Obviously,

0+ 200 %
/ eXP{Q}y”Q dy = —o0,
c U2y

and so s(0) = —oo, if ag > 0. If ay = 0, then s(0) = 0. Furthermore, s(+o00) = 400 for
all ag > 0, by > 0. According to [12, Ch. VI, Thm. 3.1], if s(0) = —oo and s(+00) = 400,
then

P, (lim supY; = +oo> ~-P,, (litm infY; = 0) —1,
— 00

t—o00
for any ¢ > 0, and the process Y is recurrent. Therefore, if as > 0, then Y; is recurrent
and oscillates between 0 and +oo.
Furthermore, if s(0) € R and s(+o0) = +00, then

P., (lim Y, :0) =1,
t—o0
ie, Y; > 0as. ast — co. Lemma is proved. O

3.2. Sublinear case, Chan—Karolyi—Longstaff-Sanders (CKLS) process. Let
ag € (%, 1). Then Y is a.s. strictly positive, ergodic and has a stationary density. More
precisely, the existence and uniqueness of a solution follow from Yamada—Watanabe the-
orem [13, Prop. 2.13, p. 291], the strict positivity follows from Feller’s test for explosions
[13, Thm. 5.29, p. 348], ergodicity is an application of the ergodic theory for homogeneous
diffusions [21, Ch. 1, §3]. The next result was formulated in [15], see also [2].

Proposition 3.7. Let oy € (3,1).
(1) The equation (2.3) has a unique strong solution Y = {Y;,t > 0}.
(2) The process Y is a.s. strictly positive.
(8) The process Y is an ergodic diffusion with the following stationary density:

_ 2 as - x1—2(x2 bQ . 1,2—2&2
- - G- 202 — — R > 0.
Poo (@) v eXp{ag ( 1— 205 2~ 20, v

where

—1
0o B 9 as - y1—2a2 b2 ) y2—2a2
G — 2(12 . — d .
(/0 Y EXPU§< 1 2as 220, )W
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Now let us study the asymptotic behavior of mean, together with the uniform in
t boundedness of variance (Lemma 3.8), and trajectory-wise asymptotic behavior
(Lemma 3.9) of CKLS process.

Lemma 3.8. Let as € (3,1). Then

(3.5) EYtﬁ%, as t — oo,
2
and there exists C > 0 such that
supEY? < C.
t>0

Proof. Let 7, =inf {t > 0:Y; > n}, n > 1. By the It6 formula,
YA = Y242 / t (a2Yanr, — b2Y2, ) ds + 203 / t Y1502 dB, + o / t Y202 ds,
0 0 0
Taking expectations, we get
EY2, =Y7+2 /t (a2EYipr, —b2EY2 | )ds+ 03 /t EY2* ds,
0 0
whence

SNATn

t t
EY7, <Y§+2a / EYir,, ds + o3 / EY2%2 ds
0 0

t t
§Y02+a2/ (1+EY52/\Tn)ds+a§/ (1+EY?, )ds.
0 0

By the Gronwall inequality,
EYtQ/\Tn < (Y02 + ast + a%t) exp {(ag + og) t} .

Since it is known that the process Y exists and is unique on any interval, it follows that
Tn 1 00, a.s. as n — oo, and passing to the limit we get EY,? < oo for any ¢ > 0.
Therefore,

t
EYt:YO+/ (a2 — b EY,) ds,
0

which coincides with equation (3.4). Hence, EY; is given by (3.2), and (3.5) follows.
Moreover, EY; is uniformly bounded in ¢ and bounded away from zero (see Remark 3.3).
Consequently, EY;? is also bounded away from zero. Furthermore,

t t
(3.6) EY? + 2b2/ EYZds =Y + / (202 EY, 4+ 03 EY*?) ds.
0 0
Denote
t
y(t) = / EY"SQ ds, Rs:=2aEY,+ O'% EYS2a2.
0

Then (3.6) can be represented in the form of a differential equation:

¢
y'(t) 4 2bay(t) = Y§ +/ Ry ds.
0

Solving it and integrating by parts give

t
EY2=y/(t) = e 22tV2 + / DR, ds.
0
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In other words, taking into account boundedness of E Yy, the fact that E Y,? is separated
from zero, and denoting C; and C5 constants whose value can change from line to line,
we can write

t t
P(t) = BY = Y5 + /O e Ryds =Yg + /0 e*?* (20, EY, + 03 EY]?) ds

t t
< Y02 + Ol/ 62172.9 ds + CZ/ e2b25 (E }/82)(12 ds
0 0

t
< Cre’t 4 02/ e2h2(1a2)s (o2b2s EYSQ)% ds,
0

whence

sup ¥(u) < Cpe22t 4 Cyeb2(1-o2)t ( sup w<u>> :

0<u<t 0<u<t

and consequently,

1-ap 2ot
P P

(3.7) 0<u<t (Supogugt 1/)(“))
| C 1o s i
S TmEy - |
In particular, we get from (3.7) that EY,? < Oy, whence the proof follows. |

Lemma 3.9. Let ay € (3,1).
(i) Let az > 0. Then for any initial value Yy

limsupY; = +o0, liminf¥; =0 a.s.,
t— 00 t—o0

and Y 1s a recurrent process.
(i) Let ag = 0. Then lim;_ Y; =0 a.s.

Proof. We apply again [12, Thm. 3.1]. Now,

r yCLQ—bQZ
s(x):/c exp{Q/c ngmdz}dy

* 2az 1 1 ba 2-200 _ 2—2as
= . Qo (6% d
[ ool () * g 0

_ 2az 1—2a0 bo 2—2as
‘e"p{ 0320, - 1)° (10"

¢ 2a2 1-2 ba 2-2 }
X eXpy —5————y Py L dy.
/c {05 (202 — 1) o3 (1 —a)
Note that 1 < 2ay < 2.
(¢) Therefore in the case ag > 0

— lim s(z) = lim s(z) = +oo.
x—04 r—+00

Then the proof follows from item (1) of [12, Thm. 3.1].
(7) In the case az =0

lim s(r) > —oo0, lim s(x)= +oo,
x—0+ T—+00

and the proof follows from item (2) of [12, Thm. 3.1]. O
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3.3. Cox—Ingersoll-Ross (CIR) process. Let as = % If ap > %g, then Y is a.s.

strictly positive. If as < %2, then Y achieves 0 with probability 1. In both cases Y is
ergodic. The following statements summarize well-known properties of the CIR process
(see, e.g., [2, 4, 7).

Proposition 3.10. Let oy = %

(1) The equation (2.3) has a unique strong solution Y = {Y;,¢t > 0}.

(2) If az > 035/2, then the process Y is a.s. strictly positive. If 0 < ay < 03/2, then
Y achieves 0 with probability 1, however 0 is a strongly reflecting barrier, in the
sense that the time spent at zero is of Lebesgue measure zero (i.e., the process
can touch the barrier, but will leave it immediately).

(8) If ay > 0, then the process Y is ergodic with the following stationary density that

corresponds to gamma distribution:

2a9
2b2 g 2"—'2271 2b2 / 20,2
() = [ 22 o3 == r—|», > 0.
Poo () (U%> x exp ng 2 x

Remark 3.11. Note that when b, = 0, the process Y reduces to a squared Bessel process,
which is non-ergodic. For a detailed discussion on the squared Bessel process and its
comparison with the CIR model, we refer the reader to the recent study [16] and the
references therein.

Lemma 3.12. Let as = % The first two moments of Y; are equal to

Eﬁ(%“ﬂebﬁ+”7

ba b2
Yo (032 + 2as) az(03 + 2as) 2
_92b 0 2 —b —92b 2 2 —b
BY = Yjer ™! S (e - o)+ ST (L)
Hence,
2
EYt—>@, VarYt—>a2(722 ast — oo.
by 2bs5

Lemma 3.13. Let as = %

2
(i) Let ag > Z#. Then for any initial value Yy

limsupY; = +o0, liminfY; =0 a.s.,
t—o0 t—oo

and Y is a recurrent process.
2
(i) Let 0 < ag < %"’ Then im0 Yz = 0 a.s.

Proof. We apply [12, Thm. 3.1, Ch. VI]. First, we compute
v Yag —b Ty 2b
S(x):/ exp{—2/ a222zdz}dy:/ (y) o exp{;(y—c)} dy
c c 03% c ¢ g3
o 2:722 2b20 * *% 2b2
=c% exp{ ——5 Yy 2 expy —¥ dy.
03 c 02

2a4

Since the integrand y 3 exp {%y} is positive and tends to infinity as y 1 oo, it follows
2

that s(x) — 400 as x 1 oo for any as > 0.

Moreover,
. m% 2b20 ¢ fLaQQ 2b2
lim s(x) = —c 2 exp{ ——%5- Yy 72 expl —¥yody
=0 g3 0 2
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is either —oo or finite, depending on whether 2(%22 >1or 2‘%22 < 1.
2 2
Thus, the conclusions of (i) and (i4) follow from statements (1) and (2) of [12,

Thm. 3.1], respectively. a

4. PROPERTIES OF THE EXTERNAL PROCESS X

Now we turn to the properties of the external process X, being interested in the impact
of the internal process on the properties of the external one.

4.1. Existence and uniqueness results. First, we consider the system of equations
(2.2)—(2.3) and establish existence-uniqueness result.

Theorem 4.1. The system of equations (2.2)—(2.3) has the unique strong solution, both
processes X and Y are non-negative, and the solution is a strong Markov process.

Proof. System (2.2)—(2.3) can be considered as two-dimensional diffusion equation with
linear drift and diffusion coefficient that consists of power functions of the form o; (%)%,
i = 1,2, with power indices «; not exceeding 1. It means that all coefficients are con-
tinuous functions of at most linear growth. Then it follows from the existence theorem
proved in [22, p. 59], that this system has an F-adapted solution (X,Y’). Moreover, this
solution is obviously unique for the equation (2.3), and being non-explosive, is a contin-
uous stochastic process on any interval. Then, establishing uniqueness of the solution
of equation (2.2), we, as usual, consider two solutions and subtract them. Since process
Y disappears after subtraction, the uniqueness can be proved by the same steps as in
Yamada theorem, see e.g., [12, Thm. 3.2, p. 182].

Recall that Y and a; are non-negative, therefore, Y = Y. Now we shall prove the
non-negativity of X, which will allow us to transit from the diffusion coefficient oy (z)*
to 012 and identify X with X. Application of the comparison theorem (Theorem A.2
in Appendix) shows that X; exceeds a solution to the equation

d)?t = _bl)?t dt + 0_1‘)?“041 th, )?0 = O,

which is identically equal to 0 because of uniqueness and existence of a strong solution.
That is, X = X is a.s. non-negative process satisfying (2.2).

The strong Markov property follows from existence and uniqueness of the solution.
Theorem is proved. |

Remark 4.2. Tt is possible to prove a more general result about existence and unique-
ness solution of equation (2.2), without assuming that Y is a solution to (2.3). This is
addressed in Theorem A.1 in the Appendix.

4.2. Volatility process may remain quite close to zero for some time, with
probability far from zero. Our next objective, which is one of the main objectives of
the paper, is to investigate the behavior of the vector process (X,Y) in a neighborhood
of the point (0,0). More precisely, we establish the following two facts: in Theorem 4.3
it is proved that for any ag,as € [%, 1) and any initial condition, the process (X,Y)
enters every open square of the form (0, ¢)? with probability one. In Theorem 4.4, we
consider specific cases where one of the parameters, either oy or as, is equal to % In
these settings, we can establish a stronger result: namely, if a; = % (resp. ag = %),
then with probability one, the process X (resp. Y) hits zero while the other process
Y (resp. X) becomes arbitrarily small. We now state our main results, Theorems 4.3
and 4.4, followed by the auxiliary Lemmas 4.7-4.9, and then provide the proofs of the

main theorems.
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Theorem 4.3. Assume that a1, an € [%, 1). Then the process (X,Y) is recurrent, i.e.,
for any nonempty open set G C (0,00)? and any initial starting point

P(Vto dt Z to: (Xt,Y;) S G) =1.

Theorem 4.4.
1) Assume that oy = 5, g € [%, 1). Then for any € > 0 and any starting point

1
27

P(Vto 3t > to: X, =0,Y, € [0,¢]) = 1.
1

2) Assume that ap = 5, a1 € [%, 1). Then for any € > 0 and any starting point

P(Vto dt>ty: Y, =0,X; € [0,6]) =1.

Remark 4.5. We do not know if the process hits the origin with positive probability if

1
a1:a2:§.

Remark 4.6. If ay € (3,1], then P(3t > 0: X; = 0) = 0, and similarly, if as € (3,1],
then P(3t > 0: Y; = 0) = 0. The statement for Y follows directly from Feller’s test for
explosions [13, Thm. 5.29, p. 348]. The result for X is obtained by comparing it with
the solution of an equation with a; = 0, using Theorem A.2, followed by an application
of Feller’s test.

Lemma 4.7. Assume that there exists a compact set K C (0,00)? such that (X,Y) visits
K with probability 1 for any starting point:

(4.1) Y(z1,91) € [0,00)% Py, (3t >0: (X, Y;) € K)=1.

Then the statement of the Theorem 4.3 holds true.

Proof. Let F C (0,00)? be a compact set with smooth boundary such that K, G® C F°,
where AY is the interior of a set A. It is well known that the transition probability density

function pt((ml,yl), (x27y2)) of (Xt,Y:) killed at the boundary OF is a fundamental
solution to the Dirichlet problem

Owu = Au,
ulag =0,
where
0 0 1 5 9g 0? 1 5 90 0?
(4.2) A:(aly—blx)%‘ﬂaz—bzy)@+§01x 1@+502y 287y2

is the generator of the diffusion process (X,Y’). Since the coefficients of the equation
are infinitely differentiable and satisfy the ellipticity property in K, for any fixed £ > 0
the function pt((xl,yl), (xQ,yg)) is continuous in (z1,y1), (2,y2) and strictly positive
whenever both arguments lie in F¥. Hence, for any fixed ¢ > 0

inf z1,91), (22, <0
($1,y1)EK,(x2,y2)EGpt<( 1 yl) ( 2 y2))

and consequently

(4.3) aft) = (wl,%eKle,yl (X1, ;) €G) > 0.

Fix an arbitrary t* > 0 and introduce stopping times
00=0, opy1=inf{s>0o,+t":(X,,Y;) e K}.

It follows from (4.1) that o, < oo a.s. for all n > 1. The strong Markov property of
(X,Y) and (4.3) imply that

P(3s€(0,00]: (Xs,Ys) €G) 21— (1—alt))" =1, n— . O
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The following lemma shows that, almost surely, the process enters a sufficiently large
compact set.

Lemma 4.8. There exists a constant Ry > 0 such that for all initial conditions x and y,
(4.4) P,y(3t>0: Xy +Y;=Ro) = 1.

Proof. It x +y < Ry for some parameter Ry > 0, then equality (4.4) is obvious because
P(limsup,_, ., Y; = +00) = 1. Hence, it suffices to show existence of Ry such that (4.4)
is satisfied for all z,y > 0 such that z + y > Ry.

The proof employs the Lyapunov function method. Fix k& > 0 and define the Lyapunov
function

V(x,y) = y* + k%
Let as before A denote the infinitesimal generator of the two-dimensional SDE system
(2.2)-(2.3), given by (4.2). Applying A to V, we get:
AV (z,y) = 2y(az — bay) + 03y + 2k*x(ary — brz) + o k?a?
= —2boy* — 2b1 k%% + 2a1 K xy + o(V (z,y)), x| + |y| — 0.

Using the elementary inequality 2a3 < o? + 2, and choosing k > 0 sufficiently small,
we obtain

200y% + 2b1 k%% — 2a1k*xy > 2boy?® + 201 (kx)? — kay ((k‘x)2 + yz)
> K ((kz)? +9?) = K1V (2, y).

for some K; > 0.
Therefore, there exist constants K1, Ko, K3 > 0 and Ry > 0 such that for all z,y > 0,
r+y >Ry
AV (z,y) < Ky — KjV(z,y) < —K3.

Define the stopping time
TRy =inf{t >0:X;+Y; =Rp}.
By the It6 formula, we have for any z,y > 0, x +y > Ry,
TRO/\t
0<EV (XTRO/\t7YTR0/\t) = V(:C,y)+/ EAV(X,,Y;)ds < V(z,y) — K3 E(Tr, At).
0
Letting t — oo, we get
O S V(Q?,y) — Kg :ETRO7
which implies E 7p, < co. Hence,

TRy < 00 a.s. ]

Note that the set {(z,y) € R : 2,y > 0,z +y = Ro} ¢ (0,+0)?, and therefore
Lemma 4.7 cannot yet be applied to this set to establish Theorem 4.3. However, in the

next statement, we identify a compact set that the process visits with probability greater
than 1/2.

Lemma 4.9. There is 6 > 0 such that

Ry
inf P, (320X, 1Y - Ro| < -2, X, >4, Y, >0) >
2420, 2+y=Ro y( 2 0: [ Xe Yo = Rol < 75, Xe 20, 11 )

N |

Here Ry is from Lemma 4.8.
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Proof. We will select sufficiently small § such that § € (0, %) Then to prove the Lemma
it suffices to show that

i Ry 1
inf 0 P, <E|t >0:|Xy+Y:— Ryl < 30 Y, > 5) > 3

z+y=Ro, y€ -
and

R 1
inf Poy(3t>0: X, +Y, —Ro| <=2, X, >0 > =,
z+y=Ro, z€[0,4] ’ 3 2
Since coefficients of the system (2.2)—(2.3) are continuous, they are bounded on compact
sets. Therefore, there exists a sufficiently small tg such that

R
sup P,, ( sup |X;+Y:— Ro| > ;)

z,y>0, z4+y=Ro t€[0,to]

R
= sup P, ( sup |X;+Y:— (Xo+Yo)| > 0)
z,y>0, z+y=Ro t€[0,to] 3

R R 1
< sup Puy | osup X - Xol> 2, sup |V Yol > 2] <
2,y>0,z+y=Ro te[0,to] 6 " tefo.to) 6 4

Set 7 = inf{t > 0 : supye( 4, [ Xt — Xo| > B SUPieo.] 1Y — Yol > o} By the
comparison theorem

P(Y; >Y;, t>0) =1,

where Y is the solution of (2.3), started from 0. Hence

z+y=Ro, y€[0,9]
> inf P,,(3te€0,7]:Y;, >9)

z+y=Ro, y€[0,d]

2 i 2 2 Y, >
> :L’,yZO,Hzlfry:Rg P, ({T >t} N {3t €0,t]: Y >d})

inf P,, (3t20:|Xt+Yt—RO|§1§O,Yt25>

Z%fP(EItG[O,tO]:Ytzd).

For any tg > 0

PY(t)=0,t€[0,t]) =1.

Hence, for sufficiently small § > 0
— 1
P (Vt € [0,t0]: ¥} < 0) < 7

and, consequently,

L
[\

i Po, (320 X+ V- Rol< 20y 26) >0 -
z+y=Ro,y€[0,6] 3 4

Note that for any starting point (z,y), * + y = Ro,
P(Vt € [O,T]Z Xt Z Xt) = 17

X is a solution to the equation

dXt = <a156R0 — let> dt-l— letal th,
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with the initial condition Xy = 0. Similarly to the previous calculations,

inf PL?J <3tZOXt+}/t—R0|<I%O Xt>5>
z+y=Ro, z€[0,d]

1
= inf P,,(3te[0,7]: X; >6)— =
N m+y:1%£, yelo,] Y ( [0,7): X¢ > 9) 1
o 11
= i : > — >
- x,yzo}giy:m Poy (3t €10,7]: X, = 6) 4= 2
for sufficiently small 6 > 0. This concludes the proof. 0

Proof of Theorem 4.3. Since
P(vto dt > tg: (Xt7Y;5) € G) = lim P(E't >ty (thvt) S G)

to—o0

= lim / / zy(38 > 0: (X5, Y5) € G)Px, v, (dz, dy),

to prove the theorem it suffices to verify that
Vo,y>0: Py, (3t >0: (X, ;) €G)=1.
In order to check this condition, we will apply Lemma 4.7 with K = {(z,y): 2,y > 4,
|z +y— Ro| < %} Here Ry, § are from Lemma 4.9. Introduce stopping times 7,,, o, as
follows: 79 = 0¢ =0,
Tyl = Inf{t > o, : Xy + Y: = Ro},
Ont1 =1nf{t > 711 + 0 : Y2 = 2R},

where tg is from Lemma 4.9.
Recall that
(hmsqu} —|—oo> =1,
t—o00

whence 7,,, 0, are finite a.s. We will say that “success” occurs, if for some ¢ € [0}, op+1]
the process (X,Y) hits the compact set K. As we have shown in Lemma 4.9, the
probability of “success” is not less than % Hence, the probability of not hitting K even
once on the time interval [0, 7,,] does not exceed 5. Thus

1
P(3te[0,0,]: (X1, Y:) € K)>1— on
therefore
P(Ft>0: (X, V) e K)=1.

The application of Lemma 4.7 completes the proof. O

Proof of Theorem 4.4. We will prove only the first part of the theorem; the proof of the
second part is similar (but easier). Assume that a; = %, as € [$,1), and € € (0,1).

Since coefficients of (2.2)—(2.3) are continuous, we can find ¢; > 0 small enough such
that

1
sup P, ( sup (1, — o]+ ¥ — y) > ) <7
€E[0,2] t€[0,t1]
Let us introduce a quadratic Bessel process X (*) satisfying the equation

(4.5) dX® = aredt + o1/ X aw,
with initial condition Xém) = x. Let us compare this process with the process X (which
satisfies equation (2.2) with oy = 3 and with initial condition X = x). Note that the
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equations (2.2) and (4.5) have the same diffusion coefficients and their drift coefficients
for y € [0, €] can be compared as follows:
ay —bhx <ay<are, x>0,y€l0€.
Hence, it follows from comparison principle that
Ve 20, ye(0,5] Puy (Ve X < X)) =1

where 7 == inf{t > 0:[Y; —y| > §}.
It is well known [19, Ch. XI, §1] that if € is small enough, then the quadratic Bessel
process X (®) hits 0 with probability 1. Moreover, a(()w) Boasz — 0+, where U(()I) =

inf{t >0: X't(r) = 0}. Hence, there exist t; > 0 and J > 0 such that

" 1
sup P(O'(() ) ztl) < —.
z€[0,6] 4

Therefore, for every z € [0,4], y € [0, 5]:

N =

P sup ¥, <epn{3FHe0,t]: X, =0}] >
te[0,t1]

It follows from Theorem 4.3 that (X,Y") visits the set (0,0) x (0, §) with probability 1 for

any initial distribution. The rest of the proof is similar to the proof of Theorem 4.3. [

5. REFLECTED CKLS MODEL

Since we are interested in the number of zeros of X that, in turn, depends on the
values of Y, it is nice to fix the behavior of trajectories of Y separating them from zero.
So let us consider the process [6, 20] with one-sided reflection (sometimes, two-sided
reflection is considered [6, 20], but for us now just the situation with zeros and how to
avoid for X to be near zero, is important, therefore, we separate Y from some lower
positive level and do not introduce upper reflection). So, for as € [%, 1) we consider the

reflected process Y (") such that Yt(m) > m and Y™ satisfies the following stochastic
differential equation

(5.1) av,™ = (a3 = b2y, ™) dt + o (Yt(”“)a? B, +dL\™

where 0 < m < Yy, L™ = {L,(gm),t > 0} is adapted to the filtration generated by
the Wiener process B = {B;,t > 0}, the trajectories of L™ are a.s. continuous and

nondecreasing, Lém) =0, L™ increases only on the set A = {t: Yt(m) = m}, so that

t
/ LY m)dLm = L8 ¢ > 0.
0

In this case L("™ is the smallest nondecreasing function for which the process (5.1) is
above or equals m, and, according to the well-known solution of the Skorokhod reflection
problem (see, e.g., [17]),
Lim) = sup ((m — ng)) \/0) ,
0<s<t
where Z{™ = Yo + [J(az — byYA™)ds + oo [1(YA™)2dB,, and {Y, ™t > 0} is the
unique solution of the equation (5.1).
The next result is contained in [17].
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Lemma 5.1. For any T >0, m >0, p> 0 and ay € [1/2,1]

E sup (Yt(m))p < 0.
0<t<T

Lemma 5.2. The process Y™ is mean-reverting with the same constant as Y (9 ;
namely,

lim EY,™ = 92

t—o0 b2
Proof. Equation (5.1) can be rewritten as

t
v, ™ L™ = Yy + ast — by / (Y;m) - Lgm>) ds
0

t s t
+ 02/ (Y;(m)) dB, — bg/ L™ ds, t>0.
0 0
If we denote Z; = Y™ — L™ and note that Ef(f(YS(m))o‘?st =0, we get that
¢ t
EZ; =Yy +ast —bz/ EZsds — bz/ E L™ ds.
0 0

Denote, for simplicity, EZ; = z, ELEm) = {;. Then we get an ordinary differential
equation

t t
Zt+b2/ zsdszYo—Fagt—bg/étds,
0 0

or
¢

(5.2) uy + bouy = Yo + aot — bg/ Ly ds,
0

where u; = fg zs ds. The solution of (5.2) has the form

t t s Y
Ut = a2/ se?(*71) ds — b2/ eb2(s=t) / lyduds+ =2 (1—e "),
0 0 0 ba

whence
t
2 = a2 (1 - e_th) - b2/ e2(5=p ds + Yoe b2t
b2 0
or
as ¢
EY;(m) ={; + ™ (1 - e_bzt) - bg/ eb"’(s_t)ﬁs ds + Yye b2,
2 0
Let ¢ — +o00. Then ¢, being a nondecreasing function, tends to some limit £, and
t bat
boe?2t¢
lim bg/ 26Ny ds = lim 2 %t 3 L=,
t—o0 0 t—o0 b2€ 2t
and the proof follows. O

Remark 5.3. Let us briefly discuss the level m > 0 of reflection for the process Y. In
some sense, any level is appropriate, because substituting Y™ instead of Y into X,
according to comparison Theorem A.2; and standard properties of X with nonrandom
drift, we get that in the worst case a; = 1/2 X can have only reflecting zeros from which
it immediately attains strictly positive values. However, it still can spend some time
under any positive level. And only if we choose m > %O’%, then X is strictly positive,
again, due to comparison theorem.
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APPENDIX A. EXTERNAL PROCESS IN GENERALIZED FORM: EXISTENCE, UNIQUENESS
AND COMPARISON THEOREM

In this appendix, we consider the stochastic differential equation (2.2) for the external
process corresponding to a broader class of internal processes, which are not necessarily
solutions to (2.3). In subsection A.1, we prove the existence and uniqueness of a solution
to this equation. In subsection A.2, we establish a version of the comparison theorem
applicable to such equations.

A.1. Existence and uniqueness.

Theorem A.1. Consider equation of the form
t t
(A1) X =Xo+ / (Us — bX,)ds + cr/ X dWy,
0 0

where Xg,b,0 > 0, t > 0, and U = {U;,t > 0} is a continuous non-negative process
adapted to the filtration F.

(i) Let « = 1. Then the linear equation

t t
(A.2) X = Xo + / (Us —bX;)ds + a/ X dW,
0 0

has a unique strong solution of the form

2 t 2
(A.3) X; =exp {—bt — 02t+0Wt} (Xo —|—/ Us exp {bs + %s — UWS} ds> .
0

This solution is strictly positive.
(ii) Leta € (3,1), the process U satisfies the condition of item (i), and for any T > 0

sup EU? < oo.
0<t<T

Then the equation (A.2) has unique strong solution such that for any T > 0

(A4) E sup X} < .
0<t<T

Proof. Ttem (i) can be proved by direct calculations. In item (i3), taking into account
the existence of the second moment of U, the proof of uniqueness is the same as in the
standard Yamada—Watanabe theorem, see e.g., [12, Thm. 3.2, p. 182]. As for existence,
one can easily modify the proof of the existence theorem given in [22, p. 59], again, taking
into account the finiteness of supy;« E U? for any T' > 0 and show that for the solution
X it holds that supy<;<7 E X? < oo. Concerning (A.4), note that for any T > 0,

T t 2
sup X3g3X§+3/ UZds+3 sup (/ ngdWS> .
0<t<T 0 0<t<T \Jo

Then we can apply the Burkholder-Gundy inequality for the square-integrable martingale
fot X2 dW, and get that

T T
E sup Xt2§3X§+3/ EU§ds+12/ E X292 |s
0 0

0<t<T

T T
§3X§+3/ EU§ds+12T+12/ E X2ds,
0 0

and the proof immediately follows. |
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A.2. Comparison theorem. Now let us establish the comparison theorem for the ex-
ternal processes. This comparison result is absolutely obvious in the linear case when
a1 = 1, because it follows from representation (A.3) that if U* = {U},t > 0}, i = 1,2
are two continuous processes, adapted to the filtration F, and with probability 1 it holds
that U} > UZ, t > 0, then respective solutions are in an analogous inequality. Therefore
we now consider the equation (A.1) in the case oy € [1/2,1).

Theorem A.2. Let {Uti, t> 0}, i = 1,2, be two continuous, non-negative processes
satisfying the following conditions:
(i) for any T > 0 supyc,<p EU} < 00;
(it) U = U3,
(iii) U} > UZ, t > 0, with probability 1.
Then the solutions of the equations
t t
X} :Xo—l—/ (UL -bX}) ds+a/ (XD aws,
0 0
satisfy the relation
th > Xt2, t >0, with probability 1.
Proof. Introduce the process
Vi=U!'-U —b(X} - X7), t>0,
and consider the following stopping times:
T0=0, 7=inf{t>0:V,<0}, m=inf{t>n:V,>0},...,
Tgn+1:inf{t>7'2ni‘/t<0}, T2n+2:inf{t>7'2n+1 Z‘/;5>0}7 n > 0.
Note that on any interval [To,41, Tont2], n > 0, we have that
X -X?>v' (U -U7) >0,

Therefore, it is sufficient to consider only the intervals [rox, Tok+1]. On any such interval
we apply the standard method of Tkeda and Watanabe from [11]. Namely, let ¢, (u),
n > 1, u > 0, be a non-negative continuous function such that its support is (a,, a,—1),
fa"’l on(u)du =1, ¢, (u) < nu%, where the sequence ag =1>ay > -+ >a, >---10

Qn

is defined by

an—1 Con 1 Con 3
/a u2du=2a_1(a$b2 —a; 1) =n.

Define also

|z| y
() :/ dy/ on(2)dz, z€R, n>1.
0 0

Then v, € C?(R), ¥, (x) 1 |z| as n — oo, and |[¢/,(z)| < 1. Using the 1t6 formula, we
can write

1 2 1 2
d]n (XtAT2k+1 - Xt/\7'2)¢,+1) - (Xt/\TQk + Xt/\TQk)

tAT2R 41
:a/ o, (x1 = x2) (X" = (x2)") aw,
t

AT2k

tAT2k+1
o T ) (Ul - 0 (- X)) ds
t

NTok

1 PATaR+L " 1 2 1\« 2\« 2
+§/; ,wn (Xs _Xé) ((Xé) - (Xé) ) ds

ATk

= Jl,n + J2,n + J3,n~
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Then
E Jl,n =0,
and
tAT2R+1 2 t
Ejg,ngE/ on (| X = X2)) | XS = X2 ds< = =0 asn— oc.

tAToR n

Note also that |/, ()| < 1. Therefore
1 2 1 2
E ’Xt/\Tzk+1 - Xt/\‘l'zk+1 - E |Xt/\‘l'2k - Xt/\Tgk‘

Now let us use induction in k. Obviously, X}, — X2, = 0. Assume that X

X2

tATok

tAT2k+1
glimsupEJz,nSE/ |U51_U52_b(X;_X52){d8
t

n—00 ATok
tAT2k+1
:E/ (U;—Ug—b(xg—xg))ds
tAT2g
= E (th/\TQIH,l - Xt2/\7'2k+1 - ‘Xrtl/\Tg)C + Xt2/\T2k) .

1 _
tAT2L

> 0, then

E‘Xl _ X2

tAT2R+1 tAT2R 41

<E<X1 _ X2 )

= tAT2R 41 tAT2R+1

whence X} - X? > 0 a.s. Since Uzo:o [Ton, Tont1] = RT, we get the proof. [

1

10.

11.

12.

13.

tAT2k+1 tAT2k 41

BIBLIOGRAPHY

. M. Albuhayri, S. Silvestrov, M. Dimitrov, Y. Ni, and A. Malyarenko, Numerical studies of the
implied volatility expansions up to third order under the Gatheral model, Tth Stochastic Model-
ing Techniques and Data Analysis International Conference (SMTDA2022) and Demographics
2022 Workshop, 2022.

. L. B. G. Andersen and V. V. Piterbarg, Moment explosions in stochastic volatility models,
Finance Stoch. 11 (2007), no. 1, 29-50.

. C. Bayer, J. Gatheral, and M. Karlsmark, Fast Ninomiya—Victoir calibration of the double-
mean-reverting model, Quant. Finance 13 (2013), no. 11, 1813-1829. MR 3175945

. M. Borkovec and C. Kliippelberg, Extremal behavior of diffusion models in finance, Extremes
1 (1998), no. 1, 47-80. MR 1652940

. K. C. Chan, G. A. Karolyi, F. A. Longstaff, and A. B Sanders, An empirical comparison of
alternative models of the short-term interest rate, J. Finance 47 (1992), no. 3, 1209-1227.

. L. Chang, S. Chen, and A. Zhu, Properties of the Cox—Ingersoll-Ross interest rate pro-
cesses with two-sided reflections, Comm. Statist. Theory Methods 44 (2015), no. 4, 657-670.
MR 3315779

. O. Dehtiar, Y. Mishura, and K. Ralchenko, Two methods of estimation of the drift parameters
of the Cox—Ingersoll-Ross process: continuous observations, Comm. Statist. Theory Methods
51 (2022), no. 19, 6818-6833. MR 4471421

. G. Di Nunno, K. Kubilius, Y. Mishura, and A. Yurchenko-Tytarenko, From constant to rough:
A survey of continuous volatility modeling, Mathematics 11 (2023), no. 19, 4201.

. J. Gatheral, Consistent modeling of SPX and VIX options, Bachelier Congress, vol. 37, 2008,

pp. 39-51.

A. Gloter and N. Yoshida, Non-adaptive estimation for degenerate diffusion processes, Theory

Probab. Math. Statist. (2024), no. 110, 75-99. MR 4751811

N. Ikeda and S. Watanabe, A comparison theorem for solutions of stochastic differential equa-

tions and its applications, Osaka Math. J. 14 (1977), no. 3, 619-633. MR 471082

, Stochastic differential equations and diffusion processes, second ed., North-Holland

Mathematical Library, vol. 24, North-Holland Publishing Co., Amsterdam; Kodansha, Ltd.,

Tokyo, 1989. MR 1011252

I. Karatzas and S. E. Shreve, Brownian motion and stochastic calculus, second ed., Graduate

Texts in Mathematics, vol. 113, Springer-Verlag, New York, 1991. MR 1121940




GATHERAL DOUBLE STOCHASTIC VOLATILITY MODEL WITH SKOROKHOD REFLECTION 19

14. F. C. Klebaner, Introduction to stochastic calculus with applications, third ed., Imperial College
Press, London, 2012. MR 2933773

15. Y. Mishura, K. Ralchenko, and O. Dehtiar, Parameter estimation in CKLS model by continuous
observations, Statist. Probab. Lett. 184 (2022), 109391. MR 4382072

16. Y. Mishura, K. Ralchenko, and S. Kushnirenko, Driven by Brownian motion Coz—Ingersoll—
Ross and squared Bessel processes: Interaction and phase transition, Physics of Fluids 37
(2025), no. 1, 017115.

17. A. Pilipenko, An introduction to stochastic differential equations with reflection, Lectures in
Pure and Applied Mathematics, vol. 1, Potsdam University Press, 2014.

18. O. Prykhodko and K. Ralchenko, Asymptotic normality of estimators for all parameters in
the Vasicek model by discrete observations, Theory Probab. Math. Statist. (2024), no. 111,
123-135. MR 4823519

19. D. Revuz and M. Yor, Continuous martingales and Brownian motion, third ed., Grundlehren
der mathematischen Wissenschaften, vol. 293, Springer-Verlag, Berlin, 1999. MR 1725357

20. Y. Shi, H. Shu, C. Wang, and X. Zhang, Parameter estimation for Cox—Ingersoll-Ross process
with two-sided reflections, Statist. Probab. Lett. (2025), 110352.

21. A. V. Skorokhod, Asymptotic methods in the theory of stochastic differential equations, Trans-
lations of Mathematical Monographs, vol. 78, American Mathematical Society, Providence, RI,
1989. MR 1020057

22. | Studies in the theory of random processes, Dover Publications, Mineola, New York,
2017.

(Y. Mishura) DEPARTMENT OF PROBABILITY, STATISTICS AND ACTUARIAL MATHEMATICS, TARAS SHEV-
CHENKO NATIONAL UNIVERSITY OF KY1v, 64/13, VOLODYMYRSKA ST., 01601 KvyIv, UKRAINE
Email address: yuliyamishura@knu.ua

(A. Pilipenko) INSTITUTE OF MATHEMATICS OF UKRAINIAN NATIONAL ACADEMY OF SCIENCES, TERE-
SCHENKIVSKA ST. 3, 01601 KyIv, UKRAINE

(A. Pilipenko) SECTION OF MATHEMATICS, UNIVERSITY OF GENEVA, UNI DUFOUR, 24, RUE DU
GENERAL DUFOUR, CASE POSTALE 64, 1211 GENEVA 4, SWITZERLAND
Email address: pilipenko.ayOgmail.com

(K. Ralchenko) DEPARTMENT OF PROBABILITY, STATISTICS AND ACTUARIAL MATHEMATICS, TARAS
SHEVCHENKO NATIONAL UNIVERSITY OF KYIV, 64/13, VOLODYMYRSKA ST., 01601 KyIv, UKRAINE
Email address: kostiantynralchenko@knu.ua

(K. Ralchenko) SCHOOL OF TECHNOLOGY AND INNOVATIONS, UNIVERSITY OF VAaasa, P.O. Box 700,
VaasA, FIN-65101, FINLAND
Email address: kostiantyn.ralchenko@uwasa.fi

Received 01/MAR /2025
Accepted 12/MAY /2025



