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Abstract )

Let v; and v, be two distinct vertices of an equilateral tree Tp. Let qb](\',) (i=1,2)be
the characteristic functions of the Sturm-Liouville problem on 7y rooted at v; with
Neumann conditions at the root and let qbg) (i =1, 2) be the characteristic functions
of the Sturm-Liouville problem on Ty with Dirichlet conditions at the root. We prove
that if attaching any tree to Tj at the vertices v; and v leads to cospectral trees and
d(vy) = d(v2) then py V)P = py (W)@ and pp L)V = ¢p(1)D (which means
that the scattering is the same at vy and v»).

Keywords Sturm-Liouville equation - Eigenvalue - spectrum - Equilateral tree -
Dirichlet boundary condition - Neumann boundary condition - Root

1 Introduction

In quantum graph theory, i.e. in the theory of quantum mechanical equations consid-
ered on metric graph domains, the problem of recovering the shape of a graph was
considered in [1], and [4]. It was shown in [4] that if the lengths of the edges are
rationally independent then the spectrum of the spectral Sturm-Liouville problem on
a graph with standard boundary conditions (Neuman-Kirchhoff at interior vertices and
Neumann at the pendant vertices) uniquely determines the shape of this graph.

In [1], it was shown that if one considers graphs having edges whose quotient is a
rational number, then there exist co-spectral quantum graphs.

Communicated by Seppo Hassi.

V. Pivovarchik.: These authors contributed equally to this work.

B Vyacheslav Pivovarchik
vpivovarchik @ gmail.com

Mats-Erik Pistol
mats-erik.pistol @ftf.1th.se
1 Department of Solid State Physics, Lund University, Street, Lund S-221 00, Sweden

Department of Higher Mathematics and Statistics, South Ukrainian National Pedagogical
University, Staroportofrankovskaya str. 26, Odesa 65020, Ukraine

Department of Mathematics and Statistics, University of Vaasa, PO Box 700, Vaasa 65101, Finland

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11785-025-01730-6&domain=pdf

104 Page2of9 M. -E. Pistol, V. Pivovarchik

In [6] it was shown that if we have the Neumann problem with zero potential then
the finite interval does not have any cospectral partners. In [2] it was shown that if
the graph is a simple connected equilateral graph where the number of vertices less or
equal 5 and the potentials on the edges are real Ly functions then the spectrum of the
Sturm-Liouville problem with standard conditions at the vertices uniquely determines
the shape of the graph. For trees the minimal number of vertices in a cospectral pair is
9 (see [12] and [11]). If the number of vertices does not exceed 8 then the characteristic
polynomial determines the graph [2]. It should be mentioned that there exist cospectral
graphs in the case of the Dirichlet conditions at the pendant vertices also (see, e.g. [3,
12]).

If one spectrum does not determine uniquely the shape of a graph then we put the
question whether two spectra do it, where the two spectra are obtained under different
boundary conditions.

In [10] it was shown how to find the shape of a tree using two spectra: the spectrum
of the Neumann problem and the spectrum of the Dirichlet problem, i.e. the problem
in which the Dirichlet condition is imposed at a particular vertex called the root. This
method works for an arbitrarily large number of vertices. If the solution is not unique,
using this method one can find all the solutions.

In [9] it was shown how to find the shape of a graph using the S-function and
the eigenvalues of the scattering problem on a graph which consists of an equilateral
compact subgraph with a lead attached to it at a vertex which we call the root. The
potential on the lead was assumed to be identically zero and therefore the Jost func-
tion can be expressed via the characteristic functions of the Dirichlet and Neumann
problems. Thus this scattering inverse problem and the spectral inverse problem by
two spectra have the same given data. However, it was found in [12] that there are
pairs of non-isomorphic graphs that are cospectral also under very general boundary
conditions.

Attaching a lead at different interior vertices may lead to different scattering data (S-
functions and eigenvalues). However, an example of a tree with the same M -function
for two different vertices was found in [12] (which means that the S-function at these
vertices and the eigenvalues are the same if we attach any compact graph at these
vertices).

In the present paper we show that if we have a tree such that attaching an interval at
two different vertices of the same degree give cospectral graphs then the M-function
at these vertices must be the same. It has previously been shown that attaching any
compact graph to a graph having two vertices with the same M-function results in
cospectral graphs.

2 Statement of the Problem and Auxiliary Results

Let T be a metric equilateral tree with p vertices and g = p — 1 edges each of length
l.
We choose the vertex vg as the root and direct all the edges away from the root.
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Let us describe the Neumann spectral problem on this tree. We consider the Sturm-
Liouville equations on the edges

—y}’—i—cﬁ(x)y,-:)»y,-, i=12,...¢ (1)
where g; € L2(0,1) are real.

If an edge e; is incident with a pendant vertex which is not the root then we impose
the Dirichlet boundary conditions at the pendant vertex

yj() =0. 2
At each interior vertex, v;, we impose the continuity conditions
yj (1) = yr(0) 3

for the incoming edge e; and for all e; outgoing from v; and Kirchhoff’s conditions
Vi) =) 30 @
k

where the sum is taken over all edges e; outgoing from v;. At the root we have the
continuity conditions

yj(0) = yr(0) )

for the edges e; and e; outgoing from vy and Kirchhoff’s condition
> 50y =0 (6)
k

where the sum is taken over all edges e, outgoing from v

We will call problem (1)—(6) the Neumann problem. We will call standard (or gen-
eralized Neumann) conditions (3), (4) and (4), (5). Standard conditions are Neumann
at pendant vertices.

Let us describe the corresponding Dirichlet problem. It consists of equations (1)—(4)
and of equation

yj(0) =0 (N

for all edges e; incident with the root. We illustrate the situations in Fig. 1.

Denote by s;(A, x) the solution of (1) which satisfies the conditions s;(A, 0) =
s} (x,0)—1 = 0andby c; (4, x) the solution which stisfies ¢ (A, 0) — 1 = c;. 2, 0) =
0. Substituting

yj(k,x)=Ajsj(k,x)+BjCj()»,x) (8)
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Fig. 1 Hollow circles mean Neumann Dirichlet
Dirichlet boundary conditions.
Solid circles mean generalized
Neumann boundary conditions. ° 9

+ K

into equations (2)—(6) we obtain a system of 2g homogeneous linear algebraic equa-
tions with unknowns A; and B;. We call characteristic function of the Neumann
problem the determinant ¥y (1) of the coefficient matrix of this system. The zeros
of ¥y (A) are the eigenvalues of problem (1)—(6). Substituting (8) into (2)—(4), (7)
we again obtain a system of 2g homogeneous linear algebraic equations. We call
characteristic function the determinant ¥ p (1) of coefficient matrix of this system.
Let us assume that the root v is an interior vertex. We divide our tree 7' into two
subtrees 77 and 7, having v as the only common vertex. (We say that 77 and 75 are
complementary subtrees of T. Denote by TP/(\;)()\) the characteristic function of the

Neumann problem on 7; and by I/I(’) (1) the characteristic function of the Dirichlet
problem on 7;.
The following theorem was proved in [7].

Theorem 2.1 Let the root v of a tree T be an interior vertex. Let Ty and T> be comple-
mentary subtrees of T. Then with the same orientation of the graph and the subgraphs
edges described above,

v =P v @) + v Y@y P, ©)

¥p(2) =¥ 5 @S (2).

3 Main Results

Let Ty and T be equilateral trees with the lengths of the edges equal /, the same real
potential on the edges q(x) € L2(0,1) symmetric with respect to the midpoint of an
edge (¢(I — x) = q(x)) Let v; and vy be distinct interior vertices of Ty of degrees
d(vy) and d(vp), respectively. Let vy be a vertex of T (the root of T'). We attach T to
the tree Ty in such a way that vg coinciding with v; (i = 1, 2) is the only common
vertex of T and To. Thus we obtain two trees 77 and 75.
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Then by Theorem 2.1
B (M) = dn (DY M) + dpMBY (1) (10)

where ¢; (1) is the characteristic function of problem (1)-(6)on 7; (i = 1, 2), ¢1(\}) A) =
q),(\?) (A) is the characteristic function of (1)—(6) on Ty (the functions ¢,(\}) (A) and ¢,(3) Q)
are the same because they correspond to the same (standard) conditions at v; and
2), ¢>g) (A) (i = 1, 2) is the Dirichlet characteristic function (characteristic function
of problem (1)-(4), (7) on Ty with the Djrichlet~ condition at the root v;, ¢3N (A) is
the Neumann characteristic functions on 7 and ¢p(A) is the Dirichlet characteristic
function with the Dirichlet condition at vg.

The following result which follows from (10) is known even for more general case
(see [5]).

Theorem 3.1 Suppose ¢\ (1) = ¢ (1) and ¢ (1) = ¢P(0). Then attaching a
tree T by its root 10 the vertices vy and v and imposing the same conditions at all the
other vertices of T we obtain co-spectral trees.

Theorem 3.2 Let the equilateral trees Ty and T, (constructed by attaching a tree T
to interior vertices vy and vy of a tree Ty. Let the problems (1)—(4), (7) with the same
real symmetric L,(0, I)-potential on the edges be co-spectral. Then ¢1(X) = ¢r(X) if
and only if d(v1) = d(v2).

Proof We use representations [8], Theorem 6.4.2:
¢i = sPETLDPi (D) (=1,2)

where p is the number of vertices, g is the number of edges, r is the number
of pendant vertices with Dirichlet conditions, P;(z) = det(—kﬁi + A,-), D; =
diag{d(vi), d(v2), ..., d(vp)} are the diagonal degree matrices, A; are the adjacency
matrices, —MA)Z- + Ai are the prime submatrices of —AD; + A;, obtained by deleting
the columns and rows corresponding to the pendant vertices.

The trees T} and T» are co-spectral what means that the sets of zeros of P;(z) and
P>(z) coincide. The leading term of the polynomial Pj is

P
(d (1) + d(vo))d(v) [ [ d(wi)z”
i=3

while the leading term of the polynomial P is

P
d(1)(d(v2) +d (o) [ [dwi)z?.
i=3

_ _ d(w)(dw)+d(vi)) _
Thus, P;(z) = CP>(z) where C = Wg)ﬁ%(zé» and, therefore, ¢1(z) = C¢(2).

We conclude that ¢1 (L) = ¢ (1) if and only if d(vy) = d(v2). O
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Fig.2 Trees obtained by attaching P; to the tree 7y of Fig. 3 at the vertices v] and v, respectively.

Theorem 3.3 Let the trees Ty and T, be co-spectral, i.e. the sets of zeros of ¢1(z) and
$2(2) coincide and let d(v1) = d(v2). Then ¢\ (0) = ¢ () and ¢ (1) = ¢ (1),
Proof First, since conditions are standard at both vertices v and vy, ¢1(\;) (A) and ¢1(3) Q)
are equal to the determinant of coefficient matrix of one system of equations. Thus,
we conclude that ¢1(\,1)(A) = qb](\?) ).

By Theorem 3.2 we have ¢1 (1) = ¢2(1). Due to (10) we obtain

$10) = d2(0) = v (WS W +dp (WP ) =gy (S M +dpMd Y (1)

(11)
and, consequently,
M P10 — $p(PY ) (W) — Py ) o
()\ = = = = = ()\ .
) dn () dn () 5 )
O

Proposition 3.4 The M-functions of the problems on Ty with the roots at v\ and vy are
the same. This allows computer search for vertices on trees with equal M-functions
to be quite fast. Previously it was necessary to attach intervals of arbitrary length to
confirm that two vertices have the same M -function [ 12 ] but we find here that for trees
it is enough to attach intervals of length one.

Remark 3.5 If d(vy) # d(v2) then co-spectrality of 77 and 7> does not imply ¢ (1) =
$2(2).

4 Examples
1. Consider the graphs of Fig. 2.

They are obtained by attaching one edge to the tree of Fig. 3 at the vertices v and
V).
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Fig.3 Tree Ty corresponding to 3
Examples 1 and 2.

Fig.4 The tree T of Fig. 3 with P3 attached to the vertices v{ and vy, respectively.

Thus, in our terms 7 is P> and T is the tree of Fig. 3 and therefore
oY) =0 () =57, D(256¢°(h, 1) — 192¢* (A, 1) +36¢% (A, 1) — 1.

The characteristic function of the Sturm-Liouville problem with the Dirichlet
boundary conditions at the pendant vertices on both graphs 77 and 75 is the same:

d1(M) = dr (W) = sO(h, D(384cO(h, 1) — 256¢* (A, [) + 427 (1, 1) — 1).

2. For the trees of Fig. 4 we have T = P3 and Ty is the tree of Fig. 3. Calculations
show that

H1(A) = dr(A) = —sO(h, (=768¢” (A, 1) + 640> (A, [) — 148¢3 (1, ) + 8¢ (A, ),

the same for both trees.

3. Consider the trees presented in Fig. 34 b) of [12], see Fig. 5. For these graphs
$1(2) = (=243 (A, 1) +4e(h, D)5 (A, D), ¢2(2) = (=303 (A, 1) + Sc(n, 1)s> (A, D).
These trees can be obtained by attaching an edge (graph P, ) to the tree of Fig. 6 at vy and
v, respectively. For both these trees ¢1(\})(A) = ¢1(\%) = (=203 (1, D4+4c(h, Ds*(x, D).
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Fig.5 The trees obtained by o o
attaching P, to the vertices vy
and vy to the tree of Fig. 6.

® e
> -]
Fig.6 The tree 7jy of Example 3. ?
J
Vi
) Vz

For the first tree ¢>g) = 4¢2(A, 1)s>(A, 1) and and for the second tree ¢>E)2) () =
(10¢2(1, 1) — 1)s>(x, 1). The reason of this difference is caused by the difference in
degrees d(vy) =5 # 2 =d(vy).
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