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1 Introduction
Since the Chicago Board Options Exchange started trading call options in 1973, financial
markets have witnessed a meteoric rise in the trading of options (Hull, 2021). According
to Saito-Chung (2023), in the first year of options trading in the U.S., a total of 1.12 million
options contracts were made, and in 2022, a staggering 10.32 billion contracts. Options
grant the right but not the obligation to buy or sell an asset, such as a stock, at a pre-
determined price, in a specified time frame. These financial instruments have become
central to the strategic planning of both individual investors and large institutions. Ac-
cording to a report published by the Bank for International Settlements (OTC derivatives
statistics at end-December 2022, 2023), the sheer gross market value of traded over-the-
counter derivatives, including options, stood at a staggering $20.7 trillion in 2022 with
the notional value as high as $618 trillion. Finally, according to (Maverick, 2022), the total
market size of derivatives is sometimes estimated to be over 10 times the size of the total
global world domestic product (GDP). These figures not only underscore the importance
of options in modern finance but also highlight the immense complexity and dynamism
that characterize today’s financial landscapes.

Option pricing is a nuanced and complicated mathematical task that depends on several
key factors: the volatility of the underlying asset, the time remaining until expiration,
current interest rates, and the unpredictability of market events. These elements inter-
act in complex ways, necessitating the use of advanced mathematical models that can
navigate the probabilistic nature of financial markets. The objective of such models is to
accurately reflect the risks and potential rewards embedded in options, thereby inform-
ing investment decisions and risk management. Given the complexity of these variables,
option pricing represents a sophisticated blend of analytical precision andmarket insight.
(Hull, 2021)

The difficulty in pricing options is further compounded by the need for timeliness and
precision. Inaccurate pricing not only eats away possible profits but can also lead to sys-
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temic risks, as seen in various financial crises. For example, it has been suggested that
in the 2007-2008 financial crisis, mispriced mortgage derivatives played a catalytic role
(Greenberger, 2010). It is therefore crucial to employ analytical models that can navigate
the probabilistic nature of markets, accommodate the multifaceted determinants of op-
tion pricing, and provide accurate valuations in real-time. This need has propelled the
search for more detailed and computationally efficient pricing methodologies, which is
the overarching objective of this work.

Quantum theory, with its roots firmly planted in the domain of physical sciences, has
emerged as an unexpected ally in the quest to unravel the complexities of financial mar-
kets (Kleinert, 2009). The success of quantum theory in explaining phenomena at the
microscopic level has inspired financial theorists, economists, as well as physicists to ex-
plore its potential in economic modeling. The theory’s probabilistic foundation and its
approach to dealing with systems of many particles make it a tempting choice for mod-
eling the stochastic random nature of financial markets.

One of themost promising intersections of quantum theory and finance is the application
of quantum mechanical path integral methods (Feynman, 1948; Kleinert, 2009). Tradi-
tionally employed in physics to compute the probabilities of particle transitions, path
integrals offer a way to model the probabilistic pathways of asset prices. The idea is to
consider the infinitely many paths that an asset price could take over time, much like
visualizing the various trajectories a particle might travel through space.

The union of quantum path integrals and Monte Carlo simulations (Thomopoulos, 2013)
represents a cutting-edge approach to option pricing. Monte Carlo simulations are a cor-
nerstone in the financial industry, providing a way to model the probability distributions
of potential outcomes by generating a multitude of random samples (Hull, 2021). Ac-
cordingly, the integration of quantum path integrals with Monte Carlo methods offers a
novel and fruitful interdisciplinary way to simulate the more complex processes inherent
in financial markets.
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A critical factor that hasmade such sophisticated financial simulation approaches feasible
is the remarkable growth in computing power, especially via parallel computing and the
rapid development of Graphics Processing Units (GPUs) (Dehal, Munjal, Ansari, & Kush-
waha, 2018; Owens et al., 2008). Originally designed for rendering computer graphics,
GPUs have found a new purpose in high-performance computing applications, thanks to
their ability to perform multiple calculations simultaneously.

In the modern era of computer simulations, parallel computing has unlocked the poten-
tial for significant performance boosts (Kessler & Keller, 2007). This work also explores
the implementation of quantummechanical path integral Monte Carlo simulations (Tho-
mopoulos, 2013) on both parallel Central Processing Unit (CPU), and GPU architectures
by constructing a simple Python framework. By utilizing modern-day parallel processing
capabilities, this work demonstrates a substantial acceleration in computational speed,
making the path integral method more feasible to use in practice than previously.

Prior research on financial engineering andmathematics has presented numerous option
pricing models. However, the pricing of complex options is lacking coherent and gener-
ally used industry standard methods. The proposed use of quantum mechanical path
integrals in option pricing, together with computationally efficient techniques results in
the work having two research questions:

1. How can the quantum mechanical path integral method be adapted and applied

to option pricing in financial markets?

2. What computational methods can be implemented to enhance the efficiency of

quantum mechanical path integral Monte Carlo simulations in option pricing?

The first research question explores the theoretical and numerical foundations of the
method: Firstly, it elaborates on the adaptability of the quantum mechanical frame-
work to the modeling of financial markets. Secondly, it addresses the applicability of the
method for option pricing in practice. The second research question, however, has more
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practical implications in trading as the computational cost is currently a limiting factor in
utilizing the more refined financial modeling techniques.

This work consists of five sections: introduction, theory, methodology, results, and con-
clusions. After this introduction, the work continues with a theory section describing the
fundamentals of options. It provides an overview of different types of options, as well
as describes the underlying principles that govern their trading and valuation. Addition-
ally, traditionally used option pricing methods are discussed in detail. Finally, the path
integral formulation is introduced together with basic principles of quantum mechanics
to demystify the complex mathematical notation. In the third section, the methodol-
ogy used in numerical simulations is presented, starting with a friendly introduction to
Monte Carlo simulations, after which the simulation procedure is described. Lastly, the
performance-enhancing techniques, namely the use of parallel computing and GPU ac-
celeration, are discussed. In the results section first the achieved performance increases
are presented. After that, the simulation procedure is verified by using the software to
price European options, after which, the software is used to price exotic options. Finally,
in the conclusions section the work is summarised along with a discussion of the results
are future implications of the research.
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2 Theory
In this section, the necessary theoretical background is introduced. First, the features and
various types of financial options are discussed. Then, themost commonly usedmethods
used in option pricing, which are also used in this work for verification and comparison
of results, are presented, as well as their strengths and drawbacks. Firstly, the Cox-Ross-
Rubinsteinmodel, also known as the binomial model, is presented. Secondly, the famous
Black-Scholes model is presented, and its benefits and core assumptions are discussed.
Finally, a thorough introduction to the path integral framework used in this work for op-
tion pricing is presented.

2.1 Financial Options
It is worth our while to briefly revisit the fundamental financial terms and concepts used
throughout this work.

Options play a crucial role in the financial markets today. They began as a simple tool for
farmers to protect themselves against unpredictable prices for their crops. Over time,
these instruments have developed into advanced financial tools, allowing investors to
employ a range of strategies and manage their risks effectively. (Hull, 2021)

In essence, holding an option gives the holder a choice to buy or sell a specific asset at a
set price within a certain time period. This feature sets options apart from other financial
derivatives like forwards and futures. While both options and forwards base their value
on another asset, a forward contract binds the holder to the agreed transaction. The
unique structure of options means the most an investor can lose is the initial cost or
premium, but the potential profit can be much larger. (Kwok, 2008)

There are two primary places where options are traded: on exchanges and in over-the-
counter (OTC) markets. Exchange-traded options are standard contracts with defined
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terms, and they’re bought and sold on major platforms like the Chicago Board Options
Exchange (CBOE) or Euronext. These platforms ensure clear trading rules, reliable pric-
ing, and reduced risk of one party defaulting. On the other hand, OTC options are more
flexible and can be customized to fit individual needs, but they come with a higher risk
since there’s no central system overseeing the trades. (Witzany, 2020)

Options attract different types of traders, each with their unique objectives. Hull (2021)
recognises three types:

Hedgers: Hedgers are traders who use options to guard against potential losses. For
example, a company that relies on fuel might buy options that become valuable if
fuel prices rise, offsetting their increased costs.

Speculators: These traders aim to profit from price changes. If they believe the price of
an asset will go up, theymight buy a call option; if they think it will drop, theymight
buy a put option. Speculators can introduce more money into the market but can
also face big losses if their predictions don’t pan out.

Arbitrageurs: Traders who look for price differences in similar assets across different
markets and try to profit from those differences, ensuring prices remain consistent
across platforms.

Despite themany advantages of options, as always, there are risks involved. The leverage
that increases potential gains can also lead to greater losses. Some option strategies can
be complex, andwithout proper understanding, can lead to unexpected results, highlight-
ning the importance of setting risk limits. Additionally, in some markets or with certain
options, there might not be enough buyers or sellers, making it difficult to trade. Also,
options have a set expiry date, which means they can end up being worthless if not used
within the specified period. (Hull, 2021)

Options are powerful financial instruments that cater to a wide range of investment
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strategies and riskmanagement needs. However, like all investments, they require a thor-
ough understanding to be used effectively.

2.1.1 Put and Call Options

Put and call options are the two fundamental types of options. A put option gives the
holder the right, but not the obligation, to sell an underlying asset at the strike price
within the specified period. The payoff for a put option P depends on the underlying
asset’s price S at the time of expiration T . The formula for the put option payoff is given
by:

P = max{0, K − S}, (1)

whereK denotes the strike price. If the underlying asset’s price at expiration is below the
strike price, the put option holder can exercise the option and sell the asset at the strike
price, resulting in a profit. If the underlying asset’s price exceeds the strike price, the put
option becomes worthless, resulting in a zero payoff as indicated by the zero inside the
maximum function in Equation (1). (Hull, 2021)

A call option grants the holder again the right, but not the obligation, to buy an underlying
asset at the strike price within the specified period. Similarly to the put option, the payoff
for a call option C depends on the underlying asset’s price at expiration. The formula for
the call option payoff is given by

C = max{0, S −K}, (2)

where, againK denotes the strike price. Now in the case of a call option, if the underlying
asset’s price at expiration is above the strike price, the call option holder can exercise the
option and buy the asset at the strike price, resulting in a profit. Similarly, if the underlying
asset’s price is below the strike price, the call option becomes worthless, resulting in a
zero payoff. A simplified example on the use of options is provided in Figure 1. (Hull, 2021)
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Let us consider a simple example illustrating the use of options: Suppose an
investor expects the price of a particular stock, XYZ Corp., to increase in the
next three months. To capitalize on this anticipated price rise, the investor
purchases call options on XYZ Corp with a three-month expiration date. In
case the stock price indeed rises, the investor can exercise the call options
and buy the stock at the predetermined strike price, even if the market price
is higher. By doing so, the investor benefits from the price difference and
potentially earns a profit as indicated by Equation (2).

Example

Figure 1. Simplified conceptual example on the use of options.

Furthermore long and short positions represent two fundamental concepts that describe
the type of trade that has been made. Long and short positions on put and call options
are summarized in Table 1.

A long position in the financial markets denotes the acquisition and holding of a secu-
rity with the anticipation of a future price increment. This position is predicated on the
premise that the asset’s value will appreciate over time, providing the investor with the
opportunity for capital gains. In the context of equities, taking a long position implies the
purchase and ownership of stock shares. Similarly, in derivatives markets, one may hold
a long position in options contracts, such as calls or puts, which conveys the right to buy
or sell the underlying asset at a predetermined price within a specific duration. (Witzany,
2020)

Conversely, a short position in the financial markets is established through the borrowing
and immediate selling of a security, with the objective of repurchasing it at a reduced cost
in the future. This transaction is based on the assumption that the security’s price will
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experience a downturn, thus allowing the short-seller to procure it at a diminished price,
return the borrowed securities to the lender, and retain the price differential as profit.
(Witzany, 2020)

Table 1. Summary for Long and Short positions in Call and Put options.
Call Put

Long Right to buy asset Right to sell asset
Short Obligation to sell asset Obligation to buy asset

In options trading, a long call or put position represents the purchase of a call or put
option, reflecting an expectation of an upward or downwardmovement in the underlying
asset’s price, respectively. A short call or put position, on the other hand, implies the
selling of these options, based on the anticipation that the underlying asset’s price will
not surpass the strike price by an amount greater than the premium received.

2.1.2 Other Types of Options

Furthermore, there are various types of options apart from put and call that all have their
distinctive features. European options can only be exercised at expiration. The option
holder has the right to exercise the option on the expiration date but not before that.

American options on the other hand provides the holder with the flexibility to exercise
the option at any time until expiration. This feature allows the option holder to capture
potential gains earlier, depending on market conditions. For this reason, the price of the
American option is usually higher than that of an otherwise similar European option. In
the case of European and American options, the payoff is determined by Equations (1)
and (2) for put and call options, respectively. European and American options are the
most commonly traded options and are sometimes referred to as vanilla options with
American options being the most traded type. Options other than vanilla options are
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often referred to as exotic options and are traded considerably less compared to vanilla
options. (Witzany, 2020)

Asian options1 derive their value from the average price A(0, T ) of the underlying asset
over a specific period, rather than the asset’s price at expiration. The average is then
deduced as

A(0, T ) =
1

T

∫ T

0

S(t)dt or A(0, T ) =
1

N

N∑
i=1

S(ti), (3)

for continuous and discrete times (of N time steps), denoted by t and ti respectively.
Then the payoffs for put and call options are given similarly to Equations (1) and (2), using
the averages as

P = max{0, K − A(0, T )} (4)
C = max{0, A(0, T )−K}. (5)

These average-based options are particularly useful when investors want to reduce the
impact of short-term price fluctuations. (Witzany, 2020)

Barrier options come with an additional feature known as a barrier level. The option’s
payoff, andwhether it can be exercised or not, depends onwhether the underlying asset’s
price reaches or exceeds the barrier level during the option’s lifetime. Barrier options can
be either knock-in or knock-out options, depending on whether they become active or
extinguished when the barrier level is hit. (Hull, 2021)

A double barrier optionhas a lower barrierBl, and anupper barrierBu and is illustrated in
Figure 2. In the figure the other possible path stays inside the limits given by the barriers
and can be executed. However, the other path for the stock price exceeds the upper
barrier, becoming worthless in the case of a knock-out barrier option.

1In this work only fixed strike Asian options with predetermined strike prices are considered.
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Figure 2. A schematic illustration of a double knock-out barrier option. The blue asset price staysinside the barriers, but the orange options exceeds the upper barrier before expirationand is knocked out, rendering it extinguished.

A fundamental problem in finance comes from the pricing of these options with no pos-
sible arbitrage ensuring a state of equilibrium in the market. In the next sections some
commonly used closed-form and numerical pricing models, along with the path integral
method are presented.

In this section, a general overview of financial options was provided, emphasizing their
importance, users, and applications. Put and call options were revisited along with their
respective key formulas. Additionally, European, American, Asian, and barrier options
were discussed, highlighting their unique characteristics. It should be noted that there
are numerous other types of options, andonly the surface of exotic optionswas scratched.
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2.2 The Cox-Ross-Rubinstein Model
The Cox-Ross-Rubinstein model provides a powerful, yet still intuitive method for pricing
options and is thus first introduced in this work. It was first suggested by the Nobel-
winning economist Sharpe (1978) and further generalized into the form used today by
Cox, Ross and Rubinstein (1979). The model is to this day used extensively for option
pricing as it can be utilized for the pricing of virtually any type of option easily.

The key idea is that in a discrete time lattice, with a spacing of ∆t, the price of an asset2
can either move up or down, giving rise to the alternatively used name binomial model.
This procedure then generates paths that further yield a distribution of stock and options
prices.

Consider a stock with initial price S that either moves up in value by a factor u > 1,
or alternatively goes down by a factor 0 < d < 1. Furthermore, the probability of S
going up by is denoted by p, and the probability of S going down by (1− p), so that the
total probability of possible outcomes adds up to unity. This general idea is illustrated in
Figure 3. In this example, the expiration time T = ∆t as only one period is considered.
(Witzany, 2020)

2The asset will be called stock from now on.
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Stock price = uS

Stock price = S

Stock price = dS

p

(1−
p)

Figure 3. Illustration of a one period binomial tree. The initial stock price S goes up to uS with aprobability p, or down to dS with a probability (1− p).

Now, let us consider a more realistic example: an investor has a shares of stock S and
amount B in a risk-free investment3, with a growth factor R. The value of the investor’s
portfolio after one period, that is, T = ∆t is then as visualized in Figure 4.

3Typical convention isR = er∆t. It should be noted that this quantity is dimensionless as r has dimensionsof time−1, signifying the risk-free rate per unit time.
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αuS +RB

αS +B

αdS +RB

p

(1−
p)

Figure 4. Illustration of a one period binomial tree with a risk-free investment B. The initialstock price S goes up to uS with a probability p, or down to dS with a probability
(1− p). The value of risk-free investment is RB in both cases.

The values of the parameters p, u and dmust still be considered. Simple reasoning with
a replicating portfolio results in that the value of the call can be written in terms of the
binomial tree parameters as

C =
R−d
u−d

Cu +
u−R
u−d

Cd

R

=
pCu + (1− p)Cd

er∆t
,

(6)

where Cu and Cd are the values of the call option after one move up and down, respec-
tively, and

p =
er∆t − d
u− d

(7)

is defined as the risk-neutral probability (Kwok, 2008). That is, as the probabilities for up
and downmoves are given by p and (1− p) as in Equation (7), the stock price is expected
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to move as determined by discounting at the risk-free rate (Witzany, 2020):
E(S∆t) = pSu+ (1− p)Sd

=
er∆t − d
u− d

Su+

(
1− er∆t − d

u− d

)
Sd

= S
uer∆t − ud+ ud− der∆t

u− d
= Ser∆t

(8)

The values of u and d are still to be determined. A common convention is to set d = 1/u

(Hull, 2021; Kwok, 2008). The values are found by matching the volatility of the one-
period with a log-normally distributed result so that u is then written as

pu2 + (1− p)d2 − [pu+ (1− p)d]2︸ ︷︷ ︸
= one-period variance

= e2r∆t
(
eσ

2∆t − 1
)

︸ ︷︷ ︸
= normally distributed variance

=⇒ u ≈ 1 + σ
√
∆t+

σ2

2
∆t+ . . .

(9)

where a Taylor expansion of powers √∆t was used. The first terms are the same as the
terms of eσ√∆t up toO(∆t), making parameters

u = eσ
√
∆t (10)

d = e−σ
√
∆t (11)

a convenient choice. Additionally, it is required that u > R > d to ensure there are no
arbitrage possibilities. (Kwok, 2008)

Similarly then the price of, for example, a call option with two periods and three grid
points, can be easily determined and visualized using a similar tree structure as illustrated
in Figure 5:
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Cuu = max{0, u2S −K}

Cu

C Cdu = max{0, duS −K}

Cd

Cdd = max{0, d2S −K}

p

(1− p)

p2

p(1− p)

(1− p
)p

(1− p) 2

Figure 5. Two period binomial tree for a call option.

In the figure, Cu denotes the value of the option after a move up in the underlying stock
price, and Cd similarly after a move down. Additionally, since two periods were consid-
ered, Cuu, Cdu and Cdd denote the option prices after two moves up, a move down and
up4 and after two moves down, respectively. Furthermore, it is worth recalling that the
option price is determined exactly from the underlying asset.

The results can be further generalized as the payoff can be written with n binomial steps
with j moves up and n− j moves down as (Witzany, 2020)

Cj = e−nr∆t

(
n∑

j=0

n!

j!(n− j)!
pj(1− p)n−j max

{
0, ujdn−jS −K

})
. (12)

There is no real limit as to how many periods can be utilized: unsurprisingly a denser
4Or the other way around Cud: first a move up and then a move down. It should be noted that clearly
Cud = Cdu = C.
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grid yields more accurate results, but comes with an increased computational cost. Fur-
thermore, due to the Taylor expansion used in Equation (9), the spacing of grid points
should be as close to zero as computationally reasonable. This in turn means that the
computational cost also depends on the expiration date of the option. A simple example
calculation using the one period binomial tree model for valuating a call option is shown
in Figure 6. (Kwok, 2008)
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Consider a European call option with a strike price of $55, current price of
the underlying stock of $50 and expiration date at 1 year. The risk-free rate
is 7% and volatility is 20%. Estimate the price of the option within a one
period binomial scheme.
The key parameters can be calculated as

u = eσ
√
∆t = e0.20·

√
1 ≈ 1.221

d = e−σ
√
∆t = e−0.20·

√
1 ≈ 0.819

p =
er∆t − d
u− d

=
e0.07·1 − 0.819

1.221− 0.819
≈ 0.631

Now the process for the call value can be visualized as follows:

Cu = max{u · $50− $55, 0} ≈ $6

C

Cd = max{d · $50− $55, 0} = $0

0.63
1

0.369

And finally, the option value is given by Equation (12)

C = e−r∆tp · Cu

≈ e−0.07·1 · 0.631 · $6

≈ $3.53

Example

Figure 6. Example calculation using one period binomial tree.
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It is evidently clear that the method is not exact: Firstly, the spacing of the time steps
can cause errors. Secondly, the stock price can be realistically expected to move up or
down by different values or stay exactly the same. However, the discrete approach of
the model allows for a straightforward and adaptable methodology in valuing options,
accommodating a variety of conditions and contractual features. The iterative process
is numerically simple to solve and the method provides a clear picture of the option’s
value at each point in time, making it a powerful tool for valuing, not only vanilla options,
but some exotic options as well. Additionally, it should be noted that all the methods
used in this section are applicable to put options by adjusting the payoff as indicated in
Equation (1).

2.3 The Black-Scholes Model
The Black-Scholes-Merton (BSM) model, widely regarded as one of the most influential
breakthroughs in the realm of modern finance, represents a pivotal point in the evolu-
tion of financial theory and its practical applications. Introduced in the early 1970s by
the Nobel-winning economists Fischer Black and Myron Scholes (Black & Scholes, 1973),
and further formalised by Robert Merton (Merton, 1973), the BSM model revolutionized
the way financial markets perceive, value, and manage options. Over the decades, it has
becomehugely important in the field of quantitative finance, offering a theoretical frame-
work and a simple closed-form solution that facilitates the pricing and risk assessment of
financial derivatives.

A rather simple derivation of the famous Black-Scholes-Merton equation is presented,
continuing from the Cox-Ross-Rubinstein model discussed previously in Section 2.2. It
should be noted that there are numerous ways of presenting the derivation, such as the
use of Itô’s lemma (Hull, 2021), by utilizing a hedging argument (Black & Scholes, 1973),
by replicating portfolio (Merton, 1973) and purely mathematical analysis of partial differ-
ential equations (Olver, 2013), to name a few.
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2.3.1 Derivation

The derivation presented in this work for the BSM equation follows directly the Cox-Ross-
Rubinstein model and thus, is a natural choice here. The method is not as commonly
used today as e.g., using Itô’s lemma, but similar steps can be found in literature, e.g., in
Atzberger (2006) and the work of Cox et al. (1979). The derivation is done by considering
the one period case in the continuum limit, that is, as ∆t → 0 following Kwok (2008).
Then the call can be written as

C(S, t−∆t) = e−r∆t(pCu + (1− p)Cd) (13)

Then, by taking the Taylor expansion around (S, t), the left-hand side of Equation (13) can
be written as

C(S, t−∆t) ≈ (1− e−r∆t)C − ∂C

∂t
∆t+

1

2

∂2C

∂t2
∆t2 + . . . (14)

and similarly for the right-hand side:
e−r∆t(pCu + (1− p)Cd) ≈ e−r∆t(p(u− 1) + (1− pp)(d− 1))︸ ︷︷ ︸

=r∆t+O(∆t2)

S
∂C

∂S

+
1

2
e−r∆t(p(u− 1)2 + (1− p)(d− 1)2)︸ ︷︷ ︸

=σ2∆t+O(∆t2)

S2∂
2C

∂S2

+
1

6
e−r∆t(p(u− 1)2 + (1− p)(d− 1)2)︸ ︷︷ ︸

=O(∆t2)

S2∂
2C

∂S2
+ . . .

(15)
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where the fact that 1 − e−r∆t = r∆t +O(∆t2) was used. Putting Equations (13) to (15)
together, the resulting equation yields

[
∂C

∂t
+ rS

∂C

∂S
+
σ2

2
S2∂

2C

∂S2
− rC

]
∆t+O(∆t2) = 0

∂C

∂t
+ rS

∂C

∂S
+
σ2

2
S2∂

2C

∂S2
− rC + O(∆t)︸ ︷︷ ︸

−−−→
∆t→0

0

= 0

∂C

∂t
+ rS

∂C

∂S
+
σ2

2
S2∂

2C

∂S2
− rC = 0, (16)

that is, via Taylor expansions around the continuum limit of the Cox-Ross-Rubinstein
model one arrives to the celebrated Black-Scholes-Merton equation. (Kwok, 2008)

2.3.2 Solution

The BSM equation is a somewhat complicated partial differential equation (PDE) and it
would be tedious trying to solve it as is. Luckily, the equation can be simplified greatly
by turning it into the form of a heat equation as done in most textbooks, such as (Olver,
2013) which is followed in the following algebraic manipulation. Now let us consider the
BSM equation for a European call option

∂C

∂t
+

1

2
σ2S2∂

2C

∂S2
+ rS

∂C

∂S
− rC = 0, (17)

where the familiar terminal and initial boundary conditions are imposed:

C(S, T ) = max {0, S −K} (18)
C(0, t) = 0, (19)

respectively.

By transforming the variables so that S = ey and t = T − τ/σ2, so that S∂/∂S → ∂/∂y



29

and ∂/∂t→ −∂/∂τ , the BSM equation can be written as
∂C

∂τ
− 1

2
σ2∂

2C

∂y2
−
(
r − 1

2
σ2

)
∂C

∂y
= 0. (20)

Now, by the change of variables u = erτC, it can be shown that
∂u

∂τ
− 1

2
σ2∂

2u

∂y2
−
(
r − 1

2
σ2

)
∂u

∂y
= 0. (21)

Finally, the first order term in the PDE vanishes as a substitution x = y + (r − σ2/2)τ

is made. This can be interpreted as transforming the PDE into stationary ”steady-state”
problem instead of considering a moving frame of reference. This change results in

∂u

∂τ
=

1

2
σ2∂

2u

∂x2

= k
∂2u

∂x2
,

(22)

which has the familiar shape of the well-known heat equation with k = σ2/2. Keeping
in mind the changes of variables, the terminal condition is now expressed as the initial
condition

u(x, 0) = max
{
0, ex(k+1)/2 − ex(k−1)/2

}
. (23)

It should be noted that for a put option, as described in Equation (1), the initial condition
is similarly set as

u(x, 0) = max
{
0, ex(k−1)/2 − ex(k+1)/2

}
. (24)

Now that the BSM equation is successfully transformed into the form of a heat equation,
the well-known solutions of this specific form can be directly used. The heat equation is
frequently encountered inmany disciplines such as physics and engineering, and thus, its
solutions are also well documented in e.g. (Olver, 2013). The general solution is written
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as

u(x, t) =
1

2
√
πt

∫ ∞

0

((
ex(k−1)/2 − ex(k+1)/2

)
e−(x−s)2/4t

)
ds. (25)

Equation (25) can be solved with yet another change of variables, x′ = (s−x)/
√
2t using

the cumulative Normal distributionN as

u(x, t) = ex(k+1)/2+t(k+1)2/4N (d1)− ex(k−1)/2+t(k−1)2/4N (d2), (26)

where

d1 =
x√
2t

+

√
2t

2
(k + 1) (27)

d2 =
x√
2t

+

√
2t

2
(k − 1). (28)

By transforming the variables back to the original ones, the final closed-form solution is
found as

C = SN (d1)−Ke−rTN (d2), (29)

where

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
T

σ
√
T

(30)

d2 =
ln
(
S
K

)
+
(
r − σ2

2

)
T

σ
√
T

= d1 − σ
√
T . (31)

An example calculation using Equation (29) is shown in Figure 7. Additionally, by follow-
ing similar steps for the value of European put option, P , the closed-form Black-Scholes
formula is quite similarly written as (Hull, 2021):

P = Ke−rTN (−d2)− SN (−d1) (32)
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Let us continue from the same example that was used to illustrate the use
of the Cox-Ross-Rubinstein formulation. That is, the strike price of the un-
derlying stock is $55, current price is $50 and expiration date at 1 year. The
risk-free rate is 7% and volatility is 20%. Now the Black-Scholes equation can
be used directly to price the European call option. First, the parameters d1
and d2 can be calculated as

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
T

σ
√
T

=
ln
(
50
55

)
+
(
0.07 + 0.202

2

)
· 1

0.20 ·
√
1

≈ −0.027

d2 = d1 − σ
√
T = −5.572− 0.20 ·

√
1 ≈ −0.227

Now the option price is simply

C = SN (d1)−Ke−rTN (d2)

= $50 · 0.489− $55 · e−0.07·1 · 0.410

≈ $3.425

Example

Figure 7. An example calculation using the Black-Scholes formula.

The Black-Scholes formula is a useful and easy-to-utilize closed-form tool for option valu-
ation. Witzany (2020) summarizes some of the assumptions underlying the BSM model:

• The price dynamics of the asset are postulated to adhere to a geometric Brown-
ian motion with invariant drift and volatility parameters, yielding log-normally dis-
tributed returns.

• The underlying asset is assumed not to distribute any form of income, such as div-
idends or interest.
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• The risk-free rate r is assumed to remain constant throughout the temporal horizon
of the option.

• The financial model presupposes the availability of lending and borrowing at the
risk-free rate without the presence of any constraints or differing conditions.

• Transactional costs, including but not limited to brokerage fees and taxes, are con-
sidered to be non-existent.

• The model assumes assets to be perfectly divisible, allowing for transactions of
fractional shares or units.

• It is posited that the short selling of securities can be conducted with no impedi-
ments or additional requirements.

• The absence of arbitrage opportunities is a foundational assumption, ensuring that
the pricing model remains free from the possibility of riskless profit.

• The model is predicated upon the continuous trading of securities, with the capa-
bility to execute trades at infinitesimally small intervals of time.

It is clear that these rather ideal conditions do not take place in financial markets, and
more realistic models should be utilized for more accurate pricing of options.

2.4 Path Integral Formulation
The path integral5 formulation of quantummechanics is a powerful and elegant theoret-
ical framework that provides a unique perspective on the behavior of quantum systems.
The path integral formulation offers a different, perhaps a more intuitive way, to under-
stand the connections between classical and quantum systems, and has been used with
great success in theoretical physics, and perhaps a bit surprisingly, financial mathematics

5Not to be confused with a line integral encountered in, e.g., vector calculus.
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(Kleinert, 2009). The method was formally put together by the Nobel-winning theoret-
ical physicist Richard Feynman (Feynman, 1948) building on the mathematical ideas of
Norbert Wiener (Wiener & Masani, 1976) and Paul Dirac6 (Dirac, 1933).

At its core, the path integral formulation takes a departure from the more traditional for-
mulation involving the famous Schrödinger equation and Heisenberg’smatrixmechanics,
and offers a more intuitive and visual way to describe the evolution of quantum systems
(Sakurai & Napolitano, 2020). Instead of focusing on wave functions, operators and ma-
trix algebra, it treats quantum processes as the result of all possible paths or trajectories
a particle or system could take to move from one state7 to another. This method invokes
the concept of a ”sumover paths”, where every conceivable path contributes to the quan-
tum amplitude of the final state, and the total probability is obtained by summing these
contributions.

x0

xT

t

x

Figure 8. Illustration of some possible paths a system can take from state x0 to xT .

The quantum nature of following mathematical formulation can easily be overwhelming.
The interested readers are referred to the excellent books (Griffiths & Schroeter, 2018;
6Another Nobel-winning quantum theorist.7A quantum state is a complex-valued vector that embeds all information of the system.
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Sakurai & Napolitano, 2020) that go a long way in understanding quantum mechanics.

The path integral formulation has been utilized in option pricing many times in previous
theoretical and numerical studies. The pioneering work on path integrals in finance can
be traced back to the late 20th century when physicists began exploring financial mar-
kets. The papers by Dash (1988, 1989) introduced the idea that financial markets could be
modeled using stochastic processes similar to those found in quantum mechanics. This
analogy opened the door for the use of path integral methods in the valuation of options.

Various theoretical and numerical studies replicating known results of vanilla optionswith
good success were published in the following years (Linetsky, 1997; Montagna, Nicrosini,
& Moreni, 2002). Additionally, the power of the method was quickly harnessed as the
flexibility of the path integral formulation becomes particularly evident when dealing
with time-dependent variables. The traditional path integral approach was then quickly
extended to accommodate time-dependent volatility, providing a more accurate repre-
sentation of real-life market conditions (Baaquie, 1997).

Additionally, numerous studies on path-dependent Asian options (Bormetti, Montagna,
Moreni, & Nicrosini, 2006; Linetsky, 1997), as well as barrier options (Chen & Guo, 2023;
Guarch Termens, 2022; Linetsky, 1997) have been conducted. Barrier options have been
studied using both amodifiedHamiltonian theoretically8 (Chen&Guo, 2023), and amod-
ified numerical scheme (Guarch Termens, 2022). Various other types of studies have been
conducted more recently, such as advanced numerical analysis on using the path inte-
gral formulation to identify arbitrage (Contreras, Pellicer, Villena, & Ruiz, 2010), and the
study of auto-correlations for long maturity options and non-Gaussian dynamics within
the paths which the stock price can take (Capuozzo, Panella, Schettini Gherardini, & Vve-
densky, 2021) with interesting results. These results clearly highlight the potential advan-
tages of the path integral formulation when compared to the more traditional methods.

8Essentially, double barrier options are analogous to quantum mechanical particles in potential wells.
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2.4.1 The Black-Scholes Hamiltonian

A key quantity in quantum mechanics is the Hamiltonian operator Ĥ . Essentially it de-
scribes the total energy and can be written as the sum of kinetic energy operator T̂ , and
potential energy operator V̂ (Griffiths & Schroeter, 2018):

Ĥ = T̂ + V̂ . (33)

The eigenvalues of the Hamiltonian give the energy levels that can bemeasured from the
system. Most formulations of quantummechanics, such as the path integral formulation,
use the Hamiltonian, or a closely related Lagrangian function to describe the dynamics
of the system. Thus, it is essential that a way to represent the dynamics of the option
pricing problem is found utilizing a Hamiltonian function. (Sakurai & Napolitano, 2020)

The time-dependent Schrödinger equation can be written in terms of the Hamiltonian as
a PDE in the form

iℏ
∂ψ

∂t
= Ĥψ, (34)

where i the imaginary unit, ℏ is the Planck’s constant which is set to unity for clarity, and
ψ is the wave function of the system (Griffiths & Schroeter, 2018). Clearly, ψ must be
complex-valued. The solution can be written as an integral equation

ψ(x, t) =

∫ ∞

−∞
p(x, t|x0, 0)ψ(x0, 0)dx, (35)

where p is the kernel or the propagator of the system, essentially describing the tran-
sition probability9 for the transition from an initial state (x0, 0) to a later state (xt, t)

(Bustamante & Contreras, 2016; Utama & Purqon, 2016).

9This whole process is often called the time evolution of the system. Using the quantummechanical bra-ketnotation (Griffiths & Schroeter, 2018), the propagator would be expressed as p(x, t|x0, 0) = ⟨x|e−tĤ |x0⟩(Baaquie, Corianò, & Srikant, 2004).
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By performing a Wick rotation10 t → −it the Schrödinger equation, (34), can be trans-
formed into the exact form of a heat equation (Contreras et al., 2010):

−∂ψ
∂t

= Ĥψ, (36)

The general shape of the Wick rotated Schrödinger equation, Equation (36), greatly re-
sembles the Black-Scholes equation after change of variables x = lnS, so that the initial
stock price x0 = lnS0 and the stock price at expiration is xT = lnST :

∂C

∂t
=

[
−σ

2

2

∂2

∂x2
+

(
σ2

2
− r
)

∂

∂x
+ r

]
C, (37)

from which the Black-Scholes-Schrödinger Hamiltonian can now be identified as

ĤBS = −σ
2

2

∂2

∂x2
+

(
σ2

2
− r
)

∂

∂x
+ r

= −σ
2

2

∂2

∂x2
− µ ∂

∂x
+ r, (38)

where µ = r − σ2/2. Analogous to Equation (35), the solution to the option pricing
problem (in terms of S) can be expressed as (Utama & Purqon, 2016)

C(ST , T ) =

∫ ∞

−∞
p(ST |S0)C(S, t)dS. (39)

2.4.2 Feynman-Kac Formula

The Black-Scholes Schrödinger equation, Equation (37) with a terminal condition has a
unique solution in the form of the Feynman-Kac equation:

C(S0, 0) = e−r(T )E[C(ST , T )], (40)

10The name rotation naturally arises from the fact that the multiplication by an imaginary unit i = √−1 isperformed, yielding a 90◦ counterclockwise rotation on the imaginary plane.
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whereE denotes the expected value, in this case for the option value at t = T with initial
stock price S0 at t = 0 (Capuozzo et al., 2021; Utama & Purqon, 2016). Luckily, a solution
already exists in the form of Equation (39), and all that’s left to do is to find an expression
for the propagator.

Essentially, this is where the quantummechanical path integral formulation takes place as
it is this expectation value that can be expressed as a path integral. The mathematically
rigorous derivation of the propagator is a somewhat tedious task, and the final result
for the logarithmic price of the option is taken from literature (Capuozzo et al., 2021;
Montagna et al., 2002; Utama & Purqon, 2016):

C(x0, 0) = e−rT

∫ ∞

−∞

∫ xT

x0

C(exT )e−SBS[x(t)]D[xT ]dxT , (41)

where SBS is the Black Scholes action, defined in terms of the Black Scholes Lagrangian
LBS as

SBS =
∫ T

0

LBSdt. (42)

The Black Scholes Lagrangian is closely related to the Black Scholes Hamiltonian in Equa-
tion (38). However, the connection again requires quantum mechanical formulation be-
yond the scope of this work, and the form11 is taken as described by Capuozzo et al. (2021)

LBS = 1

2σ2

[
dx

dt
+

(
σ2

2
− r
)]2

=
1

2σ2
(ẋ− µ)2 ,

(43)

11It comes as no surprise that the Lagrangian has the form of theOnsager-Machlup Lagrangian, which givesthe most probable path of a diffusion process (Dürr & Bach, 1978). Indeed, by recalling that the classicalkinetic energy is written asmv2/2, it can be deduced from Equation (43) that the option pricing problemis analogous to a free particle with a massm = 1/σ2 and velocity v = dx/dt− µ.
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and thus, the action integral can be solved simply as

SBS =
∫ T

0

1

2σ2

[
dx

dt
+

(
σ2

2
− r
)]2

dt (44)
=

∫ T

0

1

2σ2

(
dx

dt

)2

dt− µ

σ2
(xT − x0) +

µ2T

2σ2
. (45)

In essence, the action is a measure of how ”costly” it is for a physical system to evolve. In
the path integral formulation, the action of the individual path determines the probability
of a certain path. Classically, a system evolves in what is known as the path of least action,
meaning that the smaller the action of a certain path, themore likely the system is to take
said path. (Goldstein, Poole, & Safko, 2002)

The path integral equation, Equation (41), may look rather intimidating so it is worth our
while to further break it down, now that the meaning of the action term is clarified.

The very first integral takes into account every possible final stock price a path can end
up in. The outer integral is the integral of all possible stock prices ST at maturity. The
inner integral is the integral over all possible paths and is linked to the propagator as

p(xT , T |x0, 0) =
∫ xT

x0

D[xT ]e−SBS

= lim
N→∞

[
N−1∏
k=0

∫ ∞

−∞

dxk√
2πσ2δtk

]
e−SBS , (46)

that is, a continuum limit of all possible paths is taken and their respective actions are
calculated, aligning with the previous remarks on the nature of the action specifying the
probability of the path. (Capuozzo et al., 2021)

Finally, C(exT ) is a payoff function for the path with a specific outcome. This is deduced
differently for different option types, as indicated in Equations (1) and (2). Note that for
calculating the payoff, the logarithmic stock price is converted back to the normal value,
using the exponential function.
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With this level of theoretical background, we can now start looking for ways to do nu-
merical calculations based on the path integral framework.
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3 Methodology
In this section, the numerical procedures that enable the use of path integral formulation
in practical applications are presented. Firstly, theMonte Carlo integrationmethodwhich
is especially useful in multidimensional integrals is introduced. Secondly, the path inte-
gral equations are discretized into a form that can be numerically solved similarly to the
path integral Monte Carlo (PIMC) scheme. Finally, the software used in this study to per-
form the numerical calculations is presented along with some performance-enhancing
techniques.

3.1 Monte Carlo Simulations
Monte Carlo simulations are a powerful and versatile computational technique that has
revolutionized thewaywe approach complex problems across awide range of fields, from
physics and finance to engineering and biology. Named after the Monte Carlo Casino in
Monaco, known for its games of chance, Monte Carlo simulations give means to solve
deterministic problems with probabilistic predictions. (Harrison, 2010)

In a Monte Carlo simulation, random sampling and statistical methods are used to ap-
proximate solutions to problems that might be too intricate or analytically intractable to
solve directly. This approach is especially valuablewhen dealingwith systems that involve
a high degree of uncertainty, randomness, or a multitude of interacting variables, and is
thus highly applicable to be used with the path integral formalism. (Thomopoulos, 2013)

Let us illustrate the method with a classic example of calculating the area of a unit circle
using Monte Carlo simulations. In this case, a set of randomly sampled points in the
x, y-plane between 0 and 1 are generated, so that the points can only be inside the first
quarter of the circle. Then, we check if the sampled point is within the radius of a circle
or not. That is, we calculate r =

√
x2 + y2 and see if r < 1. The area of the circle is

finally given by the ratio of points inside the circle multiplied by four, as only a quarter of
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the circle was considered. This method is illustrated in Figure 9. Clearly, as the number of
sampled points is increased, the value of the integral becomes more and more accurate
and converges towards π.
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(a) Random sampled points. Points that are insidethe unit circle (black dashed line) are coloredred, and those outside the circle are markedblue. The area is then obtained as the fractionof red points in the simulation multiplied by 4as only one quarter of the circle is shown.
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(b) Convergence of Monte Carlo simulation as afunction of sampled data points. Initially thereare large fluctuations. Increasing the numberof sampled points increases the accuracy.

Figure 9. Monte Carlo example simulation of calculating the area of a circle. In this example, aquarter of the circle is considered, and thus the end result is multiplied by 4.

It comes as no surprise that Monte Carlo integration is not the most efficient method
for calculating two-dimensional integrals. Indeed, the error is proportional to N−1/2,
whereN is the number of sampled points. For comparison, other, deterministic integra-
tion methods such as trapezoid and Simpson’s method, have error terms proportional to
N−α/d, where α is a constant depending on the method and d is the dimension of the
integral (Capuozzo et al., 2021). From this, it can be immediately noticed that the error
in Monte Carlo integration does not depend on the number of dimensions used. The ex-
act formulation of the path integral method involves infinitely many dimensions, making
Monte Carlo methods a clear choice for the numerical tackling of path integral problems.
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Monte Carlo methods have been widely successful in numerical simulations of complex
systems. Especially with the fast increase in computational capabilities, these simulations
have made complex problem-solving possible, providing a powerful tool for researchers,
engineers, and decision-makers to tackle real-world challenges in a wide array of disci-
plines. The increase in computing capabilities means that more and more problems can
be solvedwith high accuracy by sampling a sufficient amount of statistics tomake conclu-
sions. This section acted as a friendly introduction and a simple overview of the method.
However, more details on performing numerical simulations using Monte Carlo methods
can be found in e.g. the book (Thomopoulos, 2013).

3.2 Markov Chain Monte Carlo Algorithm
For the numerical implementation of the path integral formulation, some numerical ap-
proximations must take place. The implementation has been constructed using selected
ideas from references (Capuozzo et al., 2021; Devreese, Lemmens, & Tempere, 2010).
Most notably, the time lattice is discretized from 0 to T into N lattice points so that the
lattice spacing is given by

∆t =
N

T
. (47)

This time discretization of paths is illustrated in Figure 10.
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x

t

Figure 10. Illustration of the time lattice discretization Monte Carlo method for three paths.Note that all the paths start from the same initial price.

Then, paths are generated for the logarithmic stock price x, starting from x0. This is done
by randomly sampling stock prices for each lattice point from geometric Brownianmotion

as suggested by (Capuozzo et al., 2021) so that

∆S = µS∆t+ σSϵ
√
∆t, (48)

where ϵ represents noise sampled from a normal distribution with a mean of zero and
standard deviation of unity (Hull, 2021).

The numerical implementation follows a Metropolis-Hastings style Markov chain Monte
Carlo algorithm (Hastings, 1970;Metropolis, Rosenbluth, Rosenbluth, Teller, & Teller, 2004).
The key idea is to propose changes to the path at randomtime steps. In thismethod, first,
the action S, of the path is calculated. Now that a discrete lattice withN lattice points is
used, the continuous action in Equation (44) is written using finite differences as a sum-
mation

S =
N−1∑
k=0

∆t

2σ2

(
xk+1 − xk

∆t
− r + σ2

2

)2 (49)

After proposing a change x→ x′, a new action, S ′, is calculated for the path. If the new
action is lower than the previously calculated action, the change is accepted (Devreese
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et al., 2010). By doing this, the algorithm converges towards a path with less action,
and thus, a more probable path. The algorithm can be presented by the following pseu-
docode:

1: Initialize path with some configuration x
2: while run optimization routine do
3: Calculate the action of the current path S
4: Propose a change at one time step: x→ x′

5: Calculate the action of the new path S ′

6: if Sf − Si < 0 then
7: Accept the change: x← x′

8: end if
9: end while

The path optimization routine in action12 is illustrated in Figure 11 where an initial path is
optimized on a time lattice ofN = 30 points, and the action is reduced by approximately
83%. In a sense, the action optimization routine can be thought of as a smoothing filter
on the path. This is clear since the finite difference terms in the expression for discrete
action, Equation (49), increase the total action if there are large fluctuations present.

12Pun intended.
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Figure 11. Example of the action optimization routine. Simulation parameters: S0 = $50,
σ = 0.2, r = 0.07, T = 1,N = 30.

Repeating the calculation for multiple paths with different initial conditions as illustrated
in Figure 10 andweighting them based on their action, an average price can be computed
for the option. The payoff can then be calculated for various options as discussed in
Section 2. For European options, the valuation is done based on the strike prices ST of
paths as indicated by Equations (1) and (2). On the other hand, for Asian options, the
valuation is based on the averages of paths based on Equation (4).

Finally, a method for valuating barrier options is proposed. The implementation of a bar-
rier can be done in twoways: Firstly, by imposing a potential functionwell into the Hamil-
tonian. Secondly, by limiting the proposed changes to the path of the option to be within
the barriers. Both methods are implemented. The potential function can be defined to
be analogous to that of a particle in a square potential well V (x) between a lower barrier
Bl and an upper barrier Bu (Baaquie et al., 2004; Chen & Guo, 2023). Then the double
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barrier Hamiltonian ĤDB, is simply written as

ĤDB = −σ
2

2

∂2

∂x2
+

(
σ2

2
− r
)

∂

∂x
+ r + V (x), (50)

where the square potential well is defined as

V (x) =

0, Bl ≤ x ≤ Bu

V0 →∞, otherwise. (51)

The secondmethod of limiting the range of proposed changes is done following the work
of Guarch Termens (2022). For a double knock out barrier with a lower barrier Bl = exmin

and an upper barrierBu = exmax , the change is proposed from an uniform distribution U ,
so that

x′ ∼ U
(
max{x− Ln, xmin}, min{x+ Ln, xmax}

)
, (52)

where Ln is a reduced interval based on the iteration n of the algorithm at each time
step:

Ln =
xmax − xmin

2

(
N − n
N

)
. (53)

The reduction of the interval is done to increase the accuracy of the algorithm and is
implemented in all calculations (Guarch Termens, 2022). While the barrier option imple-
mentations presented here are for double barriers, they can be straightforwardly con-
verted to single barrier cases by adjusting the other barrier so that it does not affect the
calculation, i.e., by setting the barrier location far from the expected prices, or in the case
of modified Hamiltonian by defining a potential barrier instead of a well.
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3.3 Simulation Software
For the numerical calculations, a Python 3 (Van Rossum & Drake, 2009) program is uti-
lized. Python was chosen for its ease of implementation and readability. Additionally,
Python is an open-source software, making it a compelling choice compared to some
other commonly used options used in simulations, such as Matlab. Additionally, indus-
try standard Python libraries NumPy (Harris et al., 2020) and Matplotlib (Hunter, 2007)
are used extensively for performing numerical computations and visualizing the results,
respectively.

In Monte Carlo simulations, where a sufficient amount of statistical data is crucial, opti-
mizing simulation performance is essential to ensure the necessary statistics can be effec-
tively acquired. While Python is not as fast as some other open-source alternatives, such
as C++ and Fortran, there are numerous methods that can be easily used to improve the
performance of the simulation. In order to achieve relatively easy performance boosts,
Numba (Lam, Pitrou, & Seibert, 2015) is used for enabling parallel computing within the
simulation program and utilizing machine-level code, and CuPy (Okuta, Unno, Nishino,
Hido, & Loomis, 2017) for GPU (Graphics Processing Unit) acceleration of floating point
operations.

3.3.1 Parallel Computing

Parallel computing emerges from the foundational idea of conducting several compu-
tations concurrently, or in parallel. By exploiting the decomposition of larger problems
into smaller subproblems, these subproblems can be addressed simultaneously, often
leading to considerable reductions in computational time. The architecture underlying
this paradigm has evolved from single processors to multi-core CPUs (Central Processing
Unit) and GPUs, with capabilities for executing thousands of threads in parallel. (Kessler
& Keller, 2007)
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While parallelismoffers impressive speed-ups, it brings forth challenges, including (Kessler
& Keller, 2007):

Synchronization Ensuring tasks execute in a specific order or manage shared resources
without conflict.

Data Dependencies Ensuring that tasks that rely on the results of other tasks have their
dependencies resolved before execution.

Load Balancing Equitably distributing tasks among processors to avoid computational
bottlenecks. These challenges make it essential to adopt appropriate tools and
techniques to harness the potential of parallel computing.

Python, though recognized for its simplicity and readability, is not inherently suited for
high-performance computing due to its interpreted nature. Numba (Lam et al., 2015), as
a Just-In-Time (JIT) compiler that translates Python and NumPy code into machine-level
instructions provides a powerful tool for greatly enhancing the performance of Python
programs. This allows Pythonprograms to achieve performance comparable to languages
like C++ or Fortran. All following technical details on the usage of Numba follow from
Numba documentation (2023).

One of the groundbreaking features of Numba is its capability to parallelize Python code
withminimal intervention. Bymerely applying the@jit decorator, functions canbe greatly
optimized. For more explicit parallelization, Numba provides many tools such as @vec-
torize for element-wise operations on arrays, and the prange function for parallel loop
operations.

When leveraging Numba for parallelism, it’s essential to (Numba documentation, 2023):

Evaluate Performance Gains: Simply adding parallelism does not guarantee improved
performance. Measurement with scalability benchmarks is crucial.



49

Consider Architectural Constraints: The underlying hardware (number of cores, mem-
ory bandwidth, etc.) plays a pivotal role in determining performance.

Address Compatibility: Numba doesn’t support the full Python language spectrum. Ad-
herence to its subset ensures optimal functioning. NumPy arrays and functions are
generally well supported.

However, in practice, simply using the@jit decorator with a function utilizing NumPy can
improve performance greatly. Additionally, Numba offers a no-python mode with either
using the @njit decorator, or setting nopython=True. This ensures that the function
does not access the Python C API, leading to faster execution. Parallelization of the@njit
function is carried out by setting parallel=True. Finally, the Fastmath mode is
used, which yields faster floating point operations that do not necessarily comply with
IEEE 754 standard. However, this is not important to us, as a randomnumber generation is
already utilized in the numerical Monte Carlo implementation. (Numba documentation,
2023)

In conclusion, while Python’s nature might not innately align with high-performance par-
allel computing, tools like Numba exemplify how the ecosystem is evolving, providing
researchers and developers with potent tools to extract maximum computational effi-
ciency.

3.3.2 GPU Acceleration

In the ever-evolving landscape of computational paradigms, Graphics Processing Units
(GPUs) have carved a unique niche. Originally designed for rendering graphics, GPUs have
found a renewed purpose in general-purpose computing due to their parallel processing
capabilities. Unlike traditional CPUs that excel in serial processing tasks, GPUs consist
of thousands of small cores suited for handling multiple tasks simultaneously, making
them especially beneficial for tasks like data analysis, machine learning, and numerical
simulations. (Owens et al., 2008)
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The strength of GPU computing lies in its ability to perform a vast number of straight-
forward calculations in parallel. For operations that can be broken down and executed
simultaneously, GPUs offer significant speed-ups. For instance, matrix operations, which
are central to many scientific and engineering applications, can be parallelized efficiently
on GPUs. (Dehal et al., 2018)

WhileGPUsoffer compelling computational benefits, leveraging their capabilities requires
a shift from traditional programming paradigms. This is where libraries like CuPy come
into play (Okuta et al., 2017). CuPy is an open-source matrix library that’s syntactically
very similar to NumPy, but it operates on NVIDIA GPUs using CUDA (Cook, 2012; NVIDIA,
Vingelmann, & Fitzek, 2020). With CuPy, the computing power of GPUs can be easily uti-
lized in the Python programwithout going deep into the details of GPU programming. All
following technical details on the usage of CuPy follow from CuPy documentation (CuPy
documentation, 2023).

Key Considerations with CuPy and GPU Acceleration include:

Memory Management: Unlike traditional CPUmemory, GPUmemory is oftenmore lim-
ited. Developers must be mindful of the memory footprint of their operations to
avoid overflows.

Data Transfer Overhead: Moving data between CPU and GPU can introduce latency. For
optimal performance, it’s advantageous to perform asmany operations as possible
on the GPU before transferring results back to the CPU.

Compatibility and Dependencies: CuPy relies on NVIDIA’s CUDA platform. This means
it’s primarily compatible with NVIDIA GPUs and requires appropriate CUDA drivers
and toolkit installations.

CuPy has substantially simplified the landscape of GPU computing within the Python
ecosystem. By providing a familiar interface to developers acquainted with NumPy, it
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has smoothed the access to GPU acceleration. As we continue to grapple with increas-
ingly complex computational challenges, tools like CuPy will be instrumental in ensuring
Python remains at the forefront of scientific and high-performance computing.
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4 Results
In this section the results are presented. First, the obtained performance gains fromusing
parallel computing and GPU acceleration to reduce the computing time are presented.
The option calculations are started with the so-called vanilla options, more specifically
European call and put options are considered. The obtained results are compared with
those obtained from the well-known Cox-Ross-Rubinstein method and Black-Scholes for-
mula as introduced in Section 2 to verify the numerical implementation. Finally, the sim-
ulation program is used to calculate prices of Asian options and double barrier options to
illustrate the usefulness of the method with more complex options.

4.1 Simulation Performance Benchmark
In this section, the achieved performance boosts are presented using a simple European
call option pricing calculation as an example. Benchmarking of three distinct Python-
based implementations of PIMC simulations is presented, each varying in computational
approach and efficiency as discussed in Section 3. First, a naive Python implementation
utilizing a single CPU core and NumPy functions. Second, a Numba parallelized and op-
timized implementation that utilizes multiple CPU cores with NumPy functions. Third, a
GPU accelerated implementation that uses Cuda and CuPy to utilize the computational
capabilities of GPUs.

The simulations were benchmarked using the following parameters: 200 time steps,
50,000 paths, and 10,000 iterations for the action functional optimization. The remain-
ing simulation parameters are the same as in the examples throughout the work so far:
S0 = $50, K = $55, T = 1, r = 0.07 and σ = 0.2. For the single CPU core run the re-
sults were extrapolated by counting the iterations per second of the algorithm from two
separate runs to ensure sufficient statistics for an adequate guess on the total simulation
runtime.
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The results of this benchmark run are presented in Table 2 and further illustrated in
Figure 12. From the results it can be seen that the naive serial CPU implementation is
highly inefficient, taking hours to complete. The parallelized Numba-based implemen-
tation achieves great performance increases at roughly a 577 time speedup. It is worth
noting, that while the CPU used has a total of 12 CPU cores, the achieved performance
increase greatly surpasses this level of scaling. This is due to the fact that Numba com-
piles the program into machine-level code as discussed in Section 3, and is thus faster to
execute than typical Python programs.

Additionally, the GPU implementation achieves a staggering 1960 time increase in com-
putational speed compared to the naive implementation, and is roughly 4 times faster to
execute in the chosen benchmark setting than the parallelized Numba implementation.
All of these results clearly highlight the importance of performance optimization in the
used simulation code.

Table 2. Performance comparison of different PIMC Python implementations. The parallel CPUimplementation achieves approximately a 577 time speedup, and the GPUimplementation an impressive 1960 time speedup.
Implementation Time (seconds) Speedup
Naive Single CPU (NumPy) 147000 1x
Parallel CPU (Numba) 255 576.5x
GPU Accelerated (CuPy) 75 1960x
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Figure 12. Bar chart showing the runtimes of various Python implementations.

It should be emphasized that in this case study only one set of simulation parameters was
considered, and the chosen simulation was quite large in terms of the number of paths,
time steps and action optimization iterations. In a smaller simulation, the performance
increases won’t necessarily be as impressive, especially with the GPU implementation
due to the high degree of parallelism (Owens et al., 2008).

As the spec sheets Tables 6 and 7 given in Appendix 2 suggest, the system used in this
work is fairly competent, but greatly falls short of supercomputers such as clusters that
have thousands of CPUs and GPUs. That being said, for example, the scalability of the
parallel CPU implementation can’t be tested extensively. However, the simple benchmark
works as a guideline and a case study as to why it is important to utilize these more
refined programming techniques in numerical simulations. These results also indicate
the fact that with today’s computing capabilities, more and more refined option pricing
methodologies are accessible to traders.
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4.2 European Options
In this section, it is verified that the paths generated using the numerical algorithm indeed
replicate the Black-Scholes results for European call and put options. This equivalence is
rigorously shown in Appendix 1. The simulations are performed using the same param-
eters as used in the previous benchmarking section with the exception of increasing the
number of lattice points on the time domain to 500. Thus, the exception value for the
number of proposed changes per lattice point with 10,000 iterations is 20. This set of pa-
rameters was found to produce fairly consistent results, keeping in mind the probabilistic
nature of the Monte Carlo method.

First of all, the distribution of stock paths, i.e., the propagator in Equation (46) should
follow that of the analytical result shown in Appendix 1:

p(xT , T |x0, 0) =
1√

2πσ2T
exp

{
−(xT − x0)2

2σ2T

}
. (54)

The logarithmic final stock price distribution from a simulation used in benchmarking is
shown in Figure 13. In the figure, the analytical distribution of Equation (54) is plotted
with a dashed line. The results agree extremely well, verifying the correctness of the
numerical implementation for the simple European option.
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Figure 13. Comparison of the final stock price distribution with the analytical Black-Scholesresult. The transition probability illustrated with a histogram shows good agreementwith the closed-form analytical solution plotted as a dashed line. Simulationparameters: S0 = $50,K = $55, σ = 0.2, r = 0.07, T = 1,N = 200.

Now let us compare the results to those obtained with the closed-form Black-Scholes for-
mulae, Equations (29) and (32). Comparison to Cox-Ross-Rubinstein model as introduced
in Section 2 is also carried out using the DerivaGem Excel-based calculator supplied with
reference (Hull, 2021). The maximum number of 500 binomial tree steps are used to
ensure sufficiently accurate results. Comparison of the call option pricing example with
S0 = $50, K = $55, σ = 0.2, r = 0.07, T = 1 using the different methods is shown in
Table 3.
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Table 3. Comparison of European option values (call and put) using the Black-Scholes formula,Cox-Ross-Rubinstein model, and the path integral approach.
Model Call option price ($) Put option price ($)
Black Scholes 3.425 4.709

Cox-Ross-Rubinstein 3.426 4.708

This work 3.405 4.676

It can be seen from the Table 3 that the Black-Scholes and Cox-Ross-Rubinstein agree well
as expected in both cases. The path integral method slightly underestimates the value of
the call option, but is still reasonably close (C = 3.405$) to the analytical solution given
by the Black-Scholes formula with a relative error of 0.57%.

Considering the put option, again, the Black-Scholes and Cox-Ross-Rubinstein are well
aligned, and the path integral method slightly underestimates the value at P = 4.767$.
Still, the relative error is relatively small at 0.74%.

The obtained results for the European options are aligned with previous numerical stud-
ies (Lemmens, Wouters, Tempere, & Foulon, 2008; Montagna et al., 2002) where good,
or sometimes even exact agreement has been achieved. Notably, the result agrees with
the findings of Lemmens et al. (2008), where the path integral result was found to slightly
underestimate the Black-Scholes result for the case when the ratioK/S0 ≈ 1.1. It should
be noted that the Monte Carlo based results are never exact in practice, and there is al-
ways some error present. Additionally, the use of Fastmathmode in Numba results in
some error.

4.3 Asian Options
The pricing calculations of Asian fixed strike options are carried out similarly to the Eu-
ropean options with the exception that the average prices of paths are used in the cal-
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culations instead of the final stock prices as indicated by Equation (3). Since there is no
general closed-form formula, the traditional Monte Carlo solver from DerivaGem (Hull,
2021) is used for the comparison of results with the maximum values of 200 time steps
and 10,000 simulation runs as parameters. For the path integral implementation, the
same simulation parameters are used as in the previous calculations and the general pa-
rameters are kept the same: S0 = $50,K = $55, σ = 0.2, r = 0.07, T = 1.

It should be emphasized that for Asian options, there are no standardized methods as
universally recognized and as widely used as the Black-Scholes model for European op-
tions. Thus, there is no single correct value to compare the obtained results with. Com-
monly used pricing methods include traditional Monte Carlo methods and finite differ-
ence methods (Hull, 2021). In Table 4, the comparison between the traditional Monte
Carlo method and the path integral approach in pricing Asian call and put options is
shown.

Table 4. Comparison of Asian option values (call and put) using Monte Carlo method and thepath integral approach.
Model Asian call option price ($) Asian put option price ($)
Monte Carlo 1.122 4.162

This work 1.051 4.240

The methods agree fairly well in both cases. Interestingly, the deviation of the path inte-
gral approach is not systematic in comparison to traditional Monte Carlo: for the call op-
tion the path integral result is lower than the result obtained using Monte Carlo whereas
in the case of put option the path integral approach prices the option higher. However,
both methods give results in the same regime, and the error can be induced simply by
the fact that both methods are probabilistic in nature and thus not exact.
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4.4 Barrier Options
In this section, the calculations for double knock-out barrier options are presented using
both implemented methods discussed in Section 3: Firstly, a modified Hamiltonian of a
particle in a square potential well. Secondly, by limiting the range of proposed changes
during the sampling phase in the action optimization.

Similarly to Asian options, there is a lack of universally recognized standard pricingmodel.
The results obtained in this study are thus compared to those obtained using the numer-
ical scheme and Excel application provided in reference (Kunitomo & Ikeda, 1992), which
is made for the case of a curved barrier boundary. However, by setting curvature terms of
the model equal to 0, the method can be straightforwardly used for the standard barrier
options.

For the double barrier calculation, a European option with the following parameters is
used: S0 = $100, K = $90, r = 0.1, σ = 0.3, T = 0.5, Bl = $50 and Bu = $150. The
path integral calculations are performed again with the benchmark settings. The results
are presented in Table 5.

Table 5. Comparison of double barrier option values (call and put) using the numerical schemeof Kunitomo and Ikeda (1992), the modified Hamiltonian and the restricted sampling.
Model Call option price ($) Put option price ($)
Kunitomo and Ikeda (1992) 12.8311 2.6187

Modified Hamiltonian 16.0584 2.6348

Restricted sampling 13.0717 2.5722

For the put option prices, all methods agree reasonably well. However, in call option valu-
ation the results suggest that the modified Hamiltonian approach overvalues the option.
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5 Conclusions
This study embarks on an intriguing exploration of the intersection between quantum
mechanical path integrals and option pricing in finance. Utilizing Path Integral Monte
Carlo (PIMC) simulations, an innovative approach rooted in the first principles of quantum
mechanics, this work opens new avenues in financial modeling (Feynman, 1948; Kleinert,
2009). The method particularly excels in pricing various types of options, such as Euro-
pean, Asian, and barrier options, demonstrating its versatility and robustness. The path
integral method offers a viable alternative in complex market scenarios where traditional
methods can fall short.

While a comparative analysis with traditional models such as the Black-Scholes model
(Black & Scholes, 1973; Merton, 1973) and the Cox-Ross-Rubinstein model (Cox et al.,
1979) has been instrumental in establishing the accuracy and reliability of the path in-
tegral method, the true potential lies in the method’s demonstrated adaptability and
effectiveness in pricing more complex options. In this study, the method was introduced
theoretically and applied successfully in the pricing of European, Asian and double barrier
options, also answering the first research question. These results underscore the path in-
tegral method’s potential as an adaptable and comprehensive tool in financial modeling,
a critical asset in today’s rapidly evolving financial markets.

The practical implications of this work are profound, particularly in financial modeling
and option pricing. With financial instruments growing in complexity, the ability to pre-
cisely price these instruments using advanced simulations is paramount. This study high-
lights the vital role of computational methods in understanding market dynamics, en-
hancing risk management, and shaping effective investment strategies. In a broader con-
text, these advancements in financial modeling could be instrumental in identifying and
mitigating risks that lead to financial crises. By offering more accurate and flexible pricing
tools, this approach could help in better forecasting market trends and valuing complex
financial products, thus contributing to a more stable and resilient financial system.
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In terms of performance optimization, the study demonstrates the significant computa-
tional advancements achievable through parallel computing and GPU acceleration, an-
swering the second research question. These methods are shown to play a crucial role in
efficiently managing large-scale simulations. By integrating Python with tools like Numba
(Lam et al., 2015) and CuPy (Okuta et al., 2017), the study successfully bridges the gap be-
tween high-level programming ease and computational intensity, marking a significant
leap forward in computational finance. These advancements enable the utilization of
previously considered inefficient methods, leveraging increased computational capabili-
ties.

This study was limited to verifying the method using European options and illustrating
the method’s capability on pricing Asian and double barrier options. Looking forward,
this study smooths the path for further research in refining the path integral approach
for more complex derivatives and incorporating sophisticated risk factors. The potential
for additional computational optimizations and the advent of emerging technologies hold
promising prospects for the future of financial engineering. The methods presented in
this study could be trivially extended to include, for example, the stochastic nature of
volatility and risk-free rate.

In summary, this study presents a promisingmethodology in financial engineering, show-
casing the efficacy of path integral methods in option pricing, as well as the importance of
computational optimization. The method offers a fresh perspective and valuable insights
that bridge quantum mechanics and financial modeling, with far-reaching implications
for both academic research and practical finance applications.

Furthermore, this study exemplifies the increased significance of interdisciplinary research,
particularly in the realm of econophysics. The merging of physics, especially quantum
mechanics, with economics and finance potentially opens up the ground for increas-
ingly innovative approaches and solutions. This mixture of different disciplines can lead
to a deeper understanding of complex market dynamics, transcending the limitations
of traditional economic theories. The insights from physics can introduce new concep-
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tual frameworks and analytical tools, potentially leading to breakthroughs in predicting
market behaviors and managing financial risks. The success of such multidisciplinary ap-
proaches could additionally inspire more collaborative research endeavors, harnessing
the strengths of various fields to tackle some of the difficult challenges in the financial
world. In a speculative light, the continued evolution of econophysics may well end up
redefining the landscape of financial analysis and risk management, underscoring the
transformative power of interdisciplinary research.
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Appendices
Appendix 1. Derivation of the Black-Scholes Formula from Path Integrals
In this section, it is shown that the Feynman-Kac formula with Black-Scholes Lagrangian
yields exactly the Black-Scholes closed-form result for European options following closely
the work of Utama and Purqon (2016). In Section 2, the Feynman-Kac formula Equa-
tion (41) for a European call option was defined as

C(x0, 0) = e−rT

∫ ∞

−∞

∫ xT

x0

C(exT )e−SBS[x(t)]D[xT ]dxT , (55)

where the Black-Scholes action functional was written as

SBS =
∫ T

0

1

2σ2

(
dx

dt

)2

dt︸ ︷︷ ︸
=S0[x(t)]

− µ

σ2
(xT − x0) +

µ2T

2σ2
, (56)

and where S0 represents the action of a zero drift process.

From Equation (56), the constant terms can be further separated, so that the option value
is written as

C(x0, 0) = e−rT

∫ ∞

−∞

∫ xT

x0

C(exT )e
µ

σ2 (xT−x0)−µ2T/2σ2

e−S0[x(t)]D[xT ]dxT , (57)

Recalling the discretization of the transition probability and expressing the integral over
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paths using Equation (46) it can be show that

p(xT , T |x0, 0) =
∫ xT

x0

D[xT ]e−SBS

= lim
N→∞

[
N−1∏
k=0

∫ ∞

−∞

dxk√
2πσ2δtk

]
e−SBS

= lim
N→∞

∫ ∞

−∞
· · ·
∫ ∞

−∞︸ ︷︷ ︸
N−1

exp

{
−

N−1∑
k=0

∆t

2σ2

(
xk+1 − xk

∆t

)2
}

× 1√
2πσ2δt

× dx1√
2πσ2δt

× · · · × dxN−1√
2πσ2δt

= lim
N→∞

1√
2πσ2Nδt

exp

{
−(xN − x0)2

2σ2Nδt

}
=

1√
2πσ2T

exp

{
−(xT − x0)2

2σ2T

}
, (58)

where the following Gaussian integral was used
∫ ∞

−∞
e−a(p−x)2−b(x−q)2dx =

√
π

a+ b
exp

{
− ab

a+ b
(p− q)2

}
. (59)

Putting the pieces from Equations (57) and (58) together, the price of the option can be
expressed as

C(x0, t) = e−rT

∫ ∞

−∞
C(exT ) 1√

2πσ2T
exp

{
−(xT − x0 − µT )2

2σ2T

}
dxT , (60)

from which the Gaussian integral can again be exactly solved, yielding exactly the Black-
Scholes formula, Equation (29)

C = SN (d1)−Ke−rTN (d2), (61)
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where

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
T

σ
√
T

(62)
d2 = d1 − σ

√
T (63)

and the payoff function

C(exT ) = max {0, exT −K} (64)

was used.
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Appendix 2. System Specifications
The system used in the calculations of this work has an Intel CPU and an Nvidia GPU. The
CPU used in this work is a 12-core Intel Core i7-12700K. The spec sheet of the CPU is given
in Table 6.

Table 6. Intel Core i7-12700K CPU Specifications.
Total Cores 12
Number of Performance-cores 8
Number of Efficient-cores 4
Total Threads 20
Max Turbo Frequency 5.00 GHz
Intel Turbo Boost Max Technology 3.0 Frequency 5.00 GHz
Performance-core Max Turbo Frequency 4.90 GHz
Efficient-core Max Turbo Frequency 3.80 GHz
Performance-core Base Frequency 3.60 GHz
Efficient-core Base Frequency 2.70 GHz
Cache 25 MB Intel Smart Cache
Total L2 Cache 12 MB

The GPU used in this work is an Nvidia GeForce RTX 3070, the spec sheet of which is
presented in Table 7.
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Table 7. GeForce RTX 3070 GPU Specifications.
Device GeForce RTX 3070 GPU
Amount of Memory 10 GB
Number of CUDA Cores 5888
CPU Boost Clock Speed 1725 MHz
Effective Memory Clock Rate 14 GHz
Memory Bus Width 256-bit
Memory Bandwidth 448 GB/s
Transistor Count 17.4 billion
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