Vaasan yliopisto Op_en
UNIVERSITY OF VAASA SCIence

This is a self-archived — parallel published version of this article in the
publication archive of the University of Vaasa. It might differ from the original.

Factorized sectorial relations, their maximal-
sectorial extensions, and form sums

Author(s): Hassi, Seppo; Sandovici, Adrian; de Snoo, Henk

Title: Factorized sectorial relations, their maximal-sectorial
extensions, and form sums

Year: 2019
Version: Accepted manuscript

Copyright (©2019 Springer, Birkhauser. This is a post-peer-review, pre-
copyedit version of an article published in Banach journal of
mathematical analysis. The final authenticated version is
available online at: https://doi.org/10.1215/17358787-2019-
0003

Please cite the original version:

Hassi, S., Sandovici, A., & de Snoo, H., (2019). Factorized
sectorial relations, their maximal-sectorial extensions, and form
sums. Banach journal of mathematical analysis 13(3), 538—
564. https://doi.org/10.1215/17358787-2019-0003



arXiv:1903.02816v1 [math.FA] 7 Mar 2019

FACTORIZED SECTORIAL RELATIONS, THEIR MAXIMAL
SECTORIAL EXTENSIONS, AND FORM SUMS

S. HASSI, A. SANDOVICI, AND H.S.V. DE SNOO

Dedicated to the memory of R.G. Douglas
with admiration for his contributions to mathematics

ABSTRACT. In this paper sectorial operators, or more generally, sectorial rela-
tions and their maximal sectorial extensions in a Hilbert space $) are consid-
ered. The particular interest is in sectorial relations .S, which can be expressed
in the factorized form

S=T*I+iB)T or S=T(+iB)T*,

where B is a bounded selfadjoint operator in a Hilbert space £ and T': ) — K&
or T : R — ), respectively, is a linear operator or a linear relation which is not
assumed to be closed. Using the specific factorized form of S, a description
of all the maximal sectorial extensions of S is given with a straightforward
construction of the extreme extensions S, the Friedrichs extension, and Sk,
the Krein extension of S, which uses the above factorized form of S. As an
application of this construction the form sum of maximal sectorial extensions
of two sectorial relations is treated.

1. Introduction

Factorizations and decompositions of operators play a fundamental role in func-
tional analysis and operator theory. A well-known example is the “Douglas lemma”
formulated in [§8, Theorem 1] which makes a connection between range inclusion,
factorization, and ordering of operators. The importance of this connection is
reflected by the remarkable number of applications as well as its usage in the lit-
erature where this result plays a central role. The present paper is not aimed to
study factorizations on such a general level; it is limited to unbounded nonnegative
and sectorial operators, or more generally to sectorial relations S, which admit a
factorization of the form S = T*(I +iB)T or S = T(I +iB)T*, where T is a linear
relation and B € B(#) is selfadjoint. The main interest here is in the case where
the (linear) relation T is not closed and, therefore, S need not be a maximal secto-
rial object. This leads to the extension problem for S. Namely H = T*(I +iB)T**
or H=T**(I +iB)T*, respectively, is a maximal sectorial extension of S and it is
natural to ask whether this H is the only maximal sectorial extension of S. How-
ever, since T' is not closed and no further conditions are required on T, the relation
S and its closure can have positive defect. This yields immediately the problem
“what are the Friedrichs and the Krein (maximal sectorial) extensions of S?” In
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order to answer these questions some background definitions and facts on general
sectorial operators and relations are first recalled.

A (linear) relation S in a Hilbert space $ is said to be sectorial with vertex at
the origin and semi-angle o, « € [0,7/2), if

[Im (h', h)| < (tana)Re (h',h), {h,h'} € H.

Clearly, the closure of a sectorial relation is also sectorial. A sectorial relation S in a
Ijilbert space §) is SNaid to be @am‘mal sectorial if the existence of a sectorial relation
S in $ with S C S implies S = S. A maximal sectorial relation is automatically
closed.

A sectorial relation S generates a sectorial form, which in general is nondensely
defined but closable as stated in the next lemma; for a proof see [I8, Theo-
rem VI.1.27], [I5, Lemma 7.1].

Lemma 1.1. Let S be a sectorial relation in a Hilbert space ). Then the form tg
given by

ts[p, ] = (¢',9), {e, @'} {e, ¢} €8,

with dom tg = dom S is well-defined, sectorial, and closable.

According to the first representation theorem the closure of the form tg deter-
mines a unique maximal sectorial relation, which is the Friedrichs extension Sg of
S; for the densely defined case see [I8] VI, Theorem 2.1] for the nondensely defined
case see [21], and for the linear relation case see |2 [3]; a recent treatment in the
general case can be found in [I5] Section 7]. The closure of the form tg is denoted
by ts,. According to the first representation theorem the domain of S is a core for
the closed form tg,. It is a consequence of the first representation theorem that
there is a one-to-one correspondence between all maximal sectorial relations H in
$ and all closed sectorial forms t (not necessarily densely defined) in $; cf. [I8] VI,
Theorem 2.7], [I5, Theorem 4.3]. This correspondence is denoted by t — H =: Hy;
cf. Lemma [I[.J] when S = H is maximal sectorial and ty stands for the closure of
ts.

All maximal sectorial relations H admit a factorization which uses the real part
(tm), of the associated closed form ty. The real part is a closed nonnegative form
and by the first representation theorem there is a unique nonnegative selfadjoint
relation H, corresponding to the closed nonnegative form (tg),. The present for-
mulation for the induced factorization for H is taken from [I5, Theorem 6.2], for
the densely defined case; see [I8, VI, Theorem 3.2].

Lemma 1.2. Let H be a maximal sectorial relation and let the closed sectorial
form ty correspond to H. Let (tg), be the corresponding closed nonnegative form
and let H, be the corresponding nonnegative selfadjoint relation. Then there exists
a unique selfadjoint operator B € B($), which is zero on

(1.1) $ o tan (H,)? = ker H, & mul H,,
with || B|| = tan a, such that the form ty is given by

tilh k] = (I +iB)(H,)Zh, (H,)Fk), h,k € domty = dom Hy .
The maximal sectorial relation H corresponding to ty is given by

(1.2) H = (H,)?(I +iB)(H,)?.
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The orthogonal operator part of H is given by

(1.3) Hy = (H,)? (I + iB)(H,)?,
where (H,)s = Pasm uH, is the operator part of (H,).

It is the purpose of this paper to study properties of relations S of the form
T*(I+iB)T or T(I4+iB)T™* when T is not assumed to be closed and to apply these
properties in the study of form sums and sums of sectorial relations. In this case S
is sectorial, but typically it is not maximal sectorial. By Lemma [[T] it induces, in
general, a nondensely defined sectorial form, which admits a closure that is again
a sectorial form. By the first representation theorem (see [15], [18]) this closed sec-
torial form corresponds to a maximal sectorial relation which, in addition, extends
S. This extension determines (the sectorial version of) the Friedrichs extension
Sr of S, analogous to the case where S is nonnegative. Since with S also S~! is
sectorial (the sectorial version of) the Krein extension of S can be introduced as
((S~Yp)~!. The Friedrichs extension and the Krein extension are maximal secto-
rial extensions of S, which are in addition extremal. In the nonnegative case all
nonnegative selfadjoint extensions of S are between Sr and Sk. In the sectorial
case there is a version of this property for their real parts (obtained via the real
part of the corresponding forms); see [I5, Theorem 7.6] and [3, Theorem 3] for a
related result.

In Section 21 some basic properties of sectorial relations of the form

S=T*(I+4iB)T and S =T +iB)T*
are studied. In particular, it is shown when the maximal sectorial extension
H=T"I+iB)T*"
coincides with the Friedrichs extension S of S (Theorem 24]) and when
H =T"(I +iB)T*

coincides with the Krein extension (S”)k of S’ (Theorem 2:6). To give a complete
picture of the situation the case S = T*(I+iB)T is investigated in detail in Section
by giving a general procedure that leads to the description of the Friedrichs ex-
tension Sr and the Krein extension Sk of S and, in fact, all the extremal extensions
of S combined with their associated closed sectorial forms; see Theorem and
Proposition 2.8

In Section Bl a particular case of a sectorial relation with the factorization S’ =
T(I +iB)T* is investigated. The choice for S’ treated here occurs when studying
the form sums t; 4 t2 of two closed sectorial (in particular nonnegative) forms in a
Hilbert space $). To explain this let H; and Hs be the maximal sectorial relations
in $) associated with t; and t3, respectively. Since the sum t; + t5 is a closed form
in $), there is again an associated maximal sectorial relation H that corresponds to
t1 + to; cf. [I8, Chapter VI]. In a natural way H can be seen as a maximal sectorial
extension of the operator-like sum H;+ H» of the maximal sectorial relations H; and
Hy; for this reason H is called the form sum extension of Hy + Hs. To investigate
the form sum extension H of H 1 + Ho the Friedrichs and the Krein extension of
the sum H; + H, will be constructed; see Theorems and This leads to a
description of all maximal sectorial extensions that are extremal in Proposition 3.4
It turns out that the form sum extension H of H 1 + Hs need not be extremal; a
characterization for this is given in Theorem
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For the treatment in Section [3 the factorized form of H; + H» is again playing a
key role. Indeed, according to Lemmal[l.2] H; and H> as maximal sectorial relations
admit the factorizations ) )

H; = A]? I+ z'Bj)A]?,
where A; (the real part of H;), j = 1,2, are nonnegative selfadjoint relations in
and Bj, j = 1,2, are bounded selfadjoint operators in §). This yields the following
factorization of Hy + Ha:

1 1 1 1
Hy+ Hy = A2 (I +iBy)A? + A2 (I +iBy)AZ = ® (I + i(By & By)) %,

where ® stands for the row operator (or relation) from $ x $ to $ formally defined
by

and whose adjoint ®* is the column operator (or relation) formally given by

o =[4) .95 5xs
A3

Hence Hy + H, is a sectorial relation which admits a factorization of the form
S =TI +iB)T* with T = ® and B = B; & Bs. Even in the case that H; and
H; are densely defined operators, the operator T is typically neither closed nor

closable; it can even be singular (cf. [I6]) if for instance dom Alé N dom AQ% = {0}.

For some general developments on the notions of Friedrichs and Krein extensions
the reader is referred to see [1], [6] [7, [10, (111 18], 19] in the case of nonnegative opera-
tors and relations and [2] [15, (18] 2] in the case of sectorial relations. Treatments of
extremal extensions can be found in [3] [5 T3], while construction of factorizations
for these extensions have been treated in [5l 13| 20, 22| 23] 24] and the notion of
form sums appears in [9] 12, 14, 24]. Throughout this paper [I5] will be used as a
standard reference for various concepts and results on sectorial relations and their
extensions; therein one can also find a more detailed description on the literature
and developments in this area. As another general overview on sectorial relations
we would like to mention the survey paper of Yu.M. Arlinskii [4].

Finally it should be pointed out that the results in Section [2 apply in particular
to the factorized nonnegative relations of the form

S=T*T or S=TT*,

where T is a linear relation or operator which is not assumed to be closed. The
special case where S = T*T is a densely defined nonnegative operator and the
densely defined operator T is not closed has been recently investigated in [24].
Similarly, the results in Section Bl extend the earlier results concerning the sum of
nonnegative relations obtained in [I2] and [I4].

2. Some characteristic properties of T*(I +iB)T and T(I +iB)T*

In this section the class of linear relations S in a Hilbert space $) which admit a
factorization of the form

(2.1) S=T*(I+iB)T or S=T(I+iB)T*

will be studied; here B is a bounded operator in a Hilbert space f and T is a linear
operator or a linear relation (not necessarily closed) from $) to & or from 8 to ),
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respectively. This class contains all densely defined, not necessarily closed, sectorial
relations, but also a wide class of multivalued sectorial relations; for instance Lemma
[[2shows that all maximal sectorial relations admit a factorization of the form (2.1I)
with T a closed operator or a closed relation; see ([L2)), (I3]). Conversely, if T is
closed then the relation S in (21]) is maximal sectorial. In the case that T is not
closed the relation S need not be maximal sectorial, but it has maximal sectorial
extensions.

2.1. Some basic properties of T*CT. To study operators and relations S de-
termined by the factorization ([2.1I), the following observations concerning products
of the form T*CT are helpful.

Lemma 2.1. Let T be a relation from a Hilbert space $ to a Hilbert space R, let
C € B(R) and let the linear relation W in $) be defined as the product

W =T*CT.
Then the following statements hold:
(i) If C has the property
(2.2) Cf,f)=0 = [f=0

then for each ¢' € ran W there is precisely one a € K such that for any
p €9 with {p,¢'} € W one has

(2.3) {p,a} €T and {Ca,¢'} €T,
in which case
(2.4) (¢, ¢) = (Ca,a).

Moreover, for every {p, '} € W the element ¢ € § is uniquely determined
modulo ker T'. In particular, W satisfies the following identities

(2.5) mul W =mulT* and ker W = ker T.
(ii) If for any sequence (f,) the operator C' satisfies the property
(2.6) lim (Cfp, frn)=0 = lim f, =0,
n—oo n—oo

then the following implication is also true
T isclosed = W s closed.
In particular, the closure of W satisfies W** C T*CT** and
mul W** = mul W = mulT*, ker T' C ker W** C ker T**.
Proof. (i) Let ¢’ € ranW. Then for any ¢ € §) such that {¢, ¢’} € W there exists
a € 8 such that ([Z3) holds and consequently (24]) is satisfied, too. To see the

uniqueness properties of o and ¢ assume that also {pg, ¢’} € W with ¢y € 9.
Then analogously there exists an element oy € K such that

{vo, a0} €T, {Cao,¢'} €T7,
which via (23] leads to
{o—¢o,a—ap} €T, {Cla—ap),0} €T

Hence (C(a — ap),a — ap) = 0 and now the assumption in (i) implies that o = ay,
i.e., v is unique. Moreover, one concludes that {¢ — g,0} € T, which proves the
claimed uniqueness of ¢ and the equality ker W = ker T
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To see that mul W = mulT™*, assume that {0,¢’} € W. Then it follows from
@3) and (24) that o = 0, which implies that mulW C mulT*. The reverse
inclusion is trivial and hence (2.3)) is shown.

(ii) Assume that T is closed. To see that W is closed, let {¢y, ¢}, } € W converge
to {¢, ¢’} € H. Then there exists a sequence of vectors a,, € R such that

{pn,an} €T and {Cay,, ¢} €T,

and it follows that
(Can,an) = (¢, n) = (¢, 0).
Consequently,
(Clan — am,an — ) = 0, n,m — oo,

and now the assumption in (ii) shows that () is a Cauchy sequence in K. Hence,
o, converges to some « in K and one concludes that {p, o} € T and {Ca, ¢’} € T*.
Thus {p, ¢’} € W and W is closed.

Finally, the inclusion W C T*CT** is clearly true and since T** is closed, also
T*CT** is closed by the property (Z6]). Therefore,

W cCcw* cT*CT™.
By the statement (i) this leads to ker T' C ker W** C ker T*CT** = ker T** and
mul7* = mul W C mul W** C mul T*CT** = mul T",
so that mul W = mul W** = mul T*. This completes the proof. O

By changing the roles of 7' and T* in Lemma [2.1]leads to the following result.

Corollary 2.2. Let T be a relation from a Hilbert space R to a Hilbert space ), let
C € B(R) and let the linear relation W in $) be defined as the product

W =TCT".
Then:

(i) the assumption (22) implies that W satisfies the properties in part (i) in
Lemma 2] with the roles of T and T* interchanged.

(i) If @8) holds, then W** C T**CT* and if T is closed then also W is closed.
Moreover,

ker W** =ker W =ker T*, mulT C mul W** C mul T7*.

Proof. (i) This assertion is proved by interchanging the roles of T and T™ in the
proof of Lemma 211

(ii) The statement with T closed is obtained by applying part (ii) of LemmaZT]to
T* instead of T'. As to the remaining assertions observe that W c W** C T**CT*
and hence mul7” = mul W C mul W** C mul T**CT™* = mul T**. Moreover,

ker T* = ker W C ker W** C ker T*CT** = ker T,
and thus ker W = ker K** = ker T*. O

In particular, all (positively or negatively) definite operators C' satisfy the as-
sumption (i) in Lemma 2] and all uniformly definite operators C satisfy the as-
sumption (ii) in Lemma 211 Of course there are many other operators where
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assumption (i) or (ii) in Lemma 2] is satisfied. Notice that if C' satisfies the as-
sumption (i) or (ii) in Lemma 2] then the same is true also for the following
operators

c* nC(0#n€C); X'CX,
where X is a bounded operator with bounded inverse. In the present paper Lemma
2.1lis applied to a special class of sectorial relations.

Proposition 2.3. Let T be a linear relation and let C = I+iB for some selfadjoint
operator B € B(R). Then

S=T*I+iB)T and S =T(I+iB)T*

with T from $ to R or from K to $, respectively, are sectorial relations in $ with
vertex at the origin and semi-angle at most arctan || B||, and S admits the properties
(i) and (i) in Lemma 21 while S" admits the properties in Corollary [2Z.2

If, in addition, the relation T is closed, i.e. T = T**, then S and S’ as well as
their adjoints are maximal sectorial with

S* =T*(I —iB)T, (') =T(I —iB)T".
Proof. Since B is selfadjoint one concludes that for all {p, ¢’} € S:
I (¢, )| = [(Ba, )| < || Bl| (e, @) = [|B|[Re (¢, ¢);

cf. the beginning of the proof of Lemma2Il Hence S is sectorial with vertex at the
origin and semi-angle at most arctan ||B||. The argument concerning S’ remains
the same.

The properties for S in Lemma 2.I] and for S” in Corollary 2.2] follow from that
fact that the real part of C = I+¢B as the identity operator is boundedly invertible.

Finally, if T is closed then also S = T*(I + ¢B)T and S’ = T(I + iB)T* are
closed by Lemma[2]] The fact that S, S’ are maximal sectorial can be found in [17].
Then also their adjoints are maximal sectorial and since S* = (T*(I +iB)T)* D
T*(I —iB)T, where T*(I — iB)T is maximal sectorial (again see [17]), equality
S* =T*(I —iB)T prevails. The equality (S")* = T(I —iB)T* is now obtained by
changing the roles of T" and T. O

It is a consequence of Lemma[l.2 that a set D is a core for the form tg precisely
when D is a core for its real part (tg),. This observation combined with Lem-
mas [[LI] [[2] and 2] leads to a characterization concerning the factorization (2.1))
of S and its Friedrichs extension Sg.

Theorem 2.4. Let S be a not necessarily closed sectorial relation in the Hilbert
space 9. Then the following assertions are equivalent:

(i) mul S = mul S*;
(ii) there exists a Hilbert space R, a linear relation T : $ — & with domT =
dom S and a selfadjoint operator B € B(R), such that
(2.7) S=T*(I+iB)T and Sp=T"(I+iB)T*".

Moreover, in (ii) T : $ — & can be assumed to be a closable operator.

Proof. (i) = (ii) Assume that S is a sectorial relation such that mul.S = mul S*.
Let Sr be the Friedrichs extension of S associated with the closure of the form tg

1
defined in Lemma[[ Tl By Lemmall.21Sr admits the factorization (L.2]) with (Sg)?
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and B € B(9), while its operator part is factorized as in ([3]) using the operator

1
part of (Sr)?. Now introduce the operator T as the following restriction:

(2.8) T := ((Sp)¥)s | dom S.
Recall that dom S is a core for the forms tg, and (tg,),. Consequently, dom .S is

1
also a core for the operator part, i.e., closT = ((Sr)?)s. In particular, T is closable.
Moreover,

1 1
(2.9) T = (((SF)?)s)" = (Sk)7,
where the adjoint is taken in £; notice that (dom7)* = mul Sp = mul (Sg), =
1
mul (Sp)7?.
We claim that S = T*(I + ¢B)T. In fact, by the definition of T' one has
(dom S)* = (dom T)* = mul T* and hence the assumption mul S = mul S* yields

mul S = mul7* = mul Sg.

This identity combined with the inclusion S C Sp and the identities (28] and (2.9)
shows that
S={{f,f'} €Sp: fedomS} =T"(1+iB)T.

(ii) = (i) By Proposition every relation S of the form (27) is sectorial.

Clearly,
ScS™CcT*(I+iB)T*,

and by the assumption Sp = T*(I +i¢B)T**. Since the domain of S is a core for the
closed form tg,., one has mul Sp = mul S*. On the other hand, by Lemma2.T] (i) (cf.
Proposition 23) S and Sp in 7)) satisfy mul.S = mul7T* and mul Sp = mul T*.
Therefore, mul S = mul S* holds.

The last assertion is clear from the proof (i) = (ii). O

In the case that S is densely defined Theorem 24 gives the following result.

Corollary 2.5. Let S be a densely defined sectorial operator in the Hilbert space $).
Then there exists a Hilbert space R, a closable operator T : $ — K with domT =
dom S and a selfadjoint operator B € B(R), such that

S =T*(I+iB)T and Sp =T*(I +iB)T*".

Proof. 1f S is densely defined, then mul'S C mul $* = (dom S)*+ = {0} and now
the statement follows from Theorem 2.4 O

Corollary extends [24] Theorem 5.3]: if S > 0 is a densely defined operator

then there is a closable operator T" in ) such that
S =TT and Sp =T"T*";
in [24] these factorizations for S > 0 were constructed in another way.

Theorem [2.4] involves the Friedrichs extension Sg of S. There is a similar result
for the Krein extension Sk of S. The Krein extension in the nonnegative case was
introduced and studied in [I9]. Following the approach used in the nonnegative
case in [Il [7] this extension is defined for a sectorial relation S using the inverse
S~! by the formula

Sk =((S"Hr)™h
cf. [3l Definition 2], [I5] Definition 7.4]. This leads to the following analog of
Theorem 2.4
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Theorem 2.6. Let S be a not necessarily closed sectorial relation in the Hilbert
space 9. Then the following assertions are equivalent:
(i) ker S = ker S*;
(i) there exists a Hilbert space R, a linear relation T : & — $ with ranT =
ran S and a selfadjoint operator B € B(R), such that

(2.10) S=T(I+iB)T* and Sg =T""(I +iB)T".
Moreover, in (ii) the inverse T=1 : § — & can be assumed to be a closable operator.

Proof. (i) = (ii) Assume that S is a sectorial relation such that ker S = ker S*
and consider its inverse S~!. By the assumption one has mul S~ = mul (S—1)*
and hence by Theorem 2.4 there exist a linear relation T: 9 — R, which can be
assume to be closable, and a selfadjoint operator B € B(8) such that

ST =T*(I+iB)T, (S Y)p=T"(I+iB)T*
Passing to the inverses one obtains
S=T"YI+iB)~"YT*)', Sg=(T")"'(I+iB) (T
Since (I +iB)~! = (I + B2)~2(I —iB)(I + B2)~ 2, this yields
S=T(—iB)T*, Sg=T"1—iB)T*

where T = T—1(I+B2)"2 and T* = (I+B2)~ 2 (T~!)*; note that (T—1)* = (T*)~L.
By construction ranT = domT = dom S~ = ran . Since (I + B2)? is bounded
with bounded inverse one has clos T~! = (I+ B2)z (clos T') and thus T~ is closable
precisely when T is closable. Therefore the assertions in (ii) hold and one has the
factorizations ZI0) with 7 =T~1(I + B2)~2 and B = —B.

(ii) = (i) By Proposition 23] every relation S of the form (2.I0) is sectorial.
Clearly,

ScS™cT™(I+iB)T™,

and by the assumption S = T**(I + iB)T*. Since the range of S is a core
for the closed form t(g-1),, one has ker S,k = ker S*. On the other hand, by
Proposition 23] (or Corollary 2:2)) S and Sk in ([2I0) satisfy ker S = ker T* and
ker Sg = ker T*. Therefore, ker S = ker S* holds. O

It is clear that there is an analog of Corollary concerning the factorization
T(I +iB)T* whose formulation is left to the reader. In what follows the purpose
is to offer a construction for maximal sectorial extensions, in particular, for the
Friedrichs extension and the Krein extension, for sectorial relations S and S’ which
admit a factorization as in Proposition 23] without any additional conditions as
in Theorems 2.4] and In the next section attention is limited to the case
S =T*(I+4B)T. On the other hand, in Section [3 a special case where S admits
a factorization S = T'(I + iB)T* is treated by investigating the form sum of two
maximal sectorial relations.

2.2. Maximal sectorial extensions of T*(I + iB)T with nonclosed T. In
Lemma[ZT]it has been shown that the relation T7*(I4iB)T, when T is not necessar-
ily closed, is still sectorial. The purpose in this section is to show that T*(I +¢B)T
has maximal sectorial extensions and, in particular, to describe all of them. It is
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clear that every maximal sectorial extension of T*(I +¢B)T is also an extension of
the closure clos (T*(I 4+ ¢B)T'). On the other hand,

(2.11) clos (T*(I +iB)T) C T*(I + iB)T**,

since by Proposition [Z3]the relation T (I +¢B)T** is closed and, in fact, a maximal
sectorial relation in $). Hence, it is clear that without any additional assumptions
on T*(I 4+ iB)T the relation on the right-hand side of (ZII]) is one of the max-
imal sectorial extensions of S := T*(I 4+ iB)T. Under the additional condition
mul S = mul S* one has Sp = T*(I + iB)T**; see Theorem 24l In what follows
this additional condition will not be assumed.

The aim now is to describe all extremal maximal sectorial extensions of S =
T*(I + iB)T, including the Friedrichs extension Sg, using the given factorized
form of S. The purpose is to incorporate explicitly the prescribed structure of
S = T*(I+iB)T in the construction of maximal sectorial extensions of T*(I+iB)T.
The approach presented here has the advantage that it prevents the construction
of an auxiliary Hilbert space when compared with the procedure appearing in [15]
for a sectorial relations S without additional information on its structure.

Recall from Lemma 2] that for each ¢’,v’ € ran S there exist unique elements
a, B € R with

(212) {p,0}eT, {(I+iB)a, ¢’} T, {¥,f}eT, {(I+iB)B,J'}eT™
Next introduce the linear subspace 91, of the Hilbert space K via
(2.13) My={a€eR: acranT,(I +iB)a € domT"},

and let 9t be the closure of My in K. Moreover, let B, be the compression of B
to M

(2.14) By, := Py B[ € B(M).

Then B, is a selfadjoint operator in 9. Next we construct a pair of relations
Q C T and J C Q*, which will be used to describe the minimal and maximal and,
in fact, all extremal maximal sectorial extensions of T™*(I + iB)T.

Lemma 2.7. Associate with T*(I +iB)T the subspace My of & in (ZI3) and the
compression By, in ZI4) and define the linear relation @ from $ to M and the
linear relation J from M to H via

Q={{p,a} eT: acM},
J={{{I+iBn)a,¢'} : a € My, {(I +1B)a, '} € T*}.
Then Q C J*, or equivalently, J C QF, and Q is a closable operator with dense

range in M, while J is densely defined and satisfies mulJ = mul J** = mul T*.
Moreover, one has the equality

T*(I +iB)T = J(I + iBm)Q.
Proof. 1t is first shown that Q C J*. For this let {p,a} € Q and {(I+iB,,)3,¢'} €
J. Then o, € My and they correspond to some {p, '}, {¢, '} € T*(I +iB)T
via (ZI2). In particular, {,a} € T and hence
(1/}/5 90) - ((I + 'LBm)B,Q) = (djl, 90) - ((I + ’LB)B,CY) = 05

where the last equality follows from (2I2)). Hence @ C J* and, equivalently,
J CQ*.



FACTORIZED SECTORIAL RELATIONS AND FORM SUMS 11

Next it is shown that the set (I 4 iBy,)(9p) is dense in M. Assume conversely
that there exists § € 9 such that ((I4iBy,)o, 8) = 0 for all o € My. Let ay, € My
be a sequence such that a,, — S (in K). Then

0= ((I +iBm)an,B) = (I +iB)an, B)
and by taking limit this leads to

which implies that 8 = 0. Consequently, J is densely defined in 9t and hence its
adjoint J* is an operator. Since @@ C J*, the relation @ is a closable operator.
Furthermore, by definition, ran @) is dense in 9.

Now consider the multivalued parts of J and its closure J**. The inclusion
mul7* C mulJ follows from the definition of J and clearly mulJ C mul J**.
On the other hand, if ¢/ € mul J** then there are sequences {¢,,5,} € T and
{(I4+1iB)Bn, ¥} } € T* such that (I 4+ iB,,)0, — 0 and ¢}, — ¢’. Then necessarily
Bn — 0 in M since By, is selfadjoint and hence (I 4+ iB,,) is boundedly invertible
in M. Then (I +iB)B, — 0 in K and consequently {0,¢'} € T*, i.e. ' € mul T*.
Hence, mul J** C mulT* and the equalities mul J = mul J** = mul T* follow.

Finally, the last identity is shown. The inclusion T*(I 4+ iB)T C J(I 4+ iBy,)Q
follows directly from (2I2) and the definitions of @ and J. The reverse inclusion
J(I 4+ iBp,)Q C T*(I +iB)T is clear from the definitions of @ and .J. O

It follows from Lemma 2.7 that J* is a closed operator from $j into 9% and its
domain is dense in (mul J**)1 = dem 7. Moreover, by definition the domain of the
restriction @ C J* is given by dom @ = dom (T*(I 4+ iB)T); cf. (2I3]). The next
result characterizes a class of closed sectorial forms generated by linear operators
K lying between these two operators.

Proposition 2.8. Let the notation be as in Lemma [2.7 and let K be a linear
operator satisfying

QCKcCJ
Then the form induced by K :

tx[h, k] = (I +iBy)Kh,Kk), h,k € domK,
is closable. The closure of the form t is given by
(2.15) tices[h, k] = (I +iBp)K*™h, K**k), h, k € dom K**,

and the corresponding mazimal sectorial relation K*(I + iBy,)K** is an extension
of the sectorial relation T*(I 4+ iB)T.

Proof. Clearly K is closable and its closure K** satisfies
QCKcK™*cJ, JcCcJ*CK*

Hence, the form tg is also closable and its closure is determined by K** as in (2.15).
By Proposition 23] K* (I +iB,,) K** is maximal sectorial and it clearly corresponds
to the closed form tx+« in ZI5); cf. Lemma [[21 Furthermore, since J C K* and
Q C K** it follows from Lemma 2.7 that

T*(I+iB)T =J(I +iB,,)Q C K*(I +iB,,)K™,

which proves the last statement. (|
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It is clear from Proposition 2.8 that
K, C Ko <~ tKl C th

and that these forms are closed precisely when the operators K; and K5 are closed.
The next result shows that the minimal choice K1 = Q** in fact corresponds to
the Friedrichs extension and the maximal choice Ko = J* corresponds to the Krein
extension of T*(I 4+ ¢B)T. Therefore the above procedure in this sense covers the
extreme maximal sectorial extensions of T*(I 4+ iB)T.

Theorem 2.9. Let S = T*(I +iB)T, By, Q, and J be as in Lemma 2. Then
the following statements hold.
(i) The Friedrichs extension Sg of S is given by

Sp=Q"(I+iB,)Q*"
and the corresponding closed form tp is given by
tsp[h, k] = ((I +iBm)Q"h,Q""k), h, k€ domQ@Q™™.
(ii) The Krein extension Sk of S is given by
Sk =J"*(I+1iBpy)J"
and the corresponding closed form tg, is given by
tselh, k] = (I +iBm)J h, J*k), h, k € dom J".

In particular, Sk is an operator if and only if T is densely defined. Therefore,
S = T*(I +iB)T admits a mazimal sectorial operator extension, precisely when
T is densely defined; here T need not be a closable operator, and it can even be
multivalued.

Proof. (i) According to PropositionZ8 H = Q*(I+iB,,)Q** is a maximal sectorial
extension of S. In order to show that it coincides with Sp it suffices to prove that
dom H C domtg,; see e.g. [I5] Theorem 7.3]. Let h € dom H. Then {h,h'} €
Q*(I + iBy)Q** for some h' € §. In particular, h € dom Q** and {h, Q**h} can
be approximated by a sequence of elements

{n,an} € Q,
where o, € My and {(I + iBy,)an, ¢l } € J C Q* such that
(2.16) on— hin®, a, — Q" hin M;
see Lemma 2.7 and (ZI3]). Hence (o) is a Cauchy sequence in 9t and this yields
(2.17)

((pn = Pms o0 — pm) = (I +iBp) (@ — ), an — am) = 0, n,m — oo.
Since {¢n, ¢} € J(I+iBy,)Q = S by Lemmal2Z7 it follows from (ZI6) and (2.17)
by the definition of the form tg, that h € domtg,; cf. e.g. [I5, Eq. (7.2)]. Hence
dom H C domtg, and the claim H = Sr is proved.

(ii) Likewise H = J**(I+iB,,)J* is a maximal sectorial extension of S by Propo-
sition 2.8 To show that H = Sk, it suffices to prove that ran H C dom t(g-1),; see
[15] Theorem 7.5]. Let A’ € ran H. Then {h,h'} € J**(I +iB,,)J* for some h € $,
and

{(I +iBp)J*h,h'} € J**.
This element can be approximated by a sequence of elements

{(I+iBm)an, ¢, } € J,
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where «,, € My and {¢,, a,} € Q C J* for some p,, € dom T, such that
(2.18) o =1 inH, (I+iBm)an — (I+iBy)J h in M

see (Z13) and Lemma 27 Since B,, is bounded and selfadjoint in 9, the operator
I + iB,, is bounded with bounded inverse and, therefore, (ZI8)) is equivalent to

(2.19) oL —=h in$, a,=Jp, — Jhin M.

In particular, (ay) is a Cauchy sequence in 9t and again (ZI7) follows. Since
{on, ¥} € J(I +iBp)Q = S (see Lemma 27), it follows from (2I7) and (2I9)
that b’ € domt(g-1y,. Therefore, ran H C dom t(g-1y, and H = Sk is proved.
The last statement follows from the minimality of Sk, which implies in particular
that domty C domtg,: if H is any maximal sectorial operator extension of S,
then H and, therefore, also Sk is densely defined; notice that mul Sx = mul J** =
mul T%. O

The maximal sectorial extensions K*(I + iBy,)K** of the sectorial relation S
as described in Proposition with By, as in (Z2I) and Q@ C K C J* can be
characterized among all maximal sectorial extensions of S. The main ingredient in
Proposition is that the maximal sectorial extensions of S of the form T*(I 4+
iBm)T with By, as in (Z2I) and T an arbitrary closed linear operator satisfying
Q C T C J* can be identified as the class of all extremal sectorial extensions of S;
for details see [15, Theorems 8.4, 8.5].

This subsection is finished with an example illustrating some special choices for
T with descriptions of the mappings ) and J appearing in the description of the
maximal sectorial extensions Sy and Sk of the sectorial relation S = T*(I +iB)T.

Example 2.10. (a) Let T be an operator and consider the form
tlh, k] = (I +iB)Th,Tk), h,k € domT.

Then this form is T is closable (closed) if and only if T is closable (closed, respec-
tively), in which case the closures are related by

tlh,k] = ((I +iB)T**h,T""k), h,k € domT™*,
and one has the equalities Q** = J* = T** and, consequently,
S =8k = T*(I-i- ZB)T**,

which is an operator if and only if T" is densely defined.
(b) Let T be a singular operator (or singular relation); for definitions see e.g.
[16]. ThentanT = mul 7** and dom T = ker T**. In this case 9t = {0} and hence,

Q =0[dom (T*(I +i¢B)T) = 0] ker T, dom J = {0}, mulJ=mulT",
so dom @ = ker @) while J is a pure relation. Consequently,

are nonnegative selfadjoint relations with dom Sp = ker Sp = m, dom Sk =
ker S = domT. If, in addition, T is densely defined, then Sx = 0 is a selfadjoint
operator, while Sr is an operator if and only if ker T is dense in $.

(c) Let T be a densely defined (not necessarily closable) operator or relation.
Then J : M — § is densely defined and since mul J = mul J** = mul T* = {0},
the Krein extension Sk is a densely defined maximal sectorial operator:

Sk = J*(I 4 iBp)J*;
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cf. Theorem 2.9

2.3. Connection to the abstract construction. In this section the explicit con-
struction of maximal sectorial extensions for S = T*(I 4+ iB)T that was using the
factorized form of S is connected with the construction appearing in the abstract
setting where the specific form of S is taken into account.

The starting point here follows the construction presented in [I5]. With any
sectorial relation S in $) introduce the range space ran.S in £ and provide it with
a new inner product. Let {p, '}, {1,9'} € S and define

(220) (o 9')s = 3 (1, 9) + (0,8).

Note that if {¢9, ¢'}, {10, ¥’} € S the inner product remains the same. Due to the
definition of {p, '}, {1),¢'} € S one sees that
(', ¢")s =Re (¢, ).
Now sectoriality of S combined with an application of the Cauchy-Schwarz inequal-
ity (see [I5] for details) shows that the isotropic part of ran.S with respect to the
inner product (-, -)s is given by
Ro = {¢’ €ran S : (¢, p) = 0 for some ¢ with {¢, ¢’} € S},

in particular, R = ran SNmul S*. Let (g, (-, -)s) be the Hilbert space completion

of ran S/ with respect to the inner product generated on the factor space by
220). Define the symmetric form b on dom b = ran S/9R by

bl [¢')] = % (o, 0) = (¢ ), {e ¥’} {9} e s

Note that this definition is correct as seen by checking it for {wo, ¢'}, {to, ¢’} €
S. Tt follows from [I5] that b is a bounded everywhere defined symmetric form
on ran S/MRy. Therefore its closure, also denoted by b, is an everywhere defined
bounded symmetric form on $)g. Hence there exists a bounded selfadjoint operator
Bs € B($)s) such that

(2.21) bll'], (W]l = (Bsl¢'], W'])s, {e. ¢’} {v, ¢} €S

Now the prescribed form T*(I 4+ iB)T of S will be incorporated in the above
abstract construction. For this purpose recall that for each ¢’,9’ € ran S there
exists unique elements «, 5 € K with

(2.22) {p,0}eT, {(I+iB)a,¢'}eT, {¥,f}eT, {(I+iB)B,J'}eT™
see (ZI2). This leads to
(¢, 4)s = (a, B),

showing again that the definition is independent of the particular first entries in
{o,¢'},{v,¢'} € S. Furthermore, ([2.22)) implies that

(©,0)=0 < (a,a)+i(Ba,a)=0 < a=0.
Thus Ry = mulT* = mul S and on ran S/MR one has
(2.23) (@], [ Ns = (. B), ([¢];[¢'])s = (@, q).

Furthermore, it follows from (2.21)) that the bounded symmetric form b defined on
dom b = ran S/R satisfies

blle'], [W']] = (Ba, B), {w, ¢} {, 0’} € 5.
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In other words,

(2.24) (Bsle'],[¥'])s = (Ba, B), {o.¢'}{v, ¢’} €S
Now consider the linear space 9y C K defined in (213),

My={ae€R: acranT,(I +iB)a € domT"},

equipped with the original topology of K. Moreover, define the mapping 2o from
My onto ran S/Ry by

o = [¢'].
It follows from (Z23]) that ¢ is an isometry. Hence the closure ¢ is a closed isometric

operator from the Hilbert space 91, the closure of 91y, onto the Hilbert space $gs.
Moreover, ([2.24) shows that

By, := Py B[ 9M = 1*Bg1 € B(M).

This gives the connection between the space $g and the operator Bg appearing in
the abstract construction in [I5] and the compression B,, of the prescribed operator
B to the subspace 9.

Remark 2.11. The relations @ =1Q from $ to Hg and J = J* from $Hg to $H are
the abstract counterparts of @ and J occurring in [I5] when constructing maximal
sectorial extensions for a sectorial relation S.

3. Form sums of maximal sectorial relations

As indicated in Section [I] the treatment of the sum of two closed sectorial forms
gives rise to the notion of form sum extension of the sum of the representing maximal
sectorial relations Hy; and Hs. In order to the study the form sum extension more
closely one needs to study the class of all maximal sectorial extensions of the sum
H, + Ho.

Let H; and Hs be maximal sectorial relations in a Hilbert space $). Then the
sum H7 + Hs is a sectorial relation in $ with

dom (Hy + Hs2) = dom Hy N dom Ho,

so that the sum is not necessarily densely defined. In particular, H; + H> and its
closure need not be operators. In fact, one sees that

(3.1) mul (H; + Hs) = mul H; 4+ mul Hs.

To describe the class of maximal sectorial extension of Hi + H> some basic notations
are fixed in Section 3.1l The Friedrichs extension and Krein extension of Hy + Ho
and, more generally, all extremal maximal sectorial extensions of H; + H> and
their factorizations are then described in Section and finally in Section the
form sum extension of H; + Ho and its relation to the extremal maximal sectorial
extensions of H; + Hy will be investigated.

3.1. Pairs of maximal sectorial relations. According to (IZ) the maximal sec-
torial relations H; and Hs are decomposed as follows

(3.2) Hy= AX(I+iB)AZ, 1<j<2,
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where A; (the real part of H;), 1 < j < 2, are nonnegative selfadjoint relations in
$ and Bj, 1 < j < 2, are (unique) bounded selfadjoint operators in §; see (II)) in
Lemma [I.2] Furthermore, if A; and Ay are decomposed as

AjZAjSEBAjOO, 1<y <2,

where Ajoo = {0} x mulA4;, 1 < j < 2, Aj5, 1 < j < 2 are densely defined
nonnegative selfadjoint operators (defined as orthogonal complements in the graph
sense), then the uniquely determined square roots of A;, 1 <j < 2 are given by

AZ = AZ @ Aj, 1<j<2
Associated with Hy and Hs is the relation ® from $ x ) to ), defined by
1 .
(3.3) o= {{{f ok i+ 13} ISy e a7, 1< <2}
Clearly, ® is a relation whose domain and multivalued part are given by

dom® = domAlé X domAQ%, mul ® = mul H; + mul H,.

The relation ® is not necessarily densely defined in $ x §), so that in general ®* is
a relation as mul @* = (dom ®)*. Furthermore, the adjoint ®* of ® is the relation
from $ to H x 9, given by

(3.4) ot = {{h,{hg,h;}} (b, B} € A2, 1§j§2}.

The identity (34) shows that the (orthogonal) operator part (®*)s of ®* is given
by:

(3.5) (©7)s

{{nAnsma}}  (nms} e AL 1< < 2}
- {{n (A2, Aih}} . h e dom A? N domAé} .
The identities (3.4) and (B.5) show that
dom ®* = domAlé N domAQ%, ran (®*); = Fo, mul ®* = mul H; x mul Ho,
where the subspace §o C $ x $) is defined by
(3.6) o = {{Alih, Aih} . h e dom A} N domAé} .

The closure of §y in $ x £ will be denoted by §. Define the relation ¥ from $ to
Hx H by

(3.7 w={{n{ALn ALh}}: hedomH ndomHy b C 6 x (5 x ).
It follows from this definition that

dom ¥ = dom H; Ndom Hy, ran¥ = &;, mul¥ = {0},
where the space &, C ) x 9 is defined by

1 1
(3.8) ¢ ={{Afsf,A§sf} L f edomHlﬂdomHg}.

Observe that €y C Fo. The closure of &y in $ x $ will be denoted by €. Hence,
(3.9) ¢ C3.

Comparison of [BH) and (B7) shows
U C (9%)s,
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and thus the operator ¥ is closable. It follows from dom ¥* = (mul ¥**)1 and
mul U* = (dom ¥)* that

dom¥* =$, mul¥* = (dom H; N dom Hy)t.
Next define the relation K from $ x § to $ by

(3.10) K = {{U+iB)ALS(I+iB2)A5 T} fi+ 13}
{(I+iBDALS S} € AL AT +iB2)ALS. f3} € A})
C(HxH)xH.
Clearly, the domain and multivalued part of K are given by
dom K =9, mulK =mul (H; + Ha),
where
(3.11) D= { (I +iB)AY?f, (I +iBy)AY2 £} : f € dom Hy N dom Hy } .
The closure of Dq in H x $H will be denoted by 2.
Lemma 3.1. The relations K, ®, and V satisfy the following inclusions:
(3.12) KCcecCcvw, VvCo"CK"

Proof. To see this note that K C ® follows from (33) and BI0), and that ¥ C o*
follows from [B4]) and (3.7). Therefore, also ®* C K* and & C &** C U*. O

3.2. The Friedrichs and the Krein extensions of H; + Hy. Let H; and H
be maximal sectorial relations in a Hilbert space $). Since (the closure of) the
sectorial sum Hj 4+ Hj has equal defect numbers, (the closure of) the sum H; + Ho
has maximal sectorial extensions in $). Two of them, the Friedrichs extension and
the Krein extension (Hy + Hs)p and (H; + H2)k as maximal sectorial relations
have factorizations as Hy and H in [B2)). A natural problem is to express such
factorizations in terms of the initial relations H; and Ho.
Introduce the orthogonal sum of the operators By and Bs in $) X $) by

B 0
B@:ZBlEBBg=<Ol BQ).

This shorthand notation is used to shorten some of the forthcoming formulas. The
aim in the description of (Hy + Haz)r and (Hy + H2)k is to keep the presentation
as explicit as possible by incorporating the initial data on the factorizations ([B.2))
of Hy and Hy directly via the mappings ®, ¥, and K in Subsection Bl

Now proceed to the construction of the Friedrichs extension for the sum H; + Ho.

Theorem 3.2. Let Hy and Hz be maximal sectorial and let U be defined by [B.71).
The Friedrichs extension of Hy + Ha is given by

(Hi+ Hy)p =9*(I 4+ iBg)¥™"
and the corresponding form is given by

tr(f, 9] = (I +iBg)¥™" f,¥*"g), f, g € domtr =dom U™,
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Proof. First it is shown that the relation U*(I + iBg)U** extends the relation
S := Hy+ Hy. Let {h,h| +h4} € Hy + Hy for some {h,h}} € Hy and {h,h}} € H,.
Thus,
{h, {AV?h, AYPh) € U C U,
and also
{({(I +iB1)AY?h, (I + iBy) AY*h} b, + hbh} € K C W*,
as can be verified directly
(T +iBO)ALh, (T +iB2) A1), 1y + 1o} {e, {A1 %0, A3 % 0}}) = 0,

for all ¢ € dom S = dom H; Ndom Hy. Therefore S C U*(I + iBg)U**.

Now let {f, g} € U*(I+iBg)¥**, so that {f,h} € ¥** and {(I +iBg)h,g} € T*
for some h € $x §. Since ¥** is the closure of ¥ there exists a sequence of elements
fn € dom V¥ = dom S such that

(3.13) fn—f VUfn,—>h, asn— .
It follows from {f,h} € ¥** and {(I +iBg)h,g} € U* that
(9, f) = (h, h) +i(Bgh, h),

which implies that
(3.14) Re (g, f) = (h, h).
Similarly it follows from {f, h} € U** and

U +iB)AL fo (T +iB2) A2 fu}, (s + Has) fn} € 0°
that
(8:15) ((Hus + Hoo)fus £) = (AL Fus Ay Fudo 1)+ i({BLAY s Ba A3 fu} ).

Likewise, it follows from {f, {Al/2fm 1/2fn}} €V C " and {(I +iBg)h,g} €
U* that

(3.16) (9, fu) = (ho AM L fas 4302 }) + i(Bah, {AL fa, 302 fu ).
A combination of (BI5) and [B.I6]) leads to
Re ((His + Hoo) fus £) + (9, f2)) = Re((h, {A)2 fu, AV 0 })
(3.17) +({AY2 fu, A2 F} ).
This leads to the following identity
Ih=Tfal® = 0% — (A {4 o A2 )

(A2, A2 Fa}o 1) + AL f, ASL Fu P
= |[hl* = Re (h, {A}2 £, AY2 £ })
~Re ({A)2° fu, ASL2 Fu ko B) + [{AYE Fs ASL2 £} )12
— Re(g— (His+ Hoo) i, f — fa),
where [B.14), and (B.17) have been used, respectively. Therefore (3.13]) implies that
(3.18) fu—f, Re(g— (His+ Hog)fu, f = fn) = 0.

Since f,, € dom S, it follows from (BI8) and the definition of Sr that {f, g} € Sp.
Hence, U*(I +iB)¥** C Sp, and since *(I +iB)¥** and Sp are both maximal
sectorial, the identity U*(I + iB)¥** = Sp follows. The statement concerning the
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associated closed form tp follows from the first representation theorem and the
definition of Sg; cf. [15, Theorem 5.1]. O

Next the construction of the Krein extension for the sum H; + Hs is given.

Theorem 3.3. Let Hy and Hy be maximal sectorial and let K be defined by (B.10).
The Krein extension of Hy + Hs is given by

(Hi+ Hy)g = K™ (I +iBg)K".

If, in addition, € = clos €y and © = clos D (see B.8), BI1)) satisfy the equality
¢ =29 then the corresponding closed sectorial form is given by

t[f, 9] = (I 4+ iBg)(K*)sf, (K*)sg9), f, g€ domtg =dom K™,

Proof. Assume that {f, fi+f5} € S = Hi+Hy, with {f, fi} € Hy and {f, f}} € Hs.
This implies that

{U +iB)APf, (I +iB) A [} fi+ fi} € K € K.
Moreover,
{FAALP AP F Y € K7,
as can be verified directly
(LA F ALY AU +iB)A 0, (1 +iBa) A o) fL + f3)) =

for all ¢ € dom S = dom Hy Ndom Hy. Therefore S € K**(I +iBg)K*.

Now assume that {f,g} € K**(I 4+ iBg)K*. This means that {f,h} € K* and
{(I +iBg)h,g} € K** for some h € $ x $. Since K** is the closure of K there
exists a sequence of elements {¢,, ¢, } € K with

{@nawfn}_){(l_FZB@)hvg}EK**a as n — o0.
Clearly,
on = {(I+iB)A fo (1 +iB) ALY @ = Fia+ Fi
for some {fn, fi1} € H1 and {fn, f}2} € Ha. Therefore,
(3.19) (AP f, A FY = by foi+ fho =g, as n— oo
It follows from {f,h} € K* and {(I 4+ iBg)h,g} € K** that
(gu f) = (h7 h) + Z(BEBha h)u
which implies that
(3.20) Re (g, f) = (h,h).
On the other hand, {f,h} € K* and {p,, ¢}, } € K** leads to
(321) (i + Fror /) = (AL Fo AL} ) 8B (AL f, AL Fu) ).

Similarly it follows from {f,, {41/ f, A2 f,}} € K* and {(I + iBg)h, g} € K**
that

(3.22) (9, fn) = (B {AV Fuy A2 £3) + i(Bash, {AYL fu, A3 ).
Now a combination of B2 and ([B:22]) shows that
Re ((fir + foos £) + (9, F2)) = Re((hy {AT2 fus A3 fu})

(3.23) +({AL fs AR ), ).
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This leads to the following identity
Ih = {0 Fu AP L = IR = (A s A2 1))
—({ AT Fus A2 Fud ) A 1AV s A 3P
= hl* = Re (b { A2 fu, A3/ fu})
“Re ({1 fus AL fu} 1) + HAL f, A3 £}
= Re(g9— (fo1+ fa2)s [ = fa),
where (3.20), and (3:23) have been used, respectively. Therefore ([B.I9) implies that

(3.24) for+ fo2 =9, Rel(g—(fr1+ fr2) f = fu) = 0.
Since {fn, fl1 + fla} € S, the relation 324) implies that {f,g} € Sk. Hence,
K**(I +iBg)K* C Sk, and since K**(I + iBg)K* and Sk are both maximal
sectorial (see Proposition [23]), the identity K**(I +iB)K* = Sk follows.

As to the statement concerning the form tx observe that

(3.25) Dy = dom K = (I +iBg)Cp;

see (B8)), BII). Therefore, the assumption € = © implies that © = dom K is
invariant under the selfadjoint operator Bg. Then also mul K* = ©+ is invariant
under Bg and hence it follows from [I5] Theorem 5.1] that K**(I + iBg)K* =
((K*)s)*(I +iBg)(K*)s and that the corresponding closed form tg is determined
by the operator part (K*)s of K*. O

The product K**(I +iBg)K™* is a maximal sectorial relation whose multivalued
part is given by mul K**. Therefore, it follows from Theorem [B.3] that

mul (H; + Ha) g = mul K**.

Recall from [3, Theorem 1] (cf. [I5, Theorem 7.6]) that the Krein extension Sk
has the largest form domain among all maximal sectorial extensions of a sectorial
relation S. In particular, this implies that the relation S is “sectorially closable”,
i.e., S has a maximal sectorial operator extension if and only if the Krein extension
Sk is an operator, which in the present case holds for S = H; + H> if and only if
the relation K is a closable operator or, equivalently, K* is densely defined.

Likewise, the product U*(I+iBg)¥** is a maximal sectorial relation whose mul-
tivalued part is given by mul ¥* = (dom ¥)~, so that it follows from Theorem
that

mul (Hy + Ha)p = (dom H1 N dOHng)L.

Hence, when H; + H> is densely defined, then H; + Hs is automatically an operator
and all maximal sectorial extensions are operators. The orthogonal operator part
of U*(I + iBg)P** is the maximal sectorial operator corresponding to the closed
form

(I +iBg)¥**h,¥**k), h, k€ domP**.

The description of the closed sectorial form tx associated with the Krein exten-
sion (Hy + H2)k in Theorem B3 is stated under the additional condition & = D.
When this condition fails to hold the description of the form tx becomes more
involved and will be treated elsewhere; see [I7]. The form tx can be used to
give a complete description of all extremal maximal sectorial extensions of the sum
H, + H,. Namely, a maximal sectorial extension H of a sectorial relation S is ex-
tremal precisely when the corresponding closed sectorial form tz is a restriction of
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the closed sectorial form tx generated by the Krein extension Sk of S; see e.g. [15]
Definition 7.7, Theorems 8.4, 8.5]. Therefore, Theorem B.3] implies the following
description of all extremal maximal sectorial extensions of Hy + Hs.

Proposition 3.4. Let Hy and Hs be maximal sectorial relations in a Hilbert space
$H and assume that € = clos &y and D = clos®g (see BR), BII)) satisfy the
equality € =®. Then the following statements are equivalent:

(1) H is an extremal mazimal sectorial extension of Hy + Hy;
(i) H=Tg(I+1iBg)Ts*, where Tg is the restriction of the operator part (K*),
to a linear subspace £ satisfying

dom (H; + Hs) C £ C dom K™.

3.3. The form sum construction. The maximal sectorial relations H; and Hoy
generate the following closed sectorial form

(3.26) ((I+iB1)AZh, A%k)+ (I +iB2)AZh, ALK), h k€ dom A? Ndom Aj.
Observe that the restriction of this form to dom ¥** is equal to

(U h, k) = (I +iBy) ALk, AZK) + (I +iBa)AZh, ALK),  h,k € dom U™,
since ¥** C (®*),, cf. (B0). Thus, the form in (B:26) has a natural domain which

is in general larger than dom U**.

Theorem 3.5. Let Hy and Hy be mazimal sectorial and let ® be defined by [B.3).
The mazimal sectorial relation
(I 4+ iBg)®"

is an extension of the relation H1 + Ha, which corresponds to the closed sectorial
form in (B20]).

Assume, in addition, that € = clos €y and D = clos D (see B.8), BII)) satisfy
the equality € = D and let § = closFo be defined by B6). Then the following
statements are equivalent:

(i) ®**(I +iBg)®* is extremal;
(i) ¢ = 3.
Proof. By |15, Theorem 5.1] the form sum (B.26]) can be written as

(I +iBa)(®")s h, (®*)y k), h,k € dom (®*); = dom A7 N dom A2,

so that ®**(I 4+ iBg)®* is the maximal sectorial relation in §) which corresponds
to (B26) via the first representation theorem, since mul ®* = mul H; x mul Hy is
clearly invariant under Bg, when B; and By are the unique operators as described
in Lemma

To show that ®**(I + iBg)®* extends Hq + Ha, let {h,h}] + hi} € (H1 + Ha)
for some {h,h}} € Hy and {h,hs} € Ha, so that h € dom H; N dom H,. Clearly,

{h, {Aih, Aih}} € ®*. Moreover,

({(I +iB1)AZh, (I +iBs)AZLR}, I, + b} € ©**,

as can be verified directly:

(Ry + ha, ) — ({(I +iB1) ALk, (I +iB2) A3 b}, {Af o, A3 0}) =0
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for all ¢ € dom Hy; N dom Hy. Therefore {h,h} + hy} € ®**(I + iBg)®*. Hence
Hy, + Hy C ®**(I +iBg)®*. This proves the first statement.

Now the equivalence in the second statement will be proved.

(i) = (ii) Since € C § by (39) it is enough to prove the inclusion § C €. Assume
that the form sum extension of H; + H> is extremal. Then by Proposition [3.4] there
exists a subspace £ such that
(3.27) (")) (I +iBg)(®")s = (I + iBg)®* =Ta(I + iBg)Ta"

Let Pg be the orthogonal projection of £ x $ onto €. By I12) (®*), C &* C K*
and therefore Pe(®*), C PeK* = (K*),, since by assumption € = D = dom K.
Moreover, dom Pe(®*)s = dom (®*), = domTg* and since Pg(®*), and T¢* are
restrictions of the operator (K*); it follows that

Pe(®%)s =T ((2%)s)"Pe = Tg.

The assumption € = ® also implies that € = dom K is invariant under Bg; see
BZ5). Now one obtains from [B27) the equalities

((2%)s)"(I +iBg)(®")s = Tg(I +iBg)Tg"
= ((®7)s)"Pe(I +iBg)T¢"
((27)s)"(I +iBg)PeTg"
= ((®7)s)"(I +iBg)T¢"
Hence for every f € dom ((®*);)*(I + iBg)(®*);s one has
(I +iBg)((®*)sf = Te"f) € ker ((27)s)".

Since (®*)s f—T&*f € § =T1an (®*)s = (ker ((®*),;)*)*, see (BH), (B.6), this implies
that

(I +1Be)(®*)sf =T f), (®7)sf =T f) =0

and thus (®*)sf — T¢*f = 0. Therefore (®*)s(dom ((®*)s)*(I + iBg)(®*)s) C
ranTg* C €. Since dom ((®*)s)*(I + iBg)(®*)s is a core for the corresponding
closed form, or equivalently, the closure of (®*),] dom ((D%)s)*(I 4+ iBg)(®P*); is
equal to (fl)*)s, the claim follows: § = ran (®*), C

(ii) = (i) Assume that € = §. Then §y = ran (<I> ) C € and the equalities € =
D = dom K combined with (&), C ®* C K* imply that (&), C Pek* = (K*),.
Therefore (®*)s = T¢ with the choice

€ = dom (@*), = dom A7 N dom AZ.
Hence,
O™ (I +iBg)®" = ((®%)s)"(I +iBg)(®")s = Tg(I +iBs)Tg"
which shows that ®**(I + iBg)®* is extremal, cf. Proposition 3.4 O

The maximal sectorial relation ®**(I 4+ iBg)®* naturally extends the factorized
sectorial relation ®(I 4+ iBg)®* = H; + Hs and, as indicated in Section [ it is
called the form sum extension of the sectorial relation Hy + Hs (induced by the
form (32Z0)). Its multivalued part is given by mul ®**(I + iBg)®* = mul &** =
(dom ®*)*, so that

mul ®**(I + iBg )" (domA2 ﬁdomA )*
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In particular, the form sum extension of H; + H> or, equivalently, the closure of ®, is

1 1
an operator precisely when dom A7 Ndom A3 is dense in $). The orthogonal operator
part of ®**(I 4+ iBg)®* is the maximal sectorial operator which corresponds to the

form sum (B.20]) restricted to the closure of dom H 1% N dom Hé As a comparison
with (Hy+ Hs) i recall that ®* C K* by LemmalBTland that H; + Hs is “sectorially
closable” if and only if (H; + H2)x is an operator, or, equivalently, K* is densely
defined (see Section[3.2)). In particular, if the form sum is densely defined then also
(H1 + H2) i is a densely defined operator.
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