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Correspondence Abstract
Seppo Hassi, Department of Mathematics
and Statistics, University of Vaasa,

P.0.Box 700, 65101 Vaasa, Finland. a Hilbert space H and two abstract trace operators I'y and I'; from A* to H is called

With a closed symmetric operator A in a Hilbert space $ a triple IT = {H, Iy, Ty } of

Email: seppo.hassi @uwasa.fi a generalized boundary triple for A* if an abstract analogue of the second Green’s
Fundinginformation formula holds. Various classes of generalized boundary triples are introduced and
Volkswagen Foundation; Vilho, Yrjo and Kalle | ~corresponding Weyl functions M (:) are investigated. The most important ones for
W‘_i“ﬂﬁ Foundation of the Finnish Academy of | applications are specific classes of boundary triples for which Green’s second identity
Scienceandletiers admits a certain maximality property which guarantees that the corresponding Weyl
functions are Nevanlinna functions on 7, i.e. M (-) € R(H), or at least they belong to
the class 7~€(H) of Nevanlinna families on . The boundary condition I' f = 0 deter-
mines a reference operator A (= ker FO). The case where A is selfadjoint implies
a relatively simple analysis, as the joint domain of the trace mappings I'y and I';
admits a von Neumann type decomposition via A, and the defect subspaces of A.
The case where A is only essentially selfadjoint is more involved, but appears to
be of great importance, for instance, in applications to boundary value problems e.g.
in PDE setting or when modeling differential operators with point interactions. Var-
ious classes of generalized boundary triples will be characterized in purely analytic
terms via the Weyl function M (-) and close interconnections between different classes
of boundary triples and the corresponding transformed/renormalized Weyl functions
are investigated. These characterizations involve solving direct and inverse problems
for specific classes of operator functions M (). Most involved ones concern operator

functions M (-) € R(H) for which

Ty (f>8) = Qilm AT (M) f,g) = (f, M(Dg)l, f.g € dom M(A),
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defines a closable nonnegative form on H. It turns out that closability of 7, (f, &)
does not depend on 4 € C, and, moreover, that the closure then is a form domain
invariant holomorphic function on C_ while 7, (f, g) itself need not be domain
invariant. In this study we also derive several additional new results, for instance,
Krein-type resolvent formulas are extended to the most general setting of unitary and

isometric boundary triples appearing in the present work.

In part IT of the present work all the main results are shown to have applications in the
study of ordinary and partial differential operators.
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operator, trace operator, Weyl family, Weyl function
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1 | KEY CONCEPTS AND AN OUTLINE OF THE MAIN RESULTS

1.1 | Ordinary boundary triples and Weyl functions

Let $ be a (complex) Hilbert space, let A be a not necessarily densely defined closed symmetric operator in §. The adjoint A*
of the operator A is a linear relation, i.e., a subspace of vectors g = ( ;,) € $? such that

(Af.g)—(f,g')=0 forall f &domA,

see [4, 16]. In what follows the operator A will be identified with its graph, so that the set C(H) of closed linear operators will be
considered as a subset of C/ (H) of closed linear relations in H. Then A is symmetric precisely when A C A*. The defect subspaces
9, and the deficiency indices of A are defined by the equalities :; :=ker (A*— 1), €C, :={A€C: xImi >0}, and
n (A) :=dimMN ;.

The classical J. von Neumann approach to the extension theory of symmetric operators in Hilbert spaces [61] is based on
two fundamental formulas which allow to get a description of all selfadjoint extensions of a symmetric operator by means of
isometric operators from ; onto MN_; (see in this connection the monographs [1, 3, 22]). Another approach to the extension
theory that substantially relied on a concept of abstract Green formula was originated by J.W. Calkin [21]. It turned out to be
more convenient in the study of boundary value problems for ordinary and especially for partial differential equations (ODE and
PDE) (see [19, 20, 32, 33, 36-38, 46, 63, 67]). Some further discussion on Calkin’s paper is given below.

Definition 1.1. A collection IT = {H, Iy, T } consisting of a Hilbert space H and two linear mappings I'j and I'; from A* to
H, is said to be an ordinary boundary triple for A* if:

1.1.1 The following abstract Green’s identity holds

(f".9) = (f.¢) = (N1 /.To2),, — (T, f.T18),, forall f= <f> g= <g> € A% (L.1)

1.1.2 The mapping I := <£0> : A* — H? is surjective.
1

Note that in the ODE setting formula (1.1) turns into the classical Lagrange identity being a key tool in study of boundary value

problems. The advantage of this approach becomes obvious in applications to boundary value problems for elliptic equations

where the formula (1.1) becomes a second Green’s identity. However, in this case the assumptions of Definition 1.1 are violated

and this circumstance was overcome in the classical papers by M. Visik [67] and G. Grubb [38] (see also [39]). Namely, relying
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on the Lions—Magenes trace theory ([39, 56]) they regularized the classical Dirichlet and Neumann trace mappings to get a
proper version of Definition 1.1.

The operator I" in Definition 1.1 is called the reduction operator (in the terminology of [21]). Definition 1.1 immediately
yields a parametrization of the set of all selfadjoint extensions Aof A by means of abstract boundary conditions via

A=A4g:={feA : Tfe0},

where Ag ranges over the set of all selfadjoint extensions of A when ® ranges over the set of all selfadjoint relations in H
(subspaces in H X H, see [4]). This correspondence is bijective and in this case © := F(A). The following two selfadjoint
extensions of A are of particular interest:

here ®,, = {0} X H and ©,; = O. These extensions are disjoint, i.e. Ay N A; = A, and transversal, i.e. they are disjoint and
Ag+A, = A*. Here the symbol + means the componentwise sum of two linear relations, see (2.1).
In what follows A, is considered as a reference extension of A. Let p(A) be the resolvent set of A, and let

N, :={f}=<;}2> : f,lemi}, A € p(Ay).

The main analytical tool in the description of spectral properties of selfadjoint extensions of A is the abstract Weyl function,
introduced and investigated in [30-32].

Definition 1.2 ([30-32]). The abstract Weyl function and the y-field of A, corresponding to an ordinary boundary triple
Il = {HM,T,T} are defined by

Moy =T f5 v fy = f1o FreN,. aep(A).

Notice that when the symmetric operator A is densely defined its adjoint is a single-valued operator and Definitions 1.1
and 1.2 can be used in a simpler form by treating I'j and I"; as operators from dom A* to H, see [32, 37, 46]. In what follows
this convention will be tacitly used in most of our examples.

Example 1.3. Let A be a minimal symmetric operator in L? ([R +) associated with the Sturm—Liouville differential expression

) d? — 1
L:= ) +q(x), g=q€ L, ([0, 00)).
Assume the limit-point case at infinity, i.e. assume that n,(A) = 1. Let ¢(-, 4) and s(-, 1) be cosine and sine type solutions of the
equation L f = Af subject to the initial conditions

c0,1)=1, 0,1 =0; s(0,4)=0, s'(0,4)=1.
The defect subspace 9 is spanned by the Weyl solution y (-, A) of the equation L f = Af which is given by
w(x,A) = c(x, ) + m(D)s(x, 2) € L*(R,).

The function m(-) is called the Titchmarsh—Weyl coefficient of L. In this case a boundary triple IT = {C, Iy, T } can be defined
asTy f = f(0),T,f = f'(0). The corresponding Weyl function M (1) coincides with the classical Titchmarsh-Weyl coefficient,
M) = m(4).

In this connection let us mention that the role of the Weyl function M (4) in the extension theory of symmetric operators
is similar to that of the classical Titchmarsh—Weyl coefficient m(4) in the spectral theory of Sturm-Liouville operators. For
instance, it is known (see [32, 52]) that if A is simple, i.e. A does not admit orthogonal decompositions with a selfadjoint
summand, then the Weyl function M (1) determines the boundary triple I, in particular, the pair {A, AO}, uniquely up to
unitary equivalence. Besides, when A is simple, the spectrum of Ag coincides with the singularities of the operator function
(® = M(2))7!; see [32].
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As was shown in [32, 33] and [58] the Weyl function M (-) and the y-field y(-) both are well defined and holomorphic on the
resolvent set p(AO) of the operator A(. Moreover, the y-field y(-) and the Weyl function M (-) satisfy the identities

y) = [1+G=m(Ag= 1) [y, 4uen(ag), (12)

M) =M == Drw’rA), A€ p(A). (1.3)

This means that M (-) is a Q-function of the operator A in the sense of Krein and Langer [51].
Denote by B(H) the set of bounded linear operators in H and by R[H] the class of Nevanlinna functions, i.e., operator valued
functions F(4) with values in B(H), which are holomorphic on C \ R and satisfy the conditions

F()=F(2)" and ImF(A)>0 forall i€eC,, (1.4)

see [44]. It follows from (1.2) and (1.3) that M belongs to the Nevanlinna class R[H]. Furthermore, since y(A1) isomorphically
maps H onto N, the relation (1.3) ensures that the imaginary part Im M (z) of M (z) is positively definite, i.e. M (-) belongs to
the subclass R*[H] of uniformly strict Nevanlinna functions:

RY[H] :={F(-) € R[H] : 0€ p(m F(i))}.

The converse is also true.

Theorem 1.4 ([33, 52]). The set of Weyl functions corresponding to ordinary boundary triples coincides with the class R"[H]
of uniformly strict Nevanlinna functions.

1.2 | B-generalized and A B-generalized boundary triples

In BVP’s for Sturm-Liouville operators with an operator potential, for partial differential operators [26], and in point interaction
theory it seems natural to consider more general boundary triples by weakening the surjectivity assumption 1.1.2 in Defini-
tion 1.1. The following notion was introduced in [33] with the name generalized boundary-value space, see also [25], where the
term generalized boundary triplet was used.

Definition 1.5. ([25, 33]) Let A be a closed symmetric operator in a Hilbert space $ with equal deficiency indices and let A,
be a linear relation in $ such that A C A, C A, = A*. Then the collection IT = {H, Iy, Iy }, where H is a Hilbert space and
I' = {I, T, } is a single-valued linear mapping from A, into 72, is said to be a B-generalized boundary triple for A*, if:

1.5.1 the abstract Green’s identity (1.1) holds for all f: <]{' > &= < g/ > €A
8

1.5.2 A, :=ker I, is a selfadjoint relation in §;
1.53 ranTy = H.

The Weyl function M (A) and the y-field corresponding to a B-generalized boundary triple are defined by
MWof, =Ty yOTof = fin 1 €R(A) =R, A, 4 € p(A). (1)

For every A4 € p(A) the Weyl function M (1) takes values in B(H) and this justifies the present usage of the term B-generalized
boundary triple, where “B” stands for a Weyl function whose values are “bounded” operators.

Example 1.6. Let Q be a bounded domain in R” with smooth boundary dQ. Consider the Laplace operator —A in L*(Q). Let y,
and y, be the Dirichlet and Neumann trace mappings. Moreover, let A, be the pre-maximal operator defined as the restriction
of the maximal Laplace operator A, to the domain

domA, = H?

JUQ) = Q@ ndom A, = {f € H/*(Q) : Af € L*(Q)}.

It is well known (see e.g. [39, 56]) that the mappings yp, : Hz/z(Q) — H'(0Q) and 7y, : H?

V(Q) - HY(0Q) = L*(0Q) are
well defined and surjective.
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Using the key mapping properties of Y, and y 5, one can extend the classical Green’s formula to the domain dom A, . Notice that
the condition y f =0, f € dom A,, determines the Neumann realization A »; of the Laplace operator. Since A y is selfadjoint
and yy(dom A,) = H(0Q), the triple IT = { L?(0Q),T,,T', } with

[p=yyldomA, and T, =ypldomA,

is a B-generalized boundary triple for A* with domI" = dom A,,. Besides, the corresponding Weyl function M (-) coincides with
the inverse of the classical Dirichlet-to-Neumann map A(-), i.e. M (:) = A( )L see Part II of the present work for further details.

As was shown in [27] for every B-generalized boundary triple there exists an ordinary boundary triple {H,F or (1)} and
operators G, E = E* € L(H) such that ker G = {0} and

L _(G6' o0\(I)
0)-(5 ()

Weyl functions M and M, corresponding to the boundary triples {H, Iy, I } and {H, ro, F?}, are connected by
M) =G*MyADG+E, A€ p(A). (1.7)

It should be noted that the Weyl function M (-) of a B-generalized boundary triple satisfies the properties (1.2)—(1.4). However,
instead of the property 0 € p(Im M (i)) one has a weaker condition 0 & ap(Im M (i)). This motivates the following definition.
Denote by R*[H] the class of strict Nevanlinna functions

RP[H] :={F() € R[H] : 0 ¢& o,(ImF(i))}.

In fact, it was also shown in [33, Chapter 5] that every M (-) € R5[H] can be realized as the Weyl function of a certain
B-generalized boundary triple and hence the following statement holds.

Theorem 1.7 ([33]). The set of Weyl functions corresponding to B-generalized boundary triples coincides with the class R°[H]
of strict Nevanlinna functions.

This realization result as well as the technique of B-generalized boundary triples have recently been applied also e.g. to
problems in scattering theory, see [13], in the analysis of discrete and continuous time system theory, and in the boundary
control theory; for some recent achievements, see e.g. [5, 6, 8, 9, 40, 53, 54, 59, 66].

In the present paper we introduce the new class of A B-generalized boundary triples which is obtained by a weakening of the
surjectivity condition 1.5.3 in Definition 1.5.

Definition 1.8. A collection { H, T, Fl} is said to be an almost B-generalized boundary triple, or briefly, an A B-generalized
boundary triple for A*, if A, := domT is dense in A*, the conditions 1.5.1, 1.5.2 are satisfied and

1.8.1 ranI; is dense in H.

The Weyl function corresponding to an A B-generalized boundary triple is again defined by (1.5). One of the main results of
the paper is Theorem 4.4 which states that every A B-generalized boundary triple can be regularized to produce a B-generalized
boundary triple in the spirit of (1.6). Another result — Theorem 4.6 gives a characterization of the set of the Weyl functions M
of AB-generalized boundary triples in the form

M(4) = E+ My(4), where M, e R[H]

and E is a densely defined symmetric operator in H, such that ker Im M,(1) N dom E = {0}.

The class of AB-generalized boundary triples contains the class of so-called quasi boundary triples, which has been studied
in J. Behrndt and M. Langer [11]. In the definition of a quasi boundary triple Assumption 1.5.3 is replaced by the assumption
that

ran” isdensein H X H.

A connection between quasi boundary triples and A B-generalized boundary triples is given in Corollary 4.9. A joint feature in
A B-generalized boundary triples and quasi boundary triples is that without additional assumptions on the mapping I" = {FO, I }
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these boundary triples are not unitary in the sense of Definition 1.9 presented below. Consequently, their Weyl functions need
not be Nevanlinna functions, i.e., the values M (4) need not be maximal dissipative (accumulative) in C_ (C_); see definitions
in Section 2.1. Special type of isometric boundary triples that will appear in Part II of the present paper are so-called essentially
unitary boundary triples/pairs. As shown therein (cf. [29, Section 7]) quasi boundary triples studied in [11, 12] for elliptic
operators are either special type of unitary boundary triples or they are essentially unitary boundary triples, depending on
the choice of the underlying regularity index of the space used as the domain A, for the boundary triple. For a very recent
contribution and some further development on essentially unitary boundary pairs see also [43].

Different applications of quasi boundary triples in boundary value problems including applications to elliptic theory and trace
formulas can be found e.g. in [11, 14, 15, 40, 62].

1.3 | Unitary boundary triples

A general class of boundary triples, to be called here unitary boundary triples, was introduced in [25]. This concept was motivated
by the realization problem for the most general class of Nevanlinna functions: realize each Nevanlinna function as the Weyl
function of an appropriate type generalized boundary triple.

To this end denote by R(H) the class of all operator valued holomorphic Nevanlinna functions on C__ (in the resolvent sense)
with values in the set of maximal dissipative (not necessarily bounded) linear operators in H. Each M (-) € R(H) is extended
to C_ by symmetry with respect to the real line M (1) = M (Z)*; see [25, 51]. Analogous to the subclass R*[H] of Nevanlinna
functions R[H], the class R(H) contains a subclass R*(H) of strict Nevanlinna functions which satisfy the condition

RH) :={F(-)€RMH) : (ImF(i)h,h)=0= h =0, hedomF(@i)}. (1.8)

In order to present the definition of a unitary boundary triple, introduce the fundamental symmetries

0 —il 0 —il
. ) - H 9

and the associated Krein spaces (97, Jg ) and (H?, J;;) (see [7, 17]) obtained by endowing the Hilbert spaces $* and H* with
the following indefinite inner products

[/ &lg = (Js ], 8) - [h.k),p = (1K), €9’ hker’ (1.10)
This allows to rewrite Green’s identity (1.1) in the form
/&l = [TF.T8], 0, (1.11)

which means that the mapping I is in fact a (J % JH)-isometric mapping from the Krein space (52, J 5) to the Krein space
(H?, J3;). 1f T denotes the Krein space adjoint of the operator I (see Definition (2.4)), then (1.11) can be simply rewritten as

I'~! ¢ Il The surjectivity of T" implies that I ~! = I'*], Following Yu. L. Shmuljan [64] a linear operator I : (52, J 5) -
(Hz, Jsj) will be called (Jb’ JH)-unitary, if T—1 =1,
Definition 1.9 ([25]). A collection {#,T',,I"; } is called a unitary (resp. isometric) boundary triple for A*, if H is a Hilbert

o\ . ..

space and I" = <F0> is a linear operator from $? to H? such that:
1

1.9.1 A, :=domT is dense in A* with respect to the topology on $7;

1.9.2 The operator I"is (Jg, Jy)-unitary (resp. (J g, J3 )-isometric).

The Weyl function M (4) and the y-field corresponding to a unitary boundary triple IT are defined again by the same for-
mula (1.5). The transposed boundary triple 1" := {H, Iy, —FO} associated with a unitary boundary triple IT is also a unitary
boundary triple, the corresponding Weyl function takes the form M (1) = —M (1)~

The main realization theorem in [25] gives a solution to the inverse problem mentioned above.

Theorem 1.10 ([25]). The class of Weyl functions corresponding to unitary boundary triples coincides with the class R*(H)
of (in general unbounded) strict Nevanlinna functions.
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In fact, in [25, Theorem 3.9] a stronger result is stated showing that the class R*(H) can be replaced by the class R(H) or
even by the class 7~€(H) of Nevanlinna pairs when one allows multi-valued linear mappings I" in Definition 1.9; see Theorem 3.3
in Section 3.2. Theorem 1.10 plays a key role in the construction of generalized resolvents in the framework of coupling method
that was originally introduced in [24] and developed in its full generality in [26]. It is worth to mention that in [6] it is shown that
a counterpart of the main transform of a unitary boundary triple (with some extra properties) naturally appears in impedance
conservative continuous time input/state/output systems, and, moreover, that the transfer function of such systems is directly
connected with the Weyl function of the unitary boundary triplet. A systematic study of so-called conservative state/signal
systems has been initiated in [5] and, as shown in [6], conservative state/signal systems have a close connection to general
unitary boundary triples in Theorem 1.10; see also Remark 5.7.

Ordinary and B-generalized boundary triples give examples of unitary boundary triples; see [25], and as noted above the
conditions defining A B-generalized or quasi boundary triples do not guarantee their unitarity; for a criterion see Corollary 4.7.
Some necessary and sufficient conditions which characterize unitary boundary triples and which differ from the purely analytic
criterion in Theorem 1.10 can be found in [25, Proposition 3.6], [27, Theorem 7.51], some general criteria of geometric nature
have been established in [68, 69], and a further characterization, useful e.g. in applications to elliptic equations, can be found in
Part II of the present paper.

In connection with Definition 1.9 we wish to make some comments on a seminal paper [21] by J. W. Calkin, where a concept
of the reduction operator is introduced and investigated. Although no proper geometric machinery appears in the definition
of Calkin’s reduction operator this notion in the case of a densely defined operator A essentially coincides with concept of a
unitary operator between Krein spaces as in Definition 1.9. An overview on the early work of Calkin and some connections to
later developments can be found in the papers in the monograph [40]; for a further discussion see also Section 3.5.

In Theorem 5.8 we extend Krein’s resolvent formula to the general setting of unitary boundary triples. Namely, for any proper
extension Ag € Ext g satisfying Ag C domI the following Krein-type formula holds:

*

(Ao —4)" = (49— 2) " =y(©-MW) 'y(A)', AeC\R.

It is emphasized that in this formula Ag is not necessarily closed and it is not assumed thatl € p(A@), in particular, here the

inverses (A@ - /1)_1 and (® -M (/1))_1 are understood in the sense of relations.

1.4 | S-generalized boundary triples

Following [25] we consider a special class of unitary boundary triples singled out by the condition that A, :=kerI) is a
selfadjoint extension of A.

Definition 1.11 ([25]). A unitary boundary triple IT = {H, Iy, 1“1} is said to be an S-generalized boundary triple for A* if the
assumption 1.5.2 holds, i.e. A; := ker I'j is a selfadjoint extension of A.

Next following [27, Theorem 7.39] and [25, Theorem 4.13] we present a complete characterization of the Weyl functions
M (+) corresponding to S-generalized boundary triples.

Theorem 1.12. ([25, 27]) Let I1 = {H, Iy, T } be a unitary boundary triple for A* and let M (-) and y(-) be the corresponding
Weyl function and y-field, respectively. Then the following statements are equivalent:

(i) Ay =kerI'y is selfadjoint, i.e. I1 is an S-generalized boundary triple;

(ii) A, = A ¥ ﬂAZ,l(A*) and A, = A ¥ E/)\ly(A*)for some (equivalently for all) A € C_and y € C_;

(iii) ranI’y = dom M (4) = dom M (u) for some (equivalently for all) A € C, and y € C_;

(iv) y(A) and y(u) are bounded and densely defined in H for some (equivalently for all) A € C_and y € C_;
(v) dom M(4) = dom M (1) and Im M (A) is bounded for some (equivalently for all) 1 € C,;

(vi) the Weyl function M (-) belongs to R*(H) and it admits a representation

M(A) = E+ My(A), My()eR[H], A€C\R, (1.12)
where E = E* is a selfadjoint (in general unbounded) operator in H.

In Theorem 5.17 this result is extended to the case of S-generalized boundary pairs {H,I'}, where ' : A, > H X H is
allowed to be multi-valued (see Definitions 3.1 and 5.11).
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Notice that, for instance, the implications (i) = (ii), (iii) are immediate from the following decomposition of A, := domTI":
A, = Ay T N,(A), A€ p(A). (1.13)

In accordance with (1.12) the Weyl function corresponding to an .S-generalized boundary triple is an operator valued Nevanlinna
function with domain invariance property: dom M (1) = dom E =ranly, A € C,.. It takes values in the set C(H) of closed (in
general unbounded) operators while the values of the imaginary parts Im M (4) are bounded operators.

As an example we mention that the transposed triple [TT = {Lz(dﬂ), ry, —FO} from the PDE Example 1.6 is an .S-generalized
boundary triple. The corresponding Weyl function coincides (up to sign change) with the Dirichlet-to-Neumann map A(-), i.e.
M ()T = —A(-); further details are given in Part II of the present work.

1.5 | ES-generalized boundary triples and form domain invariance

Next we discuss one of the main new objects appearing in the present work.

Definition 1.13. A unitary boundary triple {H,Ij,I';} for A* is said to be an essentially selfadjoint generalized boundary
triple, in short, ES-generalized boundary triple for A*, if:

1.13.1 A, :=ker I, is an essentially selfadjoint linear relation in $.

To characterize the class of E.S-generalized boundary triples in terms of the corresponding Weyl functions we associate with
each M(-) a family of nonnegative quadratic forms t ;) in H:

tylus vl 1= ﬁ [(M(Au,v) — w, M(D)V)], u,v € dom(M(4), A1€C\R. (1.14)

The forms t;(; are not necessarily closable. However, it is shown that if t,; ) is closable at one point 4y € C, (45 € C_),
then t ;) is closable for every 4 € C, (resp. 4 € C_); for an analytic treatment of this fact see also [28]. In the latter case the

domain of the closure t M) doesnotdependon 4 € C, (4 € C_) and therefore the Weyl function M (1) is said to be form domain
invariant in C . (resp. in C_). In general ;) need not be closable in both half-planes simultaneously; see Proposition 5.26 and
Remark 5.27. On the other hand, if t,(,) is closable in both half-planes then the form domain does not depend on 4 € C \ R;
i.e. form domains coincide also in different half-planes.

In what follows one of the main results established in this connection reads as follows (cf. Theorem 5.24).

Theorem 1.14. Ler I1 = {H,FO, Fl} be a unitary boundary triple for A*. Let also M () and y(-) be the corresponding Weyl
function and the y-field, respectively. Then the following statements are equivalent:

(i) Ilis an ES-generalized boundary triple for A*;
(ii) y(i) and y(—i) are closable;
(iii) y(A)is closable for every A € C, UC_ and domm = dom@, AeCLuC_;
(iv) the forms ty; ;) and ty,_;) are closable;
(v) the form ty, is closable for every A € C, U C_ and domeW = domIM(ii), AeC,uC_;
(vi) the Weyl function M (-) belongs to R*(H) and is form domain invariant in C,_ U C_.

The result relies on Theorem 5.5, which contains some important invariance results that unitary boundary triples are shown
to satisfy. If {H, Iy, Fl} is an ES-generalized, but not an ,S-generalized, boundary triple for A*, then the equality (1.13) fails
to hold and turns out to be an inclusion

Ag FN(A) G A, C A" =45 F NYA"), L€ p(A).
Indeed, since A, is not selfadjoint (while it is essentially selfadjoint), the decomposition A, = A, g 4(A,) doesn’t hold;

cf. [25, Theorem 4.13]. Then there clearly exists fe A, which does not belong to A, F 9AZ,1(A*), so that Fof;é 0 as well as
I'yf & FO(ER ,I(A*)) = dom M (A). In particular, in this case a strict inclusion dom M (1) € ranI’, holds and, consequently, the
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Weyl function M (1) can loose the domain invariance property. However, the domain of the closure Fo contains the selfadjoint
relation A and admits the decomposition

domTy = 4y F (dom (Ty) nM,(4%), 1€ p(Ay).

This implies the equality dom y(4) = Ty(dom (T) N 9,(4*)) = ranT, which combined with dom tyr(s) = domy(4) yields
the form domain invariance property for M:

domeu) = ranfo.

Passing from the case of an S-generalized boundary triple to the case of an E.S-generalized boundary triple (which is not
S-generalized) means that A, # A(*). Then, in particular, conditions (ii) and (iii) in Theorem 1.12 are necessary violated. We
split the situation into two different cases:

Assumption 1.15. M (4) isn’t domain invariant, i.e. dom M (4, ) # dom M (4,) at least for two points 4;, 4, € C,, A # A,,
while it is form domain invariant, i.e. dom IM(&) = dom IM(:[)» LeC,.
Assumption 1.16. dom M (1) = dom M (+i), A € C_, while dom M (+i) & ranT,.

Both possibilities appear in the spectral theory. An example of a Nevanlinna function satisfying Assumption 1.15 is presented
in Example 5.28. Next we present an example of the Weyl function satisfying Assumption 1.16. Such Nevanlinna functions arise
in the theory of Schrodinger operators with local point interactions.

Example 1.17. Let X = {xn}fo be a strictly increasing sequence of positive numbers such that lim
and denote d, :=x,—x,_; >0, 0<d, :=inf,nd,, and d* :=sup,cnd, < .

nooo Xy =00. Let xg =0

Let also H,, be a minimal operator associated with the expression ~& i LZ[ Xy_1s xn]. Then H,, is a symmetric operator

dx2
with deficiency indices n., (H ) = 2 and domain dom(Hn) = I/VOZ’2 [x,,_l , xn] . Consider in L? (R +) the direct sum of symmetric

operators H,,

n

= é dom(Hmin) = R \X @sz[x" 1-%n ]
n=1

It is easily seen that a boundary triple IT, = {C?, Ff)"), F(I")} for H* can be chosen as
f'(x_l+) —f(x_1+)
rf = " ., TWr= " . fEW2 X%,
0 <f,(xn_) 1 f(xn_) 2[nl n]

The corresponding Weyl function M,, is given by

cot (Vid,) ———
M, (3) = =1 sin(ﬂdn)

1
\/_ —m cot (\/Edn)

is a closed symmetric operator in L>(R +)- Next we put

H = lZ(N) ® C2 = 1—‘0 - é Fgl)
| ry) - ™
n=1 1

and note that in accordance with the definition of the direct sum of linear mappings

2
\ Hn<°°’j6{0’1}}’

We also put Fj =0, 5.") and note that it is a closure of I'; = Fj I domTI’, j = 1,2. It can be seen that the orthogonal sum
= @;" |11, of the boundary triples I, determines an E.S-generalized boundary triple. Moreover, in the case that d, = 0 the

Clearly, H=H

min

domI := {f:@;ozlandomA* : Z || J
neN
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Weyl function M (-) corresponding to the triple IT = @77 | I1, satisfies Assumption 1.16, i.e. it is domain invariant, dom M (1) =
dom M (i), A € C, while dom M (i) g ranI'(. Hence, by Theorem 1.12, A, # Aé and I1 = @j;lnn being ES-generalized, is
not an S-generalized boundary triple for H*. In fact, with d, = 0 the Weyl function M (-) as well as its imaginary part Im M (-)
take values in the set of unbounded operators. For the details in this example we refer to Part II of the present work, where also
analogous results for moment and Dirac operators with local point interactions are established.

Notice that the minimal operator H as well as the corresponding triple IT for H* in Example 1.17 naturally arise when treating
the Hamiltonian Hy , with é-interactions in the framework of extension theory. The latter have appeared in various physical
problems as exactly solvable models that describe complicated physical phenomena (see e.g. [2, 3, 34, 48, 49] for details).

Theorem 5.32 offers a renormalization procedure which produces from a form domain invariant Weyl function a domain
invariant Weyl function, whose imaginary part becomes a well-defined bounded operator function on C \ R, i.e., the renor-
malized boundary triple is A B-generalized. Some related results, showing how B-generalized boundary triples give rise to
E S-generalized boundary triples, are established in Part II of the present work, where these results are applied in the analysis
of regularized trace operators for Laplacians.

Before closing this subsection we wish to mention that other type of examples for E.S-generalized boundary triples are the
Krein — von Neumann Laplacian and the Zaremba Laplacian for a mixed boundary value problem treated in Part II of the
present work.

1.6 | A short description of the contents

For the convenience of the reader in this Introduction we have restricted the exposition of the main definitions and results to
the case of generalized boundary triples, i.e. to boundary triples with a single-valued linear mapping I' : A, - H X H which
admits a decomposition I" = {FO, I }, where I'j and I'; give rise to a pair of boundary conditions in (the boundary space) H
typically occurring in boundary value problems in ODE and PDE setting. In the paper itself these results are mostly presented
in a more general setting of boundary pairs, where I" is allowed to be multi-valued. This generality unifies the presentation in
later Sections and, in fact, often simplifies the description of the particular analytic properties of Weyl functions associated with
different classes of generalized boundary triples and boundary pairs.

In Section 2 we recall basic concepts of linear relations (sums of relations, componentwise sums, defect subspaces, etc.) as
well as unitary and isometric relations in Krein space. We also introduce the concepts of Nevanlinna functions and families.

In Section 3 we discuss unitary and isometric boundary pairs and triples. We introduce the notions of Weyl functions and
families and discuss their properties. A general version of the main realization result, Theorem 3.3, is presented therein, too. It
completes and improves Theorem 1.10. Besides certain isometric transforms of boundary triples are discussed.

In Section 4 we investigate A B-generalized boundary pairs and triples. Their main properties can be found in Theorem 4.2
and in various Corollaries appearing in this section. In Theorem 4.4 a connection between B-generalized and A B-generalized
boundary triples is established by means of triangular isometric transformations. Connections between A B-generalized bound-
ary triples and quasi boundary triples are also explained. Moreover, a Krein type formula for A B-generalized boundary triples
can be found in Theorem 4.12.

In Section 5 we consider two further subclasses of unitary boundary triples and pairs: S-generalized and E.S-generalized
boundary triples and pairs. For deriving some of the main results in this connection we have established also some new facts on
the interaction between (J 9 I ) -unitary relations and unitary colligations appearing e.g. in system theory and in the analysis of
Schur functions, see Section 5.1; a background for this connection can be found in [10]. In particular, this connection is applied
to extend Theorem 1.12 to the case of S-generalized boundary pairs (see Theorem 5.17). In this case representation (1.12) for
the Weyl function remains valid with M, € R[H,| and H, C H instead of M, € R*[H]. In Theorem 5.24 the class of Weyl
functions of ES-generalized boundary pairs is characterized. In Theorem 5.8 it is shown that every unitary boundary triple
admits a Krein type resolvent formula. Besides, in Theorem 5.32 a connection between E.S-generalized boundary triples and
A B-generalized boundary triples is established via an isometric transform introduced in Lemma 3.12 (see formula (3.23)).

2 | PRELIMINARY CONCEPTS

2.1 | Linear relations in Hilbert spaces

A linear relation T from $ to $' is a linear subspace of $ X §’. Systematically a linear operator T will be identified with its
graph. It is convenient to write T : $ — $’ and interpret the linear relation T as a multi-valued linear mapping from $ into



1288 %ﬁggﬁ%ﬁ%@ﬁHE DERKACH ET AL.
[NACHRICHTEN |

H'.If $' = $ one speaks of a linear relation T in §. Many basic definitions and properties associated with linear relations can
be found in [4, 16, 22].

The following notions appear throughout this paper. For a linear relation T : $ — $' the symbols dom T, ker T, ranT,
mulT and T stand for the domain, kernel, range, multi-valued part, and closure, respectively. The inverse T-! is a relation
from $’ to $ defined by { {f/, f} : {f,f'} €T }. The adjoint T* is the closed linear relation from $)’ to $ defined by T* =
{{h.k}e 9 ®H: (k.f)g=(h.g)g.{f.g} €T }. The sum T; + T, and the componentwise sum T;+T; of two linear

relations T and T, are defined by
- Y. (f f
nan={(,1,): (D) en()en}
A~ f+h\ . (f h
nan={ (150 (D) en(t)en) o

If the componentwise sum is orthogonal it will be denoted by T} @ T5. If T is closed, then the null spaces of T — 4, 1 € C,
defined by

f

/1f> eT: fen,(n }, (2.2)

N,(T) =ker (T — 2), N, (T)= { <
are also closed. Moreover, p(T) (5(T")) stands for the set of regular (regular type) points of 7.

Recall that a linear relation T in $ is called symmetric, dissipative, or accumulative if Im (h’, h) = 0, > 0, or < 0, respectively,
holds for all {h, A’} € T. These properties remain invariant under closures. By polarization it follows that a linear relation T
in $ is symmetric if and only if T C T*. A linear relation T in $§ is called selfadjoint if T = T*, and it is called essentially
selfadjoint if T=T*A dissipative (accumulative) linear relation T in $ is called m-dissipative (m-accumulative) if it has no
proper dissipative (accumulative) extensions.

If the relation T is m-dissipative (m-accumulative), then mul7 = mul7* and the orthogonal decomposition

$ = (mul T)* @ mul T induces an orthogonal decomposition of T as
T=gT,®({0} xH,), H,=mulT, grT, = { <§> eT: geHOH, },

where T, := {0} X H,, is a purely multi-valued selfadjoint relation in H, and T, is a densely defined m-dissipative (resp.
m-accumulative) operator in H © H.,. In particular, if T is a selfadjoint relation, then there is such a decomposition, where T,
is a densely defined selfadjoint operator in H & H .

A family of linear relations M (4), 4 € C \ R, in a Hilbert space H is called a Nevanlinna family if:

(i) forevery 4 € C(C_) the relation M (4) is m-dissipative (resp. m-accumulative);
(i) M(A)*=M(2), A€ C\R;
(iii) for some, and hence for all, 4 € C,(C_) the operator family (M (1) + 1)~ (€ [H]) is holomorphic for all A € C.(CL).
By the maximality condition, each relation M (1), A € C \ R, is necessarily closed. The class of all Nevanlinna families in

a Hilbert space is denoted by 7~€(H). If the multi-valued part mul M (1) of M € 7~€(H) is nontrivial, then it is independent of
A € C\ R, so that

M) =gt Myy(D)® M, H,=mulM(2), A€C\R, (2.3)

where M, = {0} X H, is a purely multi-valued linear relation in H, :=mul M(4) and M,(-) € R(H e Hoo), cf. [51, 52,
55]. Identifying operators in H with their graphs one can consider classes

RYIHI C R [H] C R°(H) C R(H)

introduced in Section 1 as subclasses of 7~€(H). In addition, a Nevanlinna family M (1), A € C \ R, which admits a holomorphic
extrapolation to the negative real line (—oo, 0) (in the resolvent sense as in item (iii) of the above definition) and whose values
M (x) are nonnegative (nonpositive) selfadjoint relations for all x < 0 is called a Stieltjes family (an inverse Stieltjes family,
respectively).
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2.2 | Unitary and isometric relations in Krein spaces

Let $ and H be Hilbert spaces and let (52, J S)) and (HZ, JH) be Krein spaces with fundamental symmetries J % Jy and
indefinite inner products [, -] % [-, -]} defined in (1.9) and (1.10), respectively. If I"is a linear relation from the Krein space
(52, J .9) to the Krein space (Hz, JH), then the adjoint linear relation ' is defined by

" ) A
i = {(g) € @2) 2 /28l = K], forall <£> € r}. 2.4

Definition 2.1. ([64]) A linear relation I" from the Krein space (52, .15) to the Krein space (Hz, JH) is said to be ('IS)’ JH)-
isometric if T =1 ¢ Tl and (Jb’ JH)-unitary, if 0—1 =,

The following two statements are due to Yu. L. Shmul’jan [64]; see also [25].
Proposition 2.2. Let T be a (J % JH)-unitary relation from the Krein space (sz, J b) to the Krein space (Hz, JH). Then:

(i) domT is closed if and only if ranT is closed;
(ii) the following equalities hold: kerT' = (domI)™,  mull" = (ran ).

A (J 5 J3;)-unitary relation " : (7%, J 55) — (H?, J;;) may be multi-valued, nondensely defined, and unbounded. It is the
graph of an operator if and only if its range is dense in 7. In this case it need not be densely defined or bounded; and even if it
is bounded it need not be densely defined.

3 | UNITARY AND ISOMETRIC BOUNDARY PAIRS AND THEIR WEYL
FAMILIES
3.1 | Definitions and basic properties

Let A be a closed symmetric linear relation in the Hilbert space $. It is not assumed that the defect numbers of A are equal or
finite. Following [25, 27] a unitary/isometric boundary pair for A* is defined as follows.

Definition 3.1. Let A be a closed symmetric linear relation in a Hilbert space §, let H be an auxiliary Hilbert space and let
I' be a linear relation from the Krein space (7, J 5) to the Krein space (M2, Jy;). Then {H,I'} is called a unitary/isometric
boundary pair for A*, if:

3.1.1 A, :=domT is dense in A* with respect to the topology on $H?;

3.1.2 the linear relation I' is (.I Y JH)-unitary/isometric.

In particular, it follows from this definition that for all vectors { 7. ,/l\z}, {§,2} €T of the form (1.10) the abstract Green’s
identity (cf. Definition 1.1) holds

(' 8)g = (f+8)g = (W, k) = (h K )y 3.1

Let {H,I'} be a unitary boundary pair for A* and let A, = domI". According to [25, Proposition 2.12] the domain A, of I"
is a linear relation in §, such that

ACA, CA*, A, =A"
The eigenspaces 9 ,(A,) and E)A?A(A*) of A, are defined as in (2.2),

o

N,(A,) =ker (4, — 1), RN, (A)= { </1f/1

) €A, [, €NYA) }
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Definition 3.2. The Weyl family M of A corresponding to the unitary or isometric boundary pair {H,I'} is defined by
M) :=T(N,(A,)), ie.,

o

M) = {?ze]—[z : {ﬁ/}\l} e T for some f; = </1f
A

>e$§2} (A€ C\R).

In the case where M is single-valued it is called the Wey! function of A corresponding to {H,I"}. The y-field of A corresponding
to the unitary/isometric boundary pair {H,I'} is defined by

y(d) = { {h,f,l} EHXH: {(/{;ﬁ/{),(:,)}el“forsomeh’ EH},

where A € C \ R. Moreover, 7(4) stands for

P(2) 1= { (hf,) eHx$*: {ﬁ, <2’,>} €T for some h' € H}. (3.2)

With y(A) the relation I'} N 1(A,) can be rewritten as follows

T R,4,) = { {(i’;g;;) , <:,>} : <£’,> € M(1) } A€ C\R. (3.3)

Associate with I the following two linear relations which are not necessarily closed:

r0={{ﬁh}: {f,?z}el“,?z:(f,) } r1={{ﬁh’}: {ﬁﬁ}ef,ﬁ:(f,) } (34)

The y-field y(-) associated with {#,T'} is the first component of the mapping 7(A) in (3.2). Observe, that
A o -1
7 = (T Ny(4,)) . 2€C\R,

is a linear mapping from FO(E/T\ZA(A*)) = dom M (1) onto 52,1(A*): it is single-valued in view of (3.1); cf. (3.7), (3.8). Conse-
quently, the y-field is a single-valued mapping from dom M (4) onto N ;(A,,) and it satisfies y(A)I, ﬁ = f, forall f,l e 2(A).
If T is single-valued then these component mappings decompose I', I' = I'y X I'y, and the triple {H, Iy, Ty } will be called a

unitary/isometric boundary triple for A*. In this case the Weyl function corresponding to the unitary/isometric boundary triple
{H, Iy, I } can be also defined via

MTof, =T1f,  F,eNyA,). 3.5)

When A admits real regular type points it is useful to extend Definition 3.2 of the Weyl family to the points on the real line by
setting M (x) :=T'(:,(A,)) or, more precisely,

M(x):z{?zesz {f;,?z}el“ forsomeﬁz(i}‘)éﬁ{xéR}.

3.2 | Unitary boundary pairs and unitary boundary triples

The following theorem shows that the set of all Weyl families of unitary boundary pairs coincides with 7~{(H) (see [25, Theo-
rem 3.9]). Recall that a unitary boundary pair {H,I"} for A* is said to be minimal, if

H = Hmin :=span{N,;(A4,): A1€CLUC_}.

Theorem 3.3. Let {H,T'} be a unitary boundary pair for A*. Then the corresponding Weyl family M belongs to the class of
Nevanlinna families 7~3(H).

Conversely, if M belongs to the class 7~€(H), then there exists a unique (up to a unitary equivalence) minimal unitary boundary
pair {H,T"} whose Weyl function coincides with M.
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Notice that Theorem 1.10 contains a general analytic criterion for an isometric boundary triple to be unitary; the Weyl function
should be a Nevanlinna function, cf. Theorem 1.10.

Corollary 3.4. The class of Weyl functions corresponding to unitary boundary triples coincides with the class R*(H) of (in
general unbounded) strict Nevanlinna functions.

Proof. The statement is immediate when combining Theorem 3.3 with Proposition 4.5 from [25]. O

As a consequence of (3.1) and (3.3) the following identity holds (cf. (2.3))

where h € dom M (A) and k € dom M (), A, u € C\ R.

As was already mentioned in Section 1 every operator valued function M from RY[H] (R*[H]) can be realized as a Weyl
function of some ordinary boundary triple (B-generalized boundary triple, respectively).

The multi-valued analog for the notion of B-generalized boundary triple was introduced in [25, Section 5.3], a formal defini-
tion reads as follows.

Definition 3.5. Let A be a symmetric operator (or relation) in the Hilbert space $ and let H be another Hilbert space. Then a
linear relation I' : A* — H @ H with dense domain in A* is said to be a B-generalized boundary pair for A*, if the following
three conditions are satisfied:

3.5.1 the abstract Green’s identity (3.1) holds;

3.5.2 ranl') = H;

3.5.3 Ay = ker I is selfadjoint,

where I, stands for the first component of I'; see (3.4).

As was shown in [25, Proposition 5.9] every Weyl function of a B-generalized boundary pair belongs to the class R[] and,
conversely, every operator valued function M € R[H] can be realized as the Weyl function of a B-generalized boundary pair.

3.3 | Isometric boundary pairs and isometric boundary triples

LetT be a (Jg, J;,)-isometric relation from the Krein space ($?2, Jg) to the Krein space (H?2, J, ). In view of (1.9)~(1.11) this
just means that the abstract Green’s identity (3.1) holds. It follows from (3.1) that

kerI" C (dom F)[“, mul” C (ran F)[i],

compare Proposition 2.2. Let I'y and I'; be the linear relations determined by (3.4). The kernels A, :=kerI'yand A :=ker I’
need not be closed, but they are symmetric extensions of ker I" which are contained in the domain A, = domI of T cf. [25,
Proposition 2.13]. If A, =domT is dense in A* then the pair {H,I'} is viewed as an isometric boundary pair for A*; cf.
Definition 3.1. In general A := (A,)* = (dom )1 is an extension of ker I" which need not belong to dom I'; for some sufficient
conditions for the equality A = ker I', see [26, Section 2.3] and [27, Section 7.8].

With {f,,h},{g,.k} €T, 2, u € C, Green’s identity (3.1) gives, cf. (3.6),

(R Ky = (o K)y = (A= )(f1:84) - (3.7)
In particular, with y = A (3.7) implies that Im (#’, h);; = Im A|| f; ||>. Hence, for all A € C\ R
ker(T' | :,(4,)) = (0} and ker(T; | %,(4,)) = {0} (i =0,1). (3.8)
Moreover, with y = 4 (3.7) implies that
M(Z) S M(A)*, A€C\R. 3.9)

Here equality does not hold if I' is not unitary. However, with the Weyl family the multi-valued part of I" can be described
explicitly; see [27, Lemma 7.57], cf. also [25, Lemma 4.1].
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Lemma 3.6. Let {H,I"} be an isometric boundary pair with the Weyl family M. Then the following equalities hold for all
AeC\R:

(i) M(A)n M(A)* = mull;

(ii) kerM(A) X {0} = mul' n (H x {0});
(iii) {0} x mul M(4) = mulT' N ({0} X H);

(iv) ker(M(A) — M(A)*) = mulTy;

v) ker(M(/I)‘1 - M(/l)‘*) =mull’.

If T itself is single-valued, then the Weyl family M is an operator valued function, i.e. mul M (4) = 0, belonging to the class

R*(H), see [25, Proposition 4.5]. Moreover, ker Im (M (4)) = {0} and ker Im (M(A)_l) = {0}, in particular, ker M (1) = 0.
Recall that when I" is single-valued M (A) can equivalently be defined by the equality (3.5). Hence, if h € H is given

and h EFO(E?Z A(A*)), then y(4)h solves a boundary eigenvalue problem, i.e., y(4)h € ker(A* — A) and [')7(A)h = h, while
[',7(A)h = M(A)h. Also for an operator valued function M (-) the identity (3.7) can be rewritten in the form

(A= (Dh,y(Wk)g = (M(Dh, k), = (h, M(1)k)z, (3.10)

where A € dom M (4) and k € dom M (u), A, u € C \ R. This is an analog of (3.6) for an isometric boundary triple.
LetI" be an isometric relation and let Ay = ker I'y;. Then A, is a symmetric, not necessarily closed, relation and one can write

for every 1 € C\ R,
-1
Ay = (4~42) }i] : heran(Ag—4) p.
h+A(Ay—4) h

, (Ag—4)"'h
H() : h— 311
) {<h+,1(A0—/1)‘1h G-I

from ran( A, — 1) onto Ay is clearly bounded with bounded inverse.

The linear mapping

Lemma 3.7. Let {H,T"} be an isometric boundary pair and let A, = ker I'y. Then the following assertions hold:

(i) I'| H(A) is closable for one (equivalently for all) A € C\ R if and only if I'| | A, is closable;
(ii) T'1 H(A) is closed for one (equivalently for all) A € C\ R if and only if I'| | Ay is closed;
(iii) T'| H(A) is a bounded operator for one (equivalently for all) A € C\ R if and only if T'| | A, is a bounded operator;
(iv) domT| H(A) is dense in § for some (equivalently for all) A, A € C \ R if and only if A,, is essentially selfadjoint;
(v) domT'|H(A) = § for some (equivalently for all) A, A € C\ R if and only if A, is selfadjoint;
(vi) ranT'| H(A) =T (Ag) [=ran(T| M Ay)| forall A€ C\R.
Proof. By definition Ay = kerI'y C domI'|, so that domI'| H(4) = ran (A4, — 1), A € C\ R. Since H(4) : ran (AO — /1) - Ay

is bounded with bounded inverse, all the statements are easily obtained by means of the equality I'jl Ay =
(T HW)HA)™ O

Similar facts can be stated for the restriction I'yI' A, where A| = kerI'}.
The inclusion (3.13) in the next proposition was stated for a single-valued I" with dense range in [27, Proposition 7.59]; here
a direct proof for this inclusion is given in the general case.

Lemma 3.8. Let {H,T'} be an isometric boundary pair, let y(A) be its y-field, and let H(A) be as defined in (3.11). Then

FH(A)C( (3)*> F({0} xmull'), A€ C\R, (3.12)
4
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where the adjoint y(/_l)* ofy(/i) is in general a linear relation. In particular,
CH@ cr(4)" F ({0} xmully), A€C\R, (3.13)
and if, in addition, mulT’'; = {0}, then
CHM) cy(1)', A€C\R. (3.14)
Furthermore, the following statements hold:

(i) ify(/_l) is densely defined for some A € C \ R, then y(i)* is a closed operator and if, in addition, mulT’; = {0}, then
I' H(A) is a closable operator;
(ii) if Ag = ker Iy is essentially selfadjoint, then y(ﬁ) is closable for all A € C \ R;
(iii) if Ay = ker Ty is selfadjoint, then domy ()" = $ and y(2) is a bounded operator for all 4 € C\ R.
Proof. Let h € domy(A) =domM (Z) and k; €ran(A,— A). Then {7(A)h,{h,h'}} €T and, since H(D)k, € Ay =
ker Iy, one has the inclusion { H (4)k,, {0,k”}} €T for some k" € H. On the other hand, {k,,k’} € I'; H(4) means that

{k,.{k,k'}} € TH(A) for some k € H which combined with { H(A)k, {0,k”’}} € I implies that {{0,0}, {k,k’ —k""}} €T
Now applying Green’s identity (3.1) shows that

(27 (). (A9 = 2)7"k2) = ( (D) (1 + A(Ag = 2)7 )iy ) = 0= (nK") .

This identity can be rewritten equivalently in the form

(r (). kes) = (h K"y

for all h € domy (1) and k; € ran(A, — 4). This proves that {k,, k"’ } € y(2)". Hence, if {k,l, <:,> } € 'H(4) then

(= (2 e 2))

with {k,,k""} € ()" and {k,k’ — k""} € mulT" from which the formulas (3.12) and (3.13) follow. If mulT'; = {0}, then
{k,k' — k'"} € mull" implies that k¥’ = k’" and therefore the above argument shows that {k 1 k’} € y(D)* for all {k kK } €
't H(A); i.e. (3.14) is satisfied.

It remains to prove the statements (i)—(iii).

@G) Ify (Z) is densely defined then clearly y (Z)* is a closed operator and if I'; is single-valued then (3.14) shows that I'; H (1)
is closable as a restriction of y(Z)*.

(i) By Lemma 3.7 A is essentially selfadjoint if and only if I'; H(4) is densely defined, in which case also y (Z)* is densely
defined, so that y (1) is closable.

(iii) If A, is selfadjoint, then dom "} H(A) = £ and, therefore, also dom y(4)* = £. In addition y (Z) is closable, thus clos y (Z)
and y(Z) are bounded operators.

O

Proposition 3.9. Let A be a closed symmetric relation in the Hilbert space $ and let {H,I'} be an isometric boundary pair,
let M(-) and y(-) be the corresponding Weyl function and the y-field and, in addition, assume that A, = ker Iy is selfadjoint.
Then:

(i) A, :=domI admits the decomposition A, = A F glﬂ(A*) and 2/)\2,1(A*) is dense in 2/)\2,1(A*)f0r all 2 € C\ R;

(ii) with a fixed A € C \ R the graph of T admits the following representation:

[N (R . (R .
F=ldo ¥ {{<Ayu)h>’ <h>} ' (h) © M(”}’
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(iii) lfF : (52, Jb) - (HZ,JH) is an isometric extension of I' with the Weyl function M and the y-field y(-) such that
Z* :=domT C A*, then with a fixed A € C\ R the following equivalence holds:

T= & MW=MA®W).
Proof.

(i) By von Neumann’s formula A* = A, F §2A(A*). Since A, :=domI is dense in A* and A, C A,, it follows that
A, =A F N ,(A,) and that 9N ,(A,) is dense in N ;(A*) for every A € C \ R.

(ii) In view of (i) for every {f,k} €T there exist unique elements f, € Ay and f, € N,(A,), 4 € C\R, such that
f: ﬁ) + f; Moreover, if {f’;,/f\l} €T thenh = {h,h'} € M(A) and one can write (uniquely) f; =7(A)h; see (3.3). The
stated representation for I" is now clear.

(iii) It follows from I' C T that A, C ker FO. Since ker Fo is symmetric and A, is selfadjoint, the equality A, = ker I~“O holds.
Now recall that two linear relations with H; C H, are equal precisely when the eﬂldlalities dom H,; = dom H, andeul H, =
mul H, hold; see [4]. By Lemma 3.6 (i) mull" = M (4) n M (4)*. Therefore, M (1) = M(A) implies that mul" = mulI".
Moreover, we have dom M (4) = dom M (A) and, since ?(/1) maps dom M (4) onto N i (Z*) and 7(1) maps dom M (A) onto
N 4(A,), we conclude from (i) that domT = domT. Therefore, M (4) = M(4) implies [ =T. The reverse implication is
clear. Ol

The Weyl function of an isometric or a unitary boundary pair takes values which need not be invertible, and in general can be
unbounded, possibly multi-valued, operators. In what follows Weyl functions M (4), whose domain (or form domain) does not
dependent on A € C \ R are of special interest. Here a characterization for domain invariant Weyl families will be established.
We start with the next lemma concerning the domain inclusion dom M (4) C dom M (u).

Lemma 3.10. Let {H,T"} be an isometric boundary pair with A, = domT, let M (-) and y(-) be the corresponding Weyl family
and the y-field, and let Ay = ker I'y. Then for each fixed 4, u € C \ R with A # u the inclusion

dom M (u) C dom M (A) (3.16)
is equivalent to the inclusion
rany(u) C ran(AO - /1). (3.17)

If one of these conditions is satisfied, then the y-field y(-) satisfies the identity

y(A)h = [1 +(h= (A — i)_l]y(y)h, h e dom y (). (3.18)

Proof. By Definition 3.2 dom M (4) = domy(4) = rO(é?z 4(A,)) and, moreover, rany(4) = N,(A,), 2 € C \ R. Now assume
that (3.16) holds and let 4 € dom M (i) C dom M (A). It follows from (3.2) that there exist A’, /’/ € H such that

N 5 ywh \ [ h .
() (M)} ersuamer. {(700).(2) )} ermsmer
() (e
(Ay(A) = uy(u)h )"\ = " :

< (y(A) — y(u)h > € A and <(y(/1)—y(/4))h> €Ay — i (3.19)

This implies

and hence

(Ay(A) = uy(u)h (A= wy(wh

Therefore, y(u)h € ran( A, — 2) for every h € dom M (u) and thus (3.17) follows.
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Conversely, assume that (3.17) holds and let # € dom M (1) = dom y(u). This implies that

y(wh h
{ (w(u)h)’ <h'> } el (3.20)

for some h’' € H. Moreover, since y(u)h € ran(AO - /1), there exists an element k € $ such that {k,y(u)h + Ak} € Ay =
ker I'y. Consequently, there exists ¢ € H such that

{( (4 =k >(O>} er. (3.21)
A= wy(wh+ A4 - pwk %

It fOHOWS fI'OIIl (320) and (321) that

Therefore, h € FO(E)A? A(A*)) = dom M (4). This proves the inclusion (3.16).

Finally, observe that the assumption (3.16) implies (3.19). Since A is symmetric, (Ao - /1)_1 is a bounded operator on
ran(AO — /1) and, thus, (3.19) leads to (3.18). O

The next result characterizes domain invariance of the Weyl family corresponding to an arbitrary isometric boundary pair
{H,T'}. In the special case of a unitary boundary pair {H,I"} items (i) and (iii) contain [25, Proposition 4.11, Corollary 4.12].

Proposition 3.11. Let the assumptions and notations be as in Lemma 3.10. Then:
(i) dom M (A) is independent from A € C, (resp. from A € C_) if and only if

N,A,)C ran(AO - /1) forall A,y € C, (resp.forall A,y € C_), A+ u,

in this case the y-field y(-) satisfies
-1
y) = |1+ G=mw(4 - 2) . anecu oy

(ii) if Ay is selfadjoint, then dom M (1) does not dependent on A € C\ R;
(iii) if dom M (4) does not dependent on A € C \ R, then A is essentially selfadjoint.

Proof. The assertions (i) and (ii) follow directly from Lemma 3.10.
To see (iii) one can use the same argument that is presented in [25, Corollary 4.12]. O

3.4 | Some transforms of boundary triples

In this subsection a specific transform of isometric boundary triples is treated. In what follows such transforms are used repeat-
edly and, in fact, they appear also in concrete boundary value problems in ODE and PDE setting. To formulate a general result
in the abstract setting consider in the Krein space (Hz, JH) the transformation operator V' whose action is determined by the
triangular operator

G' o . — —
V= <EG‘1 G*) , ECE*, domE=domG =ranG = H, ker G = {0}. (3.22)

By assumptions on G one has ker G* = mul G* = {0}, so that the adjoint G* is an injective operator in H. To keep a wider
generality, G is not assumed to be a closed operator, while in applications that will often be the case. In particular, it is possible
that G* is not densely defined and also its range need not be dense. Since E is a densely defined symmetric operator, it is closable
and its closure E C E* is also symmetric. With the assumptions on V" in (3.22) a direct calculation shows that

(JHVf, Vg)H2 = (JHf,g)Hz, f,gedomV.

Hence, V' is an isometric operator in the Krein space (Hz, Ju ) .Moreover, V is injective. These observations lead to the following
(unbounded) extension of [26, Proposition 3.18].
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Lemma 3.12. Let {H, FO,F]} be an isometric boundary triple for A* such that kerI' = A, let y(4) and M (A) be the corre-
sponding y-field and the Weyl function, and let V' be as defined in (3.22). Then V is isometric in the Krein space (Hz, JH) and
moreover:

(i) the transform =Vl

-1 n
(FOf ) ( _1G Tof ) A>, f € domT, (3.23)
T EG'Tyf +G'T,f

defines an isometric boundary triple with domain fT* :=domT and kernel kerT" = A;

(ii) the y-field and the Weyl function of T are in general unbounded nondensely defined operators given by
YDk = y()Gk, M(Ak = Ek+ G*M(A)Gk, kedomM(A), A€C \ R.
Proof.

(i) By the assumptions in (3.22) V' is an isometric operator in the Krein space (H JH) and since I is an isometric operator
from (H?, Jg) to (M2, JH) the composition operator ¥ oI is also an isometric operator from (52 Jg) to (H?, J3). Since
V is injective, one has ker IF=kerI'=A.In general V' is not everywhere defined, so that A is typically a proper linear
subset of A, = domI" which is not necessarily dense in A*.

(i) By Definition 3.2 the Weyl function M (4) of [ is given by M (4) = VoM (A) or, more explicitly, by

AT G_lh . -1 *
M) = { <EG‘1h+G*M(/1)h> . hedomEG™! ndomG M(/l)}

B k _ h =Gk € domG*M(4),
B Ek+G*M(A)Gk) k& domGndomE

= E+G*M())G.

Similarly, (G-'To1 9, (4,)) " = (Tt %,(A.))” G implies that 7(4) = 7(4)G with dom7(4) = dom M ().

Example 3.13.

(1) If G = I} then the condition Fl f = O reads as I'; f +ET, fA = 0. In applications such conditions are called Robin type
boundary conditions. This corresponds to the transposed boundary triple {H, I'+ET,, —FO} which is also isometric and
has —(M(A) + E)~! as its Weyl function.

(i) Asindicated G need not be closable. An extreme situation appears when G is a singular operator; cf. [47]. By definition this
means that dom G C ker G or, equivalently, thatran G C mul G. Thus, in this case dom G* = ran G* = {0}. If, for instance,
I' is an ordinary boundary triple for A* then Ay = ker Iy and A; = ker I'| are selfadjoint. It is easy to check that

= {feA* : 1f=0} —kerl, = A, kerly=A,nA, = A.
Moreover, ran I=E I dom G is a symmetric operator in H and dom M (A) = dom7%(A) is trivial.

3.5 | Some additional remarks

Despite of the fact that the paper [21] has been quoted by M. G. Krein [50] and a discussion on [21] appears in the monograph [23]
the actual results of Calkin on reduction operators remained widely unknown among experts in extension theory. Apparently
this was caused by the fact that the paper [21] was ahead of time — it was using the new language of binary linear relations with
hidden ideas on geometry of indefinite inner product spaces, concepts which were not well developed at that time. The concept
of a bounded reduction operator investigated therein (see [21, Chapter IV]) essentially covers the notion of an ordinary boundary
triple in Definition 1.1 as well as the notion of D-boundary triple introduced in [60] for symmetric operators with unequal defect
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numbers. An overview on the early work of Calkin and more detailed description on its connections to boundary triples and
unitary boundary pairs (boundary relations) can be found in the monograph [40]. In fact, [40] contains a collection of articles
reflecting various recent activities in different fields of applications with related realization results for Weyl functions, including
analysis of differential operators, continuous time state/signal systems and boundary control theory with interconnection analysis
of port-Hamiltonian systems involving Dirac and Tellegen structures etc.

4 | AB-GENERALIZED BOUNDARY PAIRS AND BOUNDARY TRIPLES

In this section we present a new generalization of the class of B-generalized boundary triples from [33] (cf. Definition 1.5).

Definition 4.1. Let A be a symmetric operator (or relation) in the Hilbert space $ and let H be another Hilbert space. Then
a linear relation I' : A* - H @ H with domain dense in A* is said to be an almost B-generalized boundary pair, in short,
AB-generalized boundary pair for A*, if the following three conditions are satisfied:

4.1.1 the abstract Green’s identity (3.1) holds;
4.1.2 ranI’,is dense in H;
4.1.3 A, = ker I is selfadjoint.

A single-valued AB-generalized boundary pair is also said to be an almost B-generalized boundary triple, shortly, an
A B-generalized boundary triple for A*.

If T is an AB-generalized boundary pair for A*, then the same is true for its closure. Indeed, since T is an extension of
I, it is clear that domT is dense in A* and ran(F)O is dense in H. By Assumption 4.1.1 T is isometric (in the Krein space

——1 —[*

sense), i.e. ! c T, Thus, clearly I’ ¢ T'*l = ! Hence, the closure satisfies Green’s identity (3.1) and this implies that
the corresponding kernels ker (T'), D ker Iy = A, and ker(T'), D kerl'; = A, are symmetric. Therefore, ker (I') = A, must
be selfadjoint.

4.1 | Characteristic properties of A B-generalized boundary pairs
The next theorem describes the central properties of an A B-generalized boundary pair.

Theorem 4.2. Let A be a closed symmetric relation in 9, let {H,I'} be an AB-generalized boundary pair for A*, and let T,
andT'| be the corresponding component mappings from dom1T into H. Moreover, let y(-) and M (+) be the corresponding y-field
and the Weyl function, A € C \ R. Then:

(i) kerI"'= A;
(ii) A, := domT admits the decomposition A, = Ay T R ,(A,) and N ,(A,) is dense in N ,(A*);
(iii) the y-field y(A) is a densely defined bounded operator from ranI'( onto E/)\?A(A*). It is domain invariant and

domy(4) =ranly, kery(4) =mull;
(iv) the adjoint y(A)* is a bounded everywhere defined operator and, moreover, equalities hold in (3.12), (3.13),
0

r(2)

(v) the closure of the y-field m is a bounded operator from H into N L(AY) satisfying the identity

TH(A) = < > F{0yxmull), T H@A) =y(1)" F ({0} x mull,); 4.1)

r=|1+0G=w(A- 4" [y, AmeC\R;

(vi) the Weyl function M(-) is a densely defined operator function which is domain invariant, dom M(A) =ranI,
M(A) C M(Z)* and the imaginary part Im M (1) = (M (A) — M(A)*)/2i is bounded with domIm M (A) = ranT, and
ker Im M (A) = mull'y. Furthermore, M (A) admits the representation

M@)=E+ My(A), A1e€C\R, 4.2)
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where E = Re M (u) is a symmetric densely defined operator in H and M(-) is the restriction of a Nevanlinna function
My(-) € R[H] onto the domain dom E.

Proof. (i) It is clear from Green’s identity that ker I' C (domI")* = (A,)* = A; cf. [27, Lemma 7.3]. To prove the reverse inclu-
sion, the property that y(4), 4 € C \ R, is densely defined will be used (and this is independently proved in (iii) below). Assump-
tion 4.1.3 implies that A = (A,)* C A(’; = Ay =kerI'y C domI'. On the other hand, if k; € ran (A — A) then by Lemma 3.8

k,, k" € y(1)" for some k" and thus
{ !
k", h)y, = (ki,y(i)h) =0 forall he domy(Z).

Assumption 4.1.2 combined with domy (1) = ranT, (see proof of (iii) below) shows that y (1) is densely defined and, hence,
v(2)" is an operator and k" = y(1) "k, = 0. Now apply the formula (3.15) in the proof of Lemma 3.8 to k,; € ran(A — A):
therein {k, {k,k'}} € TH(A) and k" = 0 so that (3.15) reads as

()} (O (o)) () emr

Hence, H(A)k, € kerI"and A = H(4)(ran (A — A4)) C ker I'. Therefore, ker I" = A.
(i) This holds by Proposition 3.9 (i).
(iii) & (iv) The decomposition of A, in (ii) combined with A, = ker I';) implies that

To(A,) =Ty(9,(A,)) = dom M(4) = domy(4), A€C\R.

Hence, dom M (4) = domy(4) =ranI'; does not depend on 4 € C\ R. Now Assumption 4.1.2 shows that y(4) and M (4)
are densely defined for all A € C \ R. Moreover, according to Lemma 3.8 (iii) y(4) is a bounded operator and the equality
domy(A)* = $ holds for all A € C \ R. Since y(4) is densely defined in H, the adjoint y(4)* is a bounded everywhere defined
operator from § into I'; (4;). Since M (1) C M(4)*, see (3.9), the adjoint M (4)* and the closure of M (1) are also densely
defined operators. In view of (3.10) one has

(A= DD, y(wk)g = (M) — M(u)*)h,k),,. A u€C\R, 4.3)
for all h,k € domy(4) =ranT,. In particular, 2iIm ,1||y(,1)h||§5 = ((M(4) — M(A)*)h,h),, holds for all h € domy(4) =
dom M (4), A € C\ R. By Lemma 3.6 (4.3) implies that

ker y(4) = ker (M(4) — M(A)*) =mull), 1€ C\R.

It remains to prove (4.1). Observe, that domI'| H(4) = dom y(ﬁ)* = $ and clearly the multi-valued parts on both sides of the
inclusion in (3.12), (3.13) are equal. Hence, the inclusions (3.12), (3.13) must prevail actually as equalities (by the criterion
from [4]).

(v) Since dom M (4) = dom y(4) = ranT, does not depend on 4 € C \ R, the following equality holds

(I + (A= ,u)(AO - /1)_1 >}/(/4)h =y(Ah forall 4,y € C\R, heranl, “4.4)

by Proposition 3.11. According to (iii) y(4) is bounded and densely defined, so that its closure m is bounded and defined
everywhere on H. The formula in (iv) is obtained by taking closures in (4.4).

(vi) It suffices to prove the representation (4.2) for M (A), since all the other assertions were already shown above when
proving (iii) & (iv). It follows from (4.3) and (4.4) that

(M k) = (MG0*hok) + = D (1+G=w(Ag = 2)™ )G, yuok)

= Re M(wh k) + (((G = Re ) + (A= w = (49 = 2)” )rGoh.r (k)

h,k € domy(A) = dom M (u) =ranly, 4, u € C\ R. Here 2Re M (u) = M (u) + M (u)* and hence 2(Re M (u))* D M (pu)* +
M (u) D 2Re M (u), sothat E := Re M (y) is a symmetric operator with dom E = dom M () = ranI'(. On the other hand, since
y(4) and its adjoint y(4)* are bounded everywhere defined operators, it follows that the closure of

My 1= 7" (3= Re )+ (= )3 = ) (Ag = 4) ™))
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defines a holomorphic operator valued Nevanlinna function in the class R[H], such that M (1) = E + M(A). This completes
the proof. O

For an A B-generalized boundary pair it is possible to describe the graph of T, (ranT")l+, and the closure of ranT explicitly.

Corollary 4.3. Let I" be an AB-generalized boundary pair for A* and let y(-) and M(:) = E + M(-) be the corresponding
y-field and Weyl function as in Theorem 4.2 with E = Re M (u) for some fixed y € C \ R. Then:

(i) with a fixed A € C\ R the graph of T admits the following representation:

= 0 y(A)h h ky eran(Ag—2) | .
e { {Hwk” <r(1)*k1> } * { (/W(/l)h>’ <M(/1)h> } " h e dom M(A) }

(ii) the range of T satisfies
3k

(ranD)H = E* [ kery(2) and TanD = (E* | ker y(2))

and here ker m = ker (Im M(ﬂ)) = ker (MO(/I)) does not depend on A € C\ R. In particular, ranT is dense in H if and
only if dom E* nker m = {0} for some or, equivalently, for every A € C \ R.

(iii) T is a single-valued mapping if and only if mull'y = {0} or, equivalently, if and only if ker Im M (A) (= ker y(4)) =0,
AeC\R

Proof.

(1) Using the representation of I'H(A) in (4.1), the inclusion mulI" C M (4) in Lemma 3.6, and the fact that by Theorem 4.2
M (A) is an operator, one concludes that the representation of I" given in Proposition 3.9 (ii) can be rewritten in the form
as stated in (i).

(i1) The description in (i) shows that

ran[ =T(4)) ¥ M(A) = < 0
ra

L) F MW, 45
ny(ﬂ)) @) 4.5)

for all A € C\R. Therefore, (ranI)l*} = ({0} xrany(ﬁ)*)m N M(A)*. Hence k = {k,k'} € (ranD)!X] if and only
if ke M()* and k € (rany(ﬁ)*)l = ker W Since y(4) and Im M(A) are bounded and E = Re M (u), one has
Re My(u)=0 and kery(u) = ker (Im My(n)) = ker(m). This kernel does not depend on u € C\ R due to
M(-) € R[H]; cf. Theorem 4.2 (v). This proves that

(ranD)H = M(A)* rkerm = (E* + MO(/l)*) [kerm =FE* rkerm.
As to the closure observe that
ranl = ((ran D)™ = (ranT)*)* = (E* ker y(A))".

Thus, ranI" = H X H if and only if E* rkerm = {0,0} or, equivalently, dom E* n kerm = {0}, since E* together
with E (C E*) is a densely defined operator in H.

(iii) In view of (i) this follows from mulI'j = ker Im M (1) = ker y(4); see Lemma 3.6. O

Corollary 4.3 shows that for an A B-generalized boundary pair the inclusion mul " C (ranT")[*! is in general strict. In particu-
lar, the range of T for a single-valued A B-generalized boundary pair, i.e., an A B-generalized boundary triple, need not be dense
in H X H. Notice that an A B-generalized boundary pair with the surjectivity condition ranI'y = H is called a B-generalized
boundary pair for A*; see Definition 3.5. The next result gives a connection between A B-generalized boundary pairs and
B-generalized boundary pairs.
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Theorem 4.4. Let {H,I'} be a B-generalized boundary pair for A*, and let M (-) and y(-) be the corresponding Weyl function
and y-field. Let also E be a symmetric densely defined operator in H and let T = {FO, Fl} where I'; = m;I', i =0, 1, be the
corresponding components of I as in (3.4). Then the transform

()= (5 ()

defines an A B-generalized boundary pair for A*. The corresponding Weyl function M (+) and ¥ (-)-field are connected by

M) =E+M@), 7A)=y(A)tdomE, A1€C\R.

Furthermore, T = {FO, Fl} in (4.6) is closed if and only if E is a closed symmetric operator in H, in particular, the closure of
Tis given by (4.6) with E replaced by its closure E.

Conversely, if {H,f} is an AB-generalized boundary pair for A* then there exists a B-generalized boundary pair {H,T"}
for A* and a densely defined symmetric operator E in H such that Tis given by (4.6).

Proof. (=>) By Lemma 3.12 the block triangular transformation V' in (4.6) actlng on H X H is an isometric operator. Con-
sequently, ' = VoI is isometric. It is clear from (4.6) that A :=kerIj C ker FO, which by symmetry of ker FO implies that
ker FO = A,. Clearly ran FO is dense in H, since ranIy = H and E is densely defined. Thus I admits all the properties in
Definition 4.1. Since in addition ker T = ker I, it follows from Theorem 4.2 (i) that A* = domT is dense in A*. Therefore,
{H, F} is an A B-generalized boundary pair for A*. The connections between the Weyl functions and y-fields are clear from the
definitions; cf. Lemma 3.12.

To treat the closedness properties of I" consider the representation of T in Corollary 4.3. Let A € C\ R be fixed and
assume that the sequence {f;/lzn} el converges to {fA /IE} Then ]/”:1 = H(Mk, ; +7(A)h, withunique k,, ; € ran(AO - /1) and
h, € dom M (A) =dom E and, since the angle between the graphs of Ay and N ,1( A, ) is positive, it follows that
k,, =k, € ran(Ao - /1) Moreover, the representation of { s n} elin Corollary 4.3 shows that A, — h € H. Accord-
ing to Theorem 4.2 y(4) and ( )* are bounded operators and, since M (A) = E+ M(4), where M(4) is bounded (see
[26, Proposition 3.16]), it follows from Corollary 4.3 that

{H(ﬂ)kw,< o >}+{<y(i)hn>’< h, >}€I:
T\r () K Ay(Dh,) \Eh, + M(W)h,
0 y(Hh h ~
{H(/l)k,u <y(1)*kl> } + { <M(l)h>’ <h” + M(/l)h) } €closT, 4.7

where {h, h""} € E.Itis also clear that the limit element in (4.7) belongs to [ if and only if lim,_, {h,, Eh,} = {h,h"} € E.
Therefore, T"is closed if and only if E is closed and, moreover, the closure of IN“, which is also an A B-generalized boundary pair
for A* (as stated after Definition 4.1), is given by (4.6) with E replaced by its closure E.

(<) Let {H F} be an A B-generalized boundary palr According to Theorem 4.2 the corresponding Weyl function M is of
the form M = E + M , where M e R[H] and E (= Re M (u)) is a symmetric densely defined operator in H.

To construct I directly from an associated B-generalized boundary pair, define

Lo\ . (T 0\(T,
(ﬁ) =% DE) -

Since M(4) = F(EFAZ,I (Z*)) c ranT, where A, = domT", and dom M (4) = dom E, it follows that the graph of M (1) belongs to

the domain of the block operator ( _IE (I) > ie., N ,1( ) c domf forall AeC \ R. Moreover,

converges to

AN

T(M,(A,)) =—E+M() = M) | domE C ranl’

for all A€ C\IR Since M € R[H] this 1mphes that ranFO is dense in H. Clearly, ker Fo = ker FO = A, and since
A, =Ay) + N (A *) one concludes that A, = domT = domT is dense in A*. Thus, I is also an AB-generalized boundary
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pair for A* and, consequently, also its closure is an A B-generalized boundary pair for A*, too. Denote the closure of r by IO,
Then the corresponding Weyl function M (©(-) is an extension of M and its closure is equal to M. Since I'? is closed, it must
be unitary by [27, Theorem 7.51] (cf. [25, Proposition 3.6]). In particular, M ©)(.) is also closed, i.e., MO() = M € R[H].
Thus, ran FE)O) = dom M () = H and hence T'¥) is a B-generalized boundary pair for A*; see Definition 3.5. Finally, in view

of (4.8) one has
FQ _ I 0 f‘o I 0 (0) . N(O)
()= ()< (2 s

Here equality I = T© holds by Proposition 3.9 (iii), since MO(-) = E + M(-) = M (). O
The proof of Theorem 4.4 contains also the following result.

Corollary 4.5. If { H, lN“} is an AB-generalized boundary pair for A* with the Weyl function M (-)and E = Re M (u) for some
u € p(M), then the closure of T = (_]E ? )IN“ defines a B-generalized boundary pair for A* with the bounded Weyl function
M(-) = clos(M(-) — E).

Theorems 4.2 and 4.4 imply the following characterization for the Weyl functions corresponding to A B-generalized boundary
pairs.

Corollary 4.6. The class of AB-generalized boundary pairs coincides with the class of isometric boundary pairs whose Weyl
function is of the form

M@)=E+ My4), A1€C\R, 4.9)

with E a symmetric densely defined operator in H and M(-) € R[H]. In particular, every function M of the form (4.9) is a
Weyl function of some A B-generalized boundary pair.

Proof. By Theorem 4.2 the Weyl function M of an A B-generalized boundary pair {H, f} is of the form (4.9), where E C E*
is densely defined and M,(-) € R[H].

Conversely, if M is given by (4.9) with M(-) € R[H], then by [26, Proposition 3.16] M(-) is the Weyl function of a
B-generalized boundary pair {H,I'} for A*. Now according to the first part of Theorem 4.4 the transform T of T defined
in (4.6) is an A B-generalized boundary pair for A* such that the corresponding Weyl function is equal to (4.9). O

By Definition 3.5 every B-generalized boundary pair is also an A B-generalized boundary pair. Hence, the notions of an
A B-generalized boundary triple and A B-generalized boundary pair generalize the earlier notions of “a generalized boundary
value space” as introduced in [33, Definition 6.1] and ““a boundary relation with the Weyl function in R[H]” as defined in [25,
Proposition 5.9]. It is emphasized that B-generalized boundary pairs are not only isometric: they are also unitary in the Krein
space sense, see Definition 3.1. The characteristic properties of the classes of B-generalized boundary triples and pairs can be
found in Theorem 1.7, see also [25, Propositions 5.7, 5.9] and [26, Proposition 3.16]. Some further characterizations connected
with A B-generalized boundary pairs are given in the next corollary.

Corollary 4.7. Let {H, l:} be an AB-generalized boundary pair for A* as in Theorem 4.4 and let E be a symmetric densely
defined operator in H as in (4.6). Then:

(i) {H, F} is a unitary boundary pair (boundary relation) for A* if and only if the operator E is selfadjoint;
(ii) {H, F} has an extension to a unitary boundary pair for A* if and only if the operator E has equal defect numbers and in
this case the formula (4.6) defines a unitary extension of T when E is replaced by some selfadjoint extension E, of E;

(iii) {H, 1:} is a B-generalized boundary pair for A* if and only if the operator E is bounded and everywhere defined (hence
selfadjoint);

(iv) {H, f} is an ordinary boundary triple for A* if and only ifranT" = H @ H, or equivalently, if and only if ranT is closed,
E is bounded, and kerIm M (1) =0, A € C\ R.
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Proof.

(1) By Theorem 4.4 T is closed if and only if E is closed. Moreover, E = E* if and only if M is a Nevanlinna function. Now
the statement follows from [25, Proposition 3.6] (or [27, Theorem 7.51]).

(i) This is clear from part (i) and Theorem 4.4.
(iii) This follows from Theorem 4.2 (v) by the equalities ran T, = dom M = dom E (= H).

(iv) The first equivalence is contained in [25, Proposition 5.3]. To prove the second criterion, we apply Corollary 4.3, in par-
ticular, the representation of ranI" in (4.5):

ran[ =T(4)) ¥ M(A) = ({0} xrany(1)") T M(D). 4.10)

Clearly, E is bounded precisely when M (1), 4 € C \ R, is bounded. In this case the angle between the last two subspaces
in (4.10) is positive and then ranT is closed if and only if rany(ﬁ)* and M (A) both are closed. By Theorem 4.2y(4) is

bounded and domy(1) = dom M (A1) = H, when M (A) is closed and bounded. Then y(4) is closed and (ran J/(/T)*)l =
ker y(1) = ker Im M (4). Therefore, the conditions ranI" is closed, E is bounded, and ker Im M (4) = 0 imply that ranT" is
also dense in H X H and, thus, I is surjective. The converse is clear.

d

The class of A B-generalized boundary triples contains the class of so-called quasi boundary triples, which has been studied
in J. Behrndt and M. Langer [11].

Definition 4.8 ([11]). Let A be a densely defined symmetric operator in $. A triple I1 = {H, FO,FI} is said to be a quasi
boundary triple for A*, if A, := domTI is dense in A* and the following conditions are satisfied:

4.8.1 Green’s identity (1.1) holds for all f,8 € A,;
4.8.2 A, = ker I, is a selfadjoint operator in §;
4.8.3 the range of I'is dense in H X H.

For isometric boundary pairs mulT" C (ranT")!*! and thus the condition 4.8.3 implies that I is single-valued. Since the con-
dition 4.8.3 implies 4.1.2, quasi boundary triples are A B-generalized boundary triples. Corollary 4.3 gives the following char-
acterization for quasi boundary triples.

Corollary 4.9. An AB-generalized boundary triple {H, FO,Fl} Sfor A* with the Weyl function M = E + M(-) represented in
the form (4.2) is a quasi boundary triple (with single-valued ') for A* if and only if ranT is dense in H @ H, or equivalently,
dom E* n ker Im M (2) <= dom E* nker Im MO(A)) = {0}, 4.11)

Sfor some or, equivalently, for every A € C \ R.

Proof. Ttem (ii) of Corollary 4.3 shows that ranI" is dense in H if and only if dom E* nker y(4) = {0} for some or, equiva-
lently, for every 4 € C \ R. This is equivalent to the conditions in (4.11), since ker y(4) = ker Im M (1) = ker Im M;(4); see
Corollary 4.3. O

Remark 4.10. A connection between B-generalized boundary triples and quasi boundary triples can be found in [27, Theo-
rem 7.57], [70, Propositions 5.1, 5.3]. In fact, each of them is special case of Theorem 4.4. Moreover, it should be noted that
in the formulation of the converse part in [27, Theorem 7.57] one should use a B-generalized boundary pair {H,I'}, instead
of a B-generalized boundary triple {H, Iy, T }, since ker y(4) = ker Im M (1) = 0 (M is strict) does not imply in general that
ker m = ker m = ker Im My(4) =0, i.e. ﬁo € R[H] as in the proof of Theorem 4.4 above: only the factor mapping
I'/mulT (see [7], [42, Eq. (2.15)]) becomes single-valued (equivalently the corresponding Weyl function is strict, cf. [25, Propo-
sition 4.7]). It should be also noted that a condition which is equivalent to (4.11) appears in [70, Section 5.1]; see also [69]. For
some further related facts, see Corollary 5.18 and Remark 5.20 in Section 5.

The next result describes a connection between B-generalized boundary pairs and ordinary boundary triples. In the special
case of B-generalized boundary triples the corresponding result is presented in [27, Theorem 7.24].
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Theorem 4.11. Let {H,I'} be a B-generalized boundary pair for A* and let M (-) be the corresponding Weyl function. Then
there exists an ordinary boundary triple {Hs, Fg, F?} with H; = ranIm M (1), 4 € C\ R, and operators E = E* € B(H) and
Ge B(H, HS) withker G = H © H such that (1.6) holds with G~ standing for the inverse of G as a linear relation. If M (-)
is the Weyl function corresponding to the ordinary boundary triple {HS, Fg, F(l)} then

M) =G*My(ADG+E, A€ p(A).

Proof. The proof relies on [27, Theorem 7.24] and [26, Propositions 3.18, 4.1].
Let E = Re M (i). Then by [26, Propositions 3.18] (cf. Lemma 3.12) the transform

f:{{ﬁ(_Ehh+h,>}: {f,ﬁ}er} 4.12)

defines a new B-generalized boundary pair for A* with the Weyl function M (-) — E and the original y-field y(-) of {H,I'}.
Let P, be the orthogonal projection onto H, :=ranIm M(4). Then according to [26, Proposition 4.1] the transform

r® . o2 - (HS)2 given by
e = {{f <P"k,>} :{f.k} eT, (I—Ps)k=0} (4.13)

determines a B-generalized boundary pair {HS, re } for (A®))*, where A® is defined by
A® =kerT®, (4.14)
The corresponding Weyl function and y-field are given by
M®()=P(M) - )l H,. 7 =r(DIH,.

Recall that ker(M (1) — E) = ker Im M (1) does not depend on A € C\ R. Consequently, M(1) — E = M® (1) @ OHeHs~
Since ker y (1) = ker (M (1) — E) = ker P, onehasrany(1)" C M, and it follows from Corollary 4.3 thatranT"; C ;. There-
fore, (4.13) implies that A®) defined in (4.14) coincides with A: ker ') = ker " = A. By construction M®)(-) € R*[H,] and

hence I'® is single-valued; i.e. {HS, FE)“‘), F(IS)} is in fact a B-generalized boundary triple for A*; cf. [25, Proposition 4.7].

One can now apply [27, Theorem 7.24] with R = Re M) (i) = 0 and K = (Im M (“)(i)) 172 to conclude existence of an ordi-
nary boundary triple {HS, Fg, F(l)} with the Weyl function M(-) such that

I =k, ' =kr), and M) =KMyHK, i€C\R.

In particular, M (i) = E + i K>P, and M(4) = E + P,K M(4)K P,. The statement follows by taking G = K P,. Indeed, since
ranI'; C H; and mulT’j = ker Im M (4) = ker P, (see Lemma 3.6) (4.13) shows that dom '® = domT and

- ~ - [(PTW% ~
F=F(")ea{{0,<k>} : Psk:O}: [N B . k€ domI® §.
0 Psr‘lb)k

Finally, using Gl= PS" K'=K'1o ({O} X ker PS) and (4.12) yields the formulas (1.6) and (1.7). O

The notion of an A B-generalized boundary pair introduced in Definition 4.1 appears to be useful in characterizing the class of
Nevanlinna functions with unbounded values (and multi-valued Nevanlinna families) whose imaginary parts generate closable
forms 7y = [(M(4)-, ) — (-, M(4))]/2i via (3.6) and whose closures are domain invariant. All such functions, after renor-
malization by a bounded operator G € [H], turn out to be Weyl functions of A B-generalized boundary triples, i.e., for a suitable
choice of G, G* MG is a function of the form (4.2): see Theorem 5.32 and Corollary 5.34 in Section 5.

4.2 | A Krein type formula for A B-generalized boundary triples

In this section a Krein type (resolvent) formula for A B-generalized boundary triples will be presented. We refer to [27, Proposi-
tion 7.27] where a special case of B-generalized boundary triples was treated, and [11, 12] for a special case of quasi boundary
triples. The form of the formula as given in Theorem 4.12 below is new even in the standard case of ordinary boundary triples.
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If Ay = ker I, is selfadjoint, then it follows from the first von Neumann’s formula that for each 4 € P(Ao) the domain of I
can be decomposed as follows:

dom[ = Ay % (dom[ N9 ,(A%)).

Now let I" be single-valued and let I' be decomposed as I' = {FO, I } Let A be an extension of A which belongs to the domain
of I" and let ® be a linear relation in H corresponding to A

@=I(4), AcdomI & A=A4g:=0I"'@), ©cranl. (4.15)

Theorem 4.12. Let A be a closed symmetric relation, let I1 = {H,FO,FI} be an AB-generalized boundary triple for A*
with Ay = ker Iy, and let M (-) and y(-) be the corresponding Weyl function and y-field, respectively. Then for any extension
Ag € Ext 4 satisfying Ag C domT the following Krein-type formula holds

(Ao—4)" = (Ag=2) " +yD(O@=MW) v(D)*, i€ p(A). (4.16)

Here the inverses in the first and last terms are taken in the sense of linear relations.

The proof of this theorem is postponed until Section 5.2, where an analogous resolvent formula is proved for unitary boundary
triples. However, some remarks and consequences of Theorem 4.12 are in order already here.

Remark 4.13. We emphasize that in the Krein-type formula (4.16) it is not assumed that A € p(A@). In particular, Ag — 4 need
not be invertible; Ag and © need not even be closed. Hence, even when I1 = {H, Iy, T } is an ordinary boundary triple for A*
the formula (4.16) uses only the assumption A € p(AO) instead of the standard assumption that A € p(AO) N p(A@).

The following statement is an immediate consequence of Theorem 4.12.
Corollary 4.14. Let the assumptions be as in Theorem 4.12 and let A € p(AO). Then:
(i) ker(Ag — A) = y(Dker(® — M(A));

(ii) if (® — M W)~V is a bounded operator, then the same is true for (A® — /1)_1;
(iii) if 0 € p(® — M(A)) then 4 € p(Ag).

5 | SOME CLASSES OF UNITARY BOUNDARY TRIPLES AND WEYL
FUNCTIONS
5.1 | Unitary boundary pairs and unitary colligations

Some formulas from Section 3 can be essentially improved when using the interrelations between unitary relations and unitary
colligations, see [10]. Let {#H,I'} be a unitary boundary pair. As was shown in [25, Proposition 2.10] the linear relation, the
so-called main transform of T,

H={{0)-()) A G)- () fer) s

~ -1
is selfadjoint in $ @ H. Denote its Cayley transform I — 2i(A +i) by o():

o {{EE D) (M)

Then w(I') is the graph of a unitary operator U" : ( 2 ) - ( 2 ) The mapping w : I'— U establishes a one-to-one correspon-

dence between the set of unitary boundary pairs and the set of unitary operators in $ @ H.
The inverse transform T'=w~ (V") takes the form

) O ) o)
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As was shown in [29] U = w(I) is the Potapov—Ginzburg transform of I in the sense of [7]. Let us consider the unitary operator
U and the pair of Hilbert spaces $ and H as a unitary colligation (see [18]) written in the block form

T F
U‘=<G H)eB(sjeaH), (5.4)

where T € B(9), F € B(H, ), G € B(H, H),and H € B(H). Then the representation (5.3) for I takes the form

_ (T —I)g+ Fu Gg+(H - Du _
o {{<i(T+I)g+iFu>’ <—iGg—i(H+I)u>} “8EDH.UE H}_ (5.5

Since U" = (U*)~!, then
T>:< ,+G$u, !
U= {{(F*; +H*u’>’ <§,>} cdend e H}

and hence I" admits a dual representation
L= (I -T%g' — G -F*g'+(I - H g e, 5.6)
iI+THg +iG* )’ \=iF*g —i(I + H*/ "uWeH | ’

Observe, that for each element { f ,?z} €I the vectors g, g’ € $ and h, h’ € H are in fact uniquely determined in (5.5) and
(5.6). Let us collect some formulas concerning I and U” which are immediate from (5.5) and (5.6) (see also [10]).

Proposition 5.1. Let {H,I'} be a unitary boundary pair for A* with I given by (5.5), and let A,, = domTI’, Ay = ker I'. Then:

A, =ran r-1 F =ran a-7° -G
* T+1) iF) ™~ id+T) iG*)°

mulA, = (I —T) 'ran F = (I - T*) 'ran G*;

mul A =ker(I = T) =ker(I —T%);

_ (T-Ig+ Fu \ . ~ ~
AO_{<i(T+1)g+iFu> P Ge+(H I)”—O»geb,uEH}

(5.7)
_ - T*)g' - G*/ .o ) % ' _ ’ ’
_{(i(I+T*)g’+iG*u' Fg+(H " —-Du =0,g €D,u €H
ran[y =ran(/ — H) +ranG =ran(I — H*) + ran F"; (5.8)

_ (H-Du \ . _ I —-H*5 \ | N
mUIF_{<—i(H+I)u> : uEkerF}_{<—i(1+H*)u’> tu ekerG },

in particular,
mull’ = {0} < ker F = {0} < ker G* = {0}.
The characteristic function (or transfer function) of the unitary colligation U (see [18])
0()=H+(GU -¢(T)'F (( eD)

is holomorphic in D and takes values in the set of contractive operators in H.
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Proposition 5.2. Let {H,I"} be a unitary boundary pair for A* with I' given by (5.5), let A € C, and let { = j—: Then the
y-field admits the representations

y(A) = {{O@) - Du, 1 =T - ¢T)'Fu} : ue H}, (5.9)

r(D) = {{O©)" = Du,(1 - O)T - T 'G*u} : ue H}, (5.10)
and its kernel does not depend on A € C \ R:
ker y(4) = mul Ty = ker y (). (5.11)
In particular,
y@)={{(H=-Du,Fu} : ueH}, y(=i)={{(H*—Du,G*u} : ueH}. (5.12)
The Weyl function M corresponding to the boundary pair {H,1"} and the characteristic function 0 are connected by
M(A) =i(I+6ENU - 6N, M) =—iI +6()")HU 08"~ (5.13)

If T is single-valued then dom y(A) and dom y(2) are dense in H.

Proof. Since { = j—: € D the operator (I — ¢T') has a bounded inverse. Using the substitution g = f + (I — {T)™! Fu one
can rewrite the expression (5.5) for I in the form

(T -Df +1=OUI =T Fu Gf +0) = Du JEH (5.14)
(T+ Df +i(1+ U = ¢T) ' Fu) \=iGf —i(0&)+ Du) | "ueHf’ ‘

Since 4 = i1t the choice £ = 0 in (5.14) leads to

1-¢
& (1-OU = ¢T) ' Fu O) — Du
r = :
M {{(ﬂ(l—é’)(l—CT)_lFu P\ =i(0(&) + Du ueH
and hence (5.9) and the first equalities in (5.12) and (5.13) follow.
Similarly, the substitution g’ = f/ + &(I — ¢ T*)_IG*u’ in (5.5) shows that the linear relation I" coincides with the set of

vectors
o~ o) _ P % ! %Y,/
{((]_T)f +(E-1)(1-21") "G ><—F F1 =0 >} 5.15)

i +THf +i(E+1)(1 =) G*u ) \~iF*f" = iI + 6"’

where f' € §, v’ € H. Hence with f/ = 0 one obtains from (5.15)

— P —1 % _ *Y\,,!
;= (= =cr) G ) (C=0OWAL L ea (5.16)
WE-1)(1=¢r) 6% ) \il + 6w

Now the formula (5.10) and the second equalities in (5.12) and (5.13) are implied by (5.16).

The equalities in (5.11) hold by the definition of the y-field and, in fact, are also clear from (5.9), (5.10), and the description
of mulI" in Proposition 5.1.

Finally, if mulI" = {0}, then using the fact that y(+i) is single-valued, one concludes that

ker(H —I) Cker F, ker(H* —1) C ker G*, (5.17)

and hence Proposition 5.1 shows that ker(I — H) = ker(/ — H*) = {0}. Therefore dom y(—i) = ran(/ — H*) and domy (i) =
ran(l — H) are dense in H. Equivalently, dom y(A) is dense in H for all A € C \ R. O

Proposition 5.3. Let {H,T'} be a unitary boundary pair for A*. Then the closure of 7(A) is given by

7 = (To1 ,4) . 2€C\R. (5.18)
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In particular, kerﬁ = mul FO, mulﬁ = (ker fo) N Z)A?A(A*), and
ranp(A) = (domTy) N9, (A*), dom7(4) = Ty ((domTy) n 9t,(4%)).
A —1 A -1
Proof. By definition 7(1) = (Fo ! mi(A*)) = (FO N (mi(A*) X H)) , which implies that

S T, M,4%), AeC\R.

To prove the reverse inclusion, assume that { £ h} €Tyn (2/)\2 4(A%) X H). With A € C,_ it follows from (5.14) that there are
sequences f, € 9 and u,, € H, such that

(T-Df,+(10 =1 =¢T)  Fu, 9 [ ( f
{ <i(T +Df, +i(l+ )1 - CT)_IFun>’Gf" +6©) - I)”"} - { </1f,1>’ h}'
This implies that (I — ¢{T) f, 2 0 and hence f, —g 0, since A € C,_ or, equivalently, { € D. Thus
(1-90-¢T) " Fu, 9’ I
{ (m — o - CT)-‘Fun>’(9(C) - I)””} - { (m)’h}’

~ —1
which by (5.9) in Proposition 5.2 means that { f,, h} € 7(1) .
Similarly, with Z € C_ it follows from (5.15) that for every { f3,h} € [y n (2?2 7(A*) X H) there exists a sequence u/, € H

such that
& -na-¢nterd T f7
(it fa-eena = {(7)f

~ —-1
which by (5.10) in Proposition 5.2 means that { /i h} S ’;7(/1) . This completes the proof of (5.18) and the remaining state-
ments follow easily from this identity. O

Corollary 5.4. Let {H, Iy, Fl} be a unitary boundary triple for A* and let M (-) be the corresponding Weyl function. Then
the mapping T,y is closable if and only if for some, equivalently for every, A € C\ R the Weyl function satisfies the following
condition:

H
h,—h and Im(M(Ah, h,) >0 (n—>o0) = h=0. (5.19)

Proof. By Lemma 3.6 M (-) is an operator valued function with ker(M (1) — M (4)*) = {0}. In this case (3.10) implies that

(4= 2)ly (DAl = 2i Im (M (A)h, h)yy,

h € dom M(4), A € C\ R. From this formula it is clear that the condition (5.19) is equivalent to ker y(41) = {0}. Therefore, the
result follows from Proposition 5.3. O

Clearly, the condition (5.19) is stronger than the condition (1.8) appearing in the definition of strict Nevanlinna functions.
If M(-) € R[H] then the condition (5.19) simplifies to ker Im M (4) = {0}, i.e., for bounded Nevanlinna functions the con-
ditions (5.19) and (1.8) are equivalent. Hence, if {H,F 0> Fl} is a B-generalized boundary triple then I is closable by The-
orem 1.7. However, when M (:) is an unbounded Nevanlinna function, the condition in Corollary 5.4 need not be satisfied.
Example 5.19 shows that already for .S-generalized boundary triples {H, Iy, T } the mapping I'; need not be closable.

The next result contains an essential improvement of Lemma 3.8 for unitary boundary pairs.

Theorem 5.5. Let {H,I'} be a unitary boundary pair for A*, let its Potapov—Ginzburg transform U" = w(T) be given by (5.4),

let H(A) be defined by
_ -l
H(/l):h—>{< (Ao =4 >}
h+ A(Ay— )~ 'h
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see (3.11), and denote { = j—:for A €C,. Then:

(i) with A € C_ the adjoint of the y-field is given by the formulas

r(2) ={lg.v} 1 OQ) - Do+ -DGU -(T)'g=0, g€ H, veH], (5.20)

Yy ={{g",v'} : O =DV +(E-1)F*(I - 5T*)“g’ =0, g €. v eH}; (5.21)

(ii) forall A € C_ U C_ one has the equality

)

TH) = < )*> F ({0} x mulT),

(4
and, in particular,
CVHA) =y(2)" F ({0} x mulT, ),

and, furthermore, here ran(Fl H(/l)) = ran(FIH(Z)) does not depend on 1 € C, UC_;
(iii) the range of y(4)* does not depend on A € C_ UC_:

rany(1)" = (I — H)™'(ranG) = (I — H*) '(ran F*) = rany(A)*; (5.22)

(iv) the multi-valued part of y(A)* does not depend on A € C_ UC_:
muly(1)" =ker(H — I) = ker(H* — I) = mul y(4)*.
In particular, if mull"; = {0} then the equality ran(FlH(A)) = rany(Z)* holds for all A € C_UC_. In this case also
mul y(1)* = {0} or, equivalently, the y-field y(A) is a densely defined operator for all 2 € C \ R.
Proof.

(i) Let A € C, and assume that {g,v} € y(Z)* for some g € $ and v € H. Then by (5.10) this means that
z e\ — 1~ *
(1=8)(1=LT") G'ug) = (O = Du,v)y

forallu € H or, equivalently, (6() — Dv + (¢ = 1)G(I — Q’T)_lg = 0. This proves the identity (5.20) in (i) with A € C,.
Similarly, using (5.9) it is seen that {g’,v'} € y(4)*(A € C,) is equivalent to

0@ = Do+ (E= 1) F*(1-ZT") g =0,

which proves (5.21).

(i) By Lemma 3.8 (cf. also [27, Lemma 7.38]) the inclusions “C” hold in (ii). For the reverse inclusions “2” in (ii) it suffices
to prove the inclusion y (Z) “cr 1 H (A). For this purpose we first derive a formula for the mapping H (1) defined in (3.11)
analogous to what appears in Proposition 5.2. It follows from (5.14) and (5.15) (with A € C,) that

{((T—I)f+(1—C)(I—g“T)‘lFu) . fep. ueH }

Ag— A= ' :
0 I =(D)f Gf+ Q) —Du=0

(5.23)

ey 1 e ’ ’
PRI i G e R P AL ¢ (5.24)
2L =Ty g 4 (I 0

In particular, using (5.23) and the substitution g = 2i(1 — {T)(1 — ¢)~! f one obtains

1_
hi=(Ag— 1) g = 2—f<T DT =T g+ (1= O - ¢T) " Fu,
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where u € H satisfies the equality

1 —
G =Ty g+ (60 - Du =0,

i
or, equivalently,

0(0) — I)(=2iu) + (¢ — DG - ¢T) 'g =0. (5.25)

Now denoting h= <Z,> = H(A)g € A one concludes from (5.14) that

{?z, —2m} - {?z,—in —i0Q) + I)u} er,.

so that {g,v} € I'| H(A), where v = —2iu and g satisfies (5.25) or, equivalently, f = (1 — {)(2i(I — ¢T)) g satisfies
Gf +(0(¢) — Iu = 0. It remains to compare (5.20) with (5.25) to conclude that the elements {g, v} € y (Z) * in fact belong
to 'y H(A), i.e., the inclusion y(Z)* cT H(A) holds (A€ C,).

Similarly, one proves the inclusion y(4)* C FIH(Z) (/1 S C+) by means of (5.21), (5.15) and (5.24).

Finally, the equality ran(FlH (/1)) = ran(FlH (Z)) and the independence from A € C,_ UC_ holds by item (vi) of
Lemma 3.7.

(iii) Letue (H - I)~'(tanGnran(H —I))and A € C,.Then (H — Iu € ran G and hence
O&)—Du=H-Du+¢GU —¢T) ' FueranG. (5.26)

In view of (5.20) this proves that u € ran y(Z)*. Conversely, if u € rany(ﬁ)* then in view of (5.20) and (5.26)
(H — Iu € ran G, which proves the first equality in (5.22). Similarly, for A € C_ the last equality in (5.22) is implied
by (5.21).

Finally, the equality (H — I)~'ranG = (H* — I)~'ran F* is implied by the identities U™* V" = U'U™* = I ggy,. To see
this assume that u € (H — I)"'ran G, i.e., that (H — I)u = Gg for some g € $. Then H*(H — Iu = H*Gg = —F*Tg
and using H*H = I — F*F one obtains (I — H*)u = F*(Fu —Tg).Hence (H — I)"'ran G C (H* — I)"'ran F* and the
reverse inclusion is proved similarly.

(iv) Part (i) shows that the adjoint of the y-field at A = +i is given by
vy ={f. 'Y H -Df =Ff}, y)"={{f.f"}: H-Df =Gf},

see also (5.12). On the other hand, muly(A)* = (domy(A))* = (dom M(4))* = mul M(4) does not depend on
A € C, U C_. The identities in (iv) are now clear from the formulas in (i).

The last statement is obtained from (ii). |

Corollary 5.6. (Cf. [27].) Assume that I'| in Theorem 5.5 is a single-valued operator. Then the operator I'{ H(A) is bounded
or, equivalently, I'; | A is bounded if and only if A is closed.

Proof. By Lemma 3.7 the operator I'| H(4) is bounded if and only if the restriction I'; | A is bounded. Since 'y H(A) =y (Z) *
by Theorem 5.5, this mapping is closed and it follows from the closed graph theorem that I'; |' A is bounded if and only if its
domain dom(I'; | Ay) = A, is closed. O

Remark 5.7. The unitary colligation {U", $, H, H} from (5.4) is an operator formalization of a discrete time input/state/output
t+1 t . . . o
system (x(y(_:) )> = U(igt; > (t € N) with the input u(t) € H and the output y(¢) € H. The transfer function of this discrete

time input/state/output system coincides with the characteristic function 6(z) of the unitary colligation (U, 9, H, H), see [5, 57].
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Similarly, as was shown in [6, Theorem 5.35] any unitary boundary triple {H, Iy, T } with the extra properties ranI'y =

and mul A = {0}, where A (a skew-adjoint operator) is the analog of the main transform of I" (see (5.1)), corresponds to some
impedance conservative continuous time input/state/output system

I . (O _ g (x®
L={A9.HH}: <y(t)>_A<u(t)> (reRr,).

Realization problems for Schur functions via transfer functions of scattering conservative (and passive) continuous time
input/state/output systems were studied in [8, 9] and were motivated by the earlier works [65, 66]. On the other hand, con-
nections between general unitary boundary pairs and the notion of conservative state/signal system nodes, whose systematic
study was initiated in [5] (see also e.g. [53, 54]), have been established in [6, Theorem 5.34]. Moreover, the connection between
conservative state/signal system nodes and so-called Dirac structures can be found in [6, Proposition 5.38], while the connection
between Dirac structures and unitary boundary pairs is made explicit in [41].

5.2 | A Krein type formula for unitary boundary triples

In this section Krein’s resolvent formula is extended to the setting of general unitary boundary triples. It is analogous to the
formula established in Section 4.2. Recall from [25] that for a unitary boundary triple the kernel A, = ker I'; need not be
selfadjoint, it is in general only a symmetric extension of A which can even coincide with A; see e.g. [25, Example 6.6]. For
simplicity the next result is formulated for nonreal points A € C \ R; these points are regular type points for A.

As in Section 4.2, let A be an extension of A which belongs to the domain of I"and let ® be a linear relation in { corresponding
to A via (4.15).

Theorem 5.8. Let A be a closed symmetric relation, let T1 = {H, Iy, Ty } be a unitary boundary triple for A* with Ay = ker I,
and let M (+) and y(-) be the corresponding Weyl function and y-field, respectively. Then for any linear relation ©(C ranl’) in
H and the extension Ag € Ext 4 given by (4.15) the following equality holds

(Ao —4)" = (49— 2) " =y(W(©-MW)'y(2)", 1€C\R, (5.27)

where the inverses in the first and last term are taken in the sense of linear relations.

Proof. We first prove the inclusion “C” in (5.27). Since A is symmetric, (AO - /1) “lisa bounded, in general nondensely defined,

operator for every fixed 4 € C\ R. Now assume that {g,g"} € (Ap — l)_l - (Ag - /1)_1. Then g € dom(Ag — /1)_1 n

dom(Ag — A)_l and {g.g'} € (Ap — A)_] for some g’ € §, so that g"" =g’ — (Ay — /l)_lg. Hence 3 := {g/.g + Ag'} €
Ag C domT,

g 1= { (A= 1) e (1+4(40-2)")g} € 4, c dom (5.28)
and
~ A , -1 , -1
8 — 8 = {g - (Ag—4) g,/l(g —(Ag—4) g)}

so that gg — g, € N 1(A,). Recall that 7(4) maps dom7 (1) onto N 1(A,) c domT and hence there exists ¢ € dom7(4) =
dom M (A) such that

80— 8 =7, T7Me={p, M(De}, (5.29)

see (3.2), (3.3); notice that M (A) is an operator, since mulT" = {0}. Clearly I'yg, = 0 and according to Theorem 5.5 one has
g =T HAg= y(i) " g, where H(A) is defined by (3.11). Observe, that here y(Z)* is an operator since H(A) and I'| are
operators. Now it follows from (5.29) that

{0.7(1) g} + (. M(Dp} =T g+ 7(Np =gy €O, (5.30)
see (4.15). Consequently,

{qo,y(}_»)*g + M(/I)(p} € O and {qo,y(ﬁ)*g} EO—- M)
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or, equivalently, {g,p} € (@ - M (A)~! y(i)* and hence (5.29) shows that

{g.8"} = g7V} € Y@ = M) 7 (1),

which proves the first inclusion in (5.27).
To prove the reverse inclusion “D” in (5.27) assume that {g,g”} € y(A)(©® — M(1))~'y(1)". Since dom(® — M(4)) C
dom M (4) = dom y(4) the assumption on {g, g”’} means that for some @ € H one has {y(ﬁ)*g, @} €(©—M(1)" and

(g.8") = (g, y(Mg) € y(W)(© — M)y ()"

It follows from {@,7(1) g+ M(A)g} € © and (4.15) that [' gy = {@,7(1) g+ M(D)p} for some gy € Ag. By Theo-
rem 5.5 T, H(4) = y(1)", which shows that g € ran(A, — 1), 4 € C\R; see (3.11). Now associate with g the element
g, as in (5.28). Since I'g, = {o,y(Z)*g} and TP = {@, M(A)p} we conclude that (5.30) is satisfied. Therefore,
8o +7(AM)g — 8o € kerT' = A and thus g, + 7(A)p € Ag or, equivalently,

{8 (40— 2) g+ 1Mo} € (40— 4) .

Hence,

-1 -1

{8.8"} ={g.7v(Mo} € (Ag — 1) — (Ag—4)

This proves the reverse inclusion in (5.27) and completes the proof. [l
It is useful to make some further comments on the formula (5.27).

Remark 5.9.

(1) Again notice the generality of the formula (5.27); in particular, as in Theorem 4.12 A need not belong to p(A@).

(i1) A careful look at the above proof shows that the key elements which in addition to the general properties of y-fields and
Weyl functions of isometric boundary triples are used in the proof are the following two requirements: (1) the equality
[VH(A) = y(ﬁ)*, so that T', g, = y(ﬁ)*g when g and g, are connected by (5.28); (2) 7(4) (hence also M (4)) is a densely
defined operator or, equivalently, y (Z) * is a closed operator. Hence, the formula (5.27) in Theorem 4.12 remains valid for
isometric boundary triples which satisfy these two additional properties.

(iii) In the formula (5.27) the operator (AO - /1)_1 cannot be shifted to the right hand side without loosing the stated equality.
Indeed, in that case only the following inclusion remains valid:

"oyn(@ - M)y (7).

(Ao —4)" 2 (Ag—4)"
Namely, by the equality I'; H(4) = y (1) one has ran(A, — 4) = dom y ()" and thus the term (A, — ﬂ)_l can be shifted
to the right side of (5.27) without changing the domain on the right side. However, in this case the range of the right side
belongs to the span dom A, + 9 ;(A,.) and for general unitary boundary triples this would restrict the choice of Ag; recall
that for a unitary boundary triple A, need not be even essentially selfadjoint, one can even have A, = A.

By considering the multi-valued parts we obtain the following statement for the point spectrum of Ag from Theorem 5.8.

Corollary 5.10. With the assumptions in Theorem 5.8 one has A € o,(Ag) if and only if 0 € O'p((;‘) - M(/l)), in which case
ker(Ag — 4) = y(Aker(®@ — M(4)), A€C\R.

We are now ready to prove also Theorem 4.12 from Section 4.2.

Proof of Theorem 4.12. By assumption I1 = {H, Iy, Fl} is an A B-generalized boundary triple for A*. Hence, mulI" = 0 and
according to Theorem 4.2 (iv) this implies thatI'y H(4) =y (Z) * and, moreover, y(1)* is a bounded everywhere defined operator.
Thus, from part (ii) in Remark 5.9 one concludes that the formula (5.27) holds. Furthermore, for an A B-generalized boundary
triple A is selfadjoint. Thus dom(AO — ﬂ)_l = $ (4 € C\ R) and the formula (5.27) is equivalent to the formula (4.16) in
Theorem 4.12. ]
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5.3 | S-generalized boundary triples

Here we extend Definition 1.11 to the case of boundary pairs.

Definition 5.11. A unitary boundary pair {#,I'} is said to be an S-generalized boundary pair, if A, is a selfadjoint linear
relation in $.

In the following proposition some special boundary triples/pairs are characterized in terms of their Potapov—Ginzburg trans-
form.

Proposition 5.12. Let {H,I'} be a unitary boundary pair, let U = w(I") be its Potapov—-Ginzburg transform given by (5.2)
and (5.4), and let A, = domI’, Ay =ker . Then:

(i) {H, Iy, Ty } is an ordinary boundary triple if and only if
ranG=H << ranF*=H;
(ii) {H, Iy, Fl} is a B-generalized boundary triple if and only if

ker F = {0}, — ker G* = {0},
ran(l —H)=H ran(l - H*)=H’

(iii) {H,T'} is a B-generalized boundary pair if and only if
TR, =" < ranI-H)=H < ran(I-H")=™M;
(iv) Ty is surjective if and only if
ran(/l — H)+ranG=H < ran(J - H")+ranF*=H,
(v) {H,T'} is an S-generalized boundary pair if and only if
ranG Cran(l — H) and ranF* Cran(I — H").
Proof. The statements (i)—(iii) can be found in [10, Proposition 5.9, Corollaries 5.11 and 5.12].

(iv) This is implied by (5.8).
(v) This statement follows from the equalities

Ao—i={<(T_I),g+F“> : Gg+(H—I)u=0,ge.§j,uEH},

2ig
_ T\ ! _ (3%,
A0+i={((1 Tz)l.i, Gu):F*g’+(H*—I)u’=0,g'e—b,u’eH}
which, in turn, are implied by (5.7). O

Remark 5.13. An example of a unitary boundary triple {,I'}, such that A is selfadjoint and I' is not surjective is presented
in [25, Example 6.6]. Observe also that A, is a maximal symmetric operator if at least one of the conditionsranG C ran(I — H)
orran F* C ran(I — H™) is satisfied.

The statement (v) in Proposition 5.12 is closely related to the early work of Calkin on existence of maximal symmetric
extensions A contained in the domain of a reduction operator for A* (meaning here domT'); cf. [21, Theorems 4.8, 4.11, 4.12].
His results are described in modern terms in [42, Theorems 2.26, 2.27] by means of an angular representation for A.

The following lemma shows that the conditions (iv) and (v) in Proposition 5.12 are not unrelated.
Lemma 5.14. Let U be a unitary colligation of the form (5.4). Then the following conditions are equivalent:

(i) ran(d — H)+ran G = H;
(ii) ran(I — H*) +ran F* = H;
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(iii) ran(I — H)=H;
(iv) ran(I — H*) = H.
Proof. The equivalence of (i) and (ii) is implied by (5.8).
Since ran (I — H) Cran({ — H) +ranG and ran(/ — H*) C ran(I — H*) + ran F* it remains to prove the implications (i)
= (iii) and (ii) = (iv).
Assume that ran(/ — H) + ran G = H. Then [35, Theorem 2.2] and the identity H H* + GG* = I yield

ran(I - H) +ranG = ran((([ _ H)(I _ Hx))l/Z) + ran((GG*)l/Z)
=ran(((I - H)(I — H*) + GG*)'/?)
=ran((I —2Re H + HH" + GG*)l/z) = ran((/ —ReH)l/z).

This implies the equality ran(I — Re H) = H and hence —I < Re H < ¢qI for some g < 1. Therefore, the numerical range of H
is contained in the half-plane Re z < g and hence 1 € p(H). This proves (iii). The implication (ii) = (iv) is proved similarly. []

Corollary 5.15. If Il = {H, FO,FI} is a unitary boundary triple with ranl'y = H, then A, = A[”; and 11 is necessarily a
B-generalized boundary triple.

Remark 5.16. If {H, Iy, T } is an ordinary boundary triple, then I" and, consequently, I'y and I'| are surjective. Hence, A, = Az';
and A = AT This conclusion can be made directly also from Proposition 5.12. Indeed, the assumption ran G = H implies
0 € p(GG¥). In view of the identity GG* = I — H H* this implies 1 € p(H H*) and hence 1 € p(H). By Proposition 5.12 (v)
this condition yields Ay = A{.

We are now ready to prove Theorem 1.12 in a more general setting, where {{,I"} is an arbitrary unitary boundary pair. It
gives a complete characterization of the Weyl functions M (-) of S-generalized boundary pairs. In its present general form it
completes and extends [25, Theorem 4.13] and [27, Theorem 7.39].

Theorem 5.17. Let I1 = {H,T'} be a unitary boundary pair and let M (-) and y(-) be the corresponding Weyl family and the
y-field. Then the following statements are equivalent:

(i) Ay is selfadjoint, i.e. Il is an S-generalized boundary pair;

(ii) A, = A F 2/7\3,1 and A, = A F i/)\lﬂfor some (equivalently for all) A € C_ and y € C_;
(iii) ranI’y = dom M (1) = dom M (u) for some (equivalently for all) A € C_ and y € C_;
(iv) y(A) and y(u) are bounded for some (equivalently for all) A € C, and u € C_;

(v) dom M(A) = dom M(E) and Im M, (A)is bounded for some (equivalently for all) A € C_;
(vi) The Weyl family M (), A € C\ R, admits the representation

M(A) = E + My(4), (5.31)
where E = E* is a selfadjoint relation in H and M, € R[HO], with Hy = dom E.

Proof. (i) © (i) This equivalence and the independence from 4 € C, and 4 € C_ is proved in [25, Theorem 4.13].
(i) < (iii) This can also be obtained erm [25, Theorem 4.13], but we present here a different proof. Indeed, it follows
from (5.14) that forall A € C, and { = j—:

ranl'y =ran G +ran(6({) — I). (5.32)

IfA, = AS then by Proposition 5.12ran G C ran (I — H) and (5.23) (see the proof of Theorem 5.5) yields ran G Cran(6(§) — I).
By (5.32), (5.9), and dom y(4) = dom M (A) one obtains

ranl'y =ran(d({) — I) =dom M (A1) forall Ae€C,.
Similarly, it follows from (5.32) and (5.24) in the proof of Theorem 5.5 that

ranly = ran F* +ran (0(()* — I) =dom M (1) forall A€C,.
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Conversely, if for some A€ C, one has ranl'y =dom M(A) =domy(4), then (5.8) implies, in particu-
lar, that ranG Cran(({)—I). Hence, it follows from (5.23) that ran(AO — /1) = $. Similarly the identities
ranTy =dom M (1) =domy () imply that ran(A, — 1) = $ and, thus, Ay = A%

(1) = (iv) This implication was proved in Theorem 4.2 (iv), (V).

(iv) = (i) If some y(4) : ﬁy(ﬂ) — $ is bounded then dom y(4)* = $. Then by Theorem 5.5

ran(Ay — 1) = domI'| H (1) = domy(1)* = .

Similarly if y(4) is bounded then ran(Ag — ji) = $. Thus, A, is a selfadjoint relation in .

(iv) = (v), (vi) Consider the decomposition (2.3) M (4) = gr Mop(/l) @ M, of the Weyl family M (1) with the operator part
M, e R(HO), where H, = dom M(4). As was already shown, now A, = A7 and dom M,(4) =ranl, for all 1 € C\R.
It follows from the equality M,(4)* = M, Op(ﬁ) that the operator Ej = Re M, (/10) (/10 eC +) is selfadjoint with the domain
dom E; = ranI'). Moreover, since the operator y(4) is bounded for all A € C \ R it follows from the equality (3.6) that the
operator

Im M, (4g) =Im Aoy (49) 7 (4o)

is also bounded in H, and hence the operator M (1) — E, is bounded in H at 4. Therefore, its closure, denoted now by
M (A), is bounded in H, at A, and then also for all A € C \ R; see e.g. [26, Proposition 4.18], [28, Theorem 3.9]. Finally, by
setting E = E, @ M, one arrives at (5.31).

Finally, the implication (vi) = (v) is clear and (v) = (iv) (for u = 1) follows easily from (3.6). O

Theorem 5.17 implies Theorem 1.12. In the case that I is single-valued M (1) is an operator valued Nevanlinna function with
ker Im M (A) = ker(M (A) — M(A)*) = {0}, i.e., M(-) € R*(H); see (1.8) and Lemma 3.6.

Corollary 5.18. Let {H,I'} be an S-generalized boundary pair with the Weyl family M (-) = E + M(-) as in Theorem 5.17.
Then ranT is dense in H X H, i.e., I defines an S-generalized boundary triple if and only if E (= Re M (u)) is a selfadjoint
operator and

dom E nker y(4) = E nker Im My(4) = {0}, AeC\R. (5.33)

Proof. This follows from Lemma 3.6 and Corollary 4.3. O

Corollary 5.18 can be used to give an example of an S-generalized boundary triple {H, Iy, T } such that the mapping I is
not closable; cf. Corollary 5.4.

Example 5.19. Let M(-) € R[H] be a Nevanlinna function such that ker Im M,(4) is nontrivial and let E be an unbounded
selfadjoint operator in H with dom E n ker Im M (1) = {0}. Then the function

M@A)=E+ My(-), A€C\R,

is a domain invariant Nevanlinna function. It follows from Corollary 5.18 and Theorems 1.10, 1.12 that M (-) can be realized
as the Weyl function of some .S-generalized boundary triple {H,FO,FI } However, Im(M (Ah, h) = Im (My(A)h, h) with

h € dom M (1) does not satisfy the condition (5.19) in Corollary 5.4, since the kernel ker Im M (1) = ker Im M,(4) is nontrivial
by construction.

Remark 5.20. Observe that in Theorems 1.12 and 5.17 the function M (-) can be considered as the closure of M(-) — E. In
Theorem 5.17 M (-) is an operator valued function if and only if E is an operator. By Corollary 5.18 even in this case I can still
be multi-valued if the kernel ker M (1) or ker Im M (1) = ker m is nontrivial and the condition (5.33) is violated. In fact,
any Nevanlinna function with bounded values in H and ker Im M,(4) # {0} combined with an unbounded selfadjoint operator
E in H satisfying the condition (5.33) is associated with an S-generalized boundary triple {H, Iy, Ty } with the Weyl function
M = E + My(+). If such a function M is regularized by subtracting the unbounded constant operator E, the function My(-) =
M(-) — E corresponds to an A B-generalized boundary triple {H, 1:0, IN“I } whose range ran I is not dense in 2. In particular,
T’ whose Weyl function is the regularized function M () — E is not a quasi boundary triple. The closure M(:) of M(-) — E is
the Weyl function of the closure of I" which in this case is always a (multi-valued) B-generalized boundary pair. An example of
an S-generalized boundary triple with ker Im M (1) # {0} satisfying the property (5.33) appears in [14, Proposition 2.17].
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5.4 | ES-generalized boundary triples and form domain invariance

Recall, see Definition 1.13, that a unitary boundary triple {H, FO,Fl} for A* is called E.S-generalized, if the extension A is
essentially selfadjoint in $.

As the main result of this section it will be shown that the class of Weyl functions of E.S-generalized boundary triples
coincides with the class of form domain invariant Nevanlinna functions.

Definition 5.21. A Nevanlinna function M' € R(H) is said to be form domain invariant in C  (C_), if the quadratic form t
in H generated by the imaginary part of M (4) via

Eareol 0] = ﬁ [(M (A, 0) = (, M(AD)],

is closable for all 4 € C,(C_) and the closure of the form t,, ;) has a constant domain. A Nevanlinna family M € 7~€(H) is
said to be form domain invariant in C(C_), if its operator part M, op() in the decomposition (2.3) is form domain invariant in
C.(C).

The following two lemmas are preparatory for the main result.

Lemma 5.22. Let {H, Iy, Fl} be a unitary boundary triple. Then the following statements are equivalent:

(i) ran(AO — /1) is dense in §) for some or, equivalently, for every A € C(C_);

(ii) y (/_l) admits a single-valued closure y(ﬁ) for some or, equivalently, for every A € C,(C_);

(iii) the form t is closable for some or, equivalently, for every A € C_(C_).

M)
Proof. (i) © (ii) By Theorem 5.5 for every A € C,(C_)
domy(ﬁ)* =dom(I"; H(4)) =ran(A, — A).

Therefore, y () admits a single-valued closure for A € C, (C_) if and only if ran(A, — 1) is dense in .
(ii) < (iii) The equality (3.6) gives the following representation for t

tyonlu, vl = (r(Du, ¥ (Do) g.

It is well-known (see e.g. [45, Chapter VI]) that the form (y(/l)u,y(,u)v)g is closable precisely when the operator y(4) is
closable. O

Lemma 5.23. Let {H, Iy, T } be an ES-generalized boundary triple. Then:
(i) ker FO = A_O is selfadjoint and the domain of FO admits the decomposition
domTy = Ay + (domTy NN, (4*)) = Ay +ran?(A), A€ C\R; (5.34)
(ii) y(A) admits a single-valued closure Mfor every A€ C\ R;
(iii) the closure of the y-field satisfies
ranfo = domm = domm, AueC\R; (5.35)
(iv) m and m are connected by

Y = [1+(/1—;4)(A_0—/1)_1]M, L ueC\R. (5.36)

Proof.

(i) Since the closed linear relation FO has a closed kernel, one has Zo C ker FO. Since A_o is selfadjoint, the first von Neumann’s
formula shows that A* = A_O—i— N ,(A%) for all A € C \ R. Consequently,

A, CdomTy C Ay +9,(A*), A€C\R,
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and this implies the first equality in (5.34). The second equality in (5.34) holds by Proposition 5.3. Finally, according

to ] Proposition 5.3 ker FO nN 1(A%) = mul7(4) = {0}, since y(4) or, equivalently, 7(4) is closable by Lemma_5.22. Since
A, C ker I, theidentity ker I'y N 9 ;(A*) = {0} combined with the first equality in (5.34) implies the equality A, =ker I',.

(ii) The statement (ii) is implied by Lemma 5.22.

(iii) Since A_o is selfadjoint, the defect subspaces of A are connected by
— -1
R4 = [T+ G- (A= 4) | R4, AueC\R,
N —1 A A~
Hence, if f, = [1 + (= w)(Ag - A) ] o then £, = {f,, 1f,} € R, (A%) precisely when

Fo={fuafy) =1+ G= wHMDSf, € Ny(AY), (5.37)

where mf,, = {(A_O_ /l)_lfﬂ’ <[ +/1<A_0— /1)—1> fﬂ} € A,. Since A, C domT,, it follows from (5.37) that
f,, € dom(Ty) N R, (A*) if and only if f; € dom(Ty) N N ,(A*) and
{F.h) €Ton (N,AH®H) & {f.h} eTyn (N A" B H)
for some h € H. Now, using (i) and Proposition 5.3 one gets
dom7(4) = Ty (dom Ty n < ,(4%)) = ranTy) = Ty (dom Ty n E)A?”(A*)) = dom7(u)

Clearly domm = dom m, A € C\ R, and hence (iii) is proved. L
(iv) The proof of (iii) shows that {A, f,,} € 7(u) if and only if {A, ﬂ} € 7(4). Consequently, {h, f,} € y(u) if and
N —1 R P N
only if {h f,l} = {h, [I +(A- y)(AO — /1) ]fﬂ} € y(A) and, since y(u) and y(A) are operators, this means that (5.36) is
satisfied. O

Theorem 5.24. Let 11 = {H, Iy, T } be a unitary boundary triple for A* and let M and y(-) be the corresponding Weyl function
and the y-field. Then the following statements are equivalent:

(i) ran(AO — E) is dense in $) for some or, equivalently, for every A € C_(C_);
(ii) y(A) admits a single-valued closure Mfor one A € C,(C_) with a domain dense in H;
(iii) y(A) admits a single-valued closure m for every A € C_(C_) which is domain invariant with a constant domain dense
inH;
(iv) the form tarcay s closable for one A € C_(C_);
(v) the Weyl function M belongs to R*(H) and is form domain invariant in C_ (C_).

In particular, if the statements (i)—(v) are satisfied both in C_ and C_ then I1is an ES-generalized boundary triple and the
Weyl function M is form domain invariant with

domt () = domy(4) = ran[;, A€ C\R. (5.38)

Proof. The equivalence (i) < (ii) is obtained from Lemma 5.22. The fact that the domain of m is dense in H follows from
Proposition 5.2.

The equivalences (i) < (iv), (v) and (ii) < (iii) follow from Lemmas 5.22 and 5.23.

In particular, Lemma 5.22 shows that the form t,(,, is closable for some (and then for every) A € C, and for some (and then
for every) u € C_ if and only if Ay is essentially selfadjoint. In this case the closure of the form t ;) is given by

tM(A)[u’ v] = (mbh ml’)b, (5.39)

inparticular,dom t ;) = dom y(4). According to Lemma 5.23 this domain does not depend on 4 € C \ R when 4 is essentially
selfadjoint. The last equality in (5.38) is obtained from (5.35). O
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Remark 5.25. Let {H,T,T'; } be an ES-generalized boundary triple, and assume that (a, #) C p(ZO). Then:

(i) forevery u € (a, f) y(u) admits a single-valued closure y () such that (5.35) and (5.36) hold for all 4, 4 € (C \ R) U (a, #);
(ii) forevery u € (a, f) and u, v € H there exists a limit

tyrglu, vl = lvifgtM(,uﬁv)[u, vl = (y(wu, y(w)v),,-

The proof of the first statement is precisely the same as the proof of Lemma 5.23. The statement (ii) is implied by the equality
(5.39), and the continuity of y(u)u with respect to u € (a, f); see (5.36).

The assumption that y(4) admits a single-valued closure for some A € C_ does not imply that y(x) admits a single-valued
closure for some 4 € C,. In particular, for a maximal symmetric relation A the following extreme situation holds.

Proposition 5.26. Let I1 = {H,T'} be a unitary boundary pair for A%, let y(-) be the corresponding y-field, and assume that A
is maximal symmetric with n_(A) = 0 and 0 < n,(A) < oo. Then y(A) is a bounded operator (in fact a zero operator) for every
A € C_, while y(4) is a singular operator with mul y(A) = N, for every A € C,.

Proof. First recall that for every closed symmetric relation A there is a unitary boundary pair for A*; see [25, Proposition 3.7].
By definition y(4) is a single-valued operator and it is known that ran y (1) = 9, for every 4 € C \ R; see [25, Lemma 2.14].
Hence the statement in the lower half-plane C_ is clear. In particular, one has ker m = dom y(4) and consequently ran y(4)* =
mul y(4)*, 4 € C_. On the other hand, by Theorem 5.5 ran y(4)* and mul y(4)* do not depend on 4 € C \ R. Consequently, the
equality ran y(4)* = mul y(1)* holds also for every A € C,.. Then equivalently ﬁy(ﬂ) = ker m which shows that y(A) is a

singular operator with muly(4) =rany(1) =N, forevery 1 € C,. O

Observe that in Proposition 5.26 the corresponding Weyl function M is actually domain invariant in each half-plane C, and
C_, while itis neither domain nor form domain invariantin C \ R; see Proposition 3.11 (i). For an explicit example demonstrating
Proposition 5.26 we refer to [25, Example 6.7], where A is the minimal differential operator generated in $ = L, (0, co) by the
differential expression i D.

Remark 5.27.

(a) If A, is a maximal symmetric operator in $ withn_(A,) =0and0 < n, (A, ) < co and A_ is a maximal symmetric oper-
ator in $ withn (A_) =0and 0 < n_(A_) < oo, then A = A @ A_ is a symmetric operator in $ @ $ with defect num-
bers {n, (A, ),n_(A_)}. Moreover, if I, = {H,, T } is a unitary boundary pair for A* then clearly the orthogonal sum
I, eIl_ = {H L OH_T, @ F_} is a unitary boundary pair for A*. Moreover, the corresponding y-field is
y(A) =7, (A) B y_(4), A € C\ R. Now Proposition 5.26 shows that y(4) is not closable for any 4 € C \ R. Hence, there
exists symmetric operators A with arbitrary deficiency indices n,(A) and a unitary boundary pair for A* such that the
corresponding y-field y(4) is not closable for any 4 € C\ R. This also holds in the case of equal deficiency indices
0<n_(A)=n, (A+) < o0. However, in this case the boundary pair IT for A* is not minimal in general.

(b) Let A, be a maximal symmetric operator in § with n_ (A +) =0and n +(A +) =1 and let A_ be a symmetric operator
in $ with equal deficiency indices n, (A_) =n_(A_) = co. Then A = A, @ A_ is a symmetric operator in @ $ with
equal deficiency indices n, (A) = n_(A) = co0. Moreover, if [1_ = {H_,I"_} is an ordinary boundary triple for A* then the
corresponding y-field y_(4) is a bounded operator in 3 (H_, N /I(Ai) ) Considering the boundary pair I1, @ I1_ for A*
one concludes from Proposition 5.26 that the corresponding y-field y(4) = y, (4) @ y_(4) is a bounded operator for every
A € C_, while y(4) is not closable for any 4 € C,.

In the next example we present a unitary boundary triple whose Weyl function is form domain invariant but not domain
invariant.

Example 5.28. Let @(-) be a scalar Nevanlinna function and H = L%(0, ). Define an operator valued function G(p(-)

2
G, (Au= —i%, dom(G, (1) = {ue W7 (R,) : u'(0)+ip(Au©) =0}, ieC,.
X
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Clearly, Gq,(/l) is densely defined, p(G(p(/l)) # f) for each 1 € C and the family G(p(-) is holomorphic in C, in the resolvent
sense. Now consider the form generated by the imaginary part of G ,(4). Integrating by parts one obtains

toolul :=1Im(G,(Au,u) =/ |/ (x)|? dx + Im @(4)|u(0)|?,
R,

whereu € domt ;) = dom(G(p(/l)) - Hence the form t , ; is nonnegative and G, (1) is m-dissipative for each 4 € C,,.. Moreover,
G,(-) € R*(H) since Ker t,,;) = {0}. Therefore, by Theorem 1.10, there exists a certain unitary boundary triple such that the
corresponding Weyl function coincides with G ,(-).

Notice that the form tGw( 2 (A eC +) associated with G,(4) in (1.14) coincides with t , ;) up to an inessential renormalization
by Im A. Clearly, the form t,,;) is closable with the closure given by

tolul = /R W/ (x)|* dx + Im @(A)|u(0)[*, domt, ;) = W, (R,).

+

Thus, the form domain dom(t,, ;) = W, (R, ) does not depend on A € C, while the domain dom G ,(4) does, i.e. G,, satisfies

Assumption 1.15. The operator associated with the form I(p( 2 1s given by

2
Gy (Du = —%, dom(G,, ;(4)) = {u € W}[R,) : u'(0) = (Im p(A)u(0) }.

The operator G, ; can be treated as the imaginary part of the unbounded operator G,,.

A simple example of a unitary boundary triple whose Weyl function is form domain invariant and y-field is unbounded can
be obtained as follows (see also [25, Example 6.5]).

Example 5.29. Let H be a nonnegative selfadjoint operator in the Hilbert space $ with ker H = {0}. Let
A, =ran H'/? xdom H'/?, sothat A := (A,)* = {0,0} and (A)* = $°,
and define
T,/ =H"?f T, f=Hf; F={f.f), feranH? f edomH?

Then {5, Iy, Fl} is a unitary boundary triple for A* = A_* Indeed, Green’s identity (1.1) is satisfied, and ranT" is dense in
$2. Moreover, it is straightforward to check that I is closed, since H'/2 is selfadjoint and, in particular, closed. Observe, that
£ = {f;.4f,} € A, ifand only if £, = H'/?k and Af;, = H~'/?g, with k € dom H'/? and g € ran H!/?, are connected by
H~'/2g = JH'/?k. Then k € dom H and

T,f,=k T,f,=AHk.

These formulas imply that y(4) = H /2 and M(A) = AH, A€ C. In particular, the Weyl function is a Nevanlinna function.
According to [25, Proposition 3.6] this implies that I' is in fact Jg-unitary.

Note that M (1) and its inverse are domain invariant, but in general unbounded Nevanlinna functions with unbounded imag-
inary parts. Clearly, A, = ker [y = {0} X dom H'/> and A, = kerI'; = ran H'/?> x {0} are essentially selfadjoint and A, is
selfadjoint (A; selfadjoint) if and only if M(4) = AH (-M WD '=-a"1H"1, respectively) is a Nevanlinna function with
bounded values (cf. Theorem 1.12).

In this example the Weyl function is also domain invariant. In fact, domain invariance of a Nevanlinna function M implies
its form domain invariance.

Proposition 5.30. Let M be a Nevanlinna function in the Hilbert space H. If the equality dom M (A) = dom M (/_1) holds for
some A € C\ R, then M is form domain invariant.
In particular, if M is domain invariant, then it is also form domain invariant.

Proof. 1f dom M (4) = dom M (1) for some 4 € C \ R, then one can write

M@ -MAD"

t u,v] =
Ml 2] ( A-1

U> = (y(Au, y(ﬂ)u)g, u,v € dom M (4).
H
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— M()-M©)*
A=
closable for 4 € C\ R; see [45]. By applying the same reasoning to A it is seen that also the form t,,; is closable. Now by

applying Lemma 5.22 it is seen that A is essentially selfadjoint and hence by Theorem 5.24 M is form domain invariant. []

Hence, the operator N (1) : is nonnegative and densely defined in H © mul M (4). Therefore, the form t ;) is

The converse statement does not hold. In fact, in [28] an example of a form domain invariant Nevanlinna function is con-
structed, such that the domains of M (4) and M (u) have a zero intersection:

domM(A)Nndom M(u) = {0} forall A, u e C,, A#pu.

Remark 5.31. A unitary boundary pair {H,I'} for A* is said to be ES-generalized if A_o = Aé. E S-generalized boundary pairs
can be characterized by the following equivalent conditions:

(i) forevery 4 € C\ R, y(4) admits a single-valued closure y(4) with a constant domain;

(i) the Weyl family M' € R(H) is form domain invariant, i.e. its operator part M, (-) in the decomposition (2.3) is form domain
invariant.

Notice, that in the case when (i)—(ii) are in force and mulI" is nontrivial it may happen that the domain of the form
t Mop( »lu, vl = (y(l)u, y(i)v) s is not dense in H, A € C \ R; for an example involving differential operators; see [29, Exam-
ple 5.40].

5.5 | Renormalizations of form domain invariant Nevanlinna functions

The next theorem shows that form domain invariant Nevanlinna functions M in H can be renormalized with a bounded operator
G such that the renormalized function G* M G becomes domain invariant.

Theorem 5.32. Let {H, Iy, Ty } be a unitary boundary triple for A* with the y-field y(-) and the Weyl function M, and assume
that Ay = ker Iy is essentially selfadjoint. Then:

(1) There exists a bounded operator G in H withran G = domy(A), 4 € C \ R, and ker G = {0}, such that

Iy G 0)\/(T,
~ =cl
(F1> COS( 0 G*> <F1
defines an AB-generalized boundary pair {H, IN“} for A*.
(2) The corresponding Weyl function M is domain invariant and it is given by

M(A) = E + My(4),

where E is a closed densely defined symmetric operator in H and M(:) is the restriction of a Nevanlinna function
My(-) € R[H] onto the domain dom E.

(3) Furthermore, G* M (A)G is also a Weyl function of a closed AB-generalized boundary pair and it satisfies

G*M(A)G = Ey+ My(A) C M(4), i€C\R,
where E, C E is a closed densely defined symmetric restriction of E.
Proof. The proof is divided into five steps.
1. Construction of a bounded operator G with the properties
kerG = {0}, ranG = domm and m =H, forsome ue€C\R.

Since A is essentially selfadjoint, y(4) is closable and the dense subspace H; = domy(A) of H does not depend on
A € C\ R; see Theorem 5.24. Since H,, is an operator range there exists a bounded selfadjoint operator G = G* with

- -1/2
ranG = H;, and ker G = {0}; for instance, one can fix 4 € C\ R and then take G = (y(u)*y(u) +1) / . Namely,
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dom y(¢) = dom M (p) is dense in H, since mulI" = {0} by assumption, and hence y(u)*y(u) is a selfadjoint operator satis-

- -2 - 1/2
fying domy(u) = dom(y(u)*y(w)) 2 dom(y(u)*y(u) + 1) / . With this choice of G the domain of y(u)G is dense in H

since dom y (u) is a core for the form t,,,, and due to the equality dom(t My 1 ) = ran G one concludes that dom y(y) is
1/2

also a core for the operator Gl= (y(y)*y(u) + 1)

2. Construction of an isometric boundary triple {H, ro, FIG} such that the corresponding y-field y°(A) is a bounded densely
defined operator.
Introduce the transform {H, rer lG} of the boundary triple {H, Iy, T } by setting

I G' o I
0 ) = 0
<F61 > < 0 G*) (Fl> ’ (540)

where G has the properties stated above. The block operator is isometric (in the Krein space (H?,J,)) and hence I'Y
is isometric as a composition of isometric mappings; i.e. I'C satisfies Green’s identity (3.1) (Assumption 3.1.2). Since
(Tt M4(A,)) =7(A)~! one has

T 9%,(A,) = domy(4) C domy(4) = ranG,

which implies that ran7(4) = 9 ,(A,) = N, (4*) N domT C domTC (here A, = domT), and hence ﬁA(A*G) =9 ,(A,).
Moreover, it is clear that ker Fg =kery = A, is essentially selfadjoint. Since the closure of A, + N (A, s
A_O g ,(A%) = A* one gets domT'C = A* (Assumption 3.1.1). The corresponding y-field is given by

~ -1
yG(ﬂ)=<Fgr§R,1(A*G)) = y()G, ieC\R;

see Lemma 3.12. Since y(A) is closable and y(1)G C mG, it follows fromran G = domm that the closed operator mG
is everywhere defined and, hence, bounded by the closed graph theorem. Thus also y(4)G is a bounded operator with bounded
closure y(1)G C y(A)G.

Next recall the operator H(4), A€ C\ R, from (3.11); see also Lemma 3.7. Since A, is essentially selfadjoint,
dom(I"; H(4)) = dom H(A) = ran(A( — A) is dense in §. Since ker Fg = A, C dom F? and mul F? = {0}, it follows from
Theorem 5.5 that

THA) =GT HA=G6"y(1) c(r(1)G)", 1€C\R. (5.41)

By the construction of G the domain of y(u)G is dense in H for some u € C \ R. Therefore, (5.41) implies that FIGH (i)
is a bounded densely defined operator for some y € C \ R and, since A is essentially selfadjoint, Lemma 3.7 shows that
FIGH (4) is bounded and densely defined for all A € C \ R.

3. Verification of (1): Now consider the closure T of I'C in (5.40). It is shown below that ker 1:0 = A_O, which means that
ker fo is selfadjoint (Assumption 1.13.1), since A, is essentially selfadjoint by assumption. By construction I'” is defined
via the transform I'C = {G‘lro, G*Fl} of {FO, I } It follows from Lemma 3.8 (see also Theorem 5.5) that the graph of
I'C contains all elements of the form

Ay 0 y()HGh h
7.k = {Hwk’“ <G*y(1)*k A) } * { <,1y(/1)Gh>’ <G*M(/1)Gh> } (5.42)

where k; € ran (A4; — A) and h € dom G* M (1)G = domy(4)G, 1 € C\ R. Leth = {(h,1} e A_o and let k € ran(A_O — /l)
be such that A = H (A)k, where H(A) corresponds to the graph of A_O; see (3.11). Moreover, let k, € ran(AO - /l) be a

sequence such that k, — k as n = oo. Then H(A)k, — he A_O, since H(A) is bounded. Moreover, by boundedness of
TSH() =Gy (1)

h,=T°H)k, = {0.G*y(D)*k,} — {0,g}, g€H.

Since T is closed, it follows that {?1, {0, g}} e T which shows that 7 € ker T,. Hence, A, C ker IN“O and since ker Iy is
symmetric this implies that ker r 0= A_o =Aj.
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Since domI'C = A*, the closure T has dense domain in A* (Assumption 1.9.1). Clearly, dom G*M (u)G = dom y(u)G C
ran Fg and hence the ranges of Fg and I'j are dense in H (Assumption 1.8.1). Furthermore, I as the closure of ¢ is also

isometric, i.e., Green’s formula (3.1) holds for r (Assumption 1.5.1). According to Definition 4.1 this means that T is an
A B-generalized boundary pair for A*.

4. Verification of (2): The form of the Weyl function M (A) = E+ My(A) of [ is obtained from Theorem 4.2. Furthermore, by
Theorem 4.4 T is closed if and only if E is closed or, equivalently, ]\7(/1), A€ C\R,is closed.

5. Verification of (3): Since FIGH(/I) = G*J/(/TYk and y;(4) := y(4)G are bounded and densely defined for each A € C \ R, if
follows from (5.42) that I'C defined as

0k (e e d (720 () bt e o)
G*y(4) k; Ayg(Wh) \Mg(Ah h € dom M(4)
satisfies 70 ¢ 1~“; here y5(4) and M ;(4) := G* M ()G are the y-field and the Weyl function of I'C. Notice that A_O c dom ¢
and, as shown above, ran Fg D dom y(u)G is dense in H (Assumption 1.5.2-1.5.3). Due toI'? ¢ I also Green’s identity (3.1)

is satisfied (Assumption 1.5.1). Therefore, ['Cisalsoan A B-generalized boundary pair whose Weyl function is clearly M ;(4),
which is closed. Now by Theorem 4.4 the A B-generalized boundary pair I' is also closed and, since I'® c T, one has

G*M()G C M(A) = E+ My(4), A€C\R.

Now G*M (A)G as a closed restriction of E + M (4) is of the form G*M (1)G = Ey + My(4), A € C\ R, where E is a
closed densely defined restriction of E; cf. Theorem 4.2. This proves the last statement.

O

Theorem 5.32 remains valid for all form domain invariant Nevanlinna functions M (-) € R(H) that need not be strict. The
only essential difference appearing in the proof of Theorem 5.32 in this case is that ker y(4) = mul I’ (see (5.11)) is nontrivial,
and then also, ker y;(4) = ker y(4)G is nontrivial. Notice that even if ker y(4) = {0} (i.e. M(-) € R5(H)) then the y-field 7(4)

as well as its closure 7(4) = y(A) can have a nontrivial kernel. This explains why the constructed boundary pair [ canin general
be multi-valued even if the original boundary triple I' = {FO, Fl} is single-valued.

Theorem 5.32 combined with the next lemma yields an explicit representation for the class of form domain invariant Nevan-
linna functions as well as form domain invariant Nevanlinna families.

Lemma 5.33. Let G be a bounded operator in the Hilbert space H with ker G = ker G* = {0}, let H be a closed symmetric
densely defined operator on H and let M(-) € R[H]. Then the function

M) =G (H + My())G™', 1€C\R,

is form domain invariant if and only if for some, equivalently for every, 4 € C \ R
1
D, = {h €H : (ImMyA)2he ranG*} is dense in .
Proof. To calculate the form ty, ;) let A € C \ R be fixed and let u, v € dom M (4). Then u, v € dom G~! and hence

tagplu, vl = ﬁ [((H + My(D))G'u,G™'v) = (G, (H + My(1)G™'v)]

- ﬁ ((1m M) (DG, G'v)

= ﬁ <(Im My(4)) %G—lu, (Im MO(/l))%G—lU> )

1
where symmetry of H has been used. This form is closable precisely when the operator (Im MO(A)) 2G~! is closable or, equiv-

1 * 1 1
alently, its adjoint ((Im My(1))2G™! ) = G*(Im My(4))? is densely defined. Since ®; = dom G~*(Im M((4))?, the clos-
ability of t ;) is equivalent for D, to be dense in H.
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To prove that this criterion does not depend on 4 € C \ R consider M,(-) as the Weyl function of some B-generalized bound-
ary pair (H,T"). Let y,(-) be the corresponding y-field and let A, = ker I') be the associated selfadjoint operator. Then the form
tpr([u, v] can be also rewritten in the form

taronlu. v] = (1 (DG u, 7o (DG v)
and hence the form t ;) [u, v] is closable if and only if Yo(A)G~! is a closable operator. Now for any 4, u € C \ R one has

(1+G= (4= 2 16" = r(AG™",

andsince I + (A — p)(Ay — 1) ~! bounded with bounded inverse, one concludes that Yo(u)G~! is closable exactly when y,(1)G ™!
is closable and that the closures are connected by

(1+G=m(40= 1) )G = r(GT.

Therefore, if t Ml U] is closable for some y € C \ R then t Mplus vl is closable for all A € C \ R and the form domains of
these closures coincide. This completes the proof. O

Proposition 5.34. Let M be a strict form domain invariant operator valued Nevanlinna function in the Hilbert space H. Then
there exist a bounded operator G € [H] with ker G = ker G* = {0}, a closed symmetric densely defined operator E in H, and
a bounded Nevanlinna function My(-) € R[H] with the property

1
H=closD, ::clos{heH: (ImMO(/l))fheranG*}, A€ C\R, (5.43)

such that M (-) admits the representation
M) =G *(E+MyA))G', 1eC\R. (5.44)

Conversely, every Nevanlinna function M(-) of the form (5.44) is form domain invariant in C \ R, whenever E C E* and
G € B(H), ker G = ker G* = {0}, and M(-) € R[H] satisfy the condition (5.43).

Proof. Let the Nevanlinna function M € R(H) be realized as the Weyl function of some boundary pair {H,I"} (see Theo-
rem 5.24, [25, Theorem 3.9]). Since M is form domain invariant, A is essentially selfadjoint by Theorem 5.24. Since M is an
operator valued Nevanlinna function, one can apply Theorem 5.32 (see also the discussion after Theorem 5.32), which shows
that the inclusion G* M (1)G C E + M(4) holds for every 4 € C \ R. This implies that

M) =G *G*M(AGG™' c G™*(E + My(1))G™ ", (5.45)

where G is a bounded operator with ker G = ker G* = {0} (cf. proof of Theorem 5.32 where ran G = H by construction).
Clearly, the function G™* (E + M()(/l))G‘1 is dissipative for A € C, and accumulative for A € C_. Since M is Nevanlinna
function, it is m-dissipative in C, and m-accumulative in C_. Therefore, the inclusion in (5.45) prevails as an equality. Since
M(-) is form domain invariant Lemma 5.33 shows that the condition (5.43) holds for every 4 € C \ R.

Conversely, if M (-) is a Nevanlinna function of the form (5.44), where E, G and My (-) are as indicated and the condition (5.43)
holds for some A € C \ R, then by Lemma 5.33 M (-) is form domain invariant and the condition holds forevery A € C\ R. []

Remark 5.35. As to the renormalization in Theorem 5.32 we do not know if the renormalized function M () =E+ My(-)
belongs to the class of Nevanlinna functions.
However, the representation of M (-) in Proposition 5.34 combined with E C E* leads to

M) =M(2)" > G (E"+ My())G™' > M1, A€C\R.
Hence, M (4) can also be represented with E* instead of E as follows:

M) =G *(E*+ My())G™', 1€C\R.
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In particular, if Eis any maximal symmetric extension of E then one has also the representation
M) =G*(E+MyA))G™', 1eC\R.

Remark 5.36. The result in Proposition 5.34 remains valid also for form domain invariant Nevanlinna families. In this case there
exist a bounded operator G € [H] with ker G = ker G* = mul M (A1), 4 € C\ R, a closed symmetric densely defined operator
E in H, and a Nevanlinna function M(-) € R[H] satisfying (5.43), such that

M) =G (E+My»)G', 1€C\R.

To see this, decompose M (1) = gr M, (M) + M, where M = {0} x mul M (1), 1 € C\ R, see (2.3). Now as in the proof
of Proposition 5.34 the operator part M ,,(4) admits the representation M,(4) = G * (E + MO(A))G(; ! with some operator
Gy € [Hy] in Hy = H © mul M (4) with ker G, = ker G = {0}. The desired representation of M is obtained by letting G to
be the zero continuation of G, from H, to H = Hy & mul M (A).

The next example contains a wide class of E.S-generalized boundary triples and demonstrates the regularization procedure
formulated in Theorem 5.32.

Example 5.37. Let I° = {#,17,I'V} be an ordinary boundary triple for A* with A) = ker I'), A = ker I'), let M(-) and y,(-)
be the corresponding Weyl function and the y-field, and let G € B(H) with ker G = ker G* = {0}. Then the transform

o\ (G 0 \(T
- o)

defines an ES-generalized boundary triple I1 = {H,FO,FI} for A*. Indeed, since G € B(H) the transform V in (3.22) is
unitary in the Krein space {#2, J;, } and it follows from [26, Theorem 2.10 (ii)] that the composition I = ¥ oI'? is unitary. By
Lemma 3.12 one has ker I" = A and, since I' is unitary, A, := domT is dense in A*. Since I1” is an ordinary boundary triple,
H x {0} c ranT'® and hence one concludes from (5.46) that

ranlly =ranG, A, :=kerlj= Ag nA,.

Consequently, ranI’j is dense in H and A is essentially selfadjoint. Moreover, A; :=kerI'| = ker F(l) = A(l) and ranI'| =
dom G* = H: this means that the transposed boundary triple {H,Fl, —FO} is B-generalized. Observe, that A is selfadjoint if
and only if ran G = H or, equivalently, when II is an ordinary boundary triple for A*, too.

Next the form domain of the Weyl function M is calculated. By Lemma 3.12 M(-) = G‘*MO(-)G‘1 and y(-) = yo(-)G‘l. Let
A € C\ R be fixed and let u, v € dom M (4). Then

ﬁ [(G™* My(DG " u,v) = (u, G~ My()G )|

t M(2) [u, v]

ﬁ [(My(WG™u, G™'v) = (My(H)*G™'u,G7'v)]

(r(WG ™" u, 1o(MGv).

Since I1” is an ordinary boundary triple, y,(4) : H — ker(A* — 1) is bounded and surjective, i.e., the inverse of this mapping is
also bounded. Hence y,(1)G is closed, when considered on its natural domain dom yo(/l)G‘l =ran G (O dom M (A4)). Therefore,
the closure of the form t,,,, is given by

trronlus vl = (y(DG'u,y(HG™'v), u,v €ranG.

In particular, M (A) is a form domain invariant Nevanlinna function whose form domain is equal to ran G. Since G is bounded,
one can use G to produce a regularized function M:

M =G"MG = G*(G"My()G™")G = My(d),

so that M coincides with the Nevanlinna function M () which belongs to the class R¥[H].
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It is emphasized that when G is not surjective, the form domain invariant function M () = G""MO(-)G‘l need not be domain
invariant. In fact, in [28] an example of a form domain invariant Nevanlinna function M was given, such that

domM(A)ndom M(u) ={0}, A#u A ueC\R),

and the corresponding regularized function M therein still belongs to the class R*[H].

In Example 5.37 the boundary triple IT is ES-generalized while the transposed boundary triple ITT := {H,Fl,—FO} is
B-generalized. Therefore, according to [27, Theorem 7.24] there exist an ordinary boundary triple I° and operators R = R*,
K € B(H),ker K = ker K* = {0}, such that IT" is the transform (1.6) of IT°. Recall that one can take e.g. R = Re( - M@} )

K= (Im ( - M@t ) ) 1/ > In particular, this yields the following connections between the associated Weyl functions:
—-M~'()= K*My(-)K + R.

In particular, with R = 0 one obtains M (-) = K- ( - 1\70(-)‘1 )K‘* and here —]\70(-)" € RY[H].

Together with Example 5.37 this characterizes those ES-generalized boundary triples I1 for A* whose transposed boundary
triple I1" is B-generalized.

Recall that Weyl functions of S-generalized boundary pairs are domain invariant, but converse does not hold (explicit exam-
ples can be found in Part IT). As shown in the next proposition a domain invariant Nevanlinna function can always be renormalized
by means of a fixed bounded operator to a Nevanlinna function belonging to the class R[H].

Proposition 5.38. Let M (-) be a domain invariant operator valued Nevanlinna function in the Hilbert space H. Moreover, let
G with ker G = ker G* = {0} be a bounded operator in H such that ran G = dom M (4), A € C\ R. Then the renormalized
function

Mg(AD) =G M(A)G, Ae€C\R, (5.47)

is a Nevanlinna function in the class R[H]. Moreover, M;(-) € R°[H] precisely when M (-) € R*(H).

Proof. By assumptions the equality dom G* M (4)G = dom M (1)G = H holds for all A € C \ R. Consequently, the adjoint
M ;(A)* is a closed operator and in view of

Mg(A* = (G*M(HG)* > G*M ()G

one has dom M;(A)*=H. Therefore, the equality M;(A)* =G*M(Z)G holds for all A € C\ R. Now clearly Im M;(1)=
G*Im M (A)G, which implies that M ; € R[H] and also proves the last statement. O

The assumption ran G = dom M (1) in Proposition 5.38 (or more generally the inclusion dom M (4) C ran G) guarantees that
M (-) can be recovered from M;(-) in (5.47) similarly as was done in Proposition 5.34:

M) =G *G*MW)GG™ =G *Myz(A)HG™!, 1€C\R.

5.6 | An example on renormalization

The following example demonstrates renormalization of an unbounded form domain invariant Nevanlinna function. In this
example the real part of M (i) is strongly subordinated with respect to its imaginary part. In this case the renormalized function
M) is a Nevanlinna function in the class R[H].

Example 5.39. Let S be a positively definite closed symmetric operator in H, so that S > €I. Let
M(z)=2zS"S+S, domM(z)=domS*S, zeC.
Replacing if necessary S by S + al we can assume that € > 1. First notice that
117 < e2USSIP = e 2(S*Sf. /) <2 IS*SSI-IfNl.  f €domS™S,
ie ||S*Sf| > €%||f||. It follows that S is strongly subordinated with respect to S*S, i.e.

ISFI? = (Sf,Sf)=(S*Sf, ) <US*SFI - IIfIl < e 2IS*SfI*, f € domS*S.
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Since dom S*S C dom S C dom .S*, one easily proves that .S* is also strongly subordinated with respect to S*S. Now, these
inequalities imply that both operators .S /z and .S*/z are also strongly subordinated to .S*S for |z| > 1. Therefore,

MQ@)* = ES*S +8) = z5*S + 5* = z5*S + S = M(2).

Since M (-) is dissipative in C,, it follows that M (z) is m-dissipative for z € C, |z| > 1, and m-accumulative for z € C_,
|z| > 1. In turn, the latter implies that M (z) being holomorphic and dissipative is m-dissipative for each z € C,. Summing up
we conclude that M (-) is an entire Nevanlinna function with values in C(H).
Furthermore,
M(2)f,8) - (f, M(2)8)

ty(f.8) = P =(Sf,Sg), f,g€domS*S, zeC.

The form is closable because so is the operator .S. Taking the closure we obtain the closed form IM(Z)( f.8)=(Sf,Sg),
f,g €dom.S, z € C, with constant domain. In other words, M (-) is a form domain invariant Nevanlinna function and the
(selfadjoint) operator associated with t ;. in accordance with the second representation theorem is (S*8)1/2.

1
Now consider the renormalization of M(-) as in Theorem 5.32. The operator G = (S*S) 2 is bounded and
- 1 1
ran G = dom t ;). Moreover, G*(S*S)G = I} dom (S*S)? and G*SG = G*U, where U : ran(§*S)2 = H — ran § is the

1
(partial) isometry from the polar decomposition S = U(S*S)2. Consequently, C := G*SG is a bounded selfadjoint operator
in H. By Theorem 5.32 one has M (z) D clos(G*M (z)G) = zI + C. Thus, M(z) = zI + C is a Nevanlinna function in the class
R[H].

Some modifications of this example can be found in [29].
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