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Abstract

This paper deals with three traditional measures of concentration: (Corrado)
Gini coefficient, adjusted Gini coefficient, and AUC. These metrics are popular
methods in assessing the performance of predictive models, like credit scoring
models. They are non-parametric variables and therefore only depending on
the ranking of events. The three measures are closely related to each other. The
adjusted Gini coefficient (Accuracy ratio, AR) is only a transformation of the
Corrado Gini coefficient being in a linear relationship with AUC. It also equals
to Somers’ D. This paper also introduces the measure Z which is based on a
classification of the ranks of events. £ produces the same result as AUC, but is
simple to calculate and interpret. The features of the metrics are discussed in
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three numerical examples, one of which deals with credit scoring in a large
imbalanced dataset (23.533 active firms and 147 bankrupt firms). Numerical
examples are used to illustrate the properties of the metrics, especially at the
level of ranks.

Keywords

Credit Scoring, Concentration, Gini Coefficient, AUC, ROC, Imbalanced
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1. Introduction

The purpose of this paper is to analyse a formulation of the Gini coefficient and
to present examples of its use in evaluating the quality of a predictive model. The
research on the Gini coefficient has a long history. More than 100 years ago, Cor-
rado Gini (1912) developed this best-known measure of concentration based on
the Lorenz curve of income distribution. Thus far, there is a very large body of
research on the Gini coefficient and similar measures of concentration. In their

extensive literature review, Giorgi & Gigliarano (2017: p. 1144) concluded that the
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Gini coefficient is still of great interest for the international scientific community.
After the long history, there is still an intensive scientific production on this coef-
ficient in the last decades confirming the long wave of its interest. There are a
number of studies introducing novel extensions, interpretations, and use of the
Gini coefficient. In addition, various transformations to improve the properties of
the coefficient have been presented (for example, Bowles & Carlin, 2020). How-
ever, there is still room for new analyses and approaches on the coefficient.

The Gini coefficient can also be called the accuracy ratio (AR), because it is the
summary index of cumulative accuracy profile (CAP). In the scientific research
on concentration measures, the connection of the Gini coefficient to the area un-
der the ROC curve (AUC), has been intensively analyzed. Generally, the adjusted
Gini coefficient is in a linear relationship to AUC as 2 AUC-1 (Adeodato & Melo,
2022; Schechtman & Schechtman, 2019). AUC is a very common metric also in
medicine, demography, and similar sciences in addition to economics (for exam-
ple, Kohl, 2012; Nahm, 2022). AUC has also been criticized as a measure of con-
centration. Lobo, Jiménez-Valverde and Real (2008) state that the good side of
AUC is that in predictive models it avoids the supposed subjectivity in the thresh-
old selection process, summarizing overall model performance over all possible
thresholds. However, they present five reasons why they do not recommend using
AUC (Lobo, Jiménez-Valverde and Real, 2008: p. 145). The Gini coefficient is also
a special case of Somers’ D (Newson, 2006). The common characteristic of these
concentration measures is that they are ordinal (non-parametric) measures.

The Gini coefficient and AUC are very popular measures for evaluating the ac-
curacy of predictive models in credit rating (Crook, Edelman, & Thomas, 2007;
Kumar & Ravi, 2007; Langohr & Langohr, 2009; Lessmann, Baesens, Seow, &
Thomas, 2015). In these approaches, the question is how the concentration met-
rics are able to assess the results produced by the predictive model, where “bad
events” (desired outcome) and “good events” are placed in rank order. The goal
is that bad events should concentrate at the top of the order as strongly as possible.
Then, concentration measures are used to assess the distribution of bad events in
the rank order. The most popular measures in this context are the Gini coefficient
and AUC followed by Somers’ D. This brief paper also considers a predictive
model developed with logistic regression analysis as an example. The application
area of this model is credit rating trying to separate bad events from good events
as efficiently as possible. In addition to credit rating, the use of predictive models
and concentration measures is also very extensive in many other areas. In eco-
nomics, they have been applied, for example, to identifying different types of fraud
and customer purchasing behavior (Joshi, Gupte, & Saravanan, 2018; Moon, Pu,
& Ceglia, 2019).

The Gini coefficient and related other measures of concentration (ROC, AUC,
D) have been evaluated in many studies by researchers in different fields. There-
fore, it is challenging to develop novel extensions, interpretations, or use of the

Gini coefficient as urged by Giorgi & Gigliarano (2017: p. 1144). In this paper, the
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traditional graphics associated with the Lorenz curve and the cumulative accuracy
profile (CAP) are not explicitly used to derive and illustrate the Gini coefficient,
as they are generally known. Instead, the starting point of the approach is a simple
formulation of the Gini coefficient. Giorgi & Gigliarano (2017) presented a review
summarizing the formulations of the coefficient. The formulation of the coeffi-
cient used in this study is closely related to the formulations presented by Sen
(1973) and Cicchitelli (1976) (see Giorgi & Gigliarano, 2017). This formula is in-
terpreted in the theoretical part of the paper, where the object of examination is
above all the effect of individual events and their transitions in the rank order, on
the Gini coefficient. In addition to this, a novel (as far as we know) measure E of
concentration is presented. The advantage of £'is that its interpretation and cal-
culation is straightforward. In this paper, also numerical examples are presented
to illustrate the results of the theoretical part.

The content of this paper is divided into four short sections. In the first section,
the motivation and content of the paper was discussed briefly. The second section
(framework or theoretical part) examines the properties of the mathematical for-
mulation of the Gini coefficient and derives the new measure E. This analysis is
descriptive and, as a restriction, any formal statistical inference is not used. The
third section presents a set of numerical examples to illustrate the application of
the approach. In this context, three separate examples are considered: two small
sample and one big sample examples. However, the idea of the numerical cases is
identical in each example: to show the contribution of events and their transitions
along the ranking to the Gini coefficient. Finally, a short summary of the study is

presented in the fourth section.

2. Framework of the Study

In 1912, Corrado Gini (1912) presented the original Gini coefficient or concen-
tration index (G) for measuring concentration of income. The general formula-

tion of Gis as follows:

Z;ijm X _xj| _ 27:123:1
> =

mn 2mn

X; —xj|
2

G= (1)

In this formulation (1), n is the sample size, x; is the value of event 7 of the
variable under study, and m is the average value of the variable in the sample.
Thus, the Gini coefficient G measures the average difference between the values
of the variable in relation to the average of the values. The order in which the
differences between the values are calculated does not matter: all orders give the
same Gini coefficient. Thus, in this general formulation the rank order of events
does not affect G.

In assessing the quality of a predictive model, the focus is set on the ranks.
Therefore, the general formulation of G in Equation (1) is not sufficient for the
analysis. Let us assume that in a sample of n items, we have m observations of

“bad events” (BE) and m, observations of “good events” (GE) so that m + m = n.
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It is also assumed that we have a predictive model based on a set of relevant inde-
pendent variables, which estimates for each event a conditional probability or
some other indicator (“core”, event risk) to belong to the group of BEs. Then, the
events are ranked on the basis of the event risk in descending order. In this con-
text, it essential to see how BEs are concentrated in the sample in relation to GEs.
The quality of the predictive model is considered the higher, the stronger BEs are
concentrated at the top of the rank order. The question is how to measure the
strength of this concentration.

The explicit analysis of concentration is focused here on the ranks of BEs. How-
ever, also GEs play an important role in concentration, since they collectively cal-
ibrate the level of concentration of BEs by affecting their positions in the rank
order and the sample size as n = n; + 1. The more the sample contains GEs, the
lower the relative number of BEs, the default rate, and the concentration of risky
events in the sample. Because the Gini coefficient G is an ordinal measure, it is
independent of the event risk produced by the model, but fully determined by the
ranks based on this risk. In typical credit rating samples, BEs refer to failed (bank-
rupt, default) companies while GEs refer to non-failed (acting, non-default) com-
panies. The number of BEs n, is usually small in comparison to the number of
GEs 1 and the share of BEs of n sample companies describes the default rate in
the sample.

There exist numerous mathematical formulations of the Gini coefficient, de-
rived through various inference approaches (Giorgi & Gigliarano, 2017). Most of
these formulations are mathematically complex. However, when the sample firms
are arranged in descending order according to their estimated event risk, the ex-
pression of the Gini coefficient in Equation (1) can be substantially simplified. In
this case, the Gini coefficient can be represented as a ratio of two linear combina-
tions of order statistics, as discussed by Sen (1973), Cicchitelli (1976), and Giorgi
& Gigliarano (2017). When solving for the sum of ordinal series in this ratio, the
following simplified result is obtained:
z;(n+12—2i)x,. 2

mn

G:

This formulation (2) clearly shows that Gis consisted of a weighted sum of the
variable x; where the weight will diminish as a function of the position 7 of the
events on the rank order scale.

The situation is further simplified assuming that x; is a binary variable so that
x; = 0 when the event is GE and, correspondingly, x; = 1 when the event is BE. In
this situation, using the sum of ranks for BEs the formulation (2) can be trans-

formed into the following formulation:

+1)-2-§ . :
G:u:].{_l_z_f:]*.l_ﬁ (3)
mn n mn n mn
In this Equation (3) Sis the sum of the ranks for BEs. The formulation (3)

clearly shows that G'is a simple function of ranks of GEs, default rate, and the size
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of the sample. If the sum of ranks increases by one, from Sto S+ 1, Gwill decrease
by 2/(mn).
The separate effect of a single event 7 on the concentration of the entire sample

(the Gini coefficient) is thus the following:

G(i):(n+l_22i)xi @

mn

In the Equation (4), G(J) refers to the effect of event 7 on the coefficient G. Gis
the sum of G(J) over the events in the sample (/= 1, 2, ..., n). Since x; = 0 for the
GEs, also G(i) = 0 for them. Thus, in this sense GEs do not seem to have a direct
effect on G. However, for BEs with x; = 1, the position 7 of the event on the rank
order determines its effect on G. Equation (4) shows that if the position of BE is 7
= (n + 1)/2, the effect G(J) is zero. Therefore, a BE in this position 7 neither in-
creases nor decreases G. For BEs in ranks lower than this middle point, the effects
on Gturn to be negative.

For the interpretation of G, it is important to understand how G will change if
BEs move forward or backward on the rank order. Equation (4) indicates that G

will change in the following way, when a BE moves from position 7to position

6(7)-6(i) - 20 2)) ®

mn mh

Equation (5) shows logically that the absolute change in G'is directly propor-
tional to how many positions BE on position 7 moves to position j. However, this
change is independent of the positions of 7/ and jin the rank order and only the
difference between 7 and jis important. Thus, the effect is equal for each equal
difference 7-jin the sample. The effect of the move on Gis the lower, the larger
are the sample size and the default rate in the sample. In addition, GEs affect the
ranking of events by the same weight as BEs do: the effect of a transition in ranking
on G is equal for both GEs and BEs. Therefore, GEs factually have a significant
impact on the change in G.

The ratio of the separate effects of BEs which are located on positions 7 and 7

can through (3) presented in the following formulation:

G(i) 1
GU) | 261 ©
n+1-2i

Equation (6) shows the effect of sample size n on the ratio of the effects. The
ratio of the effects is small when ;-7is small and nlarge. This ratio is also depend-
ent on the rank 7in addition to the difference /-7 indicating that the ratio of the
effect on G is related to the rank. Note that when 7= (2 + 1)/2 (middle point),
the ratio in (6) is undefined. Then, after that point, the sign of the ratio will
change.

In the formulation (2), the Gini coefficient cannot attain its theoretical maxi-
mum value of 1, but it remains always strictly less than unity. If in the extreme

case there is only one BE located at the top of ranking, then the concentration is
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at its maximum value. Formulation (2) shows that in that case Gis (1 — 1)/n for
any nwhen the rank 7= 1, x = 1, and m = 1. In this maximum concentration case,
x; = 0 for /> 1 making the maximum value independent of n. Thus, G cannot
exceed unity for any n. However, the coefficient G can be adjusted to make its
maximum value equal to 1. In the extreme case above, this can be done by multi-
plying Gby its reciprocal /(11— 1), i.e. by dividing Gby the factor (22— 1)/n, which
is the proportion of GEs in the sample. This result generally applies to the Gini
coefficient, that can be adjusted in this way to reach 1. The adjustment can thus
be made dividing Gby the proportion of GEs in the sample, i.e. by (1-default rate).
This adjustment does not make G'to exceed unity in any value of 7. The minimum
value of the Gini coefficient is zero, which is in this framework reached, when all
x;=0.

Thus, the adjusted Gini coefficient G* can be presented in the following formu-

lation:

=— =D=2.AUC-1 (7)

In this formula (7) the original (Corrado) Gini coefficient G'has been adjusted
as G* to reach the maximum value of unity. This equation also presents the well-
known result that the adjusted Gini coefficient is equal to Somers’ D statistic. G*
has also a simple linear relationship to AUC (Area under ROC curve), since AUC
is simply (G* + 1)/2. Thus, the three popular measures of concentration are closely
related to each other.

The Gini coefficient G, G¥, and AUC are ordinal measures of concentration
being completely based on the positions (ranks) of BEs in the sample. This feature

of concentration metrics can be illustrated by three sums of ranks, which are as

follows:
S=3" x-i (8a)
1
p-yy =t )
n (n +1)

H=3 == +n-n, (8c)

The first of these rank sums (S) indicates the actual sum of the ranks of the BE
events in the sample. The second sum (Z) is the lowest possible sum of ranks for
m BEs, which is realized when all BEs are ranked on the n, first positions in the
ranking: in this case, concentration is the highest possible. However, the third sum
(A) is the highest possible sum of BE ranks, which is realized when all BEs are
ranked on the m last positions on the ranking: concentration is then the lowest
possible.

Using the presented three sum formulas of ranks S, Z, and A, the following

measure E for concentration can be presented:
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0 ) nl(n1+1)
S-L _l_z,-zle e

- 2
H-L n-n—mn

=AUC 9)

The interpretation of the indicator E'is logical in measuring concentration. If
BEs are ranked at the top of the ranking order and ranks get their lowest value, $-
L=0and E= 1 referring to the highest rate of concentration. If the BEs are ranked
on the last positions of ranking scale, then §= Hand $-L = H-L, in which case £
= 0 which refers to the lowest rate of concentration. When comparing the con-
centration measures £in (9) and AUGC, it is found that they are equal, i.e. £=
AUC. Equation (9) thus gives a usable formulation and interpretation for AUC
that is closely related to the adjusted Gini coefficient G* as is shown in (7).

The concentration measure E also offers a simple method to assess the effects
of changes in ranks of BEs. If the sum of actual ranks Sis reduced by one position

(rank), it will cause the following change in £

1 1
E(S—l)—E(S):n(n_n)zn » (10)

This effect is half of a corresponding effect on Gin (3), since Erefers to AUC.
The effect is independent of the position where the change in ranks is made. Thus,
the effect of a change, say, in the first positions is identical with that in the last po-
sitions. The result (10) again shows that the effect on Gis related to the number of

BEs and GEs (all events) in the sample being consequently small in large samples.

3. Numerical Experiments

3.1. Small Sample

This experiment illustrates the calculation and interpretation of the Gini coeffi-
cient using a simple numerical example. When the above formulas of G are ap-
plied, there are no restrictions for the size of the sample: the sample size (1) and
the number of BEs in the sample (1) can be any integer. However, to illustrate
the concepts in a simple context, a small sample of only 15 events is firstly ana-
lyzed. Table 1 shows the data of a sample of 15 events. The events are set in de-
scending order of event risk estimate (core) from position /=1 to /= 15 on the
basis of the estimates given by a predictive model. These 15 units include 5 BEs
(m), so that the default rate is m/n = 5/15. BEs are placed in the rank order of risk
given by the model to positions 1, 2, 4, 5 and 8. Since (22 + 1)/2 = 16/2 = 8, the
effect of the BE ranked as 7= 8 on the Gini coefficient G is 0. If its ranking were
worse than 8, the effect of BE on G would be negative. All BEs with a better rank-
ing than 7= 8, make a positive effect on G (increasing concentration).

Table 1 shows that the direct effects, contributions, of GEs on the Gini coeffi-
cient G are zero due to the assumption that x; = 0 for them. The effects of BEs on
the Gini coefficient decrease when you move down the ranks. If you move one
position lower, the effect decreases according to Equation (5) by 2/(mn) = 2/75 =
0.027. When all the effects are summed up, a value of 0.533 for Gis got. If it is
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Table 1. Experiment with the data of 15 observations.

Value of ~ Weightof  Contribution to Gini coefficients

Rank 7 Events event event
x (n+1-2)x Gini Adjusted Gini

1 BE 1 14 0.1867 0.2800
2 BE 1 12 0.1600 0.2400
3 GE 0 0
4 BE 1 8 0.1067 0.1600
5 BE 1 6 0.0800 0.1200
6 GE 0 0
7 GE 0 0
8 BE 1 0
9 GE 0 0
10 GE 0 0
11 GE 0 0
12 GE 0 0
13 GE 0 0
14 GE 0 0
15 GE 0 0

Total 5.0000 40.0000 0.5333 0.8000

Legend: BE = Bad event; GE = Good event.

divided by the coefficient (1-default rate) = (1 — 5/15), the adjusted Gini coeffi-
cient is got as G* = 0,800 being equal to Somers’” D. Correspondingly, the AUC of
the sample is simply (G* + 1)/2 = 0.900 following (7). If you want the coefficient
G* = 0,800 to rise to its maximum value of 1.000, it requires (1.000 — 0.800)/0.040
= 5 positions move up the scale, because the contribution of one position upwards
is 2/(m(n — m)) = 0.040 on G* taking account of adjustment for (5). This means
that BEs /=4 and /= 5 move to /= 3 and 7= 4. In addition, BE /= 8 moves to /=
5 (so, BEs occupy the first five positions). The effects of BEs clearly illustrate how
the Gini coefficients G and G* are cumulatively constructed in a sample of BEs
and GEs.

The concentration measure E can easily be calculated and interpreted using the
three sums of ranks presented in (8a), (8b), and (8c). In this case, the actual ranks
of BEs are 1, 2, 4, 5, 8 which together make a sum § of 20. The minimum sum Z
of ranks from five BEs is based on ranks 1, 2, 3, 4, 5 making a sum of 15. In the
same way, the maximum sum of ranks (when the BEs have the last positions in
ranking) is calculated from 11, 12, 13, 14, 15 leading to the sum A of 65. Thus, the
concentration measure E can be calculated as the ratio 1 — (§— L)/(H — L) result-
ing in 0.900 (that is equal to AUC).
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Table 2 is similar to Table 1 with one exception: BE that was previously in po-
sition 7= 8 has moved up two positions in the rank order, i.e. to position 7= 6.
The predictive model is thus supposed to perform better than the previous results
documented in Table 1 indicate. Consequently, concentration should be higher
in this case. According to result (5), one position improvement in performance
up the rank order means that the increase in G'is 0.0267. Thus, two positions up
the ranking had increased the Gini coefficient by 2-0.0267 = 0.053. Because it is
the only difference in the results, Gis now 0.533 + 0.053 = 0.5866. Since the sample
in Table 2 has the same default rate (5/15) as in the previous sample, the Gini
coefficient can be divided by the coefficient (1 - 5/15), resulting in the adjusted
Gini coefficient G*= 0.880 being equal to D. Accordingly, AUC is got as (0.880 +
1)/2 = 0.940. This same result can be obtained through £. In this case, L and Hare
the same as in the previous case, but Shas declined two ranks being now 18. Thus,
AUC=E=1- (18 — 15)/(65 — 15) = 0.940. When the actual ranks are declined
by two, the corresponding increase in AUC (and E) is 2/(5(15 — 5)) = 0.040.

Table 2. Experiment when event (BE) in position 7= 8 moves to position 7= 6.

Weightof  Contribution to Gini coefficients

Rank 7 Events Value of event
event x; (n+1-20x Gini Adjusted Gini

1 BE 1 14 0.1867 0.2800
2 BE 1 12 0.1600 0.2400
3 GE 0 0
4 BE 1 8 0.1067 0.1600
5 BE 1 6 0.0800 0.1200
6 BE 1 4 0.0533 0.0800
7 GE 0 0
8 GE 0 0
9 GE 0 0
10 GE 0 0
11 GE 0 0
12 GE 0 0
13 GE 0 0
14 GE 0 0
15 GE 0 0

Total 5.0000 44.0000 0.5867 0.8800

Legend: BE = Bad event; GE = Good event.

3.2. Large Sample

The third case, which is discussed in this context, concerns a large sample with a
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total of n = 23.533 limited companies from Finland. The empirical data were ob-
tained from the ORBIS database maintained by Bureau van Dijk (BvD)
(https://www.bvdinfo.com/en-gb/). The selection criteria required that a firm be

Finnish, industrial, and incorporated as a limited company, with a status of either
active or bankrupt, and with financial statements available for 2022 or 2023. No
restrictions were imposed on firm size. Initially, 25.618 firms met these criteria.
However, due to missing values in the extracted variables, the number of usable
observations was reduced to 23.533 firms, as all firms with incomplete or missing
data were excluded from the sample. Of these, 23.386 were active (non-bankrupt)
firms, and 147 were bankrupt firms, the latter typically having failed within one
year after publishing their last financial statements. The most recent financial
statements for the firms in the final dataset were from 2022-2023, with the vast
majority originating from 2023.

Thus, the sample includes 23.386 (1) acting companies (GE) and only 147 (11,)
bankrupt companies (BE): the sample is therefore heavily imbalanced. In this
sample, the default rate is very low, m = m/n = 147/23.533 = 0.0062. Using this
sample of limited companies, a predictive model was developed in which the bi-
nary dependent variable (0 = GE and 1 = BE) is explained with key financial ratios
calculated for bankrupt companies from the last financial statements. For acting
companies, financial ratios are extracted from the same years (2022 or 2023) as
for bankrupt firms. The predictive model had three explanatory variables, which
are key financial ratios: solvency or equity ratio (solvency), liquidity or quick ratio
(liquidity) and return on assets ratio (profitability). The span of prediction is
short, mostly less than a year. The hypothesis for the results was that the coeffi-
cients of all indicators in the model are negative: the worse the solvency, liquidity,
or profitability, the higher is the conditional bankruptcy risk.

The logistic regression analysis (LRA) was used to develop the predictive model.
Table 3 shows the results of the estimated logistic regression model. Logistic re-
gression analysis produced the following linear logit for assessing bankruptcy risk:
Logit = —3.957 — 0.025-Solvency ratio — 0.483-Liquidity ratio — 0.023-Return on
assets ratio. This linear logit can be transformed using the logistic function into
the conditional probability of bankruptcy P, where P=1/(1 + exp(-Logit)). Using
the conditional probability (bankruptcy risk) as a classifier, the companies in the
sample were sorted in descending order. Note that the order would be the same,
if the logit were used as the classifier: the probability is an increasing function of
the logit. Thus, both classifiers would lead to the same rate of concentration. Fig-
ure 1 presents the ROC curve for the sample, which intuitively indicates a good
quality of the model.

Table 4 shows the first 20 observations (events) from the sorted material. To
calculate the Gini coefficient, adjusted Gini coefficient, Somers’ Dand AUC, only
this sorted material with rank numbers is needed. Typically for an ordinal analy-
sis, the probability of bankruptcy itself is not needed in calculations. The (first)
20 events shown in the table include 4 BEs and 16 GEs. Because there are so many
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Table 3. Estimated logistic regression model of three financial ratios.

Variable b Standard error Wald test p-value
ROA -0.023 0.004 41.645 <0.001
LRA —-0.483 0.168 8.278 0.004
SRA -0.025 0.003 90.448 <0.001
Constant -3.957 0.163 586.312 <0.001
ROC Curve
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Figure 1. The ROC curve for the three-variable logistic regression model.

Table 4. Calculation of Gini coefficients in a sample of 23.533 active and 147 bankrupt
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Risk Value of Weight of Contribution to Gini
Rank 7 estinslate Events event event coefficients
Xi (a+1-20%  Gini Adjusted Gini
1 0.6498 GE 0
2 0.6034 GE 0
3 0.5744 GE 0
4 0.5724 GE 0
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Continued
5 0.5346 BE 1 23,524 0.0068 0.006843
6 0.5100 GE 0
7 0.4664 GE 0
8 0.4467 GE 0
9 0.4464 GE 0
10 0.4380 GE 0
11 0.4302 GE 0
12 0.4152 BE 1 23,510 0.006796 0.006839
13 0.4047 GE 0
14 0.3959 GE 0
15 0.3893 GE 0
16 0.3731 GE 0
17 0.3705 GE 0
18 0.3687 BE 1 23,498 0.006793 0.006835
19 0.3619 BE 1 23,496 0.006792 0.006835
20 0.3577 GE 0
23,533 0.0000 GE 0 0 0 0

Total 147 2,687,742 0.77695 0.781834

Legend: BE = Bad event; GE = Good event.

observations, the effects of individual BEs on the Gini coefficient are small. Their
effect on the coefficient of adjusted Gini is somewhat larger, as these are divided
by the coefficient (1 — default rate) = (1 - 0.0062). When all the effects of BEs in
the sample are added together, the Gini coefficient Gis obtained as 0.7769 and the
adjusted coefficient G* is got as 0.7818. Accordingly, the AUC of the sample = (G*
+ 1)/2 = 0.8909 which holds for the ROC curve in Figure 1.

Figure 2 shows the effects of events (multiplied by 100) on the adjusted Gini
coefficient G*. The effects of GEs are all zero and are thus locating on the hori-
zontal axis. However, the effects of BEs decrease linearly and the effect is zero in
the middle of the rank order for 7= (23.533 + 1)/2 = 11.767. Note that after this
middle point, there are only 5 BEs among the rest of the events. Most of the BEs
(120 or 86.63%) are ranked among the first 5.000 events, which indicates a strong
concentration. Consequently, the adjusted Gini coefficient G* = 0.7818 indicates a
very good predictive model. This is also shown by AUC = 0.8909, which is almost
at the level of excellent (0.900). AUC can easily be calculated also through E. In this
case, $= 385,878, L=10,878, and H= 3,437,742, which give 0.8909 as £and AUC.

Thus, this example shows that the predictive model works well and bad events
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Figure 2. Contributions of BEs on the adjusted Gini coefficient (multiplied by 100).

(BEs) are strongly concentrated at the top of the rank order.

However, there is a feature of the Gini coefficient G, which weakens its usability.
Let us assume that BEs move forward in the ranking say by a total of 10.000 posi-
tions. This means that each BE (1 = 147) moves on average 68.0303 positions
forward, which on the basis of (5) makes the Gini coefficient G increase by only
0.00578 leading to G = 0.78273 instead of 0.77695. This means that in large and
imbalanced samples, the Gini coefficient is not sensitive to the differences pro-
duced by the models in the rankings of events. The situation would be different if
in this case the sample size for example were n = 1.000 (instead of 23.533). Then,
the effect on the Gini coefficient G would be 0.13605 with an improvement of
10.000 positions, which is already intuitively very significant. This leads to G =
0.91300 instead of 0.77695. Since the sample is imbalanced and the number of BEs
is relatively small, their positions should improve very significantly to make the
effect on the Gini coefficient G intuitively relevant. Of course, this same feature
also deals with AUC. The effect of a drop in 10.000 ranks means that AUC will
rise only by 10.000/(147 (23,533 — 147)) = 0.0029. In this case, a multivariate
model of three financial ratios is used as the predictive model. If we use only a
univariate model of the solvency ratio, AUC of 0.8750 will resulted. This means
that AUC is decreased by 0.0159 (from 0.8909) referring to an increase of 54717.75

in actual ranks S.
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4. Summary of the Study

In order to measure the performance of predictive models, a large number of dif-
ferent metrics have been developed, presented and analyzed in the scientific liter-
ature. This paper focused on analyzing mainly three measures, all of which are
traditional measures of concentration: (Corrado) Gini coefficient, adjusted Gini
coefficient, and AUC. The more bad events (BEs) are concentrated on the front
end of the ranking produced by the predictive model, the better the performance
of the model is considered by these metrics. Since the performance of the models
in this case is based only on the rank order of the events, the metrics are ordinal
non-parametric indicators. Here, in a way, is their goodness and weakness. These
measures only need the order of the events, and the magnitude of the risk, for
example, is irrelevant. This turns into a weakness of the metrics if the differences
in the predicted risk vary strongly between events: regardless of the difference in
the predicted risks, only the rank order is paid attention to.

The objective of this paper was to analyse a formulation of the Gini coefficient,
and to present numeric examples of measuring concentration and to analyze how
strongly the differences in the rank order of events affect the measures of concen-
tration. Since all evaluated metrics belong to the family of ordinal metrics, they
produce very similar results that are already known in the literature. The adjusted
Gini coefficient G* can be calculated from the (Gorrado) Gini G with a simple
transformation. In the same way, AUC is obtained as a linear transformation of
the adjusted Gini coefficient. It can also be shown that the adjusted Gini coeffi-
cient is equal to the fourth ordinal measure of concentration, Somers’ D. Since the
measures are simple transformations of each other, they tend to have the same
advantages and disadvantages.

All these measures have the property that moving between the positions of the
rank order contributes to the concentration measure to the same (absolute) ex-
tent. The contribution of events to the metric decreases relatively quickly along
with the ranking, because the weight of the positions in these ranking declines
strongly. Despite this, a similar move between the positions of the ranking always
causes a change in the metrics of the same size, regardless of where in the ranking
the move takes place: if, for example, an event second in the ranking moves to
first, the change in metrics is the same as if the event last in the ranking moved
one position from last to last. In large samples, the absolute effect of single moves
is very small, so the measures do not effectively detect changes or differences in
orders. The features of the meters are completely based on the fact that they pay
attention only to the ranks of the events. This dependence was illustrated in the
paper by developing the index £, which is explicitly based on three sums of ranks
for BEs: acting sum, lowest possible sum and highest possible sum of ranks. The
metric E gives the same result as AUC but is easier to interpret and to calculate.
Thus, it may provide a useful tool for analyzers of concentration. This study indi-
cates that it is crucial to focus on the effects of ranks, when assessing the classifi-

cation performance of models.
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Finally, it is important to refer to the problems in highly imbalanced (skewed)
samples found in this study. In these kinds of samples, ROC, AUC, and the Gini
coefficient may give an overly optimistic view of the performance of the model.
These measures are largely insensitive to the proportion of BEs and GEs, as they
give equal weight to both classes. Consequently, a model that performs well on the
abundant GE class can still achieve a high AUC or Gini coefficient, even its ability
to identify true BEs is limited. In these kinds of situations, this limitation can be
addressed by imbalance-tolerant metrics such as the Precision-Recall Area Under
the Curve (PR-AUC). This approach focuses specifically on the performance with
respect to the BE class (Boyd, Eng, & Page, 2013). Precision measures the propor-
tion of correctly identified BEs among all instances predicted as positive, while
recall (or sensitivity) measures the proportion of actual BEs correctly identified.
The PR-AUC summarizes the trade-off between these two measures across differ-
ent classification thresholds. PR-AUC decreases sharply when false BEs increase,

reflecting the real-world cost of incorrect BE predictions.
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