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1 INTRODUCTION

The subjects of the study are discrete-time systems, or passive Pontryagin space
operator colligations of the form

TΣ =

(
A B
C D

)
:

(
X
U

)
→
(
X
Y

)
,

and their transfer functions

θΣ(z) = D + zC(I − zA)−1B,

which are Pontryagin space operator valued generalized Schur functions. The moti-
vation and the background of the subjects arise from the system theory. During the
sixties, electrical engineer Rudolf Kálmán published several papers that later estab-
lished the so-called state space representation of the dynamical system. Kálmán’s
work aroused the interest of theoretical mathematician, since they noticed that the
mathematical techniques used in the papers made also possible to apply complex
analytical methods effectively in operator theory. By late seventies, the basic theory
of the realizations of analytic operator valued functions, operator models and the
passive discrete-time systems and their connections to the class of ordinary Schur
functions, i.e. Hilbert space operator valued functions holomorphic and bounded
by one in the unit disc D, were developed, for instance, by de Branges and Rovnyak
(1966a, 1966b) , Sz.-Nagy and Foiaş (1970), Helton (1974), Brodskiı̆ (1978), and
Arov (1979b, 1979c) among others. The theory was initially developed and stud-
ied in the Hilbert space setting, and most of the achieved results were connected to
theory of Hilbert space contractions and their dilations to unitary operators.

In the meantime, the study of indefinite inner product spaces advanced, and it was
noticed soon that the theory could also be extended to investigate more general
systems whose transfer functions go beyond the class of ordinary Schur functions.
Such extensions allowed a reasonable treatment of some non-passive behavior, in
the usual Hilbert space sense, for the underlying system. By relaxing the assump-
tion of contractivity of the associated system operator in an appropriate way, one
enters to linear spaces equipped with a natural inner product, which turned out to
be generating a Kreı̆n or a Pontryagin space structure on the associated realization
space. It was shown that every Kreı̆n space operator valued function analytic at the
origin could be realized as a transfer function of a conservative discrete-time system
in a Kreı̆n space sense; see (Azizov & Iokhvidov, 1989, p. 269).

Due to natural difficulties of Kreı̆n space operator theory, all the results from Hilbert
space setting could not be generalized to the indefinite setting. However, when neg-
ative dimensions of the spaces were finite, i.e. Pontryagin spaces, the theory seemed
to work very well. The case where the state space is a Pontryagin space while in-
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coming and outgoing spaces are still Hilbert spaces, unitary systems were studied,
for instance, by Dijksma, Langer, and de Snoo (1986a, 1986b), and passive systems
by Saprikin (2001), Arov and Saprikin (2001), and Arov, Rovnyak, and Saprikin
(2006). The case where all the spaces are Pontryagin spaces, theory of isometric,
co-isometric and conservative systems is considered, for instance, by Dritschel and
Rovnyak (1996), Alpay, Dijksma, Rovnyak, and de Snoo (1997) and Alpay, Azizov,
Dijksma, and Rovnyak (2002) In the middle of nineties it was expected that most of
the theory from standard Hilbert space systems could be extended in the Pontryagin
space setting. However, after nineties, relatively few papers, related directly to the
subject, were appearing to put the expected theory forward in a wider scale, while
some further applications for the existing results have been coming out.

Still, the complete structures of Pontryagin space systems and transfer function re-
alizations remain somewhat a mystery, and many problems are unsolved. In this
thesis, the study of the realizations of the generalized Schur functions is continued.
Through the thesis, one can find two main problems.

(1) The criterions for θ ∈ Sκ(U ,Y) which guarantee the existence of stronger
realizations than the canonical realizations.

An arbitrary θ ∈ Sκ(U ,Y) has canonical realizations, see (Alpay et al., 1997, Chap-
ter 2). The original reproducing kernel space model of an ordinary Schur function
θ ∈ S(U ,Y), originated from the work of de Branges and Rovnyak (1966b), pro-
duces an observable co-isometric realization. The other model, which uses the the-
ory of Hardy spaces of vector valued functions and which goes back to Sz.-Nagy
and Foiaş (1970), produces a simple conservative realization of θ. However, in the
special cases of finite dimensional conservative systems, the transfer functions are
so called unitary rational functions, and it was noticed that in this case, the models
above were essentially equal. Moreover, in this case models used by systems theo-
rists, which were based on the minimality, were also equal to realizations described
above.

Now question raises that when these abstract models are essentially same in gen-
eral, or when they are equal to some larger classes of passive systems. One might
conjecture from the facts stated above that solutions are classes of functions which
are close is some sense to the rational unitary functions. This is in fact somehow
true. The key is the unitarity, or almost unitarity in a certain sense; the functions
whose defects functions are zeros. In Hilbert space setting, partial answers to prob-
lem were given in (Arov, 1979a) and (Y. M. Arlinskiı̆, Hassi, & de Snoo, 2007).
In indefinite setting, the problem is briefly touched in (Alpay et al., 1997), but the
concept of defect function is not defined. This is done in Article (I) for the class
Sκ(U ,Y), where U and Y are Hilbert spaces, and some results from (Y. M. Arlin-
skiı̆ et al., 2007) are generalized for the class Sκ(U ,Y). In Article (II), definition of
defect function is extended to case where U and Y are Pontryagin spaces with the
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same negative index, and earlier results are further generalized and made sharper.

(2) Similarity mappings between realizations of θ ∈ Sκ(U ,Y) and the prop-
erties of similarity mappings.

Kálmán (1969) proved one the versions of the celebrated state space similarity the-
orem. He showed that in finite dimensional spaces, two minimal realizations of the
same function are always similar. In infinite dimensional spaces, this is no longer
true, as was shown by Helton (1974) and Arov (1979b); minimal realizations of the
same function are only weakly similar in that case. However, for generalized Schur
function θ, it may happen that all minimal passive realizations of θ are unitarily
similar. For ordinary Schur functions, a criterion for this was obtained by Arov and
Nudelman (2000, 2002). Article (II) provides a generalization of their results to the
class Sκ(U ,Y), where U and Y are Pontryagin spaces with the same negative index.

In general, for arbitrary θ ∈ Sκ(U ,Y), one needs more restrictive conditions to
get a realization unique up to unitary change of state variable. For instance, every
realization with the same properties what one of the canonical realizations has is
unitarily similar with the canonical realization in question. Sometimes the other
properties of those similarities can be used to analyze the properties of θ. In Article
(III), it is shown that negative index of unitary or weak similarity mapping between
the realization of symmetric θ ∈ Sκ(U) and its dual, determines when θ is also a
generalized Nevanlinna function with the specified negative index.

The rest of this overview is organized as follows. In Section 2, basic facts from the
operator theory of indefinite inner product spaces needed in this thesis are recalled.
Section 3 deals with analytic operator valued functions with associated reproducing
kernels, concentrating to generalized Schur functions. In Section 4, operator colli-
gations and they connections to the generalized Schur class are studied. Section 5
consists of summary of main results of articles.
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2 FUNDAMENTALS ON LINEAR OPERATORS IN
KREĬN AND PONTRYAGIN SPACES

For a general theory of indefinite inner product spaces and their operators, standard
texts are the books of Bognár (1974), Azizov and Iokhvidov (1989) and Dritschel
and Rovnyak (1996). In most of the parts, we follow the notation of (Dritschel
& Rovnyak, 1996). A special attention is in contractive operators in Pontryagin
spaces, since they provide a base for the subject of the thesis.

2.1 Geometry of indefinite inner product spaces

Throughout this thesis, an inner product space is a complex vector space X en-
dowed with an indefinite inner product 〈·, ·〉X . If the corresponding spaces are clear,
subscripts in the notion of inner products will be left out. A vector x ∈ X is said
to be positive (negative, neutral) if EX (x) := 〈x, x〉 > 0 (EX (x) < 0, EX (x) = 0).
Similarly, a vector subspace X1 of X is said to be positive, negative or neutral, if all
non-zero vectors in X1 have the corresponding property. The anti-space −X of X
is the space that coincide with X as a vector space and which has the inner product
〈·, ·〉−X = −〈·, ·〉X . Vectors x and y from X are said to be orthogonal (with respect
to the indefinite inner product of X ) if 〈x, y〉 = 0, and it is denoted x ⊥ y. The
orthogonality of subspaces X1 and X2 and direct sum X1 ⊕ X2 =

(X1
X2

)
are then

defined as in the case of positive definite inner product spaces.

The space X is said to be a Kreı̆n space if it can be represented as a direct sum of
the form

X = X+ ⊕X−, (2.1)

where X+ is a Hilbert space and X− is an anti-space of some Hilbert space, that is,
an anti-Hilbert space. For a Kreı̆n space X , the decomposition of the form (2.1) is
not unique unless X+ or X− is a zero space. However, if X = X ′+⊕X ′− is any other
such a decomposition, it holds dimX+ = dimX ′+ and dimX− = dimX ′−. Any
decomposition of the form (2.1) is called a fundamental decomposition of X , and
the positive and negative indices ind+X and ind−X of X are defined by ind+X =
dimX+ and ind−X = dimX−. For a Kreı̆n space X with the fixed fundamental
decomposition (2.1), we define |X | = X+ ⊕ (−X−). Then |X | is a Hilbert space
which coincides with X as a vector space, and it induces a Hilbert space norm and a
topology for the vector space X . All the norms generated by different fundamental
decompositions are equivalent, see (Dritschel & Rovnyak, 1996, Corollary on p. 5),
and therefore they induce the same topology, which is called the strong topology
of X . In what follows, all notions related to the continuity, convergence and open
sets in Kreı̆n space X are understood to be with respect to the strong topology. All
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the spaces are assumed to be separable. A closed subspace X1 of a Kreı̆n space X
is called regular if it is also a Kreı̆n space with the inherited inner product of X .
The subspace X1 is regular if and only its orthogonal companion (X1)⊥ := {x ∈
X : 〈x, y〉 = 0 for all y ∈ X1} is regular. In that case, it holds X = X1 ⊕ (X1)⊥. A
regular subspace is Hilbert subspace if its negative index is zero and an anti-Hilbert
subspace if its positive index is zero. A Kreı̆n space X is called as a Pontryagin
space if ind−X is finite, and these are the spaces we study most of the time in this
thesis.

2.2 Bounded linear operators in Kreı̆n and Pontrya-
gin spaces

A linear operator T : U → Y where U andY are Kreı̆n spaces, is said to be bounded,
that is, it belongs to the class L(U ,Y) if and only if T belongs to L(|U|, |Y|). For a
fixed fundamental decomposition U = U+ ⊕ U−, the operator J defined by

J (u+ + u−) = u+ − u−, u± ∈ U±, (2.2)

is called a fundamental symmetry, and if |U| is an associated Hilbert space with
the definite inner product (·, ·)|U|, it holds

〈u, y〉U = (J u, y)|U| = (u,J y)|U|

(u, y)|U| = 〈J u, y〉U = 〈u,J y〉U .
(2.3)

By using the identities in (2.3) and basic results from Hilbert space operators, it
follows that for an operator T ∈ L(U ,Y), there exists an unique operator T ∗ ∈
L(Y ,Y) such that 〈Tu, y〉Y = 〈u, T ∗y〉U for all u ∈ U and all y ∈ Y , and T ∗

is called as the adjoint of T (with respect to the indefinite inner product). If T is
considered as a Hilbert space operator T ∈ L(|U|, |Y|) and the Hilbert space adjoint
of T is denoted as T×, it holds

T ∗ = JUT×JY , T× = JUT ∗JY . (2.4)

For any fundamental symmetry of a Kreı̆n space U , it holds

J = J ∗ = J × = J −1.

Definition 2.1. The operator T ∈ L(U ,Y), where U and Y are Kreı̆n spaces, is
called

(i) contractive if 〈Tu, Tu〉Y ≤ 〈u, u〉U for every u ∈ U ;

(ii) isometric if 〈Tu, Tu〉Y = 〈u, u〉U for every u ∈ U ;
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(iii) co-isometric if T ∗ is isometric;

(iv) unitary if it is both isometric and co-isometric;

(v) self-adjoint if U = Y and then T = T ∗;

(vi) positive if it is self-adjoint and 〈Tu, u〉 ≥ 0 for every u ∈ U ;

(vi) a projection if it is self-adjoint and T 2 = T .

The image of projection is always a regular subspace, and every regular subspace
arises uniquely in this way (Dritschel & Rovnyak, 1996, Theorem 1.3). The unique
projection to the regular subspace H ⊂ U is denoted as PH. The restriction of
T : U → Y to the regular subspace H ⊂ U is denoted as T �H. If A and B are self-
adjoint operators from the class L(U) = L(U ,U), where U is Kreı̆n space, then
A ≤ B means that B − A is a positive operator.

In the case where U and Y are Pontryagin spaces with the same negative index,
contractive operators and self-adjoint operators have similar spectral properties as
the Hilbert space operators from the corresponding class. In the next proposition,
we state two well-known results frequently used in the publications of this thesis.
For the proofs, see for an instance, (Arov et al., 2006, Theorem 2.2) and (Azizov &
Iokhvidov, 1989, Chapter 1, Corollary 3.15).

Proposition 2.2. Let U and Y be Pontryagin spaces with the common negative
index κ. Then:

(i) if the operator T ∈ L(U ,Y) is a contraction, the spectrum of T lies in the
unit disc D with the exception of at most κ points;

(ii) if the operator T ∈ L(U) is self-adjoint, the spectrum of T lies in the real axis
with the exception of at most 2κ points situated symmetrically with respect to
the real axis.

The behavior of a self-adjoint operator T ∈ L(U), where U is a Kreı̆n space, may
be close to positive operator in a sense that the dimension of a subspace K ⊂ U
such that 〈Tk, k〉U < 0 holds for all k ∈ K \ {0}, cannot be arbitrary large. To
measure this precisely, we define the negative index ind−(T ), with respect to the
inner product of U , to be the supremum of all positive integers n such that there
exists an invertible and nonpositive matrix of the form

(
〈Tuj, ui〉U

)n
i,j=1

, where
{uk}nk=1 ⊂ U . If such a matrix does not exists for any n, then ind−(T ) is defined to
be zero. In that case, and in that case only, the operator T is said to be positive.

It is evident that the the operator T ∈ L(U ,Y), where U and Y are Kreı̆n spaces,
is contractive if and only if IU − T ∗T is positive. If ind−(IU − T ∗T ) = κ is finite,
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then the dimension of a subspace K such that

〈Tk, Tk〉Y > 〈k, k〉U

for all k ∈ K \ {0}, cannot exceed κ. In some sources, the operator T with this
property is called quasi-contraction; see (Gheondea, 1993), since ind−(IU − T ∗T )
measures how much T behaves like a contraction. Unlike in Hilbert spaces, if T
is contractive, the adjoint T ∗ need not to be. However, if U and Y are Pontryagin
spaces with the same negative index, then T is contractive if and only if T ∗ is
(Dritschel & Rovnyak, 1996, Corollary 2.5).

2.3 Defect spaces and Julia operators

From the certain view of the general Kreı̆n space operator theory, every bounded
operator T is almost unitary; there exists a dilation of T such that the dilation is
unitary; see (Azizov & Iokhvidov, 1989, Theorem 3.4 on p. 267) and (Dritschel &
Rovnyak, 1996, Lecture 2). If T ∈ L(U ,Y), where U and Y are Kreı̆n spaces, a
dilation of T is an operator T̂ ∈ L(Û , Ŷ), where Û and Ŷ are Kreı̆n spaces such
that U and Y are regular subspaces, respectively, of Û and Ŷ , and it holds

T = PY T̂ �U . (2.5)

The dilation T̂ of T then has a block representation of the form

T̂ =

(
T T2

T3 T4

)
:

(
U
U⊥
)
→
(
Y
Y⊥
)
, (2.6)

where the orthogonal companions U⊥ and Y⊥ are with respect to the spaces Û and
Ŷ .

A dilation T̂ of T of the form (2.6) is called Julia operator, or Julia dilation, if
it is unitary, and T2 and T ∗3 have zero kernels. It is convenient to write this by
using defect operators, since the notation then corresponds the celebrated dilation
theory of Hilbert space contraction, which goes back to the work of Sz.-Nagy and
Foiaş (1970). To this end, a defect operator of T ∈ L(U ,Y) is a bounded operator
DT : DT → U , where DT is a Kreı̆n space, with the zero kernel such that it holds
I − T ∗T = DTD

∗
T . The space DT is called as the defect space of T . By using the

defect operators, a Julia operator UT of T is a unitary operator

UT =

(
T DT ∗

D∗T −L∗
)

:

(
U

DT ∗

)
→
(
Y
DT

)
, (2.7)

whereDT andDT ∗ are defect operators, respectively, of T and T ∗. It is known from
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(Dritschel & Rovnyak, 1996, Theorem 2.3) that for every T ∈ L(U ,Y), there exists
a Julia operator UT of T , and for any defect operator DT : DT → U of T , it holds
ind−DT = ind−I−T ∗T . Moreover, if ind−I−T ∗T or ind−I−TT ∗ is finite, then
UT is essentially unique in a sense that for any other Julia operator

U ′T =

(
T DT ∗

′

DT
′∗ −L′∗

)
:

(
X1

DT ∗
′

)
→
(
X2

DT
′

)
,

of T , there exists unitary operators V1 : DT ∗ → DT ∗
′ and V2 : DT → DT

′ such that

DT ∗ = DT ∗
′V1, DT = DT

′V2, V1L = L′V2.

If U and Y are Pontryagin spaces with the same negative index and T : U → Y
is contractive, defect spaces of T and T ∗ are Hilbert spaces, and T can be dilated
to a unitary operator without adding negative dimensions to the underlying spaces.
Especially, if U and Y are Hilbert spaces, one can always choose

DT = ran(I − T ∗T )1/2, DT ∗ = ran(I − TT ∗)1/2,

DT = (I − T ∗T )1/2, DT ∗ = (I − TT ∗)1/2, L = A,

where ran means the closure of the range.
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3 OPERATOR VALUED ANALYTIC FUNCTIONS AND
REPRODUCING KERNELS SPACES

Hilbert space operator valued functions holomorphic and bounded in the unit disc
are studied in (Sz.-Nagy & Foiaş, 1970). Treatises of reproducing kernel Pontryagin
spaces and operator valued analytic functions are given in (Dritschel & Rovnyak,
1996) and Alpay et al. (1997).

3.1 Reproducing kernels in Pontryagin spaces

Let Ω ⊂ C be an open set, and let K(w, z) be an L(Y)-valued function on Ω × Ω,
where Y is a Kreı̆n space. The function K is an holomorphic Hermitian kernel
on Ω× Ω if

K(w, z) = K∗(w, z),

and if for every fixed w, it is analytic in z, and for every fixed z, it is analytic in
w̄. Here the notation K∗(w, z) means (K(w, z))∗. In what follows, a holomorphic
Hermitian kernel will be called as a kernel, since another kind of kernels are not
considered.

A kernel K is positive on Ω× Ω if the matrix
(
〈K(wj, wi)yj, yi〉Y

)n
i,j=1

(3.1)

has no negative eigenvalues for any choice of n ∈ N, {w1, . . . , wn} ⊂ Ω and
{y1, . . . , yn} ⊂ Y . It is a classical result, see Aronszajn (1950) for the scalar case
C = Y , that then K generates an unique reproducing kernel Hilbert space HK

whose elements are Y-valued functions holomorphic on Ω. The space HK is the
completion of a pre-Hilbert space

H0 = span{K(w, z)y : w ∈ Ω, y ∈ Y}, (3.2)

endowed with an inner product
〈

n∑

j=1

K(wj, z)yj,
n∑

i=1

K(wi, z)yi

〉

Ho

=

〈
n∑

i,j=1

K(wj, wi)yj, yi

〉

Y

, (3.3)

where K(w, z)y is treated as a function of z. Especially, K(w, z)y ∈ HK for all
w ∈ Ω and y ∈ Y , and for any h ∈ HK , it holds

〈h(z), K(w, z)y〉HK
= 〈h(w), y〉Y . (3.4)
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For scalar case Y = C, the function K(w, z) ∈ HK , and the identity (3.4) essen-
tially reduces to

〈h(z), K(w, z)〉HK
= h(w).

On the other hand, if H is a Hilbert space of Y-valued holomorphic functions on
Ω, the spaceH is generated by some kernel K if and only if an evaluation mapping
Ew : H → Y defined by

Ew : f 7→ f(w) (3.5)

is bounded for every w ∈ Ω. Moreover, the kernel K is unique. Indeed, most of
extensively studied Hilbert spaces of holomorphic function are reproducing kernel
spaces, and a construction of a Hilbert space of holomorphic function which is not
a reproducing kernel space requires an effort, see (Alpay & Mills, 2003).

By passing Hilbert spaces to Pontryagin spaces and positive kernels to kernels
with finite amount of negativity in a certain sense, the theory of reproducing ker-
nel Hilbert spaces extends to the theory of reproducing kernel Pontryagin spaces,
which were first studied by Schwartz (1964) and Sorjonen (1975). We say that the
kernel K(w, z) has κ negative squares, where κ ∈ N0, if the matrix of the form
(3.1) has at most κ negative eigenvalues, counting multiplicities, for any choice of
n ∈ N, {w1, . . . , wn} ⊂ Ω and {y1, . . . , yn} ⊂ Y , and there exist at least one such
a matrix which has exactly κ negative eigenvalues, counting multiplicities. The
case k = 0 corresponds the case of positive kernel. The kernel K with κ negative
squares generates the unique reproducing kernel Pontryagin space HK of L(Y)-
valued functions holomorphic on Ω, and ind−HK = κ. Similarly as in the case of
positive kernel, the Pontryagin space HK is the completion of (3.2) endowed with
the inner product (3.3); for the details, see (Alpay et al., 1997, Theorem 1.1.3).
Moreover, if H is a Pontryagin space of holomorphic L(Y)-valued functions on Ω
with ind−H = κ, there exist an unique reproducing kernel K(w, z) of H if and
only if the point evaluations of the form (3.5) are bounded. If this happens, then K
has κ negative squares and

K(w, z) = EzE
∗
w, z, w ∈ Ω.

If the domain Ω of the holomorphic kernel K(w, z) is a region, i.e. connected non-
empty open set in the complex plane, the behaviour of K is locally similar in a
sense that if Ω0 is a subregion of Ω and K0 is a restriction of K to Ω0, then K0 and
K has the same number of negative squares (Alpay et al., 1997, Theorem 1.1.4).

The values of the kernel K(w, z) above are, in general, Kreı̆n space operators. In
what follows, we mainly consider kernels with κ negative squares such that their
values are Pontryagin space operators, and therefore, the functions in HK take val-
ues in Pontryagin spaces.
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3.2 Generalized Schur class functions

A classical Schur function is a complex valued function holomorphic and bounded
by one in the unit disc D. This is equivalent to that θ is holomorphic in D and the
kernel

1− θ(z)θ(w)

1− zw̄ , z, w ∈ D, (3.6)

is positive. The reproducing kernel Hilbert spaces generated by the kernels of the
form (3.6) are known as de Branges–Rovnyak spaces, see (Fricain & Mashreghi,
2016a, 2016b). Especially, when θ is an inner function, that is, when θ is a Schur
function and limr→1− |θ(reit)| = 1 for a.e. on the unit circle T, the spaces gen-
erated by the kernels (3.6) are called model spaces, and they are backward shift
invariant closed subspaces H2 	 θH2 of the classical Hardy space H2, see (Garcia,
Mashreghi, & Ross, 2016).

A natural generalization is now to drop the requirement that the kernel (3.6) is
positive, and require only that it has a finite number of negative squares. Moreover,
the values of function θ are considered to be operators between Pontryagin spaces
with the same negative index instead of scalars. Then, L(U ,Y)-valued function,
where U and Y are Pontryagin spaces with the same negative index, belongs to
generalized Schur class Sκ(U ,Y), if it is holomorphic at the origin and the Schur
kernel

Kθ(w, z) =
1− θ(z)θ∗(w)

1− zw̄ , z, w ∈ D, (3.7)

has κ negative squares. The class S0(U ,Y) is denoted by S(U ,Y) and the class
Sκ(U ,U) by Sκ(U). The reproducing kernel Pontryagin space induced by the kernel
(3.7) is denoted as H(θ). An associated function θ# defined by θ#(z) = θ∗(z̄)
belongs to Sκ(Y ,U) whenever θ ∈ Sκ(U ,Y).

It is known, see (Alpay et al., 1997, Theorem 4.3.5), that every generalized Schur
function has a meromorphic extension to the whole unit disc D. Therefore, we con-
sider the generalized Schur functions to be meromorphic functions on D. A function
θ belong to class S(U ,Y) if and only if it is meromorphic on D, holomorphic at the
origin and has contractive values whenever defined on D. When U and Y are Hilbert
spaces, θ ∈ S(U ,Y) is actually holomorphic on D. Moreover, non-tangential strong
boundary limit values θ(ζ) exists and are contractive for a.e. ζ ∈ T; see (Sz.-Nagy
& Foiaş, 1970, Chapter V). For the class Sκ(U ,Y), where U and Y are Hilbert
spaces, we have the following alternative characterizations, which do not involve
the kernel (3.7). For a proof, combine (Dijksma et al., 1986a, Proposition 7.11) and
(Alpay et al., 1997, Theorem 4.2.1).

Proposition 3.1. Let U and Y be Hilbert spaces, and let θ be an L(U ,Y)-valued
function holomorphic at the origin and meromorphic on D. Then the following
statements are equivalent:
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(i) θ ∈ Sκ(U ,Y);

(ii) θ has finite pole multiplicity κ and

lim
r→1−

sup
|z|=r
‖θ(z)‖ ≤ 1

holds;

(iii) θ has factorizations of the form

θ(z) = θr(z)B−1
r (z) = B−1

l (z)θl(z), (3.8)

where θr, θl ∈ S(U ,Y), Br and Br are Blaschke products of degree κ with
values, respectively, in L(U) and L(Y), such that Br(w)f = 0 and θr(w)f =
0 for some w ∈ D only if f = 0, and B∗l (w)g = 0 and θ∗l (w)g = 0 for some
w ∈ D only if g = 0.

In Proposition 3.1 above, an operator valued Blaschke product of degree κ is a
finite product

B(z) =
κ∏

k=1

(
I − Pk + ρk

z − αk
1− ᾱkz

Pk

)
, |ρk| = 1, 0 < |αk| < 1, (3.9)

of simple Blaschke–Potapov factors of the form

I − P + ρ
z − α
1− ᾱz P, |ρ| = 1, 0 < |α| < 1, (3.10)

where P ∈ L(U) is an orthogonal projection from the Hilbert space U to an
arbitrary one dimensional subspace. A straightforward calculations show that a
Blaschke product is holomorphic on the closed unit disc D, it has unitary val-
ues everywhere on T and it is boundedly invertible whenever z ∈ D \ {α}. The
Blaschke product B of degree κ belongs to S(U), and B−1 ∈ Sκ(U). The space
H(B) induced by the kernel (3.7) in the case θ = B is κ-dimensional Hilbert
space, andH(B−1) is κ-dimensional anti-Hilbert space. The factorizations (3.8) of
θ ∈ Sκ(U ,Y) are called, respectively, the right and left Kreı̆n–Langer factoriza-
tions of θ. These factorizations are unique up to multiplication by unitary constant
from left (right) for the left (right) Kreı̆n–Langer factorization (Alpay et al., 1997,
Theorem 4.2.4). It is easy to deduce that if (3.8) are Kreı̆n–Langer factorizations of
θ, then

θ−# = θrB
−#
r = B−#

l θl

are, respectively, left and right Kreı̆n–Langer factorizations of θ#. Moreover, it then
holds

H(θ) = H(θr)⊕ θrH
(
B−1
r

)
, H

(
θ#
)

= H
(
θ#
l

)
⊕ θ#

l H
(
B−

#

l

)
,
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where θrH (B−1
r ) and θ#

l H
(
B−

#

l

)
are the spaces induced by the kernels

θr(z)KB−1
r

(w, z)θr(w̄), θ#
l (z)KB−#

l
(w, z)θ#

l (w̄).

Even for the class S(U ,Y), the properties of the Pontryagin space operator valued
generalized Schur functions are not so well understood than in the cases where U
and Y are Hilbert spaces. Some properties of the generalized Schur functions can
be analyzed by using the Potapov–Ginzburg transformation θ 7→ θP . Roughly
saying, the Potapov–Ginzburg transformation connects θ ∈ Sκ(U ,Y) and the kernel
Kθ to a function θP and the kernel KθP , where θP , or θP (ϕ(z)), where ϕ is an
automorphism of the unit disc, belongs to Sκ(U ′,Y ′), where U ′ and Y ′ are Hilbert
spaces; see details from Article (III) or (Alpay et al., 1997, Section 4.3). By using
the Potapov–Ginzburg transformation, we obtain the following result published in
Article (III); see also (Alpay & Dym, 1986, Theorem 6.8).

Theorem 3.2. Let U and Y be Pontryagin spaces with the same negative index. If
θ ∈ Sκ(U ,Y), then strong radial limit values limr→1− θ(rζ) exist for a.e. ζ ∈ T,
and the limit values are contractive with respect to the indefinite inner products of
U and Y .

To prove Theorem 3.2 in general case, one needs to know that it hold for the case
when U and Y are Hilbert spaces. In fact, that case follows easily follows from
Proposition 3.1 and Kreı̆n–Langer factorizations. When U and Y are Pontryagin
spaces, there is no corresponding known result for the Kreı̆n–Langer factorizations.
The best known factorization result seems to be the following weak version of the
Kreı̆n–Langer factorizations. Represent

U =

(
U+

U−

)
, Y =

(
Y+

Y−

)
,

for some fixed fundamental decompositions. With respect to this representation,
one has a factorization of the form

(
b−1(z) 0

0 I

)
θ0(z)

(
I 0
0 b(z)

)
, (3.11)

where b is a scalar finite Blaschke product and θ0 ∈ S(U ,Y) (Alpay et al., 1997,
Example 1 on p. 161). Unfortunately, the inverse Blaschke product factor in (3.11)
does not necessarily cover all the poles of θ; the factor θ0 can still has poles, even
infinitely many. In the case where U and Y are anti-Hilbert spaces with same finite
dimension, a function θ ∈ Sκ(U ,Y) has exactly κ zeros, counting multiplicities,
but already in the case U = Y = C ⊕ −C, a function θ ∈ Sκ(U ,Y) can have any
countable number of zeros and poles; see Section 2 from Article (III).



14 Acta Wasaensia

3.3 Special subclasses of the generalized Schur func-
tions

Theorem 3.2 shows that the radial limit values of the generalized Schur functions
exists and are contractive a.e. on T. As in the case of ordinary Schur function, the
radial limit values can be isometric, co-isometric or unitary a.e., and we obtain the
following generalization of an inner function.

Definition 3.3. A function θ ∈ Sκ(U ,Y), where U and Y are Pontryagin spaces
with the same negative index, belongs to the class of

(i) generalized J -inner functions Iκ(U ,Y), if the radial limit values θ(ζ) are
isometric, with respect to the indefinite inner product, for a.e. ζ ∈ T;

(ii) generalized co-J -inner functions I∗κ(U ,Y), if the radial limit values θ(ζ) are
co-isometric, with respect to the indefinite inner product, for a.e. ζ ∈ T;

(iii) generalized bi-J -inner functions Uκ(U ,Y), if the radial limit values θ(ζ) are
unitary, with respect to the indefinite inner product, for a.e. ζ ∈ T.

When U and Y are Hilbert spaces, the letter J will be left out from the definition
above, since J refers to the indefinite inner products. Indeed, if JU and JY are
fundamental symmetries of U and Y and × refers to adjoint with respect to asso-
ciate Hilbert spaces, it holds θ×(ζ)JYθ(ζ) = JU a.e. on T for θ ∈ Iκ(U ,Y) and
θ(ζ)JUθ×(ζ) = JY a.e. on T for θ ∈ I∗κ(U ,Y). If θ ∈ Uκ(U ,Y), both relations
above hold. In the matrix valued cases, that is, when U andY are finite-dimensional,
the class Uκ(U ,Y) is extensively studied; see for an instance (Alpay & Dym, 1986)
(Arov & Dym, 2008) or (Derkach & Dym, 2009). Nevertheless, the general case is
not widely studied, and general definition of the generalized bi-J -inner functions
was recently introduced in Article (III).

It is possible that θ ∈ Sκ(U ,Y) does not belongs to the classes defined above, but
it still is almost inner or co-inner in a sense that its defect functions are identically
zeros. We describe here only the case where U and Y are Hilbert spaces and a
definition given in Article (I), since a definition for the general case treated in Ar-
ticle II requires a use of operator colligation and optimal minimal realizations; for
details, see Article (II). By using (Sz.-Nagy & Foiaş, 1970, Theorem V.4.2) it can
be deduced that for θ ∈ Sκ(U ,Y), where U and Y are Hilbert spaces, there exist
Hilbert spaces K and H, an outer function ϕθ ∈ S(U ,K) and co-outer function
ψθ ∈ S(H,Y) (for the definition of outer and co-outer functions, see (Sz.-Nagy &
Foiaş, 1970, Chapter V)) such that

(i) ϕ∗θ(ζ)ϕθ(ζ) ≤ IU − θ∗(ζ)θ(ζ) a.e. on T;
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(ii) ψ(
θζ)ψ∗θ(ζ) ≤ IY − θ(ζ)θ∗(ζ) a.e. on T;

(iii) if K̂ is a Hilbert space and ϕ̂ ∈ S(U , K̂) such that ϕ̂∗(ζ)ϕ̂(ζ) ≤ IU−θ∗(ζ)θ(ζ)
a.e. on T, then ϕ̂∗(ζ)ϕ̂(ζ) ≤ ϕ∗θ(ζ)ϕθ(ζ) a.e. on T;

(iv) if Ĥ is a Hilbert space and ψ̂ ∈ S(Ĥ,Y) such that ψ̂(ζ)ψ̂∗(ζ) ≤ IY −
θ(ζ)θ∗(ζ) a.e. on T, then ψ̂(ζ)ψ̂∗(ζ) ≤ ψθ(ζ)ψ∗θ(ζ) a.e. on T.

The functions ϕθ and ψθ are called, respectively, the right and left defect functions
of θ. Moreover, they are unique up to, respectively, a left constant unitary fac-
tor and a right constant unitary factor. When ϕ ≡ 0 or ψ ≡ 0, the function θ is
not necessarily generalized inner or co-inner, but from the point of view of passive
discrete-time system, they essentially have nearly all the same properties. Espe-
cially, the so-called canonical realization have stronger properties that is granted
for an arbitrary θ ∈ Sκ(U ,Y), see Theorem 4.4 from Article (I) and Theorem 4.8
from Article (II). It is a worth of mentioning that when U and Y are Hilbert spaces,
definitions of right and left defect functions for generalized Schur functions given
in Article II do not necessarily produce the same mathematical objects as definition
given above unless special circumstances. Such a situation occurs when right or left
defect function given by one of the two definitions is identically zero; in that case,
and in that case only, a function given by other definition is also identically zero.

AnL(U)-valued function is called symmetric, or real, if θ(z) = θ#(z) holds when-
ever defined. A symmetric L(U)-valued function meromorphic on C\R belongs to
the generalized Nevanlinna class Nκ(U) if the Nevanlinna kernel

Nθ(w, z) =
θ(z)− θ∗(w)

z − w̄ , w, z ∈ ρ(θ), (3.12)

has κ negative squares. These classes have been studied alongside with the Schur
functions, mainly with scalar, matrix and Hilbert space operator valued cases; see
for an instance (Hassi, de Snoo, & Woracek, 1998) and (Kreı̆n & Langer, 1977). We
do not give a systemic treatise of generalized Nevanlinna functions in this thesis.
However, we mention an interesting subclass of the generalized Schur functions
and the generalized Nevanlinna functions, which is the combined class Sκ1(U) ∩
Nκ2(U), i.e., the functions that are both generalized Schur functions and generalized
Nevanlinna functions for some indices. The class S(U)∩N(U), where U is a Hilbert
space, was first introduced and studied by Y. M. Arlinskiı̆, Hassi, and de Snoo
(2009) and continued by Y. Arlinskiı̆ and Hassi (2019). This class is connected
to the Stieltjes families; see (Y. Arlinskiı̆ & Hassi, 2020). The functions from
the classes Sκ1(U) ∩ Nκ2(U), where U is a Pontryagin space, and their operator
colligation realizations are the main topic of Article (III).



16 Acta Wasaensia

4 OPERATOR COLLIGATIONS AND PASSIVE DISCRETE-
TIME SYSTEMS

In a point of view of this thesis, the book (Alpay et al., 1997) provides a system-
atic treatise of isometric, co-isometric and unitary operator colligations. In Hilbert
space setting or finite dimensional setting, more general type of discrete-time sys-
tems are studied in (Bart, Gohberg, Kaashoek, & Ran, 2008). We use a notation
that combines features from system theory and from pure operator theory such that
achieved new results can be easily compared with the theory developed earlier.

4.1 Operator colligations

Let X , U and Y be Kreı̆n spaces, and let A ∈ L(X ) , B ∈ L(U ,X ), C ∈ L(X ,Y)
and D ∈ L(U ,Y). Then, an operator colligation Σ is a quadruple (TΣ;X ,U ,Y),
where TΣ ∈ L(X ⊕ U ,X ⊕ Y). The linear operator TΣ is called as a system
operator, and it can be presented in the following block form

TΣ =

(
A B
C D

)
:

(
X
U

)
→
(
X
Y

)
. (4.1)

If the state space X is a Pontryagin space with the negative index κ, the notation
Σ = (TΣ;X ,U ,Y ;κ) is used. When needed, an operator colligation Σ will be
written also as Σ = (A,B,C,D;X ,U ,Y ;κ). The operators A, B, C and D are
called, respectively, the main operator, the control operator, the observation op-
erator and the feedthrough operator. The space U is an incoming space, and Y
is an outgoing space. A colligation Σ = (TΣ;X ,U ,Y) can also be seen as a linear
discrete-time system of the form

{
hk+1 = Ahk +Bξk

σk = Chk +Dξk,
k ≥ 0, (4.2)

or what is the same thing,

TΣ

(
hk
ξk

)
=

(
hk+1

σk

)
, k ≥ 0,

where {hk} ⊂ X , {ξk} ⊂ U and {σk} ⊂ Y . Therefore, in what follows, a system
refers to the colligation Σ and its operator expression of the form (4.1), although the
actual linear system identification of the form (4.2) will be not used further in this
thesis.
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The transfer function of the system Σ = (A,B,C,D;X ,U ,Y), or in some sources,
the characteristic function of the operator colligation, is anL(U ,Y) -valued analytic
function defined by

θΣ(z) := D + zC(I − zA)−1B, (4.3)

whenever I − zA is invertible, so at least in some sufficiently small symmetric
neighbourhood of the origin. A symmetric set Ω ⊂ C now means that z̄ ∈ Ω
whenever z ∈ Ω.

4.2 Special classes of discrete-time systems

A problem where it is asked to represent an operator valued function θ analytic at the
origin as a transfer of the system is called the realization problem, and any system
Σ such that its transfer function θΣ coincides with θ in a neighbourhood of the
origin, is called a realization of θ. It is often possible to obtain more information
about θ by analyzing its realization and the operators in it. However, usually the
realization is by no means unique, and often there is a need to obtain a realization
with suitable properties, for instance, a realization admitting one or more properties
defined below.

Definition 4.1. The system Σ = (A,B,C,D;X ,U ,Y) is called

(a) passive if the system operator TΣ of Σ is contractive;

(b) isometric if TΣ is isometric;

(c) co-isometric if TΣ is co-isometric

(d) conservative if TΣ is unitary;

(e) self-adjoint if TΣ is self-adjoint.

The following subspaces

X c := span {ranAnB : n = 0, 1, . . .} (4.4)
X o := span {ranA∗nC∗ : n = 0, 1, . . .} (4.5)
X s := span {ranAnB, ranA∗mC∗ : n,m = 0, 1, . . .}, (4.6)

are called, respectively, controllable, observable and simple subspaces. The system
Σ is said to be controllable (observable, simple) if X c = X (X o = X ,X s = X )
and minimal if it is both controllable and observable.
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When Ω 3 0 is some symmetric neighbourhood of the origin, then it can be deduced
that

X c = span {ran (I − zA)−1B : z ∈ Ω}
X o = span {ran (I − zA∗)−1C∗ : z ∈ Ω}
X s = span {ran (I − zA)−1B, ran (I − wA∗)−1C∗ : z, w ∈ Ω}.

Moreover, it holds

(X c)⊥ =
∞⋂

n=0

ker (B∗A∗n) (4.7)

(X o)⊥ =
∞⋂

n=0

ker (B∗A∗n) (4.8)

(X s)⊥ = (X c)⊥ ∩ (X o)⊥ (4.9)

If U and Y are Kreı̆n spaces and θ is anL(U ,Y) -valued function holomorphic at the
origin and no further requirements are made, there always exists a unitary realiza-
tion Σ of θ; see (Azizov & Iokhvidov, 1989, Theorem 3.8, p. 269). However, in gen-
eral, such a realization has a Kreı̆n space as a state space, which makes a main opera-
torA a Kreı̆n space operator. From now on, we mainly study realizations of the gen-
eralized Schur functions described in Section 3. Moreover, we examine the proper-
ties that make a realization essentially unique in the following sense. Two systems
Σ1 = (A1, B1, C1, D1;X1,U ,Y ;κ1) and Σ2 = (A2, B2, C2, D2;X2,U ,Y ;κ2) are
unitarily similar if D1 = D2 and there is a unitary operator U : X1 → X2 such that

A1 = U−1A2U, B1 = U−1B2, C1 = C2U.

It is evident that this can happen only if dimX1 = dimX2 and κ1 = κ2. Unitar-
ily similar systems differ only by a unitary change of state variable, and transfer
functions of unitarily similar systems coincide. Moreover, unitary similarity pre-
serves dynamical properties of the system and also the spectral properties of the
main operator.

The systems Σ1 and Σ2 above are said to be weakly similar if D1 = D2 and
there exists an injective closed densely defined possible unbounded linear operator
Z : X1 → X2 with the dense range such that

ZA1x = A2Zx, C1x = C2Zx, x ∈ D(Z), and ZB1 = B2, (4.10)

where D(Z) is the domain of Z. In general, as suggested by the name, this type
of similarity does not promise very strong properties. Indeed, without any further
information, nearly all that can be deduced is that two weakly similar systems have
the same transfer function.
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The following proposition collects some results of (Alpay et al., 1997, Chapter 2),
(Saprikin, 2001, Theorem 2.3 and Proposition 3.3), Theorem 2.5 from Article (I)
and Lemma 2.8 from Article (II).

Proposition 4.2. Let θ ∈ Sκ(U ,Y), where U and Y are Pontryagin spaces with the
same negative index. Then, there exist realizations Σk, k = 1, . . . , 4, of θ such that
their state spaces are Pontryagin spaces with the negative index κ, and

(i) Σ1 is simple conservative;

(ii) Σ2 is controllable isometric;

(iii) Σ3 is observable co-isometric;

(iv) Σ4 is minimal passive.

If the system Σ has some of the properties (i)–(iii), then θΣ ∈ Sκ(U ,Y), where κ
is the negative index of the state space of Σ. When U and Y are Hilbert spaces,
this also happens when Σ has the property (iv). Moreover, any two realizations of
θ which both have the same property (i), (ii) or (iii), are unitarily similar, and any
two minimal passive realizations of θ are weakly similar.

All the realizations in Proposition 4.2 are passive. In general, if a system Σ =
(TΣ;X ,U ,Y ;κ) is a passive realization of an L(U ,Y)-valued function θ, then θ ∈
Sκ′(U ,Y), where κ′ ≤ κ. A realization Σ of θ is called κ-admissible, if the negative
index of the state space of Σ is κ. For a passive κ-admissible realization Σ =
(A,B,C,D;X ,U ,Y ;κ) of θ, subspaces (4.7)–(4.9) are Hilbert subspaces. In the
case where U and Y are Hilbert spaces, this holds also in another direction. 1 To
see this, consider a passive system Σ = (A,B,C,D;X ,U ,Y ;κ) such that (4.7)–
(4.9) are Hilbert subspaces. Lemma 2.8 from Article (II) can be applied to obtain
a system Σ′ = (A′, B′, C ′, D;X ′,U ,Y ;κ) which is minimal passive and has the
same transfer function as Σ. Since U and Y are Hilbert spaces and Σ′ is minimal,
its transfer function belongs to the class Sκ(U ,Y) (Saprikin, 2001, Theorem 2.3),
and therefore Σ′ and Σ are κ-admissible.

By using the result derived above, an improved and precise version of Proposition
3.4 of Article III with a simple proof can be obtained.

Proposition 4.3. If Σ = (A,B,B∗, D;U ;κ) is a passive self-adjoint system, its
transfer function θ belongs to Sκ1(U) ∩ Nκ2(U), where κ1 ≤ κ2 and κ2 is the
dimension of a maximal negative subspace of

span{ran (I − zA)−1B : z ∈ Ω} := S,

1The mentioned result is improved and precise version of Lemma 3.5 of Article I, with a simple
proof. The result was learned while considering questions raised by pre-examiner Mikael Kurula.
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where Ω is a sufficiently small symmetric neighbourhood of the origin. Moreover, if
U is a Hilbert space and κ = κ2, then κ1 = κ2.

Proof. Only the claim stated in the last sentence will be proved, since the other
claims are same as in Proposition 3.4 of Article III. To this end, since U and Y
are Hilbert spaces, it is enough to show that (X o)⊥, (X c)⊥ and (X s)⊥ of Σ =
(A,B,B∗, D;U ;κ) are Hilbert spaces. Since Σ is self-adjoint, (X o)⊥, (X c)⊥ and
(X s)⊥ all coincide, and moreover, they coincide with S⊥. Since the dimension
of a maximal negative subspace of S is κ2 = κ, the space S contains a maximal
negative subspace of X , and therefore S⊥ = (X o)⊥ = (X c)⊥ = (X s)⊥ are Hilbert
spaces, and the claim follows.

Lemma 2.8 from Article (II) can also be applied for κ-admissible passive realiza-
tions of θ ∈ Sκ(U ,Y), where U and Y are Pontryagin spaces with the same negative
indices. It is then possible to decompose Σ as Kálmán decomposition like manner,
such that several useful new realizations of θ with desired properties can be ob-
tained.

The defect functions of θ ∈ Sκ(U ,Y), where U and Y are Hilbert spaces, were
described in Section 3. They are linked with realizations of the following definition.

Definition 4.4. Denote EX (x) = 〈x, x〉X for a vector x in an inner product space
X . A κ-admissible passive realization Σ = (A,B,C,D;X ,U ,Y ;κ) of a func-
tion θ ∈ Sκ(U ,Y) , where U and Y are Pontryagin spaces with the same neg-
ative index, is called optimal if for any κ-admissible passive realization Σ0 =
(A0, B0, C0, D;X0,U ,Y ;κ) of θ it holds

EX

(
N∑

n=0

AnBun

)
≤ EX0

(
N∑

n=0

A0
nB0un

)
,

for anyN ∈ N0 and {un}Nn=0 ⊂ U .Moreover, an observable passive realization Σ =
(A,B,C,D;X ,U ,Y ;κ) of θ ∈ Sκ(U ,Y) is called ∗-optimal if for any observable
κ-admissible passive realization Σ0 = (A0, B0, C0, D;X0,U ,Y ;κ) of θ it holds

EX

(
N∑

n=0

AnBun

)
≥ EX0

(
N∑

n=0

A0
nB0un

)
,

for any N ∈ N0 and {un}Nn=0 ⊂ U .

For θ ∈ Sκ(U ,Y), an optimal, or ∗-optimal, minimal κ-admissible passive realiza-
tion always exists, and they are unique up to unitary similarity, see Theorem 3.8
from Article (II). By using optimal (∗-optimal) minimal κ-admissible passive re-
alization, one can give a new general definition of the right (left) defect function,
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which coincides essentially with the definition given earlier for defect functions of
ordinary Schur functions.

We finish this section by mentioning that not only passive passive are interesting, al-
though they were extensively studied. Especially, if (TΣ;X ,U ,U ;κ) is self-adjoint,
then the transfer function θ of Σ is a generalized Nevanlinna function from the class
Nκ′(U), where κ′ ≤ κ, and an equality κ′ = κ holds if and only if (4.7) is a Hilbert
subspace of X .
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5 SUMMARY OF FINDINGS

The main results achieved in this thesis are summarized as follows.

I. Passive discrete-time systems with a Pontryagin
state space

Generalized Schur functions from the class Sκ(U ,Y), where U and Y are Hilbert
spaces, and corresponding passive discrete-time systems are investigated. Defect
functions for generalized Schur functions are defined for the first time. After in-
troducing a necessary machinery, a well-known result of D.Z. Arov and J.W. Hel-
ton about weak similarities between the minimal realizations of the same ordinary
Schur function, is extended for the generalized Schur functions in Theorem 2.5.

In the later part of the article, realizations of generalized inner, generalized co-
inner and generalized Schur functions with zero defect functions are studied. The
main tools are cascade connections, or products, of the two passive systems, and
Kreı̆n–Langer factorizations θ = B−1

r θr = θlB
−1
l . A general criterion, when a

product of two observable (controllable, simple) system is observable (controllable,
simple), is derived in Lemma 3.3. By applying Lemma 3.3 and theory of canoni-
cal realizations of generalized Schur functions, a special condition when a product
of two observable co-isometric (controllable isometric) systems is observable co-
isometric (controllable isometric), is presented in Theorem 3.6 (3.7). The condition
is geometrical and involves orthogonal decompositions of generalized de Branges–
Rovnyak spaces.

It turns out in Theorem 3.9 that co-isometric observable (isometric controllable)
realizations of a generalized Schur function θ always have product representations
corresponding to the right(left) Kreı̆n–Langer factorization of θ. This result is uti-
lized in Theorem 4.2 to show that main operators of simple conservative realizations
of generalized inner or co-inner functions have similar stability properties as in the
case of realizations of ordinary inner and co-inner functions. The main result of this
article is Theorem 4.4, where it is shown that when a right or a left defect function
of generalized Schur function θ is identically zero, the canonical realizations of θ
have strictly stronger properties than canonical realizations of arbitrary generalized
Schur functions, giving a partial answer of the problem (I) stated in the Section 1.
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II. Minimal Passive Realizations of Generalized Schur
Functions in Pontryagin Spaces

Passive discrete-time systems such that all underlying spaces are Pontryagin spaces
are studied. Transfer functions in that cases are generalized Schur functions from
the class Sκ(U ,Y), where U and Y are Pontryagin spaces with the same negative in-
dex, and κ is not larger than the negative index of the state space. When κ coincide
with the negative index of the state space, the realization is said to be κ-admissible.
Such a notion is used the first time in this article, and it is proved in Lemma 2.8
that κ-admissible passive realization can be decomposed in suitable ways to ob-
tain simple, observable, controllable or minimal restrictions of the original system.
The concept of optimality and ∗-optimality, first used by D.Z. Arov in the Hilbert
space setting, is extended to Pontryagin space operator valued generalized Schur
functions. The existence of optimal minimal and ∗-optimal minimal realizations is
proved in Theorem 3.5. Especially, it is proved that the first minimal restriction
of simple conservative system is optimal, extending the results obtained by Arov,
Kaashoek, and Pik (1997) and Saprikin (2001).

By using optimal and ∗-optimal systems, defect functions can be defined also for
Pontryagin space operator valued Schur functions. This is done by reversing and
modifying a process used by Arov (1979b) to obtain an optimal realization of an
ordinary Schur functions. When defect functions are defined, some results from
the first article are then further generalized and also made sharper in Theorem 4.8,
giving a more rigorous answer of the problem (I) stated in the Section 1.

Under certain circumstances, it may happen that all minimal passive realizations
of the same generalized Schur functions are unitarily similar, instead of being only
weakly similar. For ordinary Schur functions, a criterion when this happen, is due
to D.Z. Arov and M.A. Nudelman. Their criterion is generalized to the class of
generalized Schur functions in this article in Theorem 4.10, giving some answers
of the problem (II) stated in the Section 1. The approach used here is new; it relies
just on the theory of passive systems, and this approach leads to a simpler proof.

III. Generalized Schur-–Nevanlinna functions and their
realizations

Special subclasses of the Pontryagin space operator valued generalized Schur func-
tions from the class Sκ(U ,Y) are studied. In the beginning of this article, structural
properties and radial limit values of the Pontryagin space operator valued general-
ized Schur functions and generalized Nevanlinna functions are analyzed by using
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the Potapov–Ginzburg transformation. In the case where incoming and outgoing
spaces are anti-Hilbert spaces, Corollary 2.3 and Remark 2.4 show that the be-
haviour of generalized Schur functions and generalized Nevanlinna functions is re-
ciprocal to a case where incoming and outgoing spaces are Hilbert spaces. It is
shown in Theorem 2.8 that strong radial limit values of the Pontryagin space opera-
tor valued generalized Schur functions are contractive, with respect to the indefinite
inner product, almost everywhere on the unit circle. With this result, the notion of
an inner function can be generalized to Pontryagin space operator valued setting.

Main results of this article concern operator colligation realizations of functions
which are both generalized Schur and generalized Nevanlinna functions for some,
not necessarily the same, indices. The transfer function of a self-adjoint system
with Pontryagin state space is shown to be a generalized Nevanlinna function in
Proposition 3.1. It can be then shown in Proposition 3.4 that the transfer function
of a passive self-adjoint system with Pontryagin state space is both a generalized
Nevanlinna function and a generalized Schur functions, such that the indices are
not larger than the negative index of the state space. When U and Y are Hilbert
spaces, it is shown in Theorem 3.5 that a function θ ∈ Sκ1(U)∩Nκ2(U) always has
a self-adjoint realization such that the state space is a Pontryagin space. Moreover,
when a generalized Pontryagin space operator valued generalized Schur function is
symmetric but not necessary a generalized Nevanlinna function, it can still be real-
ized as a transfer function of self-adjoint system with a Kreı̆n space as state space,
as it is shown in Proposition 3.7. By using optimal and ∗-optimal minimal realiza-
tions, a criterion when a symmetric generalized Schur function is also a generalized
Nevanlinna function is given in Theorem 3.10. The criterion involves weak similar-
ity mappings between the optimal and ∗-optimal minimal realizations, thus giving
some answers to the problem (II) stated in the Section 1.

In the last section, the concept of bi-inner dilation of a Schur functions is extended
for the class Sκ(U ,Y). Is shown in Theorem 4.1 that a function θ ∈ Sκ(U ,Y) which
has a self-adjoint minimal κ-admissible realization, always has a bi-inner dilation,
and this dilation can be chosen such that it is a generalized Nevanlinna function.
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Alpay, D., & Mills, T. M. (2003). A family of Hilbert spaces which are not repro-
ducing kernel Hilbert spaces. J. Anal. Appl., 1(2), 107–111.

Arlinskiı̆, Y., & Hassi, S. (2019). Holomorphic operator-valued functions gener-
ated by passive selfadjoint systems. In Interpolation and realization theory with
applications to control theory (Vol. 272, pp. 1–42). Birkhäuser/Springer, Cham.
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148). Birkhäuser, Basel.
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Kálmán, R. E. (1969). Advanced theory of linear systems. In Topics in Mathemat-
ical System Theory (pp. 237–339). McGraw-Hill, New York.

Kreı̆n, M. G., & Langer, H. (1977). Über einige Fortsetzungsprobleme, die
eng mit der Theorie hermitescher Operatoren im Raume Πκ zusammenhängen. I.
Einige Funktionenklassen und ihre Darstellungen. Math. Nachr., 77, 187–236.
https://doi.org/10.1002/mana.19770770116

Saprikin, S. M. (2001). The theory of linear discrete time-invariant dissipative
scattering systems with state πκ-spaces. Zap. Nauchn. Sem. S.-Peterburg. Otdel.
Mat. Inst. Steklov. (POMI), 282(Issled. po Lineı̆n. Oper. i Teor. Funkts. 29), 192–
215, 281. https://doi.org/10.1023/B:JOTH.0000018873.75790.45

Schwartz, L. (1964). Sous-espaces hilbertiens d’espaces vectoriels topologiques
et noyaux associés (noyaux reproduisants). J. Analyse Math., 13, 115–256.
https://doi.org/10.1007/BF02786620
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Abstract
Passive discrete-time systems with Hilbert spaces as an incoming and outgoing space
and a Pontryagin space as a state space are investigated. A geometric characterization
when the index of the transfer function coincides with the negative index of the state
space is given. In this case, an isometric (co-isometric) system has a product repre-
sentation corresponding to the left (right) Kreı̆n–Langer factorization of the transfer
function. A new criterion, based on the inclusion of reproducing kernel spaces, when a
product of two isometric (co-isometric) systems preserves controllability (observabil-
ity), is obtained. The concept of the defect function is expanded for generalized Schur
functions, and realizations of generalized Schur functions with zero defect functions
are studied.
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1 Introduction

Let U and Y be separable Hilbert spaces. The generalized Schur class Sκ(U,Y)

consists of L(U,Y)-valued functions S(z) which are meromorphic in the unit disc D
and holomorphic in a neighbourhood � of the origin such that the Schur kernel
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KS(w, z) = 1 − S(z)S∗(w)

1 − zw̄
, w, z ∈ �, (1.1)

has κ negative squares (κ = 0, 1, 2, . . .). This means that for any finite set of points
w1, . . . , wn in the domain of holomorphy ρ(S) ⊂ D of S and vectors f1, . . . , fn ⊂ Y,

the Hermitian matrix (〈
KS(w j , wi ) f j , fi

〉)n
i, j=1 (1.2)

has at most κ negative eigenvalues, and there exists at least one such matrix that
has exactly κ negative eigenvalues. It is known from the reproducing kernel theory
[1,4,23,27,30] that the kernel (1.1) generates the reproducing kernel Pontryagin space
H(S) with negative index κ. The spaces H(S) are called generalized de Branges–
Rovnyak spaces, and the elements inH(S) are functions defined on ρ(S) with values
in Y . The notation S∗(z) means (S(z))∗, a function S#(z) is defined to be S∗(z̄) and
S# ∈ Sκ(Y,U) whenever S ∈ Sκ(U,Y) [1, Theorem 2.5.2].

The class S0(U,Y) is written as S(U,Y) and it coincides with the Schur class,
that is, functions holomorphic and bounded by one in D. The results first obtained by
Kreı̆n and Langer [26], see also [1, §4.2] and [21], show that S ∈ Sκ(U,Y) hasKreı̆n–
Langer factorizations of the form S = Sr B−1

r = B−1
l Sl , where Sr , Sl ∈ S0(U,Y).

The functions B−1
r and B−1

l are inverse Blaschke products, and they have unitary
values everywhere on the unit circle T. It follows from these factorizations that many
properties of the functions in the Schur class S(U,Y) hold also for the generalized
Schur functions.

The properties of the generalized Schur functions can be studied by using oper-
ator colligations and transfer function realizations. An operator colligation � =
(T�;X ,U,Y; κ) consists of a Pontryagin space X with the negative index κ (state
space), Hilbert spaces U (incoming space), and Y (outgoing space) and a system
operator T� ∈ L(X ⊕U,X ⊕Y). The operator T� can be written in the block form

T� =
(
A B
C D

)
:
(
X
U

)
→

(
X
Y

)
, (1.3)

where A ∈ L(X ) (main operator), B ∈ L(U,X ) (control operator), C ∈ L(X ,Y)

(observation operator), and D ∈ L(U,Y) (feedthrough operator). Sometimes the
colligation is written as � = (A, B,C, D;X ,U,Y; κ). It is possible to allow all
spaces to be Pontryagin or even Kreı̆n spaces, but colligations with only the state space
X allowed to be a Pontryagin space will be considered in this paper. The colligation
generated by (1.3) is also called a system since it can be seen as a linear discrete-time
system of the form {

hk+1 = Ahk + Bξk,

σk = Chk + Dξk,
k ≥ 0,

where {hk} ⊂ X , {ξk} ⊂ U and {σk} ⊂ Y . In what follows, “system” always refers to
(1.3), since other kind of systems are not considered.

When the system operator T� in (1.3) is a contraction, the corresponding system
is called passive. If T� is isometric (co-isometric, unitary), then the corresponding
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system is called isometric (co-isometric, conservative). The transfer function of the
system (1.3) is defined by

θ�(z) := D + zC(I − zA)−1B, (1.4)

whenever I − zA is invertible. Especially, θ is defined and holomorphic in a neigh-
bourhood of the origin. The values θ�(z) are bounded operators from U to Y . The
adjoint or dual system is �∗ = (T ∗

�;X ,Y,U; κ) and one has θ�∗(z) = θ�
#(z).

Since contractions between Pontryagin spaces with the same negative indices are bi-
contractions, �∗ is passive whenever � is. If θ is an L(U,Y)-valued function and
θ�(z) = θ(z) in a neighbourhood of the origin, then the system � is called a realiza-
tion of θ. A realization problem for the function θ ∈ Sκ(U,Y) is to find a system
� with a certain minimality property (controllable, observable, simple, minimal); for
details, see Theorem 2.4, such that � is a realization of θ.

If κ = 0, the system reduces to the standard Hilbert space setting of the passive
systems studied, for instance, by de Branges and Rovnyak [18,19], Ando [2], Sz.-Nagy
and Foias [32], Helton [24], Brodskiı̆ [20], Arov [5,6] and Arov et al. [7–10,13]. The
theory has been extended to Pontryagin state space case by Dijksma et al. [21,22],
Saprikin [28], Saprikin and Arov [12] and Saprikin et al. [11]. Especially, in [28],
Arov’s well-known results of minimal and optimal minimal systems are generalized to
the Pontryagin state space settings. Part of those results are used in [11], where transfer
functions, Kreı̆n–Langer factorizations, and the corresponding product representation
of systemare studied and,moreover, the connectionbetweenbi-inner transfer functions
and systemswith bi-stablemain operators are generalized to the Pontryagin state space
settings. In this paper those results will be further expanded and improved.

The casewhen all the spaces are indefinite, the theory of isometric, co-isometric and
conservative systems is considered, for instance, in [1], see also [23]. The indefinite
reproducing kernel spaces were first studied by Schwartz in [29] and Sorjonen in [30].

The paper is organized as follows. In Sect. 2, basic notations and definitions about
the indefinite spaces and their operators are given.Also, the left and rightKreı̆n–Langer
factorizations are formulated, and the boundary value properties of generalized Schur
functions are introduced. After that, basic properties of linear discrete time systems,
or operator colligations, especially in Pontryagin state space, are recalled without
proofs. However, the extension of Arov’s result about the weak similarity between
two minimal passive realizations of the same transfer function, is given with a proof.

Section 3 deals mainly with the dilations, embeddings and products of two systems.
The transfer function θ� of the passive system � = (T�;X ,U,Y; κ) is a generalized
Schur function with negative index no larger than the negative index of the state space
X , but the theory of passive systems will often be meaningful only if the indices
are equal. A simple geometric criterion for these indices to coincides is given in
Lemma 3.2. Main results in this section contain criteria when the product of two co-
isometric (isometric) systems preserves observability (controllability). These results
are obtained in Theorems 3.6 and 3.7. The criteria involve the reproducing kernel
spaces induced by the generalized Schur functions. Moreover, Theorem 3.9 expands
the results of [11] about the realizations of generalized Schur functions and their
product representations corresponding to the Kreı̆n–Langer factorizations. In the end
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of Sect. 3, it is obtained that if A is the main operator of � = (T�;X ,U,Y; κ)

such that θ� ∈ Sκ(U,Y), then there exist unique fundamental decompositions X =
X+
1 ⊕ X−

1 = X+
2 ⊕ X−

2 such that AX+
1 ⊂ X+

1 and AX−
2 ⊂ X−

2 , respectively; see
Proposition 3.10.

Section 4 expands and generalizes the results of [6,11] about the realizations of
bi-inner functions. It will be shown that the notions of stability and co-stability can be
generalized to the Pontryagin state space settings in a similar manner as bi-stability
is generalized in [11]. Moreover, the results of [3] about the realizations of ordinary
Schur functions with zero defect functions will be generalized. This yields a class
of generalized Schur functions with boundary value properties very close to those of
inner functions in a certain sense.

2 Pontryagin Spaces, Kreı̆n-Langer Factorizations and Linear Systems

LetX be a complex vector space with a Hermitian indefinite inner product 〈·, ·〉X . The
anti-space of X is the space −X that coinsides with X as a vector space but its inner
product is−〈·, ·〉X .Notions of orthogonality and orthogonal direct sum are defined as
in the case of Hilbert spaces, andX ⊕Y is often denoted by

(
X Y

)ᵀ
. SpaceX is said

to be a Kreı̆n space if it admits a decompositionX = X+⊕X− where (X±,±〈·, ·〉X )

are Hilbert spaces. Such a decomposition is called a fundamental decomposition.
In general, it is not unique. However, a fundamental decomposition determines the
Hilbert space |X | = X+⊕(−X−)

with the strong topology which does not depend on
the choice of the fundamental decomposition. The dimensions of X+ and X−, which
are also independent of the choice of the fundamental decomposition, are called the
positive and negative indices ind± X = dimX± ofX . In what follows, all notions of
continuity and convergence are understood to be with respect to the strong topology.
All spaces are assumed to be separable. A linear manifold N ⊂ X is a regular
subspace, if it is itself a Kreı̆n space with the inherited inner product of 〈·, ·〉X . A
Hilbert subspace is a regular subspace such that its negative index is zero, and a
uniformly negative subspace is a regular subspace with positive index zero, i.e., an
anti-Hilbert space. If N ⊂ X is a regular subspace, then X = N ⊕ N⊥, where ⊥
refers to orthogonality w.r.t. indefinite inner product 〈·, ·〉X .Observe thatN is regular
precisely when N⊥ is regular.

Denote by L(X ,Y) the space of all continuous linear operators from the Kreı̆n
space X to the Kreı̆n space Y . Moreover, L(X ) stands for L(X ,X ). Domain of a
linear operator T is denoted by D(T ), kernel by ker T and T �N is a restriction of T
to the linear manifold N . The adjoint of A ∈ L(X ,Y) is an operator A∗ ∈ L(Y,X )

such that 〈Ax, y〉Y = 〈x, A∗y〉X for all x ∈ X and y ∈ Y . Classes of invertible,
self-adjoint, isometric, co-isometric and unitary operators are defined as for Hilbert
spaces, but with respect to the indefinite inner product. For self-adjoint operators
A, B ∈ L(X ,Y), the inequality A ≤ B means that 〈Ax, x〉 ≤ 〈Bx, x〉 for all x ∈ X .
A self-adjoint operator P ∈ L(X ) is an 〈·, ·〉-orthogonal projection if P2 = P . The
unique orthogonal projection onto a regular subspace N of X exists and is denoted
by PN . A Pontryagin space is a Kreı̆n space X such that ind− X < ∞. A linear
operator A ∈ L(X ,Y) is a contraction if 〈Ax, Ax〉 ≤ 〈x, x〉 for all x ∈ X . If X and
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Y are Pontryagin spaces with the same negative index, then the adjoint of a contraction
A ∈ L(X ,Y) is still a contraction, i.e., A is a bi-contraction. The identity operator of
the space X is denoted by IX or just by I when the corresponding space is clear from
the context. For further information about the indefinite spaces and their operators, we
refer to [14,17,23].

For ordinary Schur class S(U,Y), it is well known [32] that S ∈ S(U,Y) has
non-tangential strong limit values almost everywhere (a.e.) on the unit circle T. It
follows that S ∈ S(U,Y) can be extended to L∞(U,Y) function, that is, the class of
weakly measurable a.e. defined and essentially bounded L(U,Y)-valued functions on
T.Moreover, S(ζ ) is contractive a.e. onT. If S ∈ S(U,Y) has isometric (co-isometric,
unitary) boundary values a.e. on T, then S is said to be inner (co-inner, bi-inner).

If U = Y, then the notations S(U) and Sκ(U) are often used instead of S(U,U) and
Sκ(U,U). Suppose that P ∈ L(U) is an orthogonal projection from the Hilbert space
U to an arbitrary one dimensional subspace. Then a function defined by

b(z) = I − P + ρ
z − α

1 − ᾱz
P, |ρ| = 1, 0 < |α| < 1, (2.1)

is a simple Blaschke-Potapov factor. Easy calculations show that b is holomorphic
in the closed unit disc D, it has unitary values everywhere on T and b(z) is invertible
whenever z ∈ D \ {α}. In particular, b ∈ S0(U) is bi-inner. A finite product

B(z) =
n∏

k=1

(
I − Pk + ρk

z − αk

1 − ᾱk z
Pk

)
, |ρk | = 1, 0 < |αk | < 1, (2.2)

of simple Blaschke-Potapov factors is called Blaschke product of degree n, and it is
also bi-inner and invertible on D \ {α1, . . . , αn}. The following factorization theorem
was first obtained by Kreı̆n and Langer [26], see also [1, §4.2] and [21].

Theorem 2.1 Suppose S ∈ Sκ(U,Y). Then

S(z) = Sr (z)B
−1
r (z) (2.3)

where Sr ∈ S(U,Y) and Br is a Blaschke product of degree κ with values in L(U)

such that Br (w) f = 0 and Sr (w) f = 0 for some w ∈ D only if f = 0. Moreover,

S(z) = B−1
l (z)Sl(z) (2.4)

where Sl ∈ S(U,Y) and Bl is a Blaschke product of degree κ with values in L(Y)

such that B∗
l (w)g = 0 and S∗

l (w)g = 0 for some w ∈ D only if g = 0.
Conversely, any function of the form (2.3) or (2.4) belongs to Sκ ′ for some κ ′ ≤ κ,

and κ ′ = κ exactly when the functions have no common zeros in sense as described
above. Both factorizations are unique up to unitary constant factors.

The factorization (2.3) is called the right Kreı̆n-Langer factorization and (2.4)
is the left Kreı̆n-Langer factorization. It follows that S ∈ Sκ(U,Y) has κ poles
(counting multiplicities) inD, contractive strong limit values exist a.e. on T and S can
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also be extended to L∞(U,Y)-function. Actually, these properties also characterize
the generalized Schur functions. This result will be stated for reference purposes. For
the proof of the sufficiency, see [21, Proposition 7.11].

Lemma 2.2 Let S be an L(U,Y)-valued function holomorphic at the origin. Then
S ∈ Sκ(U,Y) if and only if S is meromorphic on D with finite pole multiplicity κ and

lim
r→1

sup
|z|=r

‖S(z)‖ ≤ 1

holds.

A function S ∈ Sκ(U,Y) and the factors Sr and Sl in (2.3) and (2.4) have simulta-
neously isometric (co-isometric, unitary) boundary values since the factors B−1

l and
B−1
r have unitary values everywhere on T.

The following result [32, Theorem V.4.2], which involves the notion of an outer
function (for the definition, see [32]), will be utilized.

Theorem 2.3 If U is a separableHilbert space and N ∈ L∞(U) such that0 ≤ N (ζ ) ≤
IU a.e. on T, then there exist a Hilbert space K and an outer function ϕ ∈ S(U,K)

such that

(i) ϕ∗(ζ )ϕ(ζ ) ≤ N 2(ζ ) a.e. on T;
(ii) if K̂ is a Hilbert space and ϕ̂ ∈ S(U, K̂) such that ϕ̂∗(ζ )ϕ̂(ζ ) ≤ N 2(ζ ) a.e. on

T, then ϕ̂∗(ζ )ϕ̂(ζ ) ≤ ϕ∗(ζ )ϕ(ζ ) a.e. on T.

Moreover, ϕ is unique up to a left constant unitary factor.

For S ∈ Sκ(U,Y) with the Kreı̆n–Langer factorizations S = Sr B−1
r = B−1

l Sl ,
define

N 2
S (ζ ) := IU − S∗(ζ )S(ζ ), a.e. ζ ∈ T,

M2
S(ζ ) := IY − S(ζ )S∗(ζ ), a.e. ζ ∈ T.

Since Blaschke products are unitary on T, it follows that

N 2
S (ζ ) = IU − S∗

l (ζ )Sl(ζ ) = N 2
Sl (ζ ) (2.5)

M2
S(ζ ) = IY − Sr (ζ )S∗

r (ζ ) = M2
Sr (ζ ). (2.6)

Theorem 2.3 guarantees that there exists an outer function ϕS with properties intro-
duced in Theorem 2.3 for NS . An easy modification of Theorem 2.3 shows that there
exists a Schur function ψS such that ψ#

S is an outer function, ψS(ζ )ψ∗
S (ζ ) ≤ M2

S(ζ )

a.e. ζ ∈ T andψS(ζ )ψ∗
S (ζ ) ≤ ψ̂(ζ )ψ̂∗(ζ ) for every Schur function ψ̂ with a property

ψ̂S(ζ )ψ̂∗
S (ζ ) ≤ M2

S(ζ ). Moreover,it follows from the identies (2.5) and (2.6) that

ϕS = ϕSl and ψS = ψSr . (2.7)

The function ϕS is called the right defect function and ψS is the left defect func-
tion.
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Let � = (A, B,C, D;X ,U,Y; κ) be a passive system. The following subspaces

X c := span {ran AnB : n = 0, 1, . . .}, (2.8)

X o := span {ran A∗nC∗ : n = 0, 1, . . .}, (2.9)

X s := span {ran AnB, ran A∗mC∗ : n,m = 0, 1, . . .}, (2.10)

are called respectively controllable, observable and simple subspaces. The system �

is said to be controllable (observable, simple) if X c = X (X o = X ,X s = X ) and
minimal if it is both controllable and observable. When � � 0 is some symmetric
neighbourhood of the origin, that is, z̄ ∈ � whenever z ∈ �, then also

X c = span {ran (I − zA)−1B : z ∈ �}, (2.11)

X o = span {ran (I − zA∗)−1C∗ : z ∈ �}, (2.12)

X s = span {ran (I − zA)−1B, ran (I − wA∗)−1C∗ : z, w ∈ �}. (2.13)

If the system operator T� in (1.3) is a contraction, that is, � is passive, the operators

A : X → X ,

(
A
C

)
: X →

(
X
Y

)
,

(
A B

) :
(
X
U

)
→ X ,

are also bi-contractions. Moreover, the operators B and C∗ are contractions but not
bi-contractions unless κ = 0.

The following realization theorem is known, and the parts (i)–(iii) can be found e.g.
in [1, Chapter 2] and the part (iv) in [28, Theorem 2.3 and Proposition 3.3].

Theorem 2.4 For θ ∈ Sκ(U,Y) there exist realizations �k, k = 1, . . . , 4, of θ such
that

(i) �1 is conservative and simple;
(ii) �2 is isometric and controllable;
(iii) �3 is co-isometric and observable;
(iv) �4 is passive and minimal.

Conversely, if the system � has some of the properties (i)–(iv), then θ� ∈ Sκ(U,Y),

where κ is the negative index of the state space of �.

It is also true that the transfer function of passive system is a generalized Schur
function, but its index may be smaller than the negative index of the state space [28,
Theorem 2.2]. For a conservative system � it is known from [1, Theorem 2.1.2 (3)]
that the index of the transfer function θ� of � co-insides with the negative index of
the state space X of � if and only if the space (X s)⊥ is a Hilbert subspace. This
result holds also in more general settings when � is passive, as it will be proved in
Lemma 3.2, after introducing some machinery.

Two realizations �1 = (A1, B1,C1, D1;X1,U,Y; κ) and �2 = (A2, B2,C2, D2;
X2,U,Y; κ) of the same function θ ∈ Sκ(U,Y) are called unitarily similar if D1 =
D2 and there exists a unitary operator U : X1 → X2 such that

A1 = U−1A2U , B1 = U−1B2, C1 = C2U .
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Moreover, the realizations �1 and �2 are said to be weakly similar if D1 = D2 and
there exists an injective closed densely defined possibly unbounded linear operator
Z : X1 → X2 with the dense range such that

Z A1 f = A2Z f , C1 f = C2Z f , f ∈ D(Z), and Z B1 = B2.

Unitary similarity preserves dynamical properties of the systemand also the spectral
properties of themain operator. If two realizations of θ ∈ Sκ(U,Y) both have the same
property (i), (ii) or (iii) of Theorem 2.4, then they are unitarily similar [1, Theorem
2.1.3]. In Hilbert state space case, results of Helton [24] and Arov [5] state that two
minimal passive realizations of θ ∈ S(U,Y) are weakly similar. However, weak
similarity preserves neither the dynamical properties of the system nor the spectral
properties of its main operator. The following theorem shows that Helton’s and Arov’s
statement holds also in Pontryagin state space settings. Proof is similar to the one
given in the Hilbert space settings in [15, Theorem 3.2] and [16, Theorem 7.13].

Theorem 2.5 Let �1 = (T�1;X1,U,Y; κ) and �2 = (T�2;X2,U,Y; κ) be two
minimal passive realizations of θ ∈ Sκ(U,Y). Then they are weakly similar.

Proof Decompose the system operators as in (1.3). In a sufficiently small neighbour-
hood of the origin, the functions θ�1 and θ�2 have the Neumann series which coincide.
Hence D1 = D2 and C1Ak

1B1 = C2Ak
2B2 for any k ∈ N0 = {0, 1, 2, . . .}. Since �1 is

controllable, vectors of the form x = ∑N
k=0 A

k
1B1uk, uk ∈ U, are dense inX1.Define

Rx =
N∑

k=0

Ak
2B2uk,

and let Z be the closure of the graph of R. Let {xn}n∈N ⊂ span{ran Ak
1B1 : k ∈ N0} =

D(R) such that xn → 0 and Rxn → y when n → ∞. Since C1Ak
1B1 = C2Ak

2B2 for
any k ∈ N0, also C1Ak

1xn = C2Ak
2Rxn, and the continuity implies

C2A
k
2y = lim

n→∞C2A
k
2Rxn = lim

n→∞C1A
k
1xn = 0.

Since �2 is observable, it follows from (2.9) that

⋂

k∈N0

kerC2A
k
2 = {0}, (2.14)

and therefore y = 0. This implies that Z is a closed densely defined linear operator.
Since �2 is controllable, the range of Z is dense.

To prove the injectivity, let x ∈ D(Z) such that Zx = 0. Then there exists
{xn}n∈N ⊂ D(R) such that xn → x and Rxn → 0.
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By the continuity,

C1A
k
1x = lim

n→∞C1A
k
1xn = lim

n→∞C2A
k
2Rxn = 0

for any k ∈ N0. Since �1 is observable, this implies that x = 0, and Z is injective.
For x ∈ D(Z), there exists {xk}k∈N ⊂ D(R) such that xk → x and Rxk → Zx .

Then

A1x = lim
k→∞ A1xk (2.15)

A2Zx = lim
k→∞ A2Rxk = lim

k→∞ RA1xk = lim
k→∞ Z A1xk (2.16)

C1x = lim
k→∞C1xk = lim

k→∞C2Rxk = C2Zx (2.17)

Z B1 = RB1 = B2. (2.18)

Since Z is closed, Eqs. (2.15) and (2.16) show that A1x ∈ D(Z) and Z A1x = A2Zx .
Since (2.17) and (2.18) hold also, it has been shown that Z is a weak similarity. ��
Remark 2.6 It should be noted that Theorem 2.5 holds also when all the spaces are
Pontryagin,Kreı̆n or, if one defines the observability criterion as∩n∈N0kerCAn = {0},
even Banach spaces. This result can also be derived from [31, p. 704].

3 Julia Operators, Dilations, Embeddings and Products of Systems

The system (1.3) can be expanded to a larger system either without changing the
transfer function or without changing the main operator. Both of these can be done by
using the Julia operator, see (3.1) below. For a proof of the next theorem and some
further details about Julia operators, see [23, Lecture 2].

Theorem 3.1 Suppose that X1 and X2 are Pontryagin spaces with the same negative
index, and A : X1 → X2 is a contraction. Then there exist Hilbert spaces DA and
DA∗ , linear operators DA : DA → X1, DA∗ : DA∗ → X2 with zero kernels and a
linear operator L : DA → DA∗ such that

UA :=
(

A DA∗
D∗

A −L∗
)

:
(

X1
DA∗

)
→

(
X2
DA

)
(3.1)

is unitary. Moreover, UA is essentially unique.

A dilation of a system (1.3) is any system of the form �̂ = ( Â, B̂, Ĉ, D; X̂ ,U,

Y; κ ′), where

X̂ = D ⊕ X ⊕ D∗, ÂD ⊂ D, Â∗D∗ ⊂ D∗, ĈD = {0}, B̂∗D∗ = {0}.
(3.2)
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That is, the system operator T�̂ of �̂ is of the form

T�̂ =

⎛

⎜⎜
⎝

⎛

⎝
A11 A12 A13
0 A A23
0 0 A33

⎞

⎠

⎛

⎝
B1
B
0

⎞

⎠

(
0 C C1

)
D

⎞

⎟⎟
⎠ :

⎛

⎜⎜
⎝

⎛

⎝
D
X
D∗

⎞

⎠

U

⎞

⎟⎟
⎠ →

⎛

⎜⎜
⎝

⎛

⎝
D
X
D∗

⎞

⎠

Y

⎞

⎟⎟
⎠ ,

Â =
⎛

⎝
A11 A12 A13
0 A A23
0 0 A33

⎞

⎠ , B̂ =
⎛

⎝
B1
B
0

⎞

⎠ , Ĉ = (
0 C C1

)
.

(3.3)

Then the system � is called a restriction of �̂, and it has an expression

� = (PX Â�X , PX B̂, Ĉ�X , D; PX X̂ ,U,Y; κ). (3.4)

Dilations and restrictions are denoted by

�̂ = dilX→X̂�, � = resX̂→X �̂, (3.5)

mostly without subscripts when the corresponding state spaces are clear. A calculation
show that the transfer functions of the original system and its dilation coincide.

The second way to expand the system (1.3) is called an embedding, which is any
system determined by the system operator

T�̃ =
(
A B̃
C̃ D̃

)
:
(X
Ũ

)
→

(X
Ỹ

)

⇐⇒
⎛

⎝
A

(
B B1

)
(
C
C1

) (
D D12
D21 D22

)
⎞

⎠ :
⎛

⎝
X(
U
U ′

)
⎞

⎠ →
⎛

⎝
X(
Y
Y ′

)
⎞

⎠ , (3.6)

where U ′ and Y ′ are Hilbert spaces. The transfer function of the embedded system is

θ�̃(z) =
(

D D12
D21 D22

)
+ z

(
C
C1

)
(IX − zA)−1 (

B B1
)

=
(

D + zC(IX − zA)−1B D12 + zC(IX − zA)−1B1

D21 + zC1(IX − zA)−1B D22 + zC1(IX − zA)−1B1

)

=
(

θ�(z) θ12(z)
θ21(z) θ22(z)

)
,

(3.7)

where θ� is the transfer function of the original system.
For a passive system there always exist a conservative dilation [28, Theorem 2.1]

and a conservative embedding [11, p. 7]. Both of these can be constructed such that
the system operator of the expanded system is the Julia operator of T� . Such expanded
systems are called Julia dilation and Julia embedding, respectively.

If the passive system (1.3) is simple (controllable, observable, minimal), then so
is any conservative embedding (3.6) of it. This follows from the fact that BU ⊂ B̃Ũ
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and C∗Y ⊂ C̃∗Ỹ . A detailed proof of simplicity can be found in [11, Theorem 4.3].
The same argument works also in the rest of the cases. However, it can happen that a
simple passive system has no simple conservative dilation, even in the case when the
original system is minimal, see the example on page 15 in [11].

Lemma 3.2 Let θ� be the transfer function of a passive system� = (T�;X ,U,Y; κ).

If θ� ∈ Sκ(U,Y), then the spaces (X c)⊥, (X o)⊥ and (X s)⊥ are Hilbert subspaces
of X . Moreover, if one of the spaces (X c)⊥, (X s)⊥ and (X s)⊥ is a Hilbert subspace,
then so are the others and θ� ∈ Sκ(U,Y).

Proof If θ� ∈ Sκ(U,Y), it is proved in [28, Lemma 2.5] that (X c)⊥ and (X o)⊥ are
Hilbert spaces. It easily follows from (2.8) and (2.9) that

(X s)⊥ = (X c)⊥ ∩ (X o)⊥, (3.8)

so (X s)⊥ is also a Hilbert space, and the first claim is proved.
Suppose next that (X s)⊥ is a Hilbert space. Consider a conservative embedding

�̃ of �, and represent the system operator T�̃ as in (3.6). The first identity in (3.7)
shows that the transfer function of any embedding of � has the same number of poles
(counting multiplicities) as θ�, and therefore it follows from Lemma 2.2 that the
indices of θ� and θ�̃ coincides. Denote the simple subspace of the embedded system
as X̃ s . Since X s ⊂ X̃ s, it holds (X̃ s)⊥ ⊂ (X s)⊥, and therefore (X̃ s)⊥ is also a
Hilbert space. It follows from [1, Theorem 2.1.2 (3)] that the transfer function θ�̃ of �̃
belongs to Sκ(Ũ, Ỹ), which implies now θ� ∈ Sκ(U,Y). Then the first claim proved
above implies that (X c)⊥ and (X o)⊥ are Hilbert subspaces.

If one assumes that (X c)⊥ or (X o)⊥ is a Hilbert space, the identity (3.8) shows
that (X s)⊥ is a Hilbert space as well. Then the argument above can be applied, and
the second claim is proved. ��

The product or cascade connection of two systems �1 = (A1, B1,C1, D1;X1,

U,Y1; κ1) and �2 = (A2, B2,C2, D2;X2,Y1,Y; κ2) is a system �2 ◦ �1 =
(T�2◦�1;X1 ⊕ X2,U,Y; κ1 + κ2) such that

T�2◦�1 =
⎛

⎝

(
A1 0

B2C1 A2

) (
B1

B2D1

)

(
D2C1 C2

)
D2D1

⎞

⎠ :
⎛

⎝

(
X1
X2

)

U

⎞

⎠ →
⎛

⎝

(
X1
X2

)

Y

⎞

⎠ . (3.9)

Written in the form (1.3), one has X =
(
X1
X2

)
and

A =
(

A1 0
B2C1 A2

)
, B =

(
B1

B2D1

)
, C = (

D2C1 C2
)
, D = D2D1.

(3.10)
Note that A2 = A�X2

and

⎛

⎝
A1 0 B1

B2C1 A2 B2D1
D2C1 C2 D2D1

⎞

⎠ =
⎛

⎝
IX1 0 0
0 A2 B2
0 C2 D2

⎞

⎠

⎛

⎝
A1 0 B1
0 IX2 0
C1 0 D1

⎞

⎠ :
⎛

⎝
X1
X2
U

⎞

⎠ →
⎛

⎝
X1
X2
Y

⎞

⎠ . (3.11)

Acta Wasaensia 39



3778 L. Lilleberg

The product�2◦�1 is defined when the incoming space of�2 is the outgoing space of
�1. Again, direct computations show that θ�2◦�1 = θ�2θ�1 whenever both functions
are defined. For the dual system one has (�2 ◦ �1)

∗ = �∗
1 ◦ �∗

2 . It follows from
the identity (3.11) that the product �2 ◦ �1 is conservative (isometric, co-isometric,
passive) whenever �1 and �2 are. Also, if the product is isometric (co-isometric,
conservative) and one factor of the product is conservative, then the other factor must
be isometric (co-isometric, conservative).

The product of two systems preserves similarity properties introduced on page 7
in sense that if � = �2 ◦ �1 and �′ = �′

2 ◦ �′
1 such that �1 is unitarily (weakly)

similar with �′
1 and �2 is unitarily (weakly) similar with �′

2, then easy calculations
using (3.11) show that � and �′ are unitarily (weakly) similar.

It is known (c.f. e.g. [1, Theorem 1.2.1]) that if �2 ◦ �1 is controllable (observ-
able, simple, minimal), then so are �1 and �2. The converse statement is not true.
The following lemma gives necessary and sufficient conditions when the product is
observable, controllable or simple. The simple case is handled in [11, Lemma 7.4].

Lemma 3.3 Let �1 = (A1, B1,C1, D1;X1,U,Y1; κ1),�2 = (A2, B2,C2, D2;X2,

Y1,Y; κ2) and � = �2 ◦ �1. Let � = � be a symmetric neighbourhood of the
origin such that the transfer function θ� = θ�2θ�1 of � is analytic in �. Consider
the equations

θ�2(z)C1(I − zA1)
−1x1 = −C2(I − zA2)

−1x2, for all z ∈ �; (3.12)

θ#�1
(z)B∗

2 (I − zA∗
2)

−1x2 = −B∗
1 (I − zA∗

1)
−1x1, for all z ∈ �, (3.13)

where x1 ∈ X1 and x2 ∈ X2. Then � is observable if and only if (3.12) has only the
trivial solution, and� is controllable if and only if (3.13) has only the trivial solution.
Moreover, � is simple if and only if the pair of equations consisting of (3.12) and
(3.13) has only the trivial solution.

Proof Write the system operator T�2◦�1 in (3.9) in the form (1.3). It follows from
(2.11)–(2.13) that

x ∈ (X o)⊥ ⇐⇒ C(I − zA)−1x = 0 for all z ∈ �; (3.14)

x ∈ (X c)⊥ ⇐⇒ B∗(I − zA∗)−1x = 0 for all z ∈ �; (3.15)

x ∈ (X s)⊥ ⇐⇒ B∗(I − zA∗)−1x = 0 and C(I − A)−1x = 0 for all z ∈ �.

(3.16)

Decompose x = x1 ⊕ x2, where x1 ∈ X1 and x2 ∈ X2. With respect to the this
decomposition, the definition of the main operator A from (3.10) yields

(I − zA)−1 =
(

(IX1 − zA1)
−1 0

z(IX2 − zA2)
−1B2C1(IX1 − zA1)

−1 (IX2 − zA2)
−1

)
.

From this relation and (3.10), it follows that the right hand side of (3.14) is equivalent
to

40 Acta Wasaensia



Passive Discrete-Time Systems with a Pontryagin State… 3779

(
D2C1 C2

) (
(IX1 − zA1)

−1 0
z(IX2 − zA2)

−1B2C1(IX1 − zA1)
−1 (IX2 − zA2)

−1

) (
x1
x2

)
= 0

for all z ∈ �. (3.17)

Similar calculations show that the right hand side of (3.15) is equivalent to

(
B∗
1 D∗

1B
∗
2

)(
(IX1 − zA∗

1)
−1 z(IX1 − zA∗

1)
−1C∗

1 B
∗
2 (IX2 − zA∗

2)
−1

0 (IX2 − zA∗
2)

−1

)(
x1
x2

)
= 0

for all z ∈ �. (3.18)

Expanding the identity (3.17) and using the definition of the transfer function

θ�2(z) = D2 + zC2(IX2 − zA2)
−1B2

one gets that (3.17) is equivalent to

(
D2 + C2z(IX2 − zA2)

−1B2

)
C1(IX1 − zA1)

−1x1 = −C2(IX2 − zA2)
−1x2

⇐⇒ θ�2(z)C1(IX1 − zA1)
−1x1 = −C2(IX2 − zA2)

−1x2.

That is, the identity (3.17) is equivalent to (3.12). Similar calculations and the identity

θ#�1
(z) = D∗

1 + zB∗
1 (IX1 − zA∗

1)
−1C∗

1

shows that the identity (3.18) is equivalent to (3.13). The results follow now by observ-
ing that if the system � is observable, controllable or simple, then, respectively,
(X o)⊥ = {0}, (X c)⊥ = {0} or (X s)⊥ = {0}. ��

Part (iii) of the theorem below with an additional condition that all the realizations
are conservative, is proved in [11, Theorem 7.3, 7.6]. Similar techniques will be used
to expand this result as follows.

Theorem 3.4 Let θ ∈ Sκ(U,Y) and let θ = θr B−1
r = B−1

l θl be its Kreı̆n–Langer
factorizations. Suppose that

�θr = (T�θr
,X+

r ,U,Y, 0), �θl = (T�θl
,X+

l ,U,Y, 0),

�B−1
r

= (T�
B−1
r

,X−
r ,U,U, κ), �B−1

l
= (T�

B−1
l

,X−
l ,Y,Y, κ),

are the realizations of θr , θl , B−1
r and B−1

l , respectively. Then:

(i) If �θr and �B−1
r

are observable and passive, then so is �θr ◦ �B−1
r
;

(ii) If �θl and �B−1
l

are controllable and passive, then so is �B−1
l

◦ �θl ;

(iii) If all the realizations described above are simple passive, then so are �θr ◦�B−1
r

and �B−1
l

◦ �θl .
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Proof Suppose first that �B−1
r

is a simple passive system and �θr is a passive system.
The results from [11, Theorems 9.4 and 10.2] show that all the simple passive real-
izations of B−1

r are conservative and minimal. Thus, the assumptions guarantees that
�B−1

r
is conservative and minimal. Represent the system operators T�

B−1
r

and T�θr
as

T�
B−1
r

=
(
A1 B1
C1 D1

)
:
(
X−
r
U

)
→

(
X−
r
U

)
, T�θr

=
(
A2 B2
C2 D2

)(
X+
r
U

)
→

(
X+
r
Y

)
.

(3.19)
Let � = � be a symmetric neighbourhood of the origin such that B−1

r is analytic in
�. Suppose that x1 ∈ X−

r and x2 ∈ X+
r satisfy

θr (z)C1(I − zA1)
−1x1 = −C2(I − zA2)

−1x2, for all z ∈ �. (3.20)

The space X−
r is κ-dimensional anti-Hilbert space, and all the poles of B−1

r are also
poles of C1(I − zA1)

−1x1. Since X+
r is a Hilbert space, the operator A2 is a Hilbert

space contraction, and (I − zA2)
−1 exists for all z ∈ D. That is, the right hand side

of (3.20) is holomorphic in D, and then so is the left hand side also. Since θr and Br
have no common zeros in the sense of Theorem 2.1 and the zeros of Br are the poles
of B−1

r , the factor θr (z) cannot cancel out the poles of C1(I − zA1)
−1x1 (For a more

detailed argument, see the proof of [11, Theorem 7.3]). That is, θr (z)C1(I − zA1)
−1x1

is holomorphic in D only if C1(I − zA1)
−1x1 ≡ 0. Then also C2(I − zA2)

−1x2 ≡ 0,
and it follows from (2.12) that x1 ∈ (X−

r
o
)⊥ and x2 ∈ (X+

r
o
)⊥. Since the system

�B−1
r

is minimal, x1 = 0. If the system �θr is observable, then x2 = 0, and it follows
from Lemma 3.3 that �θr ◦ �B−1

r
is observable and passive, and part (i) is proven.

Next suppose that x1 and x2 satisfy (3.20) and

B−1#
r (z)B∗

2 (I − zA∗
2)

−1x2 = −B∗
1 (I − zA∗

1)
−1x1, for all z ∈ �. (3.21)

The argument above gives x1 = 0 and x2 ∈ (X+
r

o
)⊥. Then,

B−1#
r (z)B∗

2 (I − zA∗
2)

−1x2 ≡ 0.

Since B−1#
r (z) has just the trivial kernel for every z ∈ �, also B∗

2 (I − zA∗
2)

−1x2 ≡ 0.
The identity (2.11) implies now x2 ∈ (X+

r
c
)⊥, and therefore

x2 ∈ (X+
r

c
)⊥ ∩ (X+

r
o
)⊥ = (X+

r
s
)⊥.

If the system�θr is simple, then x2 = 0, and it follows fromLemma3.3 that�θr ◦�B−1
r

is simple and passive, and the first claim of the part (iii) is proven. The other claim in
part (iii) and also part (ii) follow now by considering the dual systems. ��

The product of the form �B−1
l

◦ �θl does not necessarily preserve observability as
is shown in Example 3.8 below. A counter-example is constructed with the help of the
following realization result. For the proof and more details, see [1, Theorem 2.2.1].
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Lemma 3.5 Let S ∈ Sκ(U,Y) and let H(S) be the Pontryagin space induced by the
reproducing kernel (1.1). Then the system � = (A, B,C, D,H(S),U,Y; κ) where

⎧
⎨

⎩
A : h(z) �→ h(z) − h(0)

z
, B : u �→ S(z) − S(0)

z
u,

C : h(z) �→ h(0), D : u �→ S(0)u,

(3.22)

is co-isometric and observable realization of S. Moreover, C(I − zA)−1h = h(z) for
h ∈ H(S).

The system � in Lemma 3.5 is called a canonical co-isometric realization of S.

If the systems �1 and �2 in Lemma 3.3 have additional properties, a criterion for
observability that does not explicitly depend on a system operator can be obtained.

Theorem 3.6 Let �1 = (A1, B1,C1, D1;X1,U,Y1;κ1) and �2 = (A2, B2,C2, D2;
X2,Y1,Y; κ2 ) be co-isometric and observable realizations of the functions S1 ∈
S(U,Y1) and S2 ∈ S(Y1,Y), respectively. Then � = �2 ◦�1 is co-isometric observ-
able realization of S = S2S1 if and only if the following two conditions hold:

(i) H(S) = S2H(S1) ⊕ H(S2);
(ii) The mapping h1 �→ S2h1 is an isometry fromH(S1) to S2H(S1).

Proof Since all co-isometric observable realizations of S1 and S2 are unitarily similar, it
can be assumed that�1 and�2 are realized as inLemma3.5. Let� be a neighbourhood
of the origin such that S1 and S2 are analytic in �. By combining Lemma 3.5 and the
condition (3.12) in Lemma 3.3, it follows that � is observable if and only if

S2(z)h1(z) = −h2(z), h1 ∈ H(S1), h2 ∈ H(S2), (3.23)

holds for every z ∈ � only when h1 ≡ 0 and h2 ≡ 0.
Assume the conditions (i) and (ii). Then S2(z)h1(z) = −h2(z) can hold only if

h2 ≡ 0. Since the mapping h1 �→ S2h1 is an isometry, it has only the trivial kernel.
Therefore h1 ≡ 0, and sufficiency is proven.

Conversely, assume that � is co-isometric and observable. The condition (3.23)
shows that the mapping h1 �→ S2h1 has only the trivial kernel, and

S2H(S1) ∩ H(S2) = {0}. (3.24)

It now follows from [1, Theorem 4.1.1] thatH(S1) and S2H(S1) are contained contrac-
tively inH(S), and h1 �→ S2h1 is a partial isometry. Since it has only the trivial kernel,
it is an isometry, and (ii) holds. Since (3.24) holds and H(S1) and S2H(S1) are con-
tained contractively in H(S), a result from [1, Theorem 1.5.3] shows that H(S1) and
S2H(S1) are actually contained isometrically inH(S). ThereforeH(S1)⊥ = S2H(S1)
so the condition (i) holds and the necessity is proven. ��

The dual version can be obtained by using the canonical isometric realizations
from [1, Theorem 2.2.2] or taking adjoint systems in Theorem 3.6.
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Theorem 3.7 Let �1 = (A1, B1,C1, D1;X1,U,Y1;κ1) and �2 = (A2, B2,C2, D2;
X2,Y1,Y; κ2 ) be isometric and controllable realizations of the functions S1 ∈
S(U,Y1) and S2 ∈ S(Y1,Y), respectively. Then � = �2 ◦ �1 is isometric and
controllable realization of S = S2S1 if and only if the following two conditions hold:

(i) H(S#) = S#1H(S#2 ) ⊕ H(S#1 );
(ii) The mapping h2 �→ S#1h2 is an isometry fromH(S#2 ) to S#1H(S#2 ).

In the Hilbert state space settings, a different criterion than in Theorems 3.6 and 3.7
was obtained in [25]. If�1 and�2 are simple conservative, a criterion for� = �2◦�1
to be simple conservative was obtained in the Hilbert state space case in [20] and
generalized to the Pontryagin state space case in [11].

Here is the promised counter-example.

Example 3.8 Let a ∈ H∞(D) such that ‖a‖ ≤ 1 and let b(z) = (z − α)/(1 − zᾱ)

where α ∈ D \ {0}. Define

S(z) := 1√
2

(
a(z)

1

b(z)

)
, z ∈ D \ {α}. (3.25)

Then S ∈ S1(C2,C) and it has the left Kreı̆n–Langer factorization

S(z) = b−1(z)Sl(z) = b−1(z)
(

1√
2
a(z)b(z) 1√

2

)
. (3.26)

Consider the canonical co-isometric realizations �b−1 and �Sl of b
−1 and Sl , respec-

tively. It follows from Theorem 3.6 that if �b−1 ◦ �Sl is observable, then H(S) =
b−1H(Sl)⊕H(b−1). The argument in [1, p. 149] shows that this is false, so�b−1 ◦�Sl
is not observable. By considering the adjoint system one obtains a product of type
�Sr ◦ �B−1

r
which is not controllable, while �Sr and �B−1

r
are.

The function S in Example 3.8 is taken from [1, p. 149].
If the realization� of θ = θr B−1

r = B−1
l θl ∈ Sκ(U,Y) has additional properties, it

can be represented as the product of the form�θr ◦�B−1
r

or�B−1
l

◦�θl . The following
theorem expands the results of [11, Theorem 7.2].

Theorem 3.9 Let θ ∈ Sκ(U,Y) and θ = θr B−1
r = B−1

l θl be its Kreı̆n-Langer
factorizations. Let �k, k = 1, 2, 3, be the realizations of θ which are respectively
conservative, co-isometric and isometric such that the negative dimension of the state
space in each realization is κ . Then:

(i) The realization �1 can be represented as the products of the form

�1 = �θr ◦ �B−1
r

= �B−1
l

◦ �θl ,

where �θr = (T�θr
;X+

r ,U,Y; 0) and �θl = (T�θl
;X+

l ,U,Y; 0) are con-
servative realizations of the functions θr and θl , respectively, and �B−1

r
=

(T�
B−1
r

;X−
r ,U,U; κ) and �B−1

l
= (T�

B−1
l

;X−
l ,Y,Y; κ) are conservative and

minimal realizations of the functions B−1
r and B−1

l , respectively.
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(ii) The realization �2 can be represented as the product of the form

�2 = �θr ◦ �B−1
r

,

where �θr = (T�θr
;X+,U,Y; 0) is a co-isometric realization of the function

θr and �B−1
r

= (T�
B−1
r

;X−,U,U; κ) is a conservative minimal realization of

B−1
r .

(iii) The realization �3 can be represented as the product of the form

�3 = �B−1
l

◦ �θl ,

where �θl = (T�θl
;X+,U,Y; 0) is an isometric realization of the function θl

and�B−1
l

= (T�
B−1
l

;X−,Y,Y; κ) is a conservativeminimal realization of B−1
l .

Proof The theorem will be proved in two steps. In the first step, it is assumed that �1
is simple, �2 is observable and �3 is controllable. In the second step, the general case
will be proved by using the results from the first step.

Step 1 (i) This is stated essentially in [11, Theorem7.2] butwithout proof.According
to [21, Theorem 4.4], �1 = (T�;X ,U,Y; κ) can be represented as the products of
the form

�1 = �r2 ◦ �r1 = �l2 ◦ �l1

such that

�r1 = (T�r1 ,X−
r ,U,U, κ), �r2 = (T�r2 ,X+

r ,U,Y, 0),

�l1 = (T�l1 ,X+
l ,U,Y, 0), �l2 = (T�l2 ,X−

l ,Y,Y, κ),
(3.27)

whereX−
r andX−

l are κ-dimensional anti-Hilbert spaces. Subscripts refer “right” and
“left”, because it will be proved that the factorizations

θ = θ�r2θ�r1 = θ�l2θ�l1

of the transfer function θ of�1 corresponding to the product representations above are
actually Kreı̆n-Langer factorizations. Since all the realizations in (3.27) are simple and
conservative, it follows from Lemma 3.2 that θ�r2 , θ�l1 ∈ S(U,Y), θ�r1Sκ(U), θ�l2 ∈
Sκ(Y), and the spaces

X−
r � X−

r
c
, X−

r � X−
r

o
, X−

l � X−
l

c
, X−

r � X−
l

o
, (3.28)

are Hilbert spaces. But since the state spaces X−
r and X−

l are anti-Hilbert spaces, all
the spaces in (3.28) must be the zero spaces. Thus �r1 and �l2 are minimal. By using
the unitary similarity introduced on page 7 it can be deduced now that all co-isometric
observable realizations of θr2 and θl1 are conservative andminimal, and then it follows
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from [1, Theorem A3] that θr2 and θl1 are inverse Blaschke products, which gives the
result.

(ii) It is known (cf. e.g. [1, Theorem 2.4.1]) that the co-isometric and observable
realization �2 = (A, B,C, D;X ,U,Y; κ) of the function θ has a simple and conser-
vative dilation �̂2 = ( Â, B̂, Ĉ, D; X̂ ,U,Y; κ) such that

T�̂2
=

⎛

⎝

(
A11 A12
0 A

) (
B1
B

)

(
0 C

)
D

⎞

⎠ :
⎛

⎝

(
X0
X

)

U

⎞

⎠ →
⎛

⎝

(
X0
X

)

Y

⎞

⎠ , (3.29)

where X0 is a Hilbert space. By [11, Theorem 7.7], there exist unique fundamental
decompositions X = X+ ⊕ X− and X̂ = X̂+ ⊕ X̂− such that AX+ ⊂ X+ and
ÂX̂+ ⊂ X̂+. Then (X0 ⊕ X+) ⊕ X− is a fundamental decomposition of X̂ , and for
x0 ∈ X0 and x+ ∈ X+

Â(x0 ⊕ x+) =
(
A11 A12
0 A

) (
x0
x+

)
=

(
A11x0 + A12x+

Ax+

)
∈

(
X0
X+

)
. (3.30)

This yields X̂+ = X0 ⊕X+ and X̂− = X−
2 . Part (i) shows that �̂2 can be represented

as �̂2 = �̂θr ◦ �̂B−1
r

. The transfer functions of the components are θr and B−1
r ,

respectively, and �̂θr is simple and conservative and �̂B−1
r

is conservative andminimal.

It follows from [11, Theorem 7.7] that the state spaces of �̂θr and �̂B−1
r

are X̂+ and

X−, respectively. Thus

�̂B−1
r

= (A1, B1,C1, D1;X−,U,U; κ), �̂θr = (A2, B2,C2, D2; X̂+,U,Y; 0).

Now the representation �̂θr ◦ �̂B−1
r
, Eq. (3.11) and the representation (3.29) yield

T�̂2
=

⎛

⎝
IX− 0 0
0 A2 B2
0 C2 D2

⎞

⎠

⎛

⎝
A1 0 B1
0 IX̂+ 0
C1 0 D1

⎞

⎠ :
⎛

⎝
X−
X̂+
U

⎞

⎠→
⎛

⎝
X−
X̂+
Y

⎞

⎠ ⇐⇒

T�̂2
=

⎛

⎜⎜
⎝

IX− 0 0 0
0 PX0 A2�X0

PX0 A2�X+ PX0 B2
0 PX+ A2�X0

PX+ A2�X+ PX+ B2
0 0 C2 D2

⎞

⎟⎟
⎠

⎛

⎜⎜
⎝

A1 0 0 B1
0 IX 0 0 0
0 0 IX+ 0
C1 0 0 D1

⎞

⎟⎟
⎠ :

⎛

⎜⎜
⎝

X−
2

X0
X+
U

⎞

⎟⎟
⎠ →

⎛

⎜⎜
⎝

X−
2

X0
X+
Y

⎞

⎟⎟
⎠ .

By using the representation above and (3.2)–(3.5), it follows that

resX̂→X �̂2 = resX̂→X (�̂θr ◦ �̂B−1
r

) = (
resX̂+→X+�̂θr

) ◦ �̂B−1
r

= �2.

Define �̂B−1
r

:= �B−1
r

and resX̂+→X+�̂θr := �θr . Since �2 is co-isometric and
observable and �B−1

r
is minimal and conservative, �θr must be co-isometric and

observable. That is, �2 = �θr ◦ �B−1
r

is the desired representation.
(iii) This can be done by using [1, Theorem 2.4.3] and then proceeding along the

lines of the proof of (ii).
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Step 2. (i) Denote �1 = (A, B,C, D;X ;U,Y; κ). Since the index of the transfer
function θ coincides with the negative index of X , Lemma 3.2 shows that (X s)⊥
is a Hilbert space. It easily follows from (2.10) that C(X s)⊥ = {0}, B∗(X s)⊥ =
{0}, AX s ⊂ X s and A(X s)⊥ ⊂ (X s)⊥. This implies that the system operator has the
representation

T�1 =
⎛

⎝

(
A1 0
0 A0

) (
0
B0

)

(
0 C0

)
D

⎞

⎠ :
⎛

⎝

(
(X s)⊥
X s

)

U

⎞

⎠ →
⎛

⎝

(
(X s)⊥
X s

)

Y

⎞

⎠ . (3.31)

Easy calculations show that the restriction

resX→X s�1 = (A0, B0,C0, D;X s,U,Y; κ) := �0

is conservative and simple. Step 1 (i) shows that �0 = �θr ◦ �B−1
r

= �B−1
l

◦ �θl ,

where

�θr = (T�θr
;X s+

r ,U,Y; 0), �B−1
r

= (T�
B−1
r

;X s−
r ,U,U; κ),

�θl = (T�θl
;X s+

l ,U,Y; 0), �B−1
l

= (T�
B−1
l

;X s−
l ,Y,Y; κ).

The spaces X s−
r and X s−

l are κ-dimensional anti-Hilbert spaces, �θr and �θl are
conservative and simple and �B−1

r
and �B−1

l
are conservative and minimal. It can be

now deduced that X has the fundamental decompositions ((X s)⊥ ⊕X s+
r )⊕X s−

r and
((X s)⊥ ⊕ X s+

l ) ⊕ X s−
l . Moreover,

A((X s
r )⊥ ⊕ X s+

r ) ⊂ (X s
r )⊥ ⊕ X s+

r , AX s−
l ⊂ X s−

l .

Similar calculations as in the proof of Step 1 (ii) show that

dil �0 = (
dil �θr

) ◦ �B−1
r

= �B−1
l

◦ (
dil �θl

) = �1.

Since �1, �B−1
l

and �B−1
r

are conservative, dil �θr and dil �θl must be conservative.

Moreover, the state spaces (X s)⊥ ⊕ X s+
r and (X s)⊥ ⊕ X s+

l of dil �θr and dil �θl ,

respectively, are Hilbert spaces. That is, �1 = (
dil �θr

) ◦ �B−1
r

and �1 = �B−1
l

◦
(
dil �θl

)
are the desired representations.

(ii) Denote �2 = (A, B,C, D;X ,U,Y; κ). Lemma 3.2 show that (X o)⊥ is a
Hilbert space. From the identity (2.9) it follows easily that A(X o)⊥ ⊂ (X o)⊥ and
C(X o)⊥ = {0}. This implies that the system operator can be represented as
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T�2 =
⎛

⎝
A1 A2 B1
0 A0 B0
0 C0 D

⎞

⎠ :
⎛

⎝
(X o

2 )⊥
X o
2
U

⎞

⎠ →
⎛

⎝
(X o

2 )⊥
X o
2
Y

⎞

⎠ . (3.32)

Moreover, the restriction

resX2→X o
2
�2 = (A0, B0,C0, D;X o

1 ,U,Y; κ) := �0

is co-isometric and observable. Step 1 (ii) shows that �0 has the representation �0 =
�θr ◦ �B−1

r
such that the components

�θr = (T�θr
,X o+,U,Y, 0), �B−1

r
= (T�

B−1
r

,X o−,U,U, κ)

have the properties introduced in Part 1 (ii). The final statement is obtained by pro-
ceeding as in the proof of (i).

(iii) The proof is similar to the proofs of (i) and (ii) and hence the details are omitted.
��

Proposition 3.10 Suppose that A ∈ L(χ) is the main operator of a passive system
� = (T�;X ,U,Y; κ) such that the index of the transfer function of � is κ. Then
there exist unique fundamental decompositions X = X+

1 ⊕ X−
1 = X+

2 ⊕ X−
2 such

that AX+
1 ⊂ X+

1 and AX−
2 ⊂ X−

2 , respectively.

Proof Embed the system � in a conservative system �̃ = (T�̃,X , Ũ , Ỹ, κ) without
changing themain operator and the state space.Now thefirst identity in (3.7) shows that
the transfer function θ�̃ of �̃ has the same amount of poles (counting multiplicities)
as the transfer function of the original system. Hence it follows from Lemma 2.2
that the index of θ�̃ is κ. The representations in Theorem 3.9 (i) combined with
the decomposition of the main operator A in (3.7) give the claimed fundamental
decompositions. The decomposition X+

1 ⊕X−
1 corresponds to the one induced by the

product representation �̃ = �θ̃r
◦ �B̃−1

r
, where θ̃ = θ̃r B̃−1

r is the right Kreı̆n-Langer

factorization of θ̃ . Similarly, the decomposition X+
2 ⊕ X−

2 corresponds to the one
induced by the product representation �̃ = �B̃−1

l
◦ �θ̃l

, where θ̃ = B̃−1
l θ̃l is the left

Kreı̆n-Langer factorization of θ̃ .

To prove the uniqueness, the fact that A has no negative eigenvector with corre-
sponding eigenvalue modulus one is needed. To this end, assume that Ax = λx for
some x ∈ X and λ ∈ T. Consider again a conservative embedding �̃ of �, and
represent �̃ as in (3.6) . Then,

(
A B̃
C̃ D̃

)(
x
0

)
=

(
λx
C̃x

)
.

Since �̃ is conservative, the system operator T�̃ of �̃ is unitary. Therefore 〈x, x〉X =
〈λx, λx〉X + 〈C̃x, C̃x〉Ỹ , and since Ỹ is a Hilbert space and |λ| = 1, it must be
C̃x = 0. Then, C̃ Anx = λnC̃x = 0 for any n ∈ N0. That is, x ∈ (X̃ o)⊥, where X̃ o
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is the observable subspace of the system �̃. Since the index of θ̃ is κ, the subspace
(X̃ o)⊥ is a Hilbert space by Lemma 3.2, and x must be non-negative.

Suppose now that X+ ⊕X− is some other fundamental decomposition of X such
that AX− ⊂ X−. Itwill be shown thatX− ⊂ X−

2 , since thenX− = X−
2 because these

subspaces have the same finite dimension, and thus X+ ⊕X− is equal to X+
2 ⊕X−

2 .

It suffices to show that X−
2 contains all generalized eigenvectors of A�X− . Let x be a

non-zero vector in X− such that (A − λI )nx = 0 for some λ ∈ C and n ∈ N. Since
X−
2 is an anti-Hilbert space and A�X− is a contraction, |λ| ≥ 1. The fact proved above

gives now |λ| > 1.Represent the vector x in the form x = x+ + x−,where x± ∈ X±
2 .

Since AX−
2 ⊂ X−

2 , the operator A has a block representation

A =
(
A11 0
A12 A22

)
:
(
X+
2

X−
2

)
→

(
X+
2

X−
2

)
.

Since A∗ is also a contraction, A∗
11 is a Hilbert space contraction, and therefore A11

must be a contraction. Now

(A − λI )nx =
(

(A11 − λIX+
2

)n 0

f (n) (A22 − λIX−
2

)n

) (
x+
x−

)
=

(
0
0

)
,

where f (n) is an operator depending on n. This implies (A11 − λIX+
2

)nx+ = 0,

but since A11 is a Hilbert space contraction and |λ| > 1, it must be x+ = 0. Hence
x = x− ∈ X−

2 , an the uniqueness of the decomposition X = X+
2 ⊕ X−

2 is proved.
The uniqueness of the decomposition X = X+

1 ⊕X−
1 can be proved by using the fact

A∗X−
1 ⊂ X−

1 , and then proceeding as above. ��
Proposition 3.10 is a generalization of [11, Theorem7.7] in a sense that the condition

that the system is simple can be relaxed. As proved, it suffices that the orthocomple-
ment (X s)⊥ of the simple subspace is a Hilbert space, see Lemma 3.2. The proof of
Proposition 3.10 follows the lines of the proof of [11, Theorem 7.7].

The results of Theorem 3.9 (i) cannot be extended to isometric or co-isometric
systems as the next example shows.

Example 3.11 Let S be as in Example 3.8 and let � be any co-isometric observable
realization of S. Suppose that � = �′

b−1 ◦ �′
Sl

for some co-isometric observable

realizations of b−1 and Sl . Then the realizations �′
b−1 and �′

Sl
are unitarily similar,

respectively, with the canonical co-isometric observable realizations �b−1 of b−1 and
�Sl of Sl . An easy calculation shows that�

′
b−1◦�′

Sl
is unitarily similarwith�b−1◦�Sl ,

which is a contradiction since �b−1 ◦ �Sl is not observable by Example 3.8. Thus �

cannot be represented as a product of the form �′
b−1 ◦ �′

Sl
.

4 Stable Systems and Zero Defect Functions

A contraction A ∈ L(X ), where X is a Hilbert space, belongs to the classes C0 ·
or C· 0 if, respectively, limn→∞ Anx = 0 or limn→∞ A∗nx = 0 for every x ∈ X .
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The class C00 is defined to be C0 · ∩ C· 0. A system with a Hilbert state space is said
to be strongly stable (strongly co-stable, strongly bi-stable) if the main operator
of the system belongs to C0 · (C· 0 , C00). When the state space X is a Pontryagin
space, stability cannot be defined verbatim, because for any contractive A ∈ L(X ),

the equality limn→∞ Anx = 0 does not hold for any negative vector x . The stability
property can therefore hold only in certain Hilbert subspaces. The following definition
of stability generalizes and expands [11, Definition 9.1].

Definition 4.1 Let� = (T�;X ,U,Y; κ)be apassive systemwith themainoperator A
such that θ� ∈ Sκ(U,Y). LetX = X+

1 ⊕X−
1 = X+

2 ⊕X−
2 be the unique fundamental

decompositions of X introduced in Proposition 3.10 such that AX+
1 ⊂ X+

1 and
AX−

2 ⊂ X−
2 . Then:

(i) � belongs to class Pκ
0 · if A�X+

1
∈ C0 ·;

(ii) � belongs to class Pκ· 0 if A∗�X+
2

∈ C0 ·;
(iii) � belongs to class Pκ

00 if A�X+
1

∈ C00;
(iv) � belongs to class Cκ

0 · if � is simple conservative and � ∈ Pκ
0 ·;

(v) � belongs to class Cκ· 0 if � is simple conservative and � ∈ Pκ· 0;
(vi) � belongs to class Cκ

00 if � is simple conservative and � ∈ Pκ
00;

(vi) � belongs to class Iκ
0 · if � is controllable isometric and � ∈ Pκ

0 ·;
(vii) � belongs to class I∗κ· 0 if � is observable co-isometric and � ∈ Pκ· 0;

The classes Pκ
00 and Cκ

00 are defined in [11, Definition 9.1], as well as the class Pκ
00

with the additional condition that � must be simple. It will be shown later that the
realizations in the classes Cκ

00, Iκ
0 · and I∗κ· 0 are minimal, the realizations in Cκ

0 · are
observable and the realizations in Cκ· 0 are controllable.

Theorem 4.2 A simple conservative system � = (A, B,C, D;X ,U,Y; κ) belongs
to

(i) Cκ
0 · if and only if θ� has isometric boundary values a.e.;

(ii) Cκ· 0 if and only if θ� has co-isometric boundary values a.e.;
(iii) Cκ

00 if and only if θ� has unitary boundary values a.e.

In the Hilbert state space case, i.e. κ = 0, the result is known and goes back
essentially to [32]. For κ > 0, part (iii) is first proved in [11, Theorem 9.2].

Proof Since the results hold for κ = 0, it suffices to prove the them in case κ > 0.
Consider the representations � = �θr ◦ �B−1

r
= �B−1

l
◦ �θl as in Theorem 3.9. Now

the results follow by observing that the main operator of �θr is A�X+
1
and the main

operator of �∗
θl
is A∗�X+

2
, and then using the case κ = 0. ��

In Sect. 2, the notions of defect functions were introduced. If the right or the left
defect function of θ ∈ Sκ(U,Y) is identically equal to zero, the realizations of θ have
some strong structural properties.

Lemma 4.3 For a simple conservative system� = (A, B,C, D;X ,U,Y; κ)with the
transfer function θ ∈ Sκ(U,Y), the following statements hold:
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(i) � is controllable if and only if ψθ ≡ 0;
(ii) � is observable if and only if ϕθ ≡ 0;
(iii) � is minimal if and only if ψθ ≡ 0 and ϕθ ≡ 0.

Proof For the case κ = 0, see [3, Corollary 6.4] or [10, Theorem 1]. For κ > 0,
consider the representations � = �θr ◦ �B−1

r
= �B−1

l
◦ �θl as in Theorem 3.9. If �

is controllable, then so is �θl and from case κ = 0 it follows that ψθl ≡ 0. Now the
identity (2.7) implies thatψθ ≡ 0.Conversely, ifψθ ≡ 0, the identity (2.7) shows that
also ψθl ≡ 0, and from the case κ = 0 it follows that �θl is controllable. By Theorem
3.9 (i), �B−1

l
is minimal. Then it follows from Theorem 3.4 that � = �B−1

l
◦ �θl is

controllable, and part (i) is proven. Proof of part (ii) is similar, and part (iii) follows
by combining (i) and (ii). ��

The following theorem in the Hilbert state space case was obtained in [3, Theorem
1.1]. The proof therein was based on the block parametrization of the system operator.
The proof given here for the general case is based on the existence of minimal passive
realizations. It also uses some techniques appearing in the proof of [6, Theorem 1]
and, in addition, implements the product representations provided in Theorem 3.9.

Theorem 4.4 Let� = (A, B,C, D,X ,U,Y, κ) be a passive system with the transfer
function θ. Then:

(i) If � is controllable and ϕθ ≡ 0, then � is isometric and minimal. Moreover, if
θ has isometric boundary values a.e., then � ∈ Iκ

0 ·.
(ii) If � is observable and ψθ ≡ 0, then � is co-isometric and minimal. Moreover,

if θ has co-isometric boundary values a.e., then � ∈ I∗κ· 0.
(iii) If � is simple and ϕθ ≡ 0 and ψθ ≡ 0, then � is conservative and minimal.

Moreover, if θ has unitary boundary values a.e., then � ∈ Cκ
00.

Proof (i) Denote the system operator of � by T , and consider the Julia embedding
�̃ of the system �. This means that the corresponding system operator is a unitary
operator of the form

T�̃ =

⎛

⎜
⎜
⎝

A
(
B DT ∗

,1

)

(
C
D∗
T,1

) (
D DT ∗

,2

D∗
T,2

−L∗

)

⎞

⎟
⎟
⎠ :

⎛

⎝
X(
U

DT ∗

)
⎞

⎠ →
⎛

⎝
X(
Y
DT

)
⎞

⎠ , (4.1)

where

DT ∗ =
(
DT ∗

,1

DT ∗
,2

)

, DT =
(
DT,1

DT,2

)
, DT ∗ D∗

T ∗ = IX − T T ∗, DT D
∗
T = IX − T ∗T ,

such that DT and DT ∗ have zero kernels. The transfer function of the embedded system
is
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θ�̃(z) =
(

D + zC(I − zA)−1B DT ∗
,2

+ zC(I − zA)−1DT ∗
,1

D∗
T,2

+ zD∗
T,1

(I − zA)−1B −L∗ + zD∗
T,1

(I − zA)−1DT ∗
,1

)

=
(

θ(z) θ12(z)
θ21(z) θ22(z)

)
.

Notice that θ, θ12, θ21 and θ22 all are generalized Schur functions. Because I −
θ�̃(ζ )θ ∗̃

�
(ζ ) ≥ 0 and I − θ ∗̃

�
(ζ )θ�̃(ζ ) ≥ 0 a.e. on ζ ∈ T, one concludes that

I − θ∗(ζ )θ(ζ ) ≥ θ∗
21(ζ )θ21(ζ ); (4.2)

I − θ(ζ )θ∗(ζ ) ≥ θ12(ζ )θ∗
12(ζ ). (4.3)

Since ϕθ ≡ 0, it follows from the identity (4.2) and Theorem 2.3 that θ21 ≡ 0. Then
D∗
T,2

= 0 and D∗
T,1

(I − zA)−1B = 0 for every z in some neighbourhood of the origin.
Since � is controllable, it follows from (2.11) that D∗

T,1
= 0 and then DT = 0, which

means that � is isometric.
If� is chosen to be minimal passive, the previous argument shows that� is an iso-

metric and minimal realization of θ. Since the controllable isometric realizations of θ

are unitarily similar, they all are now alsominimal. This proves the first statement in (i).
If θ has isometric boundary values a.e., then θl in the left Kreı̆n-Langer factoriza-

tion of θ is inner. Consider the product � = �B−1 ◦ �θl as in the Theorem 3.9. Let
X+
1 ⊕X−

1 andX+
2 ⊕X−

2 be the unique fundamental decompositions ofX of, given by
Proposition 3.10, such that AX+

1 ⊂ X+
1 and A∗X+

2 ⊂ X+
2 . The case κ = 0 from [3,

Theorem 1.1] shows that the main operator of �θl belongs to C0 ·, and then the main
operator of �∗

θl
, which is A∗�X+

2
, belongs to C· 0. It suffices to show that this is equiv-

alent to A�X+
1

∈ C0 ·. Consider a simple conservative embedding �̃ of �. Represent

�̃ as in the products �̃ = �θ ′
r
◦ �

B−1′
r

= �
B−1′
l

◦ �θ ′
l
, see Theorem 3.9. In views

of (3.11), the main operator A∗�X+
2

of �∗
θ ′
l
belongs to C· 0, and therefore the main

operator of �θ ′
l
belongs to C0 ·, see (3.9). It follows from Theorem 4.2 that θ ′

l is inner.
Then so is θ ′

r , and again from the Theorem 4.2 it follows that the main operator A�X+
1

of the system �θ ′
r
is in C0 ·. Then � ∈ Iκ

0 ·, and the second statement in (i) is proved.
(ii) If ψθ ≡ 0, the identity (4.3) and Theorem 2.3 show that θ12 ≡ 0, which means

DT ∗
,2

= 0 and C(I − zA)−1DT ∗
,1

≡ 0. Since � is observable, one concludes as above
that DT ∗ = 0, which means that � is co-isometric. Similar arguments as above show
that � is also minimal. Moreover, co-isometric boundary values of θ implies that
� ∈ I∗κ· 0.

(iii) If � is simple and ϕθ ≡ 0 and ψθ ≡ 0, arguments used in the proof of [11,
Theorem 9.4] show that � is conservative. Minimality of � is obtained analogously
as above. The last assertion is contained in Theorem 4.2. ��

For the classes Iκ
0 · and I∗κ· 0, conditions of Theorem 4.4 are also necessary.

Proposition 4.5 An isometric controllable (co-isometric observable) system� belongs
to Iκ

0 · (I∗κ· 0) if and only if θ� has isometric (co-isometric) boundary values a.e. on T.

Proof Only the proof of necessity needs to be given. For this, embed� to a conservative
system �̃ with the representation as in Theorem 3.9 and then apply Theorem 4.2. ��
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The existence of a co-isometric observable realization is guaranteed by Theo-
rem2.4. It is also possible that θ ∈ Sκ(U,Y) has a co-isometric controllable realization
that is neither observable nor conservative.

Example 4.6 Consider the function in Example 3.8 and choose a to be a scalar inner
function. Easy calculations show that then Sl is co-inner and the right defect function
ϕSl of SL is not identically zero. Theorem 4.4 shows that an observable passive real-
ization �Sl of Sl is co-isometric and minimal. The property ϕSl �= 0 and Lemma 4.3
show that �Sl cannot be conservative. If �b−1 is a minimal conservative realization
of b−1, Theorem 3.4 shows that �b−1 ◦ �Sl is controllable while Example 3.8 shows
that it is not observable. The product cannot be conservative either, and thus S has a
co-isometric controllable realization.

If the defect functions of θ ∈ Sκ(U,Y) are zero functions, the results ofTheorem3.9
can be extended.

Proposition 4.7 � = (A, B,C, D,X ,U,Y, κ) be a passive system such that the
transfer function θ of � belongs to Sκ(U,Y). Let θ = B−1

l θl = θr B−1
r be the Kreı̆n–

Langer factorizations of θ. Then the following statements hold:

(i) If ϕθ ≡ 0, then � can be represented as in the product of the form

� = �B−1
l

◦ �θl ,

where�B−1
l

and�θl and areminimal conservative realization of B
−1
l and passive

realization of θl , respectively;
(ii) If ψθ ≡ 0, then � can be represented as in the product of the form

� = �θr ◦ �B−1
r

where �B−1
r

and �θr are minimal conservative realization of B−1
r and passive

realization of θl , respectively;
(iii) If ϕθ ≡ 0 and ψθ ≡ 0, then � can be represented as in the products of the form

� = �B−1
l

◦ �θl = �θr ◦ �B−1
r

,

where �B−1
l

and �B−1
r

are minimal conservative realizations of B−1
l and B−1

r ,

respectively, and �θl and �θr are passive realizations of θl and θr , respectively.

Proof Only the proof of (ii) is provided, since the other assertions are obtained analo-
gously. Suppose thatψθ ≡ 0.Lemma3.2 shows that the space (X c)⊥ is aHilbert space.
It follows easily from the identity (2.8) that A∗(X c)⊥ ⊂ (X c)⊥ and B∗(X c)⊥ = {0}.
This implies that the system operator can be represented as

T� =
⎛

⎝
A1 0 0
A2 A0 B0
C1 C0 D

⎞

⎠ :
⎛

⎝
(X c)⊥
X c

U

⎞

⎠ →
⎛

⎝
(X c)⊥
X c

Y

⎞

⎠ . (4.4)
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Now easy calculations show that a restriction �0 = (A0, B0,C0, D,X c,U,Y, κ) of
� is controllable and passive, and then according to Theorem 4.4, �0 is isometric and
minimal. From Theorem 3.9 it follows that�0 = �B−1

l
◦�θl and the components have

properties introduced in Theorem 3.9 (iii). The state space X c− of �B−1
l

is invariant

respect to A0. Denote the state space of �θl by X c+. Then
(
(X c)⊥ ⊕ X c+) ⊕X c− is

a fundamental decomposition of X , and AX c− ⊂ X c−. Similar calculations as in the
Step 1 (ii) of the proof of Theorem 3.9 show that

� = dil�0 = dil
(
�B−1

l
◦ �θl

)
= �B−1

l
◦ dil�θl ,

and this is the desired representation. ��
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Abstract
Passive discrete-time systems in Pontryagin space setting are investigated. In this case
the transfer functions of passive systems, or characteristic functions of contractive
operator colligations, are generalized Schur functions. The existence of optimal and
∗-optimal minimal realizations for generalized Schur functions are proved. By using
those realizations, a new definition, which covers the case of generalized Schur func-
tions, is given for defects functions. A criterion due to D.Z. Arov andM.A. Nudelman,
when all minimal passive realizations of the same Schur function are unitarily similar,
is generalized to the class of generalized Schur functions. The approach used here is
new; it relies completely on the theory of passive systems.

Keywords Operator colligation · Passive system · Transfer function · Defect
functions · Generalized Schur class · Contractive operator

Mathematics Subject Classification Primary 47A48; Secondary 47A56 · 47B50 ·
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1 Introduction

An operator colligation � = (T�;X ,U,Y; κ) consists of separable Pontryagin
spaces X (the state space), U (the incoming space), and Y (the outgoing space) and
the system operator T� ∈ L(X ⊕ U,X ⊕ Y), the space of bounded operators from
X ⊕U toX ⊕Y,whereX ⊕U, or

(
X
U

)
, means the direct orthogonal sum with respect
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to the indefinite inner product. The symbol κ is reserved for the finite negative index
of the state space. The operator T� has the block representation of the form

T� =
(
A B
C D

)
:
(
X
U

)
→

(
X
Y

)
, (1.1)

where A ∈ L(X ) (the main operator), B ∈ L(U,X ) (the control operator), C ∈
L(X ,Y) (the observation operator), and D ∈ L(U,Y) (the feedthrough operator).
If needed, the colligation is written as � = (A, B,C, D;X ,U,Y; κ). It is always
assumed in this paper that U and Y have the same negative index.

All notions of continuity and convergence are understood to be with respect to the
strong topology, which is induced by any fundamental decomposition of the space in
question.

The colligation (1.1) will be called as a system since it can be seen as a linear
discrete time system of the form

{
hk+1 = Ahk + Bξk,

σk = Chk + Dξk,
k ≥ 0,

where {hk} ⊂ X , {ξk} ⊂ U and {σk} ⊂ Y . In what follows, the “system” is identified
with the operator expression appearing in (1.1). When the system operator T� in
(1.1) is contractive (isometric, co-isometric, unitary), with respect to the indefinite
inner product, the corresponding system is called passive (isometric, co-isometric,
conservative). In literature, conservative systems are also called unitary systems. The
transfer function of the system (1.1) is defined by

θ�(z) := D + zC(I − zA)−1B,

whenever I − zA is invertible. Especially, θ� is defined and holomorphic in a neigh-
bourhood of the origin. The values θ�(z) are bounded operators from U to Y .

Conversely, if θ is an operator valued function holomorphic in a neighbourhood of the
origin, and transfer function of the system � coinsides with it, then � is a realization
of θ. In some sources, transfer functions of the systems are also called characteristic
functions of operator colligations.

The adjoint or dual of the system � is the system �∗ such that its system operator
is the indefinite adjoint T ∗

� of T�. That is, �∗ = (T ∗
�;X ,Y,U; κ). In this paper, all

the adjoints are with respect to the indefinite inner product. For an operator valued
function ϕ, the notation ϕ∗(z) is used instead of (ϕ(z))∗ , and the function ϕ#(z) is
defined to be ϕ∗(z̄). With this notation, for the transfer function θ�∗ of �∗, it clearly
holds θ�∗(z) = θ�

#(z). Since contractions between Pontryagin spaces with the same
negative index are bi-contractions (cf. eg. [24, Corollary 2.5]),�∗ is passive whenever
� is.

In the case where all the spaces are Hilbert spaces, the result that the transfer
function of a passive system belongs to the Schur class has been established by Arov
[4, Proposition 8]. In the case where U and Y are Hilbert spaces and the state space X
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is a Pontryagin space, Saprikin showed in [30, Theorem 2.2] that the transfer function
of the passive system (1.1) is a generalized Schur function. It will be proved later in
Proposition 2.4 that this result holds also in the case when all the spaces are Pontryagin
spaces. The generalized Schur class Sκ(U,Y), where U andY are Pontryagin spaces
with the same negative index, is the set ofL(U,Y)-valued functions S(z) holomorphic
in a neighbourhood � of the origin such that the Schur kernel

KS(w, z) = 1 − S(z)S∗(w)

1 − zw̄
, w, z ∈ �, (1.2)

has κ negative squares (κ = 0, 1, 2, . . .). This means that for any finite set of points
w1, . . . , wn in the domain of holomorphy ρ(S) of S and set of vectors { f1, . . . , fn} ⊂
Y, the Hermitian matrix

(〈
KS(w j , wi ) f j , fi

〉
Y

)n
i, j=1

,

where 〈·, ·〉Y is the indefinite inner product of the space Y, has no more than κ

negative eigenvalues, and there exists at least one such matrix that has exactly κ

negative eigenvalues. A function S belongs to Sκ(U,Y) if and only if S#κ ∈ S(Y,U);
see [1, Theorem 2.5.2]. The class S0(U,Y) coinsides with the ordinary Schur class,
and it is written as S(U,Y). The generalized Schur class was first studied by Kreı̆n
and Langer; see [26] for instance.

The direct connection between the transfer functions of passive systems of the form
(1.1) and the generalized Schur functions allows to study the properties of generalized
Schur functions by using passive systems, and vice versa. Therefore, a fundamen-
tal problem of the subject is, for a given θ ∈ Sκ(U,Y), find a realization � of θ

with the desired minimality or optimality properties (observable, controllable, sim-
ple, minimal, optimal, ∗-optimal); for details, see Theorems 2.6 and 3.5 and Lemma
2.8. The described problem is called a realization problem. In the standard Hilbert
space setting, realizations problems, as well as other properties of passive systems,
were studied, for instance, by Arov [4,5], Arov et al. [6–8], Ball and Cohen [13], de
Branges and Rovnyak [20,21], Helton [25] and Nagy and Foias [29]. The case where
the state space is a Pontryagin space while incoming and outgoing spaces are still
Hilbert spaces, unitary systems were studied, for instance, by Dijksma et al. [22,23],
and passive systems by Saprikin [30], Saprikin and Arov [10], Saprikin et al. [9] and
by the author in [27]. The case where all the spaces are Pontryagin spaces, theory
of isometric, co-isometric and conservative systems is considered, for instance, in
[1,2,24].

Especially, Arov [5] proved the existence of so-called optimal minimal realizations
of an ordinary Schur function; for definitions, see Sect. 3. The proof was based on the
existence (right) defect functions. For an ordinary Schur function S(ζ ), the (right)
defect function ϕ of S is, roughly speaking, the maximal analytic minorant of I −
S∗(ζ )S(ζ ). More precicely, this means that for almost everywhere (a.e.) ζ on the unit
circle T, it holds

ϕ∗(ζ )ϕ(ζ ) ≤ I − S∗(ζ )S(ζ ),
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and for every other operator valued analytic function ϕ̂ with similar property, it holds

ϕ̂∗(ζ )ϕ̂(ζ ) ≤ ϕ∗(ζ )ϕ(ζ ).

For the existence of defect functions, see [29, Theorem V.4.2], and for a detailed
treatise, see [17–19]. Another names of defect functions are “spectral factors”, see
[12]. Arov et al. [6] constructed (∗-)optimal minimal passive systems in the Hilbert
space settingwithout using defect functions. The construction can be done by taking an
appropriate restriction of some system. In the indefinite setting, if one uses a suitable
definition of optimality, a similar method as was used by Arov et al. still produces a
(∗-)optimal minimal passive system. In Pontryagin state space case, this was proved
by Saprikin [30]. It will be shown in Theorem 3.5 that the same result still holds in
the case where all the spaces are Pontryagin spaces.

The study of the class of generalized Schur functions Sκ(U,Y) was continued in
[9,10], in the case where U andY are Hilbert spaces and the state space is a Pontryagin
space. Saprikin and Arov [10] used the right Kreı̆n–Langer factorization of the form
S = Sr B−1

r for S ∈ Sκ(U,Y), and proved that the existence of the optimal minimal
realizationof S is equivalent to the existence of the right defect functionof Sr .However,
they did not define the defect functions for the generalized Schur functions. This was
done by the author in [27] by using theKreı̆n–Langer factorizations.With the definition
given therein, the main results of [3] were generalized to the Pontryagin state space
setting. The main subjects of [27] include some continuation of the study of products
of systems and the stability properties of passive systems, subjects treated earlier
by Saprikin et al. [9]. In the present paper, it will be shown that a concept of defect
functions can be defined in the casewhere all the spaces are Pontryagin spaces. The key
idea here is to use optimal minimal passive realizations and conservative embeddings.
By using such a definition, it is shown that one can generalize and improve some of
the main results from [3], using different proofs than those given in [3] or [27], see
Theorem 4.8. Furthermore, in Theorem 4.10, the main results from [7,8] concerning
the criterion when all the minimal realizations of a Schur function are unitarily similar,
is generalized to the present indefinite setting. The proof will be carried out entirely
by using the theory of passive systems, without applying Hardy space theory or the
theory of Hankel operators as in the proof provided in [8].

The paper is organized as follows. In Sect. 2 basic facts of linear systems, Julia
operators, dilations and embeddings are recalled. Moreover, Lemma 2.8 gives some
usefull representations and restrictions of passive systems. That lemma will be used
extensively later on in this paper.

In Sect. 3, the existence and basic properties of (∗-)optimal minimal realizations
are established. The main result of this section is Theorem 3.5.

The generalized defect functions are introduced in Sect. 4. In particularly, Theorem
4.10 in this section can be seen as the main result of the paper.
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2 Linear Systems, Dilations and Embeddings

Let � = (T�;X ,U,Y; κ) be a linear system as in (1.1). The following subspaces

X c := span {ran AnB : n = 0, 1, . . .} (2.1)

X o := span {ran A∗nC∗ : n = 0, 1, . . .} (2.2)

X s := span {ran AnB, ran A∗mC∗ : n,m = 0, 1, . . .}, (2.3)

are called, respectively, controllable, observable and simple subspaces. The system is
said to be controllable (observable, simple) if X c = X (X o = X ,X s = X ) and
minimal if it is both controllable and observable.

When � � 0 is some symmetric neighbourhood of the origin, that is, z̄ ∈ �

whenever z ∈ �, then also

X c = span {ran (I − zA)−1B, z ∈ �} (2.4)

X o = span {ran (I − zA∗)−1C∗, z ∈ �} (2.5)

X s = span {ran (I − zA)−1B, ran (I − wA∗)−1C∗, z, w ∈ �} (2.6)

The system (1.1) can be expanded to a larger system without changing the transfer
function. It can be done by using the so-called defect operator and Julia operator,
see, respectively, (2.7) and (2.8) below. For a proof of the following theorem and more
details about the defects operators and Julia operators, see [24]. The basic information
about the indefinite inner product spaces and their operators can be recalled from
[11,15,24].

Theorem 2.1 Suppose that X1 and X2 are Pontryagin spaces with the same negative
index, and let A : X1 → X2 be a contraction. Then there exist Hilbert spacesDA and
DA∗ , linear operators DA : DA → X1, DA∗ : DA∗ → X2 with zero kernels and a
linear operator L : DA → DA∗ such that it holds

I − A∗A = DAD
∗
A, I − AA∗ = DA∗ D∗

A∗ , (2.7)

and the operator

UA :=
(

A DA∗
D∗

A −L∗
)

:
(

X1
DA∗

)
→

(
X2
DA

)
(2.8)

is unitary. Moreover, DA, DA∗ and UA are unique up to unitary equivalence.

The notion of dilation of a discrete time-invariant system has been introduced by
Arov [4]. A dilation of a system � = (A, B,C, D;X ,U,Y; κ) is any system of the
form �̂ = ( Â, B̂, Ĉ, D; X̂ ,U,Y; κ), where

X̂ =D ⊕ X ⊕ D∗, ÂD ⊂ D, Â∗D∗ ⊂ D∗, ĈD={0}, B̂∗D∗ = {0}. (2.9)
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The spaces D and D∗ are required to be Hilbert spaces. The system operator T�̂ of �̂

is of the form

T�̂ =

⎛
⎜⎜⎝

⎛
⎝A11 A12 A13

0 A A23
0 0 A33

⎞
⎠

⎛
⎝B1

B
0

⎞
⎠

(
0 C C1

)
D

⎞
⎟⎟⎠ :

⎛
⎜⎜⎝

⎛
⎝ D
X
D∗

⎞
⎠

U

⎞
⎟⎟⎠ →

⎛
⎜⎜⎝

⎛
⎝ D
X
D∗

⎞
⎠

Y

⎞
⎟⎟⎠ ,

Â =
⎛
⎝A11 A12 A13

0 A A23
0 0 A33

⎞
⎠ , B̂ =

⎛
⎝B1

B
0

⎞
⎠ , Ĉ = (

0 C C1
)
.

(2.10)

The system� is called a restriction of �̂.Recall that subspaceN of the Pontryagin
space H is regular if it is itself a Pontryagin space with the inherited inner product
of 〈·, ·〉H. The subspace N is regular precicely when N⊥ is regular, where ⊥ refers
to orthogonality with respect to the indefinite inner product of H. Since X clearly is
a regular subspace of X̂ , there exists the unique orthogonal projection PX from X̂
to X . Let Â�X be the restriction of Â to the subspace X . Then, the system � can be
represented as � = (PX Â�X , PX B̂, Ĉ�X , D; PX X̂ ,U,Y; κ). A calculation show
that the transfer functions of the original system and its dilation coincide. Moreover, if
� is passive, then is any retriction of it. The following proposition states that a passive
system has a conservative dilation. For the Hilbert space case, this result is from [4],
and for the Pontryagin state space case, see [30]. The similar proof as in [4] and [30]
can be applied. For details, see the proof in [28, Proposition 2.3].

Proposition 2.2 Let � = (A, B,C, D;X ,U,Y; κ) be a passive system. Then there
exists a conservative dilation �̂ = ( Â, B̂, Ĉ, D; X̂ ,U,Y; κ) of �.

It is possible that D = {0} or D∗ = {0} in (2.9). In those cases, the zero space and
the corresponding row and column will be left out in (2.10). In particular, if the system
� with the system operator T as in (1.1) is isometric (co-isometric), then DT = 0
(DT ∗ = 0).

There is also an another way to expand the system (1.1), and it is called an embed-
ding. In this expansion, the state space and the main operator will not change. The
embedding of the system (1.1) is any system determined by the system operator

T�̃ =
(
A B̃
C̃ D̃

)
:
(X
Ũ

)
→

(X
Ỹ

)
⇐⇒

⎛
⎝ A

(
B B1

)
(
C
C1

) (
D D12
D21 D22

)
⎞
⎠ :

⎛
⎝ X(

U
U ′

)
⎞
⎠

→
⎛
⎝ X(

Y
Y ′

)
⎞
⎠ ,
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where U ′ and Y ′ are Hilbert spaces. The transfer function of the embedded system is

θ�̃(z) =
(

D + zC(IX − zA)−1B D12 + zC(IX − zA)−1B1

D21 + zC1(IX − zA)−1B D22 + zC1(IX − zA)−1B1

)

=
(

θ�(z) θ12(z)
θ21(z) θ22(z)

)
,

where θ� is the transfer function of the original system. The embedded systems will
be needed in Sect. 4.

It will be proved in Proposition 2.4 below that the transfer function of any passive
system (1.1) is a generalized Schur function with index not larger than the negative
index of the state space. For a special case where incoming and outcoming spaces are
Hilbert spaces, this result is due to [30, Theorem 2.2]. The proof of the general case
follows the lines of Saprikin’s proof of the special case.

Lemma 2.3 Let � = (A, B,C, D;X ,U,Y; κ) be a passive system with the transfer
function θ . Denote the system operator of � as T . If

DT =
(
DT,1

DT,2

)
: DT →

(
X
U

)
DT ∗ =

(
DT ∗

,1

DT ∗
,2

)
: DT ∗ →

(
X
Y

)
,

are defect operators of T and T ∗, respectively, then the identities

IY − θ(z)θ∗(w) = (1 − zw̄)G(z)G∗(w) + ψ(z)ψ∗(w), (2.11)

IU − θ∗(w)θ(z) = (1 − zw̄)F∗(w)F(z) + ϕ∗(w)ϕ(z), (2.12)

with

G(z) = C(IX − zA)−1, ψ(z) = DT ∗
,2

+ zC(IX − zA)−1DT ∗
,1
,

F(z) = (IX − zA)−1B, ϕ(z) = D∗
T,2

+ zD∗
T,1

(IX − zA)−1B,
(2.13)

hold for every z and w in a sufficiently small symmetric neighbourhood of the origin.

Proof By applying the results from [1, Theorem 1.2.4] and the identities in (2.7), the
results follow by straightforward calculations. For details, see the proof in [28, Lemma
2.4]. ��
Note that if � in Lemma 2.3 is isometric (co-isometric), then DT = 0 (DT ∗ = 0) and
therefore ϕ ≡ 0 (ψ ≡ 0).

Proposition 2.4 If � = (A, B,C, D;X ,U,Y; κ) is a passive system, the transfer
function θ of � belongs to Sκ ′(U,Y), where κ ′ ≤ κ.

Proof Denote the system operator of � as T . By Lemma 2.3, the kernel Kθ defined
as in (1.2) has a representation

Kθ (w, z) = G(z)G∗(w) + (1 − zw̄)−1ψ(z)ψ∗(w), (2.14)
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where G(z) and ψ(z) are defined as in (2.13). Since the negative index of X is κ and
the negative index of the Hilbert spaceDT ∗ is zero, it follows from [1, Lemma 1.1.1.],
that for any finite set of points w1, . . . , wn in the domain of holomorphy of θ and the
set of vectors {y1, . . . , yn} ⊂ Y, the Gram matrices

(〈
G∗(w j )y j ,G

∗(wi )yi
〉
X
)n
i, j=1

,
(〈

ψ∗(w j )y j , ψ
∗(wi )yi

〉
DT∗

)n
i, j=1

,

have, respectively, at most κ and zero negative eigenvalues.
The kernel (1− zw̄)−1 has no negative square, since it is the reproducing kernel of

the classical Hardy space H2(D). The Schur product theorem shows that the kernel
(1 − zw̄)−1ψ(z)ψ∗(w) has no negative square. Then it follows from [1, Theorem
1.5.5] that the kernel Kθ has at most κ negative square. That is, θ ∈ Sκ ′(U,Y), where
κ ′ ≤ κ, and the proof is complete. ��
Definition 2.5 A passive realization � of a generalized Schur function θ ∈ Sκ(U,Y)

is called κ-admissible if the negative index of the state space of � coinsides with the
negative index κ of θ.

In what follows, this paper deals mostly with the κ-admissible realizations. It will turn
out that the κ-admissible realizations of θ ∈ Sκ(U,Y) are well behaved is some sense;
they have many similar propeties than the standard passive Hilbert space systems.

The following realizations theorem is well known, see [1, Theorems 2.2.1, 2.2.2
and 2.3.1].

Theorem 2.6 For a generalized Schur function θ ∈ Sκ(U,Y) there exist realizations
�k = (Tk;Xk,U,Y; κ), k = 1, 2, 3, of θ such that

(i) �1 is observable co-isometric;
(ii) �2 is controllable isometric;
(iii) �3 is simple conservative.

Conversely, if the system � has some of the properties (i)–(iii), then θ� ∈ Sκ(U,Y),

where κ is the negative index of the state space of �.

Recall that a Hilbert subspace of the Pontryagin space X is a regular subspace
such that its negative index is zero. Conversely, anti-Hilbert subspace is a regular
subspace such that its positive index is zero. When U and Y happens to be Hilbet
spaces, the transfer function θ of the passive system � = (T�;X ,U,Y; κ) belongs
to class Sκ(U,Y) (with κ = ind−X ) if and only if (X s)⊥ is a Hilbert subspace [27,
Lemma 3.2]. In the case when U and Y are Pontryagin spaces with the same negative
index, the transfer function θ of the isometric (co-isometric, conservative) system
� = (T�;X ,U,Y; κ) belongs to class Sκ(U,Y) if and only if (X c)⊥ ((X o)⊥,(X s)⊥)
is a Hilbert subspace [1, Theorem 2.1.2]. For a passive system, one has the following
result.

Proposition 2.7 For a passive realization � = (A, B,C, D;X ,U,Y; κ) of θ ∈
Sκ(U,Y), spaces X c, X o and X s are regular and their orthogonal complements
are Hilbert subspaces.
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Proof Let � be a symmetric neighbourhood of the origin such that (I − zA)−1 and
(I − zA∗)−1 exist for every z ∈ �. Represent the kernel Kθ as in (2.14). Since Kθ has
κ negative square, a similar argument used in the proof of 2.4 shows that the kernel
K1(z, w) = G(z)G∗(w), where G(z) = C(I − zA)−1, has κ negative square. It
follows now from [1, Lemma 1.1.1’] that span{ran (I −wA∗)−1C∗, w ∈ �} contains
a κ-dimensional maximal anti-Hilbert subspace Xκ . Then, Xκ ⊕ (Xκ)⊥ = X is a
fundamental decomposition of X . Especially, (Xκ)⊥ is a Hilbert subspace of X . But

(
span{ran (I − wA∗)−1C∗, w ∈ �}

)⊥ = (
X o)⊥ ⊂ (Xκ)⊥,

which implies that (X o)⊥ is a Hilbert subspace, and therefore its orthocomplement
X o is regular.

By duality argument, the space X c is a regular subspace and the space (X c)⊥ is a
Hilbert subspace. It easily follows from (2.1)–(2.3) that (X s)⊥ = (X c)⊥ ∩ (X o)⊥,

and therefore (X s)⊥ is also a Hilbert subspace and X s is regular. ��
It follows from the Proposition 2.7 above that the state space X of a κ-admissible
realization � of θ ∈ Sκ(U,Y) can be decombosed to the controllable, observable and
simple parts. Using this fact, the lemma below, which will be used extensively, can be
proved.

Lemma 2.8 Let � = (A, B,C, D;X ,U,Y; κ) be a passive system such that the
spaces (X o)⊥, (X c)⊥ and (X s)⊥ areHilbert subspaces ofX .Then the systemoperator
T of � has the following representations

T =
⎛
⎝

(
A1 A2
0 Ao

) (
B1
Bo

)
(
0 Co

)
D

⎞
⎠ :

⎛
⎝

(
(X o)⊥
X o

)

U

⎞
⎠ →

⎛
⎝

(
(X o)⊥
X o

)

Y

⎞
⎠ (2.15)

T =
⎛
⎝

(
A3 0
A4 Ac

) (
0
Bc

)
(
C1 Cc

)
D

⎞
⎠ :

⎛
⎝

(
(X c)⊥
X c

)

U

⎞
⎠ →

⎛
⎝

(
(X c)⊥
X c

)

Y

⎞
⎠ (2.16)

T =
⎛
⎝

(
A5 0
0 As

) (
0
Bs

)
(
0 Cs

)
D

⎞
⎠ :

⎛
⎝

(
(X s)⊥
X s

)

U

⎞
⎠ →

⎛
⎝

(
(X s)⊥
X s

)

Y

⎞
⎠ (2.17)

T =

⎛
⎜⎜⎝

⎛
⎝A′

11 A′
12 A′

13
0 A′ A′

23
0 0 A′

33

⎞
⎠

⎛
⎝B ′

1
B ′
0

⎞
⎠

(
0 C ′ C ′

1

)
D

⎞
⎟⎟⎠ :

⎛
⎜⎜⎝

⎛
⎝ (X o)⊥

PX oX c

X o ∩ (X c)⊥

⎞
⎠

U

⎞
⎟⎟⎠ →

⎛
⎜⎜⎝

⎛
⎝ (X o)⊥

PX oX c

X o ∩ (X c)⊥

⎞
⎠

Y

⎞
⎟⎟⎠

(2.18)

T =

⎛
⎜⎜⎝

⎛
⎝A′′

11 A′′
12 A′′

13
0 A′′ A′′

23
0 0 A′′

33

⎞
⎠

⎛
⎝B ′′

1
B ′′
0

⎞
⎠

(
0 C ′′ C ′′

1

)
D

⎞
⎟⎟⎠ :

⎛
⎜⎜⎝

⎛
⎝X c ∩ (X o)⊥

PX cX o

(X c)⊥

⎞
⎠

U

⎞
⎟⎟⎠ →

⎛
⎜⎜⎝

⎛
⎝X c ∩ (X o)⊥

PX cX o

(X c)⊥

⎞
⎠

Y

⎞
⎟⎟⎠

(2.19)

64 Acta Wasaensia



35 Page 10 of 34 L. Lilleberg

The restrictions

�o = (Ao, Bo,Co, D;X o,U,Y; κ) (2.20)

�c = (Ac, Bc,Cc, D;X c,U,Y; κ) (2.21)

�s = (As, Bs,Cs, D;X s,U,Y; κ) (2.22)

�′ = (A′, B ′,C ′, D; PX oX c,U,Y; κ) (2.23)

�′′ = (A′′, B ′′,C ′′, D; PX cX o,U,Y; κ) (2.24)

of � are passive, and �o is observable, �c is controllable, �s is simple, and �′
and �′′ are minimal. For any n ∈ N0 and any z in a sufficiently small symmetric
neighbourhood of the origin, it holds

An B = An
c Bc = An

s Bs, (2.25)

(I − zA)−1B = (I − zAs)
−1Bs = (I − zAc)

−1Bc, (2.26)

A∗nC∗ = A∗
o
nC∗

o = A∗
s
nC∗

s , (2.27)

(I − zA∗)−1C∗ = (I − zA∗
s )

−1C∗
s = (I − zA∗

o)
−1C∗

o . (2.28)

Moreover, if � is co-isometric (isometric), then so are �o and �s (�c and �s ).

Proof Since (X o)⊥, (X c)⊥ and (X s)⊥ are Hilbert spaces, the spaces X o, X c and
X s are regular subspaces with the negative index κ. It follows from the identities
(2.1)–(2.3) that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(X o)⊥, (X s)⊥ are A-invariant,

(X c)⊥, (X s)⊥ are A∗-invariant,
ranC∗ ⊂ X o ⊂ X s,

ran B ⊂ X c ⊂ X s,

, (2.29)

and the representations (2.15)–(2.17) follow. That is, �o, �c and �s are restrictions
of the passive system �, ans therefore they are passive.

Let T�k be the system operator of �k where k = o, c, s, and let x̂ ∈ X k ⊕ U and
x̆ ∈ X k ⊕ Y . Calculation show that T�k x̂ = T x̂ , where k = c, s and T ∗

�k
x̆ = T ∗ x̆

where k = o, s. It follows that if � is co-isometric (isometric), then so are �o and �s

(�c and �s).
Suppose x ∈ X o such that CoAn

ox = 0 for every n = 0, 1, 2, . . .. Then

CAnx = (
0 Co

) (
A1 A2
0 Ao

)n (
0
x

)
= CoA

n
ox = 0,

and the identity (2.2) implies that x ∈ X o ∩ (X o)⊥ = {0}. Thus x = 0, and it can
be deduced that �o is observable. Similar arguments show that �c is controllable and
�s is simple, the details will be omitted.
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Let u ∈ U, and n ∈ N0. Then, by (2.16) and (2.17),

AnBu =
(
A3 0
A4 Ac

)n (
0
Bc

)
=

(
0

An
c Bcu

)
= An

c Bcu

AnBu =
(
A5 0
0 As

)n (
0
Bs

)
=

(
0

An
s Bsu

)
= An

s Bsu,

and (2.25) holds. By Neumann series, (I − zA)−1B = ∑∞
n=0 z

n An B holds for all z
in a sufficiently small symmetric neighbourhood of the origin, and (2.26) follows now
from (2.25). The equalities (2.27) and (2.28) can be deduced similarly.

Since the orthocomplements (X o)⊥ and (X c)⊥ are Hilbert subspaces, it follows
from [30, Lemma 3.1] that PX oX c and PX cX o are regular subspaces, and it holds

X o ∩ (PX oX c)⊥ = X o ∩ (X c)⊥, X c ∩ (PX cX o)⊥ = X c ∩ (X o)⊥.

Since (X o)⊥ ⊂ (PX oX c)⊥, (X c)⊥ ⊂ (PX cX o)⊥ and all the spaces are regular,
simple calculations show that

(PX oX c)⊥ = (X o)⊥ ⊕ (X o ∩ (PX oX c)⊥) and (PX cX o)⊥

= (X c)⊥ ⊕ (X c ∩ (PX cX o)⊥).

Therefore,

X = PX oX c ⊕ (PX oX c)⊥ = (X o)⊥ ⊕ PX oX c ⊕ (X o ∩ (PX oX c)⊥)

= (X o)⊥ ⊕ PX oX c ⊕ (X o ∩ (X c)⊥),

and similarly, X = (X c ∩ (X o)⊥) ⊕ PX cX o ⊕ (X c)⊥. Since (X o ∩ (X c)⊥ and X c ∩
(X o)⊥ are also Hilbert spaces, the spaces PX oX c and PX cX o are Pontryagin spaces
with the negative index κ. By considering the properties in (2.29), the representations
(2.18) and (2.19) follow now easily. That is, �′ and �′′ are restrictions of �, and
therefore passive.

Denote X ′ := PX oX c. Represent the system operator T of � as in (2.18). Then

PX ′ AnB = PX ′

⎛
⎝A′

11 A′
12 A′

13
0 A′ A′

23
0 0 A′

33

⎞
⎠

n ⎛
⎝B ′

1
B ′
0

⎞
⎠ =

⎛
⎝ 0
A′n B ′
0

⎞
⎠ = A′n B ′,

and similarly A′∗nC ′∗ = PX ′ A∗nC∗. Therefore,

X ′c = span {ran A′n B ′ : n = 0, 1, . . .} = span {ran PX ′ AnB : n = 0, 1, . . .}
= PX ′span {ran AnB : n = 0, 1, . . .} = PX ′X c = PX ′ PX oX c = PX ′X ′ = X ′,

and similarly X ′o = PX ′X o = X ′, which implies that �′ is minimal. A similar
argument shows that �′′ is minimal, and the proof is complete. ��
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Note that in particular, Lemma 2.8 implies the existence of a minimal passive realiza-
tion of θ ∈ Sκ(U,Y).

Definition 2.9 The restrictions �o, �c, �s, �
′, and �′′ in Lemma 2.8 are called,

respectively, the observable, the controllable, the simple (or proper), the first min-
imal and the second minimal restrictions of �.

The first minimal and the second minimal restrictions will be considered later in
Sects. 3 and 4.

Two realizations�1 = (A1, B1,C1, D1;X1,U,Y; κ1) and�2 = (A2, B2,C2, D2;
X2,U,Y; κ2) of the same function θ ∈ Sκ(U,Y) are called unitarily similar if
D1 = D2 and there exists a unitary operator U : X1 → X2 such that

A1 = U−1A2U , B1 = U−1B2, C1 = C2U . (2.30)

In that case, it easily follows that κ1 = κ2. Unitary similarity preserves dynamical
properties of the system and also the spectral properties of the main operator. If two
realizations of θ ∈ Sκ (U,Y) both have the same property (i), (ii) or (iii) of Theorem
2.6, then they are unitarily similar [1, Theorem 2.1.3].

The realizations �1 and �2 above are said to be weakly similar if D1 = D2 and
there exists an injective closed densely defined possible unbounded linear operator
Z : X1 → X2 with the dense range such that

Z A1x = A2Zx, C1x = C2Zx, x ∈ D(Z), and Z B1 = B2, (2.31)

where D(Z) is the domain of Z . In Hilbert state space case, a result of Helton [25]
and Arov [4] states that two minimal passive realizations of θ ∈ S(U,Y) are weakly
similar. However, weak similarity preserves neither dynamical properties of the system
nor the spectral properties of its main operator.

Helton’s and Arov’s statement holds also in case where all the spaces are indefinite.
This result is stated for reference purposes. Similar argument as Hilbert space case can
be applied, definiteness of the inner product play no role. For a proof of special cases,
see [14, Theorem 7.1.3], [31, p. 702] and [27, Theorem 2.5]. Note that the realizations
are not assumed to be κ-admissible or passive.

Proposition 2.10 Two minimal realizations of θ ∈ Sκ(U,Y) are weakly similar.

3 Optimal Minimal Systems

For κ-admissible realizations of θ ∈ Sκ(U,Y), where U and Y are Pontryagin spaces
with the same negative index, one can form the similar theory of optimal minimal
passive systems as represented in the standard Hilbert space case in [6] and the Pon-
tryagin state space case in [30]. Techniques, definitions and notations to be used here
are similar to what appears in those papers.

Denote EX (x) = 〈x, x〉X for a vector x in an inner product space X . Following
[6,10,30], a passive realization � = (A, B,C, D;X ,U,Y; κ) of θ ∈ Sκ(U,Y) is
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called optimal if for any passive realization �′ = (A′, B ′,C ′, D′;X ′,U,Y; κ) of θ,

the inequality

EX

(
n∑

k=0

Ak Buk

)
≤ EX ′

(
n∑

k=0

A′k B ′uk

)
, n ∈ N0, uk ∈ U, (3.1)

holds. On the other hand, the system � is called *-optimal if it is observable and

EX

(
n∑

k=0

Ak Buk

)
≥ EX ′

(
n∑

k=0

A′k B ′uk

)
, n ∈ N0, uk ∈ U, (3.2)

holds for every observable passive realization �′ of θ. The requirement for observ-
ability must be included for avoiding trivialities, since otherwise every isometric
realization of θ would be ∗-optimal; see Lemma 3.3 below and [6, Proposition 3.5
and example on page 144].

In the definition of optimality and ∗-optimality, the requirement that the considered
realizations are κ-admissible is essential, as the example below shows.

Example 3.1 Let � = (A, B,C, D;X ,U,Y; κ) and �′ = (A′, B ′,C ′, D′;X ′,U,

Y; κ ′),where κ < κ ′,be passive realization of θ ∈ Sκ(U,Y).Suppose that (3.1) holds.
By Lemma 2.8, if (3.1) holds for �, it holds also for the controllable restriction �c =
(Ac, Bc,Cc, D′;X c,U,Y; κ) of �. For any vector x of the form x = ∑M

n=0 A
n
c Bcun

where {un} ⊂ U and M ∈ N0, define

Rx =
M∑
n=0

A′n B ′un .

It is easy to deduce that R is a linear relation. Moreover, since �c is controllable by
Lemma 2.8, R is densely defined. Since (3.1) holds, R is contractive. It follows now
from [1, Theorem 1.4.2] that R can be extended to be everywhere defined contractive
linear operator. Since ind−X c = κ < κ ′ = ind−X ′, it follows from [24, Theorem
2.4] that linear operator from X c to X ′ cannot be contractive, and hence (3.1) cannot
hold.

It will be shown in Theorem 3.5 below that an optimal (∗-optimal) minimal realiza-
tion exists, and it can be constructed by taking the first (second) minimal restriction,
introduced in Definition 2.9, of simple conservative realizations. More lemmas will
be needed before that.

Lemma 3.2 Let � = (A, B,C, D;X ,U,Y; κ) is a passive realization of θ ∈
Sκ(U,Y), and let �s = (As, Bs,Cs, D;X s,U,Y; κ) be the restriction of � to the
simple subspace. Then, the first (second) minimal restrictions of � and �s coinside.

Proof Only the proof of the statement concerning about the second minimal restric-
tions is provided, since the other case is similar. Tomake the notation less cumbersome,
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write X s = Xp, where p refers to proper part. By Lemma 2.8, the equalities
(2.25) and (2.27) hold, and it easily follows that it holds X o = X o

p , X c = X c
p,

(X o)⊥ = (X s)⊥ ⊕ (X o
p )

⊥ and (X c)⊥ = (X s)⊥ ⊕ (X c
p)

⊥, where orthogonal
complements (X o

p )
⊥ and (X c

p)
⊥ are taken with respect to the space Xp. Therefore

PX cX o = PX c
p
X o

p ⊂ X s = Xp, and consequently,

PPX c
p
X o

p
Ap�PX c

p
X o

p
= PPX cX o A�X s �PX cX o = PPX cX o A�PX cX o ,

PPX c
p
X o

p
Bp = PPX cX o B, Cp�PX c

p
X o

p
= C�PX cX o ,

which shows that the second minimal restrictions of � and �s co-inside. ��
To prove the (∗-)optimality of a system, the following lemma is helpful.

Lemma 3.3 Let � = (A, B,C, D;X ,U,Y, κ), �̂ = ( Â, B̂, Ĉ, D; X̂ ,U,Y, κ) and
�′ = (A′, B ′,C ′, D;X ′,U,Y; κ) be realizations of θ ∈ Sκ(U,Y) such that � is
passive, �̂ is a passive dilation of � and �′ is the first minimal restriction of �̂. Then

EX ′

(
n∑

k=0

A′k B ′uk

)
≤ EX

(
n∑

k=0

Ak Buk

)
, n ∈ N0, uk ∈ U . (3.3)

Moreover, for any isometric realization �̆ = ( Ă1, B̆1, Č1, D; X̆ ,U,Y, κ) of θ, it
holds

EX

(
n∑

k=0

Ak Buk

)
≤ EX̆

(
n∑

k=0

Ăk B̆uk

)
, n ∈ N0, uk ∈ U . (3.4)

Note that Proposition 2.2 guarantees the existence of a passive dilation �̂ of � with
the properties described above.

Proof Since �̂ is a dilation of �, the system operator T�̂ has a representation

T�̂ =
(
Â B̂
Ĉ D

)
=

⎛
⎜⎜⎝

⎛
⎝A11 A12 A13

0 A A23
0 0 A33

⎞
⎠

⎛
⎝B1

B
0

⎞
⎠

(
0 C1 C

)
D

⎞
⎟⎟⎠ :

⎛
⎜⎜⎝

⎛
⎝ D
X
D∗

⎞
⎠

U

⎞
⎟⎟⎠→

⎛
⎜⎜⎝

⎛
⎝D
X
D∗

⎞
⎠

Y

⎞
⎟⎟⎠ ,

(3.5)

where D and D∗ are Hilbert spaces. On the other hand, by Lemma 2.8, �̂ can also be
represented as

T�̂ =

⎛
⎜⎜⎝

⎛
⎝A′

11 A′
12 A′

13
0 A′ A′

23
0 0 A′

33

⎞
⎠

⎛
⎝B ′

1
B ′
0

⎞
⎠

(
0 C ′ C ′

1

)
D

⎞
⎟⎟⎠ :

⎛
⎜⎜⎝

⎛
⎝X1
X ′
X3

⎞
⎠

U

⎞
⎟⎟⎠ →

⎛
⎜⎜⎝

⎛
⎝X1
X ′
X3

⎞
⎠

Y

⎞
⎟⎟⎠ ,

Acta Wasaensia 69



Minimal Passive Realizations of Generalized Schur… Page 15 of 34 35

where X1 = (X̂ o)⊥,X ′ = PX̂ oX̂ c and X3 = X̂ o ∩ (X̂ c)⊥. The spaces X1 and X3 are
Hilbert spaces, and X ′ is a Pontryagin space with the negative index κ. Let n ∈ N0
and {uk}nk=0 ⊂ U . Since X3 ⊂ (X̂ c)⊥, it holds

EX ′

(
n∑

k=0

A′k B ′uk

)

= EX̂

(
PX ′

n∑
k=0

Âk B̂uk

)

= EX̂

(
n∑

k=0

Âk B̂uk

)
− EX̂

(
PX1

n∑
k=0

Âk B̂uk

)
− EX̂

(
PX3

n∑
k=0

Âk B̂uk

)

= EX̂

(
n∑

k=0

Âk B̂uk

)
− EX̂

(
PX1

n∑
k=0

Âk B̂uk

)
. (3.6)

With D and D∗ as in (3.5), the identities in (2.9) hold. Therefore, it follows from
the identities (2.1) and (2.2) that D∗ ⊂ (X̂ c)⊥ and D ⊂ (X̂ o)⊥ = X1. A similar
calculation as above yields then

EX

(
n∑

k=0

Ak Buk

)
= EX̂

(
n∑

k=0

Âk B̂uk

)
− EX̂

(
PD

n∑
k=0

Âk B̂uk

)
. (3.7)

The inclusionD ⊂ X1 and the fact thatD andX1 are Hilbert spaces now implies the
inequality EX̂

(
PD

∑n
k=0 Â

k B̂uk
) ≤ EX̂

(
PX1

∑n
k=0 Â

k B̂uk
)
. It follows now from

the Eqs. (3.6) and (3.7) that EX ′
(∑n

k=0 A
′k B ′uk

) ≤ EX
(∑n

k=0 A
k Buk

)
, and the

inequality (3.3) is proved.
Assume that �̂ is isometric. Since D is a Hilbert space, it follows from (3.7) that

EX

(
n∑

k=0

Ak Buk

)
≤ EX̂

(
n∑

k=0

Âk B̂uk

)
. (3.8)

By Lemma 2.8, the controllable restriction �̂c = ( Âc, B̂c, Ĉc, D; X̂ c,U,Y, κ) of
�̂ is controllable isometric, and for every n = 0, 1, 2, . . . , it holds Ân B̂ = Ân

c B̂c.

Therefore

EX̂

(
n∑

k=0

Âk B̂uk

)
= EX̂ c

(
n∑

k=0

Âk
c B̂cuk

)
. (3.9)

Similar argument show that if �̆c = ( Ăc, B̆c, C̆c, D; X̆ c,U,Y, κ) is the controllable
restriction of the isometric system �̆ = ( Ă, B̆, Č, D; X̆ ,U,Y, κ), then �̆c is con-
trollable isometric and it holds
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EX̆

(
n∑

k=0

Ăk B̆uk

)
= EX̆ c

(
n∑

k=0

Ăk
c B̆cuk

)
. (3.10)

But �̂c and �̆c are unitarily similar, and therefore

EX̂ c

(
n∑

k=0

Âk
c B̂cuk

)
= EX̆ c

(
n∑

k=0

Ăk
c B̆cuk

)
. (3.11)

By combining (3.8)–(3.11), the inequality (3.4) follows. ��
Remark 3.4 It follows from the inequality (3.4) of Lemma 3.3 that if there exists an
observable isometric realization of θ ∈ Sκ(U,Y), then it is ∗-optimal.

In the standard Hilbert space case, results of Arov [5] show that there exist optimal
minimal realizations of a Schur function. The construction was based on the existence
of the defect functions, see Sect. 4. Arov et. all provided new geometric proofs of
these results in [6]. Saprikin used those new proofs and generalized Arov’s results to
Pontryagin state space case in [30]. It will be proved next that Arov’s results holds in
the case when all spaces are Pontryagin spaces. The geometric proofs in [6] can still
be applied in the present setting with few appropriate changes.

Theorem 3.5 Let θ ∈ Sκ(U,Y), where U and Y are Pontryagin spaces with the same
negative index. Then:

(i) The first minimal restriction of a simple conservative realization of θ is optimal
minimal;

(ii) The minimal passive system �∗ is optimal if and only if the dual system � is
*-optimal minimal;

(iii) The second minimal restriction of a simple conservative realization of θ is *-
optimal minimal;

(iv) Optimal (*-optimal) minimal systems are unique up to unitary similarity, and
every optimal (*-optimal) minimal realization of θ is the first minimal restriction
(second minimal restriction) of some simple conservative realization of θ.

Proof (i) Let �′ = (A′, B ′,C ′, D;X ′,U,Y; κ) be the first minimal restriction of
a simple conservative realization �̂′ = ( Â′, B̂ ′, Ĉ ′, D; X̂ ′,U,Y; κ) of θ ∈
Sκ(U,Y). Let � = (A, B,C, D;X ,U,Y; κ) be the first minimal restriction
of some conservative realization of θ such that its state space has negative index
κ. To prove that �′ is optimal, Lemma 3.3 shows that it is enough to prove

EX ′

(
n∑

k=0

A′k B ′uk

)
≤ EX

(
n∑

k=0

Ak Buk

)
, n ∈ N0, uk ∈ U . (3.12)

By Lemma 3.2, it can be assumed that � is the first minimal restriction of some
simple conservative realization �̂ = ( Â, B̂, Ĉ, D; X̂ ,U,Y; κ) of θ. Since �̂ and
�̂′ are both simple conservative, they are unitarily similar, so there exists a unitary
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operator U : X̂ → X̂ ′ such that Â = U−1 Â′U , B̂ = U−1 B̂ ′ and Ĉ = Ĉ ′U .

Easy calculations shows that X̂ ′o = U X̂ o, X̂ ′c = U X̂ c, (X̂ ′o)⊥ = U (X̂ o)⊥,

(X̂ ′c)⊥ = U (X̂ c)⊥ and PX̂ ′oX̂ ′c = U PX̂ oX̂ c. In particular,

PX = PPX̂o X̂ c = U−1PPX̂ ′o X̂ ′cU = U−1PX ′U ,

which implies

A= PX Â�X =U−1PX ′ Â′U�X =(U�X )−1PX ′ Â′�X ′U�X = (U�X )−1A′U�X
B=(U�X )−1B ′, C = C ′U�X .

It follows that � and �′ are unitarily similar and the corresponding unitary
operator is U0 = U�X . Then

EX

(
n∑

k=0

Ak Buk

)
= EX

(
U−1
0

n∑
k=0

A′k B ′uk

)
= EX ′

(
n∑

k=0

A′k B ′uk

)
.

Therefore (3.12) holds, and �′ is an optimal minimal system.
(ii) Let �∗ = (A∗,C∗, B∗, D∗;X ,Y,U; κ) be an optimal minimal passive real-

ization of θ# ∈ Sκ(Y,U). Then � = (A, B,C, D;X ,U,Y; κ) is a minimal
passive realization of θ ∈ Sκ(U,Y). Consider an arbitrary observable pas-
sive realization �′ = (A′, B ′,C ′, D;X ′,U,Y; κ) of θ ∈ Sκ(U,Y). Then
�

′∗ = (A
′∗,C ′∗, B ′∗, D∗;X ′,Y,U; κ) is a controllable passive realization of

θ#. For a vector of the form x ′ = ∑n
k=0 A

′∗kC ′∗yk, where n ∈ N0 and yk ∈ Y,

define

Sx ′ =
n∑

k=0

(A∗)kC∗yk .

Since �
′∗ is controllable and �∗ is optimal, the domain of S is dense, and it

holds

EX (Sx) = EX

(
n∑

k=0

(A∗)kC∗yk

)
≤ EX ′

(
n∑

k=0

A
′∗kC ′∗yk

)
= EX ′(x).

That is, S is a contractive linear relationwith the dense domain. Then [1, Theorem
1.4.4] shows that the closure of S, which is still denoted as S, is contractive every-
where defined linear operator from X ′ → X . Since X ′ and X are Pontryagin
spaces with the same negative index, S∗ : X → X ′, is contractive as well. The
transfer functions of the � and �′ coincide, and therefore CAmB = C ′A′k B ′
for every m ∈ N0. By definition, S(A

′∗)mC ′∗ = (A∗)mC∗, or what is the same
thing, C ′A′mS∗ = CAm, for every m ∈ N0. Then also

C ′A′m+k B ′ = CAm Ak B = C ′A′mS∗Ak B for m, k ≥ 0.
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This implies A′k B ′ = S∗Ak B and moreover S∗ (∑n
k=0 A

k Buk
) = ∑n

k=0 A
′k B ′

uk, since the system �′ is observable. Therefore,

EX ′

(
n∑

k=0

A′k B ′uk

)
= EX ′

(
S∗

(
n∑

k=0

Ak Buk

))
≤ EX

(
n∑

k=0

Ak Buk

)
,

since S∗ is contractive. This proves that � is ∗-optimal.
Suppose then that � = (A, B,C, D;X ,U,Y; κ) is minimal passive ∗-optimal
realization of θ ∈ Sκ(U,Y). Then �∗ is a minimal passive realization
of θ# ∈ Sκ(Y,U). To prove the optimality of �∗, it suffices to consider
all the minimal passive realizations of θ#; see Lemma 3.3. Let �

′∗ =
(A

′∗,C ′∗, B ′∗, D∗;X ′,Y,U; κ) be a minimal passive realization of θ#. Then
�′ is a minimal passive realization of θ. Since � is ∗-optimal, the inequality

EX

(
n∑

k=0

Ak Buk

)
≥ EX ′

(
n∑

k=0

A′k B ′uk

)
, n ∈ N0, uk ∈ U,

holds. Define Kx = ∑n
k=0 A

′k B ′uk for x = ∑n
k=0 A

k Buk . Using similar tech-
niques as above, K can be extended to be a contractive operator from X → X ′
such that

K ∗(A′∗)kC ′∗ = (A∗)kC∗.

Since K ∗ is contractive,

EX

(
n∑

k=0

A∗kC∗yk

)
= EX

(
K ∗

n∑
k=0

A
′∗kC ′∗yk

)
≤ EX ′

(
n∑

k=0

A
′∗kC ′∗yk

)
,

for {yk} ⊂ Y . This shows that �∗ is optimal.
(iii) Let� be a simple conservative realization of θ ∈ Sκ(U,Y). Then�∗ is a simple

conservative realization of θ#, and the first minimal restriction �∗′ of �∗ is
optimal minimal by the part (i). By using the representations (2.18) and (2.19)
from Lemma 2.8, it is easy to deduce that the dual system of �∗′ is the second
minimal restriction�′′ of�, and it follows from the part (ii) that�′′ is ∗-optimal.

(iv) Only the proofs of the claims considering optimal minimal realizations will be
given, since the claims considering ∗-optimal minimal realizations can be proved
analogously. Let � j = (A j , Bj ,C j , D;X j ,U,Y; κ) for j = 1, 2, be optimal
minimal realizations of θ ∈ Sκ(U,Y). In a sufficiently small neighbourhood of
the origin, the transfer functions θ�1 and θ�2 of the systems �1 and �2 have the
Neumann series and they coincide, so C1Ak

1B1 = C2Ak
2B2 for k = 0, 1, 2, . . .

Define

Ux =
N∑

k=0

Ak
2B2uk (3.13)
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for a vector x of the form x = ∑N
k=0 A

k
1B1uk, where {uk} ∈ U . Since �1 is

controllable, such vectors are dense in X1. Because �2 is controllable as well,
vectors of the form Ux are dense in X2.

Since �1 and �2 both are optimal realizations, EX1(x) = EX1(Ux), and there-
foreU is an isometric linear relation with the dense domain and the dense range.
It follows now from [1, 1.4.2] that the closure ofU is a unitary operator, which is
still denoted as U . Then, trivially B1 = U−1B2. For vector x in (3.13), it holds

U A1x = U
N∑

k=0

Ak+1
1 B1uk =

N∑
k=0

Ak+1
2 B2uk = A2Ux .

It follows that U A1x = A2Ux holds in a dense set, and therefore by continuity,
everywhere. Thus A1 = U−1A2U . Moreover, for k = 0, 1, 2, . . . , one con-
cludes C1Ak

1B1 = C2Ak
2B2 = C2U Ak

1B1. Since spank∈N0
Ak
1B1 is dense in X1,

it must be C1 = C2U . It has been shown that the unitary operator U has all the
properties of (2.30), and therefore �1 and �2 are unitarily similar.
Suppose then that � = (A, B,C, D;X ,U,Y; κ) is an optimal minimal realiza-
tion of θ. Let �̂0 = ( Â0, B̂0, Ĉ0, D; X̂0,U,Y; κ) be some simple conservative
realization of θ. Lemma 2.8 shows that the system operator of �̂ can be repre-
sented as

T�̂0
=

⎛
⎜⎜⎝

⎛
⎝A′

11 A′
12 A′

13
0 A′ A′

23
0 0 A′

33

⎞
⎠

⎛
⎝B ′

1
B ′
0

⎞
⎠

(
0 C ′ C ′

1

)
D

⎞
⎟⎟⎠ :

⎛
⎜⎜⎝

⎛
⎝X1
X ′
X2

⎞
⎠

U

⎞
⎟⎟⎠ →

⎛
⎜⎜⎝

⎛
⎝X1
X ′
X2

⎞
⎠

Y

⎞
⎟⎟⎠ ,

where X1 = (X̂ o)⊥,X ′ = PX̂ oX̂ c and X2 = X̂ o ∩ (X̂ c)⊥. Now �′ =
(A′, B ′,C ′, D;X ′,U,Y; κ) is the first minimal restriction of �̂, and it follows
from part (i) that�′ is optimal minimal, andmoreover, as proved above, unitarily
similar with �. Therefore, there exists a unitary operatorU : X → X ′ such that
A = U−1A′U , B = U−1B ′ and C = C ′U . Define

T�̂ =

⎛
⎜⎜⎝

⎛
⎝A′

11 A′
12U A′

13
0 A U−1A′

23
0 0 A′

33

⎞
⎠

⎛
⎝B ′

1
B
0

⎞
⎠

(
0 C C ′

1

)
D

⎞
⎟⎟⎠ :

⎛
⎜⎜⎝

⎛
⎝X1
X
X2

⎞
⎠

U

⎞
⎟⎟⎠ →

⎛
⎜⎜⎝

⎛
⎝X1
X
X2

⎞
⎠

Y

⎞
⎟⎟⎠ ,

and let �̂ be the system corresponding the system operator T�̂ . Easy calculations
show that �̂ and �̂0 are unitarily similar and

Û =
⎛
⎝I 0 0
0 U 0
0 0 I

⎞
⎠ :

⎛
⎝X1
X
X2

⎞
⎠ →

⎛
⎝X1
X ′
X2

⎞
⎠
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is the corresponding unitary operator. Therefore �̂ is a simple conservative sys-
tem. Now Û maps PX oX c to PX ′oX ′c, and ÛX ′ = UX ′ = X . It follows that
� is the first minimal restriction of �̂. ��

4 Generalized Defect Functions

If U and Y are Hilbert spaces, it is well known that S ∈ S(U,Y) is holomorphic in the
unit disk and it has non-tangential contractive strong limit values almost everywhere
(a.e.) on the unit circle T. Therefore, S can be extended to L∞(U,Y) function, that is,
the class of weakly measurable a.e. defined and essentially bounded L(U,Y)-valued
functions on T. Then it follows from [29, Theorem V.4.2] that there exist a Hilbert
space K and an outer function ϕS ∈ S(U,K) such that

ϕ∗
S(ζ )ϕS(ζ ) ≤ I − S∗(ζ )S(ζ ) (4.1)

a.e. on T, and if a function ϕ̂ ∈ S(U, K̂), where K̂ is a Hilbert space, has this same
property, then

ϕ̂∗(ζ )ϕ̂(ζ ) ≤ ϕ∗
S(ζ )ϕS(ζ ) (4.2)

a.e. on T. The function ϕS is called the right defect function of S. For the notions
of the outer functions, ∗-outer functions, inner functions and ∗-inner functions, see
[29, Chapter V]. From [29, Theorem V.4.2] it is also easy to deduce that there exists
a Hilbert space H and a ∗-outer function ψS ∈ S(H,Y) such that

ψS(ζ )ψ∗
S (ζ ) ≤ I − S(ζ )S∗(ζ ) (4.3)

a.e. ζ ∈ T and if a Schur function ψ̂ ∈ S(Ĥ,Y) has this same property, then

ψS(ζ )ψ∗
S (ζ ) ≤ ψ̂(ζ )ψ̂∗(ζ ). (4.4)

The function ψS is called the left defect function of S. Both ϕS and ψS are unique
up to a unitary constant.

The theory of the defect functions is considered, for instance, in [17–19]. Various
connections of defect functions and passive realizations can be found in [3,7,8]. The
definition of the defect functionswas generalized for functions S ∈ Sκ(U,Y) in [27] by
using the Kreı̆n–Langer factorizations and the fact that all functions in Sκ(U,Y) have
also contractive strong limit values a.e. on T. If U and Y are Pontryagin spaces such
that their negative index is not zero, the defect functions cannot be defined similarly
as in the Hilbert space setting, since the boundary values of S ∈ Sκ(U,Y) may not be
Hilbert space contractions. However, in the Hilbert state space case, Arov and Saprikin
showed in [10] that for a function S = Sr B−1

r ∈ Sκ(U,Y), where Sr B−1
r is the right

Kreı̆n–Langer factorization of S, the existence of the optimal minimal realization of
S is connected with the existence of the right defect function of Sr . In general, similar
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connections exist with certain functions constructed by embedded systems, and those
function are called defect functions; this is the approach taken here.

Suppose that � = (A, B,C, D;X ,U,Y; κ) is a passive realization of θ ∈
Sκ(U,Y). Denote the system operator of � by T . Theorem 2.1 shows that T has
a Julia operator of the form

(
T DT ∗
D∗
T −L∗

)
:
(
X ⊕ U
DT ∗

)
→

(
X ⊕ Y
DT

)
, (4.5)

whereDT ∗ andDT are Hilbert spaces, DT ∗ D∗
T ∗ = I − T T ∗ and DT D∗

T = I − T ∗T
such that DT and DT ∗ have zero kernels. Then, one can form the Julia embedding
�̃ of the system �; recall the embeddings from page 5. That is, the corresponding
system operator T�̃ of the embedding �̃ is a Julia operator of T , and it is of the form

T�̃ =

⎛
⎜⎜⎝

A
(
B DT ∗

,1

)
(

C
D∗
T,1

) (
D DT ∗

,2

D∗
T,2

−L∗

)
⎞
⎟⎟⎠ :

⎛
⎝ X(

U
DT ∗

)⎞
⎠ →

⎛
⎝ X(

Y
DT

)⎞
⎠ , (4.6)

where DT ∗ =
(
DT ∗

,1

DT ∗
,2

)
and DT =

(
DT,1

DT,2

)
. The transfer function of the Julia embed-

ding is

θ�̃(z) =
(

D + zC(I − zA)−1B DT ∗
,2

+ zC(I − zA)−1DT ∗
,1

D∗
T,2

+ zD∗
T,1

(I − zA)−1B −L∗ + zD∗
T,1

(I − zA)−1DT ∗
,1

)

=
(

θ(z) ψ(z)
ϕ(z) χ(z)

)
. (4.7)

Moreover, the identities (2.11) and (2.12) of Lemma 2.3 hold for the system � and
its transfer function θ . If U and Y are Hilbert spaces, similar arguments as used in the
proof of Proposition 2.4 and in the proof of [27, Lemma 3.2] show that ϕ, ψ and χ

are generalized Schur functions with the index not larger than κ .

Definition 4.1 Let U and Y be Pontryagin spaces with the same negative index. Let
� = (A, B,C, D;X ,U,Y; κ) be an optimal minimal passive realization of θ ∈
Sκ(U,Y), and let �̃ be the Julia embedding of it, represented as in (4.6). Then the
function ϕ in (4.7) is defined to be the right defect function ϕθ of θ.

Moreover, let � = (A, B,C, D;X ,U,Y; κ) be a ∗-optimal minimal passive real-
ization of θ ∈ Sκ(U,Y), and let �̃ be the Julia embedding of it, represented as in
(4.6). Then the function ψ in (4.7) is defined to be the left defect function ψθ of θ.

Remark 4.2 Since optimal (∗-optimal) minimal realizations are unitarily similar by
Theorem 3.5, and Julia operators for contractive operator are essentially unique by
Theorem 2.1, it can be deduced that the defect functions are essentially uniquely
defined by θ ∈ Sκ(U,Y). The definition above is also slightly different from the one
given in [27] for functions in the class Sκ(U,Y), where U and Y are Hilbert spaces.
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The right defect function of θ ∈ Sκ(U,Y) and the left defect function of θ# are
closely related to each other.

Lemma 4.3 For θ ∈ Sκ(U,Y), it holds ϕ#
θ = ψθ# and ψ#

θ = ϕθ#

Proof Let � = (A, B,C, D;X ,U,Y; κ) be an optimal (∗-optimal) minimal realiza-
tion of θ. Denote the system operator of � as T , and the Julia operator T�̃ of T as in
(4.6). By Theorem 3.5, the system �∗ is ∗-optimal (optimal) minimal, and a calcula-
tion shows that T ∗̃

�
is the Julia operator of T ∗. Now the results follow means of (4.7).

��
In the Hilbert space setting, S ∈ S(U,Y) has factorizations of the form

S = Si So = S∗oS∗i ,

where Si ∈ S(Y ′,Y) is inner, So ∈ S(U,Y ′) is outer, S∗o ∈ S(U ′,Y) is ∗-outer,
S∗i ∈ S(U,U ′) is ∗-inner, and Y ′ and U ′ are Hilbert spaces [29, p. 204]. The next
proposition shows that for an ordinary Schur function θ ∈ S(U,Y), the outer factor
of ϕθ and the ∗-outer factor of ψθ defined above coincide essentially with the usual
definition of defect functions.

Proposition 4.4 Let θ ∈ Sκ(U,Y), where U and Y are Hilbert spaces. Then

ϕ∗
θ (ζ )ϕθ (ζ ) ≤ I − θ∗(ζ )θ(ζ )

a.e. on T, and if a generalized Schur function ϕ̂ ∈ Sκ ′(U, K̂), where K̂ is a Hilbert
space and κ ′ does not depend on κ , has this same property, then

ϕ̂∗(ζ )ϕ̂(ζ ) ≤ ϕ∗
θ (ζ )ϕθ (ζ ),

a.e. onT. If κ = 0, denote the inner and outer factors ofϕθ asϕθi andϕθo , respectively.
Then, ϕθi is an isometric constant, and if ϕ

′ is an outer function with properties (4.1)
and (4.2), then it holds Uϕθo = ϕ′, where U is a unitary operator.

Moreover,

ψθ(ζ )ψ∗
θ (ζ ) ≤ I − θ(ζ )θ∗(ζ )

a.e. ζ ∈ T and if a generalized Schur function ψ̂ ∈ Sκ ′(Ĥ,Y), where K̂ is a Hilbert
space and κ ′ does not depend on κ , has this same property, then

ψθ(ζ )ψ∗
θ (ζ ) ≤ ψ̂(ζ )ψ̂∗(ζ )

a.e. ζ ∈ T.If κ = 0, denote the ∗-inner and ∗-outer factors of ψθ as ψθ∗i and ψθ∗o ,
respectively. Then, ψθ∗i is a co-isometric constant, and if ψ

′ is a ∗-outer function with
properties (4.3) and (4.4), then it holds ψθ∗oU

′ = ψ ′, where U ′ is a unitary operator.

Acta Wasaensia 77



Minimal Passive Realizations of Generalized Schur… Page 23 of 34 35

Proof Let � = (A, B,C, D;X ,U,Y; κ) be an optimal minimal realization of θ.

Denote the system operator of � as T , the Julia operator T�̃ of T as in (4.6) and the
function ϕ = ϕθ as in (4.7). Since T�̃ is unitary, the operator

T�′ =
⎛
⎝ A B(

C
D∗
T,1

) (
D
D∗
T,2

)⎞
⎠ :

(
X
U

)
→

⎛
⎝ X(

Y
DT

)⎞
⎠ .

must be isometric, and therefore the system

�′ =
(
A, B,

(
C
D∗
T,1

)
,

(
D
D∗
T,2

)
;X ,U,

(
Y
DT

)
; κ

)

is an isometric realization of the function
(

θ
ϕθ

)
. Since �′ is an embedding of the

minimal system �, the system �′ is also minimal. It follows from Theorem 2.6
that

(
θ
ϕθ

) ∈ Sκ (U,Y ⊕ DT ) . Since contractive boundary values of generalized Schur
functions exist for a.e. ζ ∈ T, it holds

(
θ∗(ζ ) ϕ∗

θ (ζ )
) (

θ(ζ )

ϕθ (ζ )

)
≤ I ⇐⇒ ϕ∗

θ (ζ )ϕθ (ζ ) ≤ I − θ∗(ζ )θ(ζ )

for a.e. ζ ∈ T.

Suppose that a function ϕ̂ ∈ Sκ ′(U, K̂), where K̂ is a Hilbert space, has the property
ϕ̂∗(ζ )ϕ̂(ζ ) ≤ I − θ∗(ζ )θ(ζ ) for a.e. ζ ∈ T. Since the function ϕ̂ has the left Kreı̆n–
Langer factorization of the form ϕ̂ = B−1

ϕ̂ ϕ̂l , where ϕ̂l is an ordinary Schur function,
it holds ϕ̂∗(ζ )ϕ̂(ζ ) = ϕ̂∗

l (ζ )ϕ̂l(ζ ) for a.e. ζ ∈ T. Then the function

θ̆ =
(

θ

ϕ̂l

)
, (4.8)

belongs to the Schur class Sκ

(
U,Y ⊕ K̂

)
, and it has a controllable isometric realiza-

tion �̆ with the system operator

T�̆ =
⎛
⎝ A1 B1(

C1
C2

) (
D1
D2

)
⎞
⎠ :

(
X1
U

)
→

⎛
⎝ X1(Y

K̂

)
⎞
⎠ . (4.9)

That is,

θ̆ (z) =
(

θ(z)
ϕ̂l(z)

)
=

(
D1
D2

)
+ z

(
C1
C2

)
(I − zA1)

−1B1

=
(
D1 + zC1(I − zA1)

−1B1

D2 + zC2(I − zA1)
−1B1

)
.
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It follows that

�1 = (A1, B1,C1, D1;X1,U,Y; κ) (4.10)

is a realization of θ, and since �̆ is isometric and K̂ is a Hilbert space, the system �1
is passive. Since T�̆ is isometric, the defect operator DT

�̆
of T�̆ is zero, and it follows

from Lemma 2.3 that

I − θ̆∗(z)θ̆(z) = I − θ∗(z)θ(z) − ϕ̂∗
l (z)ϕ̂l(z)

=
(
1 − |z|2

)
B∗
1 (I − zA∗

1)
−1)(I − zA1)

−1B1
(4.11)

whenever the expressions are meaningful. By combining the identities (2.12) and
(4.11) for optimal minimal realization �, one gets

(
1 − |z|2

)
B∗
1 (I − zA∗

1)
−1(I − zA1)

−1B1 + ϕ̂∗
l (z)ϕ̂l(z)

=
(
1 − |z|2

)
B∗(I − zA∗)−1(I − zA)−1B + ϕθ

∗(z)ϕθ (z)
(4.12)

for every z in a sufficiently small symmetric neighbourhood � of the origin. Since the
system � is optimal, if follows by using Neumann series that

〈
B∗(I − zA∗)−1(I − zA)−1Bu, u

〉

= EX
(
(I − zA)−1Bu

)
= EX

( ∞∑
n=0

AnBuzn
)

≤EX1

( ∞∑
n=0

An
1B1uz

n

)
=

〈
B∗
1 (I − zA∗

1)
−1(I − zA1)

−1B1u, u
〉

for every z ∈ � and for every u ∈ U . Then it follows from (4.12) that ϕ̂∗
l (z)ϕ̂l(z) ≤

ϕθ
∗(z)ϕθ (z) for every z ∈ �. By continuity,

ϕ̂∗
l (ζ )ϕ̂l(ζ ) = ϕ̂∗(ζ )ϕ̂(ζ ) ≤ ϕθ

∗(ζ )ϕθ (ζ ) (4.13)

for a.e. ζ ∈ T.

Next suppose that κ = 0. By combining (4.2) and (4.13), it can be deduced that

ϕ
′∗(ζ )ϕ′(ζ ) = ϕθ

∗(ζ )ϕθ (ζ ) = ϕθo
∗(ζ )ϕθi

∗(ζ )ϕθi (ζ )ϕθo(ζ ) = ϕθo
∗(ζ )ϕθo(ζ )

for a.e. ζ ∈ T. Then it follows from [29, Proposition V.4.1] that ϕ′ = Uϕθo , where
U is a unitary operator. If one puts an outer function ϕ̂l = ϕθo = U−1ϕ′ in (4.8) and
constructs the operator T�̆ as in (4.9) , the construction of an optimal minimal system
used in the proof of [5, Theorem 7] shows that the associated system �1 in (4.10) is
optimal. Since � is also optimal, for every z ∈ D, it holds
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B∗(I − zA∗)−1(I − zA)−1B = B∗
1 (I − zA∗

1)
−1(I − zA1)

−1B1.

Then it follows from (4.12) that ‖ϕθi (z)ϕθo(z)u‖ = ‖ϕθo(z)u‖ for every z ∈ D and
every u ∈ U . The outer function ϕθo(z) has a dense range for every z ∈ D [29,
Proposition V.2.4]. This implies that ϕθi (z) is an isometry for every z ∈ D, and
arguing as in the proof of [29, Proposition V.2.1] one deduces that ϕθi is an isometric
constant. The claims involving ϕθ are proved.

The claims involving ψθ follow now directly by applying Lemma 4.3. ��
Lemma 4.5 Let �0 = (A0, B0,C0, D;X0,U,Y; κ) and � = (A, B,C, D;X ,U,

Y; κ) be passive realizations of θ ∈ Sκ(U,Y) such that �0 is optimal. If for every z
and w in a sufficiently small symmetric neighbourhood � of the origin the equality

B∗(I − wA∗)−1(I − zA)−1B = B∗
0 (I − wA∗

0)
−1(I − zA0)

−1B0 (4.14)

holds, then � is optimal.

Proof It follows from Lemma 2.8 that the system operator T� of� can be represented
as in (2.16), the restriction�c = (Ac, Bc,Cc, D;X c,U,Y; κ) of� to the controllable
subspace X c is controllable passive, and (2.25) and (2.26) hold.

Define Rx = ∑M
j=1 A

j
0B0u j for the vectors of the form x = ∑M

j=1 A
j
c Bcu j ,

where M ∈ N and {u j }Mj=1 ⊂ U . Since �c is controllable, the domain of R is dense.
Moreover,�0 is optimal, and therefore EX0 (Rx) ≤ EX c (x) .That is, R is contractive,
and it follows from [1, Theorem 1.4.2] that the closure of R is everywhere defined
contractive linear operator. It is still denoted by R. Since

(I − zAc)
−1Bc =

∞∑
n=0

zn An
c Bc, (I − zA0)

−1B0 =
∞∑
n=0

zn An
0B0,

holds for every z in a sufficiently small symmetric neighbourhood � of the origin, it
follows by continuity that R

(
(I − zAc)

−1Bcu
) = (I − zA0)

−1B0u for every z ∈ �

and u ∈ U . Then

R

⎛
⎝ M∑

j=1

(I − z j Ac)
−1Bcu j

⎞
⎠ =

M∑
j=1

(IX0 − z j A0)
−1B0u j ,

for all M ∈ N, {z j }Mj=1 ⊂ �, and {u j }Mj=1 ⊂ U . Equalities (2.26) and (4.14) imply
now

EX c

⎛
⎝ M∑

j=1

(I − z j Ac)
−1Bcu j

⎞
⎠=

M∑
j=1

M∑
k=1

〈
B∗
c (I−zk A

∗
c)

−1(I−z j Ac)
−1Bcu j , uk

〉
U

=
M∑
j=1

M∑
k=1

〈
B∗
0 (I − zk A

∗
0)

−1(I − z j A0)
−1B0u j , uk

〉
U

80 Acta Wasaensia



35 Page 26 of 34 L. Lilleberg

= EX0

⎛
⎝ M∑

j=1

(I − z j A0)
−1B0u j

⎞
⎠

= EX0

⎛
⎝R

⎛
⎝ M∑

j=1

(I − z j Ac)
−1Bcu j

⎞
⎠

⎞
⎠ .

This implies that R is isometric in span{ran (I − zA1)
−1B1, z ∈ �}, which is a dense

set, since �1 is controllable. Since R is bounded, it is now isometric everywhere, and
it follows that �c is optimal. Then it follows from (2.25) that � is optimal, and the
proof is complete. ��

Themain results of [3, Theorem 1.1] were generalized to the Pontryagin state space
setting in [27, Theorem 4.4]. By using Definition 4.1, it can be shown that parts of this
result, as well as [8, Theorem 1], hold also in the casewhen all the spaces are indefinite.
Moreover, certain parts of [3, Theorem 1.1], [8, Theorem 1] and [27, Theorem 4.4]
can be improved. Before stating these results, some lemmas are needed.

Lemma 4.6 Let θ ∈ Sκ(U,Y). Then the following statements are equivalent:

(i) all κ-admissible minimal passive realizations of θ are unitarily similar;
(ii) there exists a minimal passive realization of θ such that it is both optimal and

∗-optimal;
(iii) allκ-admissibleminimal passive realizations of θ are both optimal and ∗-optimal.

Proof (i)⇒ (iii). Suppose (i). Let the systems�1 = (A1, B1,C1, D;X1,U,Y; κ) and
�2 = (A2, B2,C2, D;X2,U,Y; κ) be, respectively, minimal passive and optimal (∗-
optimal) minimal passive realizations of θ. Let U be the unitary operator from X1 to
X2 with the properties described in (2.30). An easy calculation shows that

EX2

(
n∑

k=0

Ak
2B2uk

)
= EX1

(
U

n∑
k=0

Ak
1B1uk

)
= EX1

(
n∑

k=0

Ak
1B1uk

)

for every u ∈ U and for every n = 0, 1, 2, . . .which implies that�1 is actually optimal
(∗-optimal), and therefore (iii) holds.

(iii) ⇒ (ii). The claim (iii) trivially implies (ii).
(ii) ⇒ (i). Suppose (ii). Let the systems �1 = (A1, B1,C1, D;X1,U,Y; κ) and

�2 = (A2, B2,C2, D;X2,U,Y; κ) be, respectively, optimal and ∗-optimal minimal
passive realizations of θ. Let Z be the weak similarity mapping from X1 to X2 with
the properties described in (2.31). It follows from (2.31) that all elements of the form∑n

k=0 A
k
1B1uk belongs to the domain of Z , and Z

(∑n
k=0 A

k
1B1uk

) = ∑n
k=0 A

k
2B2uk .

Recall also here the construction of Z in the proof of [27, Theorem 2.5]. Since �1 is
both optimal and ∗-optimal,

EX2

(
n∑

k=0

Ak
2B2uk

)
= EX2

(
Z

n∑
k=0

Ak
1B1uk

)
= EX1

(
n∑

k=0

Ak
1B1uk

)
.
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Then it follows from [1, Theorem 1.4.2] that the operator Z has a unitary extension,
and the properties in (2.30) follow by continuity. Therefore �1 and �2 are unitarily
similar. Since unitary similarity clearly is a transitive property, (i) holds, and the proof
is complete. ��
Lemma 4.7 If the system � = (A, B,C, D;X ,U,Y; κ) is an optimal passive real-
ization of θ ∈ Sκ(U,Y), then X c ⊂ X o.

Proof According to Proposition 2.7, the spaces X o and (X o)⊥ are regular sub-
spaces and (X o)⊥ is a Hilbert space. It follows from Lemma 2.8 that the system
operator T of � can be represented as in (2.15), and the restriction �o =
(Ao, Bo,Co, D;X o,U,Y; κ) of � to the observable subspace X o is observable pas-
sive realization of θ. For n = 0, 1, 2, . . ., it holds

An =
(
An
1 f (n)

0 An
0

)
,

where f (n) is an operator depending on n. Then for any N ∈ N0 and any {un}Nn=0 ⊂ U,

it holds

N∑
n=0

AnBun =
(∑N

n=0

(
An
1B1un + f (n)Boun

)
∑N

n=0 A
n
o Boun

)
=

⎛
⎝P(X o)⊥

(∑N
n=0 A

nBun
)

PX o

(∑N
n=0 A

nBun
)

⎞
⎠ .

This implies

EX

(
N∑

n=0

AnBun

)
=E(X o)⊥

(
P(X o)⊥

(
N∑

n=0

AnBun

))
+ EX o

(
N∑

n=0

An
o Boun

)
.

But since � is optimal and (X o)⊥ is a Hilbert space, one deduces P(X o)⊥(∑N
n=0 A

nBun
)

= 0. That is, span{AnB : n = 0, 1, . . .} ⊂ X o and since X o is

closed, also span{AnB : n ∈ N0} = X c ⊂ X o. ��
The next Theorem contains promised extensions for some results of [3]. In partic-

ular, the fact that statements (I)(b), (II)(b) and (III)(b) implies the other statements,
respectively, in parts (I), (II) and (III), is new also in the Hilbert space setting.

Theorem 4.8 Let θ ∈ Sκ(U,Y), where U and Y are Pontryagin spaces with the same
negative index.

(I) The following statements are equivalent:

(a) ϕθ ≡ 0;
(b) all κ-admissible controllable passive realizations of θ are minimal isometric;
(c) there exists an observable conservative realization of θ;
(d) all simple conservative realization of θ are observable;
(e) all observable co-isometric realizations of θ are conservative.
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(II) The following statements are equivalent:

(a) ψθ ≡ 0;
(b) all κ-admissible observable passive realization of θ areminimal co-isometric;
(c) there exists a controllable conservative realization of θ;
(d) all simple conservative realization of θ are controllable;
(e) all controllable isometric realizations of θ are conservative.

(III) The following statements are equivalent:

(a) ϕθ ≡ 0 and ψθ ≡ 0;
(b) all κ-admissible simple passive realization of θ are minimal conservative;
(d) there exists a minimal conservative realization of θ.

Proof (I) (a) ⇒ (b). Suppose (a). Let the systems � = (A, B,C, D;X ,U,Y; κ) and
�0 = (A0, B0,C0, D;X0,U,Y; κ) be, respectively, a controllable passive and an
optimal minimal passive realizations of θ. Represent the Julia embeddings of � and
�0 as in (4.6). Then, (2.12) holds for �. Since ϕθ ≡ 0, if follows from the definition
of ϕθ that

I − θ∗(w)θ(z) = (1 − zw̄)B∗
0 (I − w̄A∗

0)
−1(I − zA0)

−1B0

holds for every z and w in a sufficiently small symmetric neighbourhood � of the
origin. Since �0 is optimal, by considering the Neuman series of (I − zA0)

−1B0 and
(I − zA0)

−1B0, one deduces that

B∗
0 (I − z̄ A∗

0)
−1(I − zA0)

−1B0 ≤ B∗(I − z̄ A∗)−1(I − zA)−1B, z ∈ �.

Then it holds ϕ∗(z)ϕ(z) ≤= 0 for every z ∈ �. But since ϕ(z) is an opera-
tor whose range belongs to the Hilbert space DT , this implies ϕ(z) = D∗

T,2
+

zD∗
T,1

(I − zA)−1B = 0 for z ∈ �. It follows that D∗
T,2

= 0. Since � is control-

lable, span{(I − zA)−1B; z ∈ �} is dense in X by the identity (2.4) and therefore
also D∗

T,1
= 0. Then DT = 0, so T is isometric, and � is a controllable isometric

system. In particular, if � is chosen to be minimal passive; for the existence, see
Lemma 2.8, the previous argument shows that � is a minimal isometric realization of
θ. Since all controllable isometric realizations of θ are unitarily similar, they are now
also minimal, and (b) holds.

(b) ⇒ (c). Suppose (b). Let �′ = (A′, B ′,C ′, D;X ′,U,Y; κ) be an optimal mini-
mal passive realization of θ. The existence of �′ follows from Theorem 3.5 (i). By
assumption, �′ is isometric. It follows from Theorem 3.5 (iv) that �′ is the first mini-
mal restriction of the simple conservative system � = (A, B,C, D;X ,U,Y; κ). By
Lemma 2.8, the system operator T� of � can be represented as in (2.18), where now
X ′ = PX oX c.

T�′ of �′ is isometric and T� is unitary, an easy calculation using the fact that the
range space (X o)⊥ is a Hilbert space shows that B ′

1 = 0 and A′
12 = 0 in (2.18). But

then for every x ∈ (X o)⊥ and every n = 0, 1, 2, . . .,
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B∗A∗nx = (
0 B ′∗ 0

)
⎛
⎝A′

11
∗ 0 0

0 A′
0
∗ 0

A′
13

∗ A′
23

∗ A′
33

∗

⎞
⎠

n ⎛
⎝x
0
0

⎞
⎠ = 0.

That is, (X o)⊥ ⊂ (X c)⊥ and thereforeX c ⊂ X o. Since � is simple, this implies now
X o = X . Then � is observable, and (c) holds.

(c) ⇒ (a). Suppose (c). Let � = (A, B,C, D;X ,U,Y; κ) be an observable con-
servative realization of θ. By Lemma 2.8, � can be represented as in (2.18). The first
minimal restriction (2.23) of � is an optimal minimal realization of θ by Theorem
3.5 (i). But since � is observable, X o = X and (X o)⊥ = {0}. It follows that the
reprentations (2.16) and (2.18) coinsides. That is, the first minimal restriction �′ is
just a restriction to the controllable subspace of �. By Lemma 2.8, �′ is now isomet-
ric. Thus if one constructs a Julia operator of T�′ as in (4.5), DT�′ = 0, and then it
follows from the definition of ϕθ and (4.7) that ϕθ ≡ 0, and (a) holds.

The equivalences of the statements (c), (d) and (e) followeasily from the facts that all
observable co-isometric realizations of θ are unitarily similar, all simple conservative
realization of θ are unitarily similar and unitary similarity preserves the structural
properties of the system and system operator. The part (I) is proven.

(II) The proof is analogous to the proof of the part (I), and the details are omitted.
(III) (a) ⇒ (b). Suppose (a). By combining the parts (I) and (II), it follows that all

controllable or observable passive realizations of θ are minimal conservative. Con-
sider a simple passive realization �= (A.B,C, D;X ,U,Y; κ) of θ. It follows from
Lemma 2.8 that the contractive system operator T of� can be represented as in (2.15),
where the restriction �o in (2.20) is observable passive, and therefore now minimal
conservative. Then the system operator T�o of �o is unitary. Let x ∈ X o. Then, by
contractivity of T and unitarity of T�o

E

⎛
⎝

⎛
⎝A1 A2 B1

0 Ao Bo

0 Co D

⎞
⎠

⎛
⎝0
x
0

⎞
⎠

⎞
⎠ = E

⎛
⎝

⎛
⎝A2x
Aox
Cox

⎞
⎠

⎞
⎠ = E (A2x) + E

((
A0x
Cox

))

= E (T x) ≤ E(x) = E(T�o x) = E

((
A0x
Cox

))
.

Since A2x ∈ (X o)⊥ and (X o)⊥ is a Hilbert space, it follows that A2 = 0. If one
chooses u ∈ U, a similar argument as above shows that B1 = 0. Then for any n ∈ N,
it holds

AnB =
(
A1 0
0 Ao

)n (
0
Bo

)
=

(
0

An
o Bo

)
and

A∗nC∗ =
(
A∗
1 0
0 A∗

o

)n (
0
C∗
o

)
=

(
0

A∗n
o C∗

o

)
.

This is only possible if (X o)⊥ = 0, since � is simple. But then the systems �0 and
� coincide, so the system � is minimal conservative, and (b) holds.
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Now (b) trivially implies (c), and the fact that (c) implies (a) follows by combining
the parts (I) and (II). The proof is complete. ��
Remark 4.9 IfU andY are Hilbert spaces, it follows from [27, Lemma 3.2] that simple
passive realizations of θ ∈ Sκ(U,Y) are κ-admissible. Therefore, in that case it is not
necessary to assume the considered systems to be κ-admissible in Lemma 4.6 and
Theorems 4.8 and 4.10, since the other assumptions already guarantee it. However,
if U and Y are Pontryagin spaces with the same negative index, it is not known that
are all simple passive, or even all minimal passive, realizations of θ ∈ Sκ(U,Y)

κ-admissible.

If ϕθ ≡ 0 (ψθ ≡ 0), then Theorem 4.8 shows that all κ-admissible minimal passive
realizations of θ ∈ Sκ(U,Y) are minimal isometric (co-isometric). In particular, they
are controllable isometric (observable coisometric), and it follows from Theorem 2.6
that they are unitarily similar. This situation can occur also when the defect functions
do not vanish identically. In what follows, the range of ϕθ and the domain of ψθ

will be denoted, respectively, by Dϕθ and Dψθ . In the Hilbert space setting, it is well
known [18,19] that for a standard Schur function θ ∈ S(U,Y), there exists a function
χθ ∈ L∞(Dψθ ,Dϕθ ) such that the function


(ζ) :=
(

θ(ζ ) ψθ (ζ )

ϕθ (ζ ) χθ (ζ )

)
(4.15)

has contractive values for a.e. ζ ∈ T. Under certain normalizing conditions for the
functions ϕθ andψθ , the function χθ is unique. In the Hilbert space setting, the impor-
tant properties of the functionχθ (ζ ) established byBoiko andDubovoj,were bublished
without proof in the paper [16]. In general, χθ may has negative Fourier coefficients
and therefore it is not a Schur function. In that case the function 
 in (4.15) is not
a Schur function either. However, Arov and Nudelmann showed in [7,8] that 
 is a
Schur function if and only if all minimal passive realizations of θ are unitarily similar.
This result will be generalized to the indefinite setting in the following theorem. The
proof uses optimal and ∗-optimal realizations as in [7,8], but it is more elementary.

Theorem 4.10 Let θ ∈ Sκ(U,Y), where U and Y are Pontryagin spaces with the
same negative index, and let ϕθ andψθ be defect functions of θ. Then all κ-admissible
minimal passive realizations of θ are unitarily similar if and only if there exist an
L(Dψθ ,Dϕθ )-valued function χθ analytic in a neighbourhood of the origin such that


 =
(

θ ψθ

ϕθ χθ

)
∈ Sκ

((
U

Dψθ

)
,

(
Y
Dϕθ

))
(4.16)

Proof Suppose that all κ-admissible minimal passive realizations of θ ∈ Sκ (U,Y) are
unitarily similar. Then it follows from Lemma 4.6 that every κ-admissible minimal
passive realization is optimal and ∗-optimal. Take any κ-admissible minimal passive
realization � of θ and consider its Julia embedding as in (4.6). Then the transfer
function (4.7) of the Julia embedding belongs to the class Sκ (U ⊕ DT ∗ ,Y ⊕ DT ) ,
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and since� is both optimal and ∗-optimal, the upper right corner and lower left corner
of (4.7) are defect functions of θ.Choose χθ = χ in (4.7), and the necessity is proven.

Suppose then that there exists an L(Dψθ ,Dϕθ )-valued function χθ such that 
 in
(4.16) belongs to the class Sκ

(
U ⊕ Dψθ ,Y ⊕ Dϕθ

)
. It suffices to show that there

exists minimal passive realization � of θ such that it is both optimal and ∗-optimal;
see Lemma 4.6. Let

�
 = (A, B̃, C̃, D̃;X ,U ⊕ Dψθ ,Y ⊕ Dϕθ ; κ)

be a simple conservative realization of
 ∈ Sκ

(
U ⊕ Dψθ ,Y ⊕ Dϕθ

)
.Then the system

operator T
 of �
 can be represented as

T
 =
⎛
⎝ A

(
B B1

)
(
C
C1

) (
D D12
D21 D22

)
⎞
⎠ :

⎛
⎝ X(

U
Dψθ

)⎞
⎠ →

⎛
⎝ X(

Y
Dϕθ

)⎞
⎠ .

In a sufficiently small symmetric neighbourhood � of the origin, it holds


(z) =
(

θ(z) ψθ (z)
ϕθ (z) χθ (z)

)

=
(

D + zC(I − zA)−1B D12 + zC(I − zA)−1B1

D21 + zC1 + (I − zA)−1B D22 + zC1(I − zA)−1B1

)
.

The spaces Dϕθ and Dψθ are Hilbert spaces, and therefore it follows that the system
� = (A, B,C, D;X ,U,Y; κ) is a passive realization of θ. Since�
 is conservative,
Lemma 2.3 shows that

I − 
(z)
∗(w) =
(
IY − θ(z)θ∗(w) − ψθ(z)ψ∗

θ (w) −θ(z)ϕ∗
θ (w) − ψθ(z)χ∗

θ (w)

−ϕθ (z)θ∗(w) − χθ (z)ψ∗
θ (w) IDϕθ

− ϕθ (z)ϕ∗
θ (w) − χθ (z)χ∗

θ (w)

)

= (1 − w̄z)C̃(I − zA)−1(I − w̄A∗)−1C̃∗

= (1 − w̄z)

(
C(I − zA)−1(I − w̄A∗)−1C∗ C(I − zA)−1(I − w̄A∗)−1C∗

1
C1(I − zA)−1(I − w̄A∗)−1C∗ C1(I − zA)−1(I − w̄A∗)−1C∗

1

)

I − 
∗(w)
(z) =
(
IU − θ∗(w)θ(z) − ϕ∗

θ (w)ϕθ (z) −θ∗(w)ψθ (z) − ϕ∗
θ (w)χθ (z)

−ψ∗
θ (w)θ(z) − χ∗

θ (w)ϕθ (z) IDψθ
− ψ∗

θ (w)ψθ (z) − χ∗
θ (w)χθ (z)

)

= (1 − w̄z)

(
B∗(I − w̄A∗)−1(I − zA)−1B B∗(I − w̄A∗)−1(I − zA)−1B1

B∗
1 (I − w̄A∗)−1(I − zA)−1B B∗

1 (I − w̄A∗)−1(I − zA)−1B1

)
.

That is,

IY − θ(z)θ∗(w) = (1 − w̄z)C(I − zA)−1(I − w̄A∗)−1C∗ + ψθ(z)ψ
∗
θ (w), (4.17)

IU − θ∗(w)θ(z) = (1 − w̄z)B∗(I − w̄A∗)−1(I − zA)−1B + ϕ∗
θ (w)ϕθ (z). (4.18)

An easy calculation and Lemma 4.3 show that the Eq. (4.17) is equivalent to

IY − θ#
∗
(w)θ#(z)=(1 − w̄z)C(I − w̄A)−1(I − zA∗)−1C∗ + ϕθ#

∗(w)ϕθ# (z).
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Let �′ = (A′, B ′,C ′, D;X ′,U,Y; κ) and �′′ = (A′′, B ′′,C ′′, D;X ′′,U,Y; κ) be,
respectively, an optimal minimal and a ∗-optimal minimal realizations of θ . It follows
from Theorem 3.5 (ii) that �′′∗ is an optimal minimal realization of θ#. Then, by the
definition of ϕθ and ϕθ# , it holds

IU − θ∗(w)θ(z) = (1 − wz)B ′∗(I − w̄A′∗)−1(I − zA′)−1B ′ + ϕ∗
θ (w)ϕθ (z)

IY − θ#
∗
(w)θ#(z) = (1 − wz)C ′′(I − w̄A′′)−1(I − zA′′∗)−1C ′′∗ + ϕθ#

∗(w)ϕθ# (z).

It follows that

B∗(I − w̄A∗)−1(I − zA)−1B = B ′∗(I − w̄A′∗)−1(I − zA′)−1B ′,
C(I − w̄A)−1(I − zA∗)−1C∗ = C ′′(I − w̄A′′)−1(I − zA′′∗)−1C ′′∗.

By using Lemma 4.5, it can be deduced that � and �∗ are optimal systems. Then it
follows fromLemma4.7 thatX c = X o and thereforeX s = X c = X o.ByLemma2.8,
the restriction �s = (As, Bs,Cs, D;X s,U,Y; κ) of � to the simple subspace X s is
simple, and it holds AnB = An

s Bs and A∗nC∗ = A∗
s
nC∗

s for every n ∈ N0. That is,�s

and�∗
s also are optimal systems.Moreover, they areminimal sinceX s = X c = X o. It

follows now fromTheorem 3.5 (ii) that�s is also ∗-optimal, and the proof is complete.
��
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Generalized Schur–Nevanlinna functions
and their realizations

Lassi Lilleberg

Abstract. Pontryagin space operator valued generalized Schur functions
and generalized Nevanlinna functions are investigated by using discrete-
time systems, or operator colligations, and state space realizations. It is
shown that generalized Schur functions have strong radial limit values
almost everywhere on the unit circle. These limit values are contractive
with respect to the indefinite inner product, which allows one to general-
ize the notion of an inner function to Pontryagin space operator valued
setting. Transfer functions of self-adjoint systems such that their state
spaces are Pontryagin spaces, are generalized Nevanlinna functions, and
symmetric generalized Schur functions can be realized as transfer func-
tions of self-adjoint systems with Krĕın spaces as state spaces. A crite-
rion when a symmetric generalized Schur function is also a generalized
Nevanlinna function is given. The criterion involves the negative index
of the weak similarity mapping between an optimal minimal realization
and its dual. In the special case corresponding to the generalization of
an inner function, a concrete model for the weak similarity mapping can
be obtained by using the canonical realizations.

Mathematics Subject Classification. Primary: 47A48; Secondary: 47A56,
47B50, 93B28.

Keywords. Operator colligation, Passive system, Self-adjoint system,
Transfer function, Generalized Schur class, Generalized Nevanlinna class.

1. Introduction

Let U and Y be separable Pontryagin spaces with the same finite negative
index, and let L(U ,Y) be the class of bounded linear operators from U to Y.
An L(U ,Y)-valued function θ belongs to generalized Schur class Sκ(U ,Y), if
it is holomorphic at the origin and the Schur kernel

Kθ(w, z) =
1− θ(z)θ∗(w)

1− zw̄
, w, z ∈ ρ(θ), (1.1)

where θ∗(w) = (θ(w))
∗
, has κ negative squares. This means that for any

finite sets of points {w1, . . . , wn} ⊂ ρ(θ), where ρ(θ) is maximal domain of
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analyticity of θ, and vectors {f1, . . . , fn} ⊂ Y, the Hermitian matrix
(
〈Kθ(wj , wi)fj , fi〉Y

)n
i,j=1

, (1.2)

where 〈·, ·〉Y is the inner product of Y, has no more than κ negative eigen-
values, and there exists a matrix of the form (1.2) which has exactly κ neg-
ative eigenvalues. On the other hand, an L(U)-valued function θ, where U
is a Pontryagin space, belongs to generalized Nevanlinna class Nκ(U) if it
is meromorphic on C \ R, real, or symmetric, in a sense that θ(z) = θ#(z)
for every z ∈ ρ(θ), where θ#(z) is defined to be θ∗(z̄), and the Nevanlinna
kernel

Nθ(w, z) =
θ(z)− θ∗(w)

z − w̄
, w, z ∈ ρ(θ), (1.3)

has κ negative squares. If U and Y are Hilbert spaces, the classes S0(U ,Y)
and N0(U), which are denoted as S(U ,Y) and N(U), coincide with the or-
dinary Schur and Nevanlinna classes. That is, S(U ,Y) consists of L(U ,Y)-
valued functions holomorphic and bounded by one in D, and N(U) consists
of L(U)-valued functions holomorphic and symmetric in C\R such that their
imaginary parts are nonnegative in the upper half plane. The classes of gener-
alized Schur and Nevanlinna functions were first studied by Krĕın and Langer
in series of papers [26,27,27,29,30], first in the scalar case (U = Y = C) and
later in the operator valued case.

The study of the (generalized) Schur functions in infinite dimensional
spaces naturally leads to contractive operators and passive linear discrete-
time systems; or what is the same thing, contractive operator colligations.
An operator colligation

Σ = (TΣ;X ,U ,Y) (1.4)

consists of a Krĕın space X (the state space), Pontryagin spaces U (the in-
coming space) and Y (the outgoing space) with the same negative index, and
the system operator TΣ ∈ L(X ⊕ U ,X ⊕ Y), where the direct orthogonal
sum X ⊕ U or

(
X
U

)
is with respect to the indefinite inner product. Here TΣ

is bounded and everywhere defined, and has the block representation of the
form

TΣ =

(
A B
C D

)
:

(
X
U

)
→
(
X
Y

)
, (1.5)

where A ∈ L(X ) is the main operator, and B ∈ L(U ,X ), C ∈ L(X ,Y), and
D ∈ L(U ,Y) . The colligation will be usually called as a system, since it can
be seen as a linear discrete-time system, and the system is identified with its
operator expression (1.5). The system Σ is passive (isometric, co-isometric,
conservative, self-adjoint), if the system operator TΣ in (1.5) is contractive
(isometric, co-isometric, unitary, self-adjoint) with respect to the indefinite
inner product. The transfer function of the system (1.5), or characteristic
function of the operator colligation, is defined by

θΣ(z) := D + zC(I − zA)−1B, (1.6)
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whenever I− zA is invertible. Especially, θΣ is defined and holomorphic on a
neighbourhood of the origin. The values θΣ(z) are bounded operators from U
to Y. Conversely, if θ is an operator valued function, and the transfer function
of a system Σ coincides with it in a neighbourhood of the origin, then Σ is a
(scattering) realization of θ, and a realization problem for the operator valued
function θ analytic at the origin is to find system of the form (1.5) such that
its transfer function coincides with θ.

For ordinary Schur functions, this connection was discovered and stud-
ied, for instance, by Arov [7,8], de Branges and Rovnyak [17,18], Brodskĭi
[19] and Sz.-Nagy and Foias [36]. The standard Hilbert space theory of ordi-
nary Schur functions has a counterpart for the generalized Schur functions,
and this will led to replacing the Hilbert state space, or all of the spaces, by
Pontryagin, or in some cases, even by Krĕın spaces. In the case where U and
Y are Hilbert spaces, the generalized Schur class Sκ(U ,Y) and its connections
to unitary colligations were studied, for instance, by Dijksma, Langer and de
Snoo [22]. Arov’s approach to use passive systems was utilized by Saprikin
[34], Arov and Saprikin [13], Arov, Rovnyak and Saprikin [12] and by the
author in [31] to study the class Sκ(U ,Y) where U and Y are Hilbert spaces.
If U and Y are Pontryagin spaces with the same negative index, one encoun-
ters operator colligations, or systems, such that all the spaces are indefinite.
Theory of canonical isometric, co-isometric and conservative systems in that
case is considered, for instance, in [2,3,20,23], along with the other prop-
erties of the generalized Schur functions. Especially, symmetric generalized
Schur functions, with a little bit more general definition than in this paper,
were studied in [3]. The results about the unitary similarities between the
canonical realizations obtained therein will be used.

Theory of passive systems and generalized Schur functions in the case
where U and Y are Pontryagin spaces with the same negative index, was
studied by the author in [32]. On the other aspects, in the case where U and
Y are finite dimensional, the class Sκ(U ,Y) is closely related to generalized
Potapov class and generalized J -inner functions; see for instance [1,6,8,21,
37].

On the other hand, the generalized Nevanlinna functions have been
studied alongside with the Schur functions, mainly with scalar, matrix and
Hilbert space operator valued cases. Instead of unitary and contractive oper-
ators, the study of the generalized Nevanlinna functions involves dissipative
and self-adjoint linear operators and relations; see for instance [25,29].

The aim of this paper is to study connections of discrete-time systems,
transfer functions and operator valued analytic functions which are both
generalized Schur and generalized Nevanlinna functions for some indices, that
is, which belongs to the class Sκ1

(U) ∩ Nκ2
(U), where U is a Pontryagin

space. Before involving the realization theory, the structural properties of the
generalized Schur functions and generalized Nevanlinna functions are studied
by using the Potapov–Ginzburg transformation. Especially, in the case where
U and Y are finite dimensional anti-Hilbert spaces, the behaviour of the
functions in the classes Sκ1

(U) and Nκ2
(U) is reciprocal to the Hilbert space

case, see Corollary 2.3 and Proposition 2.6. Moreover, in Theorem 2.8, when U
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and Y are Pontryagin spaces with the same negative indices, it will be proved
that for θ ∈ Sκ(U ,Y), the strong radial limit value θ(ζ) := limr→1− θ(rζ)
where ζ belongs to the unit circle T, exists almost everywhere (a.e.), and
their values are contractive with respect to the underlying indefinite inner
products. Theorem 2.8 also gives rise to a notion of a generalized J -inner
function in infinite dimensional spaces.

In realization theory, the study of the class Sκ1
(U)∩Nκ2

(U), where U is
a Pontryagin space, naturally leads to self-adjoint systems. For the ordinary
Schur and Nevanlinna functions, these connections were studied by Arlinskĭı,
Hassi and de Snoo in [4] and by Arlinskĭı and Hassi in [5]. One of their main
results was that θ ∈ S(U) ∩N(U), where U is a Hilbert space, if and only if
θ has a minimal passive self-adjoint realization of the form (1.5) such that
the state space is a Hilbert space [4, Theorem 5.4]. In the case θ ∈ Sκ1

(U) ∩
Nκ2

(U), one can obtain a similar realization which is self-adjoint, but not
passive in the general case; see Theorem 3.5, Remark 3.6 and Proposition 3.7.

On the other hand, every θ ∈ Sκ(U ,Y) has a minimal passive realization
Σ, and it can be chosen such that it is optimal or ∗-optimal [32, Theorem
3.5]; for the case where U and Y are Hilbert spaces, see also [34, Theorem
5.3]. For a symmetric θ ∈ Sκ(U), these realizations have special properties.
Namely, the dual system of the optimal minimal passive realization of θ is a
∗-optimal minimal passive realization of θ, and vice versa. One can form a
weak similarity mapping Z between those systems such that Z is everywhere
defined, contractive and self-adjoint. If θ has a meromorphic continuation to
C\R, then the negative index of the mapping Z with respect to the indefinite
inner product in question determines the number of the negative squares of
the Nevanlinna kernel (1.3); see Theorem 3.10. That is, the negative index of
the Z, which roughly speaking tells that how much Z behaves like a positive
operator with respect to the indefinite inner product in question, can be
used to determine whether θ is also a generalized Nevanlinna function. If, in
addition, the boundary values of θ on the unit disc T are unitary, then Z is
also unitary and can be represented in an explicit form by using the canonical
realizations from [2,3].

It is a classical problem to determine if an ordinary Schur function θ
can represented as a corner of a bi-inner dilation of the form

Θ =

(
θ θ2
θ3 θ4

)
; (1.7)

see, for an instance, [8,14]. Arlinskĭı and Hassi showed in [5] that every
θ ∈ S(U) ∩ N(U), where U is a Hilbert space, has a bi-inner dilation, and
moreover, a dilation (1.7) can be chosen such that it is an ordinary Nevanlinna
function. In the last section of this paper, similar results will be obtained for
the subclasses of Sκ1

(U)∩Nκ2
(U), where U is a Pontryagin space. In particu-

lar, functions in Sκ1
(U)∩Nκ2

(U) with the property that their minimal passive
realizations are unitarily similar, always have a dilation with unitary bound-
ary values almost everywhere on T, and those functions in Sκ(U) ∩ Nκ(U)
which have a minimal passive self-adjoint realization, always have a dilation
Θ with unitary boundary values almost everywhere on T. Moreover, Θ can
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be chosen such that it is a generalized Nevanlinna function with the index κ;
see Theorem 4.1.

2. Structural properties of the generalized Schur and
generalized Nevanlinna functions

When U and Y are Pontryagin spaces with the same negative index, the full
structure of the functions in Sκ(U ,Y) and Nκ(U) is somewhat more compli-
cated than in the better known Hilbert space case. For instance, when U and
Y are Hilbert spaces, Krĕın–Langer factorizations shows that a function in
Sκ(U ,Y) has exactly κ poles, counting multiplicities; see Lemma 2.5. This
does not hold anymore when the negative index of U and Y is not zero; a
function θ ∈ Sκ(U ,Y) may has any countable number of poles, see Corol-
lary 2.3 and Example 2.7 below. However, some properties of the function
θ in Sκ(U ,Y) or Nκ(U) can be analyzed by using a suitable transformation
θ 	→ θ′, where θ′ ∈ Sκ(U ′,Y ′) or Nκ(U ′) for some Hilbert spaces U ′ and Y ′.

In what follows, all notions of continuity and convergence are under-
stood to be with respect to the strong topology, which is induced by any
fundamental decomposition of the space in question. Let θ be an L(U ,Y)-
valued function holomorphic on a set ρ(θ), where U and Y are Pontryagin
spaces with the same negative index. Let U = U+ ⊕U− and Y = Y+ ⊕Y− be
some fixed fundamental decompositions of U and Y. Represent θ as

θ(z) =

(
θ11(z) θ12(z)
θ21(z) θ22(z)

)
:

(
U+

U−

)
→
(
Y+

Y−

)
, (2.1)

and define U ′ = U+ ⊕ |U−| and Y ′ = Y+ ⊕ |Y−|, where |U−| and |Y−| are
antispaces of U− and Y−. The antispace of an inner product space H is by
definition the space that coincides with H as a vector space and is endowed
with an inner product −〈·, ·〉H. Denote

{
σ : U− → |U−| , τ : Y− → |Y−|,
σ∗ = −σ−1 , τ∗ = −τ−1,

(2.2)

for the identity mappings. The Potapov–Ginzburg transformation; see [2,
Sect. 4.3] and [15, Sect. 5.§1], of θ is then defined to be an L(U ′,Y ′)-valued
function

θP (z) =

(
θ11(z)− θ12(z)θ

−1
22 (z)θ21(z) θ12(z)θ

−1
22 (z)τ−1

−σθ−1
22 (z)θ21(z) σθ−1

22 (z)τ−1

)

=

(
θP 11(z) θP 12(z)
θP 21(z) θP 22(z)

)
,

(2.3)

whose domain ρ(θP ) consists of all the points z ∈ ρ(θ) such that θ22(z) is
invertible. A calculation shows that

θ(z) =

(
θP 11(z)− θP 12(z)θP

−1
22 (z)θP 21(z) θP 12(z)θP

−1
22 (z)σ

−τ−1θP
−1
22 (z)θP 21(z) τ−1θP

−1
22 (z)σ

)
(2.4)
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holds for every z ∈ ρ(θP ). Note that the values of θP 22 are invertible whenever
they exist. Define, respectively, L(Y ′,Y) and L(U ′,U)-valued functions

Φ(z) =

(
IY+

−θ12(z)σ
−1

0 −θ22(z)σ
−1

)
and Ψ(z) =

(
IU+

−θ#21(z)τ
−1

0 −θ#22(z)τ
−1

)
. (2.5)

Proposition 2.1. Let U and Y be Pontryagin spaces with the same negative
index π ≥ 1, and let θ be an L(U ,Y)-valued function holomorphic on a set
ρ(θ) and meromorphic on a set D.

(i) If θP exists, it is meromorphic on D, and if θP is meromorphic on a set
DP , then so is θ.

(ii) The Potapov–Ginzburg transformation
(
θ#
)
P

of θ# is (θP )
#
.

(iii) The identities

I − θ(z)θ∗(w) = Φ(z)
(
I − θP (z)θ

∗
P (w)

)
Φ∗(w) (2.6)

I − θ#(z)θ#
∗
(w) = Ψ(z)

(
I − θ#P (z)θ#P

∗
(w)
)
Ψ∗(w) (2.7)

θ(z)− θ(w̄) = Φ(z)
(
θP (z)− θP (w̄)

)
Ψ∗(w) (2.8)

θ#(z)− θ#(w̄) = Ψ(z)
(
θ#P (z)− θ#P (w̄)

)
Φ∗(w) (2.9)

hold whenever the corresponding functions are defined.
(iv) If θ ∈ Sκ(U ,Y), then ρ(θP ) is of the form ρ(θ) \Ξ, where Ξ contains at

most κ points.
(v) If θ ∈ Sκ(U ,Y) and θ−1

22 (0) exists, then θP ∈ Sκ(U ′,Y ′). If θP ∈
Sκ(U ′,Y ′) then θ ∈ Sκ(U ,Y).

(vi) If U = Y and θ is a symmetric function such that θ22 is invertible for
some α ∈ C \ R, then θ ∈ Nκ(U) if and only if θP ∈ Nκ(U ′).

(vii) If U = Y, θ = θ# and θ−1
22 (0) exists, then θ ∈ Sκ1

(U) ∩Nκ2
(U) if and

only if θP ∈ Sκ1
(U ′) ∩Nκ2

(U ′).

Proof. (i) Suppose θP exists, i.e. θ22 in decomposition (2.1) is invertible for
some point α ∈ ρ(θ). Since θ is meromorphic on D, so are all the entries in
(2.1). To prove that θP is meromorphic on D, it is now sufficient to show
that θ−1

22 is meromorphic on D, since then all the entries in (2.3) are mero-
morphic. To this end, note that the values of θ22 are operators between the
spaces with the same finite dimension. Therefore, θ22(z) can be identified as

a square matrix, and θ−1
22 (z) has a representation θ−1

22 (z) =
cof(θ22(z))
det(θ22(z))

, where

det(θ22(z)) and cof(θ22(z)) are, respectively, the determinant and the cofac-
tor matrix of θ22(z). The function det(θ22) is not identically zero since θ22(α)
is invertible. Since θ22 is meromorphic on D, so are the functions det(θ22(z))
and cof(θ22(z)). It follows now that θ−1

22 exists and it is meromorphic on D,
and so is θP .

If θP is meromorphic on DP , by using the same argument as above, one
can show that θP

−1
22 is meromorphic on DP , and then it follows from (2.4)

that θ is meromorphic on DP .

For the proof of (ii), (iii) and (iv), see [2, Lemmas 4.3.1 and 4.3.2 and
Theorem 4.3.3].
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(v) From the part (iv) it follows that θP exists. By (2.6), it holds

Kθ(w, z) = Φ(z)KθP (w, z)Φ
∗(w) (2.10)

for the Schur kernels Kθ and KθP of the form (1.1), whenever the functions
are defined. Let Ω be a region such that θ and θP both are holomorphic on
Ω. Then, the values of θ22 are bijective in Ω, and it easily follows from this
fact that Φ∗(w) is onto for every w ∈ Ω. Then it follows from (2.10) that KθP

restricted to Ω has the same number of negative squares than Kθ restricted to
Ω. Now an application of [2, Theorem 1.1.4] shows that unrestricted KθP and
Kθ have the same number of negative squares. Therefore, if θ ∈ Sκ(U ,Y) and
θ−1
22 (0) exists, θP is holomorphic at the origin and KθP has exactly κ negative
squares, so θP ∈ Sκ(U ′,Y ′). Conversely if θP ∈ Sκ(U ′,Y ′), the function θP
and then also θ are holomorphic at the origin, Kθ has exactly κ negative
squares, so θ ∈ Sκ(U ,Y).

(vi) It follows from the assumption U = Y that U ′ = Y ′, and the as-
sumption that θ22 is invertible for some point guarantees that θP exists.
Moreover, the function θP is also symmetric by part (ii). From these sym-
metry conditions it follows that σ = τ in (2.2) and Ψ(z) = Φ(z) in (2.5). By
(2.8), it then holds

Nθ(w, z) = Ψ(z)NθP (w, z)Ψ
∗(w)

for the Nevanlinna kernels Nθ and NθP of the form (1.3), whenever the func-
tions are defined. Now the same argument as used in the proof of part (iii)
shows that Nθ and NθP have the same number of negative squares. Moreover,
part (i) shows that if either θ or θP is meromorphic on C \ R, then so is the
other. The claim now follows.

(vii) This follows straightforwardly from the parts (v) and (vi). �

Remark 2.2. The assumption that θ−1
22 (0) exists in parts (v) and (vii) of

Proposition 2.1 is technical; it is needed because the generalized Schur func-
tion must be analytic at the origin. If θ ∈ Sκ(U ,Y) and θ22(0) is not invert-
ible, it follows from part (iv) that θ22(α) is invertible for some α ∈ D. The
conclusions of the part (v) of Proposition 2.1 then hold if θP (z) is replaced
by θP (η(z)), where η(z) = α−z

1−ᾱz ; see [2, Sect. 2.5 B]. The same is true in

the part (vii) of Proposition 2.1, if α ∈ (−1, 1), since then η(z̄) = η(z) and
θP (η(z)) = (θP (η(z)))

∗. By part (iv), α can be chosen to be real.

In one dimensional cases, that is, when U = Y = −C, where −C is the
antispace of the complex numbers, the Potapov–Ginzburg transformation
reduces to transformation of the form θ 	→ θ−1.

Corollary 2.3. A function θ1 such that θ1(0) �= 0 belongs to Sκ1
(−C) if and

only if θ−1
1 ∈ Sκ1

(C), and a function θ2 which is not identically zero belongs
to Nκ2

(−C) if and only if θ−1
2 ∈ Nκ2

(C). Moreover, a function θ such that
θ(0) �= 0 belongs to Sκ1

(−C)∩Nκ2
(−C) if and only if θ−1 ∈ Sκ1

(C)∩Nκ2
(C).

Proof. The claims follow from parts (v)–(vii) of Proposition 2.1 by choosing
U = Y = −C, since then θP = θ−1 and U ′ = Y ′ = C. �
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Remark 2.4. In Corollary 2.3, the roles of −C and C could be interchanged;
it still holds, if one replaces −C by C and C by −C. Moreover, Corollary 2.3
holds as stated, if one replaces the spaces −C and C, respectively, by −Cn and
Cn, and changes the assumptions “θ1 not identically zero” and “θ2(0) �= 0”,
respectively, by “det(θ1) not identically zero” and “det(θ2(0)) �= 0”. However,
in that case, the roles of −C and C could not be interchanged, since if n ≥ 2,
there are matrix functions in Sκ(Cn) such that their values are not invertible
anywhere on D.

When U and Y are Hilbert spaces, the class Sκ(U ,Y) has characteriza-
tions which do not involve the Schur kernel (1.1). For a proof of the following
lemma, combine [22, Proposition 7.11] and [2, Theorem 4.2.1].

Lemma 2.5. Let U and Y be Hilbert spaces, and let θ be an L(U ,Y)-valued
function holomorphic at the origin and meromorphic on D. Then the following
statements are equivalent:

(i) θ ∈ Sκ(U ,Y);
(ii) θ has finite pole multiplicity κ and

lim
r→1−

sup
|z|=r

‖θ(z)‖ ≤ 1

holds;
(iii) θ has factorizations of the form

θ(z) = θr(z)B
−1
r (z) = B−1

l (z)θl(z),

where θr, θl ∈ S(U ,Y), Br and Br are Blaschke products of degree κ
with values, respectively, in L(U) and L(Y), such that Br(w)f = 0 and
θr(w)f = 0 for some w ∈ D only if f = 0, and B∗

l (w)g = 0 and
θ∗l (w)g = 0 for some w ∈ D only if g = 0.

When U and Y are finite dimensional anti-Hilbert spaces with the same
negative index, i.e. U = Y = −Cn, the results of Lemma 2.5 have counter-
parts; in particular, the analog for Lemma 2.5(ii) will be stated and proved
in proposition below.

For a meromorphic function θ such that the values of θ are operators
between the spaces with the same finite dimension, z is called a zero of θ
if it is a pole of θ−1. If X and Y are Hilbert spaces, the lower bound of an
operator T : X → Y is a value L ≥ 0 satisfying ‖Tx‖Y ≥ L for all x ∈ X
such that ‖x‖X = 1. The operator T is called bounded below if a non-zero
lower bound exists, and the best possible choice of all the lower bounds, i.e.
the greatest one, is denoted as γ(T ).

Proposition 2.6. An n × n-matrix valued function θ meromorphic on D and
holomorphic at the origin belongs to Sκ(−Cn) if and only if θ has exactly κ
zeros in D, counting multiplicities, and

lim
r→1−

inf
|z|=r

γ(θ(z)) ≥ 1. (2.11)

where γ(θ(z)) is taken with respect to the usual norm of L(Cn).
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Proof. The values of θ can be considered as the operators in L(−Cn). Then,
the Potapov–Ginzburg transformation θP of θ is θ−1. Suppose θ ∈ Sκ(−Cn).
Then, by Proposition 2.1, θ−1 is meromorphic on D. It can be assumed that
θ−1 exists at the origin, since if not, one only has to consider θ−1(η(z))
as in Remark 2.2. Then θ−1 ∈ Sκ(Cn) by Proposition 2.1. It follows from
Lemma 2.5 that θ−1 has exactly κ poles in D, counting multiplicities, and it
holds

lim
r→1−

sup
|z|=r

‖θ−1(z)‖ ≤ 1. (2.12)

It follows now that θ has exactly κ zeros, counting multiplicities, in D, and
(2.11) holds.

Assume then that θ has κ zeros in D and (2.11) holds. It can be again
assumed that z = 0 is not a zero of θ. Then θ−1 is meromorphic on D
and holomorphic at the origin, it has κ poles and (2.12) holds. It follows
from Lemma 2.5 that θ−1 ∈ Sκ(Cn), and then by Proposition 2.1 that θ ∈
Sκ(−Cn). �

Lemma 2.5 and Proposition 2.6 show that when U and Y are definite,
that is, Hilbert spaces or anti-Hilbert spaces, functions in the class Sκ(U ,Y)
can have only finite number of poles or zeros, respectively. This does not hold
in general, when the spaces U and Y are indefinite. In that case, it is possible
that θ ∈ Sκ(U ,Y) has infinite number of zeros and poles, as Example 2.7
below shows. However, a function θ ∈ Sκ(U ,Y) still has some properties
similar to (2.11) or (2.12). Indeed, the radial limit values of θ ∈ Sκ(U ,Y)
exists a.e. on T, and they are contractive with respect to the indefinite inner
product of U and Y; see Theorem 2.8 below.

Example 2.7. Let b1 and b2 be scalar infinite Blaschke products such that

b2(0) �= 0. Consider an L (C⊕−C)-valued function θ(z) =
(
b1(z) 0

0 b−1
2 (z)

)
.

A calculation shows that the Potapov–Ginzburg transformation θP of the

function θ is the L
(
C2
)
-valued function θP (z) =

(
b1(z) 0

0 b2(z)

)
. It easily follows

from Lemma 2.5 that θP ∈ S(C2), and then by Proposition 2.1 that θ ∈
S(C⊕−C). Moreover, θ has infinite number of zeros and poles.

Theorem 2.8. Let U and Y be Pontryagin spaces with the same negative in-
dex.

(i) If θ ∈ Sκ(U ,Y), then strong radial limit values limr→1− θ(rζ) exist for
a.e. ζ ∈ T, and the limit values are contractive with respect to the in-
definite inner products of U and Y.

(ii) If θ ∈ Sκ(U ,Y), strong radial limit values of the function θ are isometric
(co-isometric) a.e. on T if and only if strong radial limit values of θP
are isometric (co-isometric) a.e. on T.

Proof. (i)The Hilbert space case is known. For ordinary Schur functions, the
result is classical, see [36, Chapter V]. If κ > 0 and U and Y are Hilbert
spaces, θ has Krĕın–Langer factorizations of the form (2.5). Since inverse
Blaschke products are rational functions with unitary values everywhere on
T, the result now follows from the case κ = 0.
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Assume then that the negative index of U and Y is not zero. By Propo-
sition 2.1, the Potapov–Ginzburg transform θP of θ exists. It can be assumed
that θ22(0) invertible; if not, one only need to consider θP (η(z)), where η is
as in Remark 2.2. By Proposition 2.1, θP ∈ Sκ(U ′,Y ′), and since U ′ and Y ′

are Hilbert spaces, θP is meromorphic on D, has strong contractive radial
limit values almost everywhere on T, and the same holds for the entries θP11

,
θP12

, θP21
and θP22

in (2.3). By Lemma 2.5, θP has exactly κ poles in D,
counting multiplicities, and therefore θP22

has no more than κ poles in D. It
now follows again from Lemma 2.5 that θP22

∈ Sκ′(|U−|, |Y−|), where κ′ ≤ κ.
Then, θP22

has the Krĕın–Langer factorization of the form

θP22
= B−1θ0, (2.13)

where B−1 is an inverse Blaschke product and θ0 ∈ S0(|U−|, |Y−|). The values
of θP22

are operators between the spaces with same finite dimension, and they
can be identified with square matrices. Moreover, the values of θP22

are by
construction and Lemma 2.1 invertible at least on ρ(θ) \Ξ, where Ξ contains
at most κ points. Since the values of B−1 are invertible whenever they exists,
it follows that the values of θ0 are invertible on ρ(θ) \ Ξ. In particular, the
function det(θ0), is not identically zero. These facts combined with (2.13)
show that θ−1

P22
(z) has a representation

θ−1
P22

(z) =
cof(θP22

(z))

det(θP22
(z))

=
cof(θP22

(z))

det(B−1(z)) det(θ0(z))
, (2.14)

where cof means the cofactor matrix. The function θP22
is meromorphic on D

and has strong contractive radial limit values a.e. on T, so clearly cof(θP22
)

is meromorhic in D and has strong radial limit values a.e. on T. Since the
values of Blaschke product B−1 are unitary everywhere on the unit cirle,
|det(B−1(ζ))| = 1 for every ζ ∈ T. The values of θ0 are contractive every-
where on D, and therefore det(θ0) is bounded holomorphic function in D.
This implies that radial limit values of det(θ0) exist, and since det(θ0) is not
identically zero, the radial limit values also differ from zero a.e. on T. It now
follows from (2.14) that θ−1

P22
is meromorphic on D and has radial limit values

a.e. on T. It has been proved that all the entries in the representation of θ in
(2.4) are meromorphic in D and have strong radial limit values a.e. on T, so
the same holds for θ. The fact that the radial limit values of θ are contractive
with the respect to the inner products of U and Y follows now easily from
the identity (2.6) in Proposition 2.1, since the radial limit values of θP are
contractive.

(ii) Consider the identities (2.6) and (2.7) from Proposition 2.1. The
claims follow from these identities if one proves that the strong radial limit
values of Φ and Ψ exist and are onto a.e. on T. It follows from the part (i) that
all the entries in the definition of Φ in (2.5) have strong radial limit values
a.e. on T, so the same holds for Φ. Since θ−1

22 = σ−1θP 22τ and the strong
radial limit values of θP 22 exist a.e. on T, the strong radial limit values of
θ−1
22 also exist a.e. on T. Especially, the strong radial limit values of θ22 are
invertible a.e. on T. An easy calculation then shows that the strong radial
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limit values of Φ are onto a.e. on T. Similar argument shows that the same
holds for Ψ, and the claims follow. �

In the special case where U = Y and U is finite dimensional, Theorem 2.8
above could be derived from [1, Theorem 6.8]. A function θ ∈ Sκ(U ,Y), where
U and Y are Hilbert spaces, is called inner (co-inner, bi-inner), if the radial
limit values of θ are isometric (co-isometric, unitary) a.e. on T. By using
a similar notion as in [1,6,8,21], a function θ ∈ Sκ(U ,Y), where U and Y
are Pontryagin spaces with the same negative index, is called a generalized
J -inner (co-J -inner, bi-J -inner ) function, if the radial limit values of θ
are isometric (co-isometric, unitary) a.e. on T, with respect to the inner
product of U and Y. Following [12]; see also [31, Sect. 4], the class Uκ(U ,Y) is
defined to be the subclass of the generalized bi-J -inner functions in Sκ(U ,Y).
The class Uκ(U ,U) is written as Uκ(U). For a symmetric function, it is
evident that if the radial values are isometric or co-isometric a.e., they are
also unitary.

3. Linear systems, self-adjoint realizations and similarity
mappings in state spaces

If needed, the colligation, or the system, of the form (1.4) will be written as
Σ = (A,B,C,D;X ,U ,Y). Often in this paper, U = Y and it will be then
written Σ = (TΣ;X ,U). In what follows, unless otherwise stated, the state
space X and the spaces U and Y are assumed to be Pontryagin spaces, which
will be indicated by the notation Σ = (TΣ;X ,U ,Y;κ) where κ is reserved for
the negative index of X . Note that the common negative index of U and Y
is not assumed to be related to κ. The adjoint or dual of the system Σ is the
system Σ∗ such that its system operator is the indefinite adjoint T ∗

Σ of TΣ.
That is, Σ∗ = (T ∗

Σ;X ,Y,U). In this paper, all the adjoints are with respect

to the indefinite inner products in question. The identity θΣ∗(z) = θΣ
#(z)

holds for the transfer function θΣ∗ of the dual system Σ∗.
The following subspaces

X c := span {ranAnB : n = 0, 1, . . .} (3.1)

X o := span {ranA∗nC∗ : n = 0, 1, . . .} (3.2)

X s := span {ranAnB, ranA∗mC∗ : n,m = 0, 1, . . .}, (3.3)

are called, respectively, controllable, observable and simple subspaces. The
system is said to be controllable (observable, simple) if X c = X (X o =
X ,X s = X ) and minimal if it is both controllable and observable. When
Ω � 0 is some symmetric neighbourhood of the origin, that is, z̄ ∈ Ω when-
ever z ∈ Ω, then also

X c = span {ran (I − zA)−1B : z ∈ Ω} (3.4)

X o = span {ran (I − zA∗)−1C∗ : z ∈ Ω} (3.5)

X s = span {ran (I − zA)−1B, ran (I − wA∗)−1C∗ : z, w ∈ Ω} (3.6)
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In the case where all the spaces are Hilbert spaces, it is well known; see
for instance [8, Proposition 8], that the transfer function of the passive system
is an ordinary Schur function. In general case where X , U and Y are Pon-
tryagin spaces such that U and Y have the same negative index, the transfer
function of the passive system Σ = (TΣ;X ,U ;κ) is a generalized Schur func-
tion, with the index not larger that the negative index of the state space [32,
Proposition 2.4]. Conversely, every θ ∈ Sκ(U ,Y) has a realization of the form
(1.5), and the realization can be chosen such that it is controllable isometric
(observable co-isometric, simple conservative, minimal passive) [2, Chapter
2], [32, Lemma 2.8]. Any two controllable isometric (observable co-isometric,
simple conservative) realizations of θ ∈ Sκ(U ,Y) are unitarily similar [2,
Theorem 2.1.3]. Two given realizations Σ1 = (A1, B1, C1,D1;X1,U ,Y;κ1)
and Σ2 = (A2, B2, C2,D2;X2,U ,Y;κ2) of the same L(U ,Y)-valued function
θ analytic at the origin are called unitarily similar if D1 = D2 and there
exists a unitary operator U : X1 → X2 such that

A1 = U−1A2U, B1 = U−1B2, C1 = C2U. (3.7)

Unitary similarity preserves dynamical properties of the system and also the
spectral properties of the main operator. Moreover, it easily follows that if the
realizations are unitarily similar, their state spaces have the same negative
index.

The realizations Σ1 and Σ2 above are said to be weakly similar if D1 =
D2 and there exists an injective closed densely defined possible unbounded
linear operator Z : X1 → X2 with the dense range such that

ZA1x = A2Zx, C1x = C2Zx, x ∈ D(Z), and ZB1 = B2, (3.8)

where D(Z) is the domain of Z. It is known that two minimal realizations
of θ ∈ Sκ(U ,Y), or more generally, any L(U ,Y)-valued function holomorphic
at the origin, are weakly similar; see [32, Proposition 2.2], [31, Theorem 2.5]
and [35, p. 702].

For a generalized Nevanlinna function θ ∈ Nκ(U) in the special case
where U is a Hilbert space, the realization of θ usually means a representation
of the form

θ(z) = θ(z0)
∗ + (z − z0)Γ

∗(I + (z − z0)(H − z)−1)Γ, (3.9)

such that X is a Pontryagin space, Γ ∈ L(U ,X ), H is a self-adjoint linear
relation in X and z0 is some fixed point in ρ(H) ∩ C+, where ρ(H) is the
field of regularity of H. In fact, θ is a generalized Nevanlinna function if and
only if it has a representation of the form (3.9) [25,29]. The realization can
be chosen such that the negative index of X coincides with the index κ of
θ ∈ Nκ(U), and it holds

X = span
{
(I + (z − z0)(H − z)−1)Γu : z ∈ ρ(H), u ∈ U

}
.

In that case, the realization is unique up to unitary equivalence.
In general, a function θ ∈ Nκ(U) is not necessary holomorphic at the

origin, and therefore it cannot be realized in the form (1.6). However, a self-
adjoint system with a Pontryagin state space always induces some generalized
Nevanlinna function.
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Proposition 3.1. Let Σ = (A,B,B∗,D;X ,U ;κ) be a self-adjoint system. Then
the transfer function θ of Σ belongs to the generalized Nevanlinna class Nκ′

(U), where κ′ is the dimension of a maximal negative subspace of

span{ran (I − zA)−1B : z ∈ Ω}, (3.10)

where Ω is some sufficiently small symmetric neighbourhood of the origin.

Proof. Since Σ is self-adjoint, A andD must be self-adjoint operators, U = Y,
θ(z) = θ#(z), and B∗ = C. Then the spaces (3.1)–(3.3) coincide. It follows
from [15, Corollary 3.15, pp. 106] that the non-real spectrum of A consists of
not more than 2κ (counting multiplicities) eigenvalues situated symmetrically
with respect to the real axis. Since (I − zA)−1 exists whenever 1/z is in
the resolvent set ρ(A) of A, it follows that θ(z) = D + zB∗(I − zA)−1B is
meromorphic on C\R with at most 2κ non-real poles. By using the resolvent
identity; cf. also [2, Theorem 1.2.4], and the fact that the system operator is
self-adjoint, one deduces that the Nevanlinna kernel of θ can be represented
as

Nθ(w, z) =
θ(z)− θ∗(w)

z − w̄
= B∗(I − zA∗)−1(I − w̄A)−1B. (3.11)

Therefore, it follows from [2, Lemma 1.1.1’] that the number of negative
eigenvalues of the Gram matrix of the form
(
〈Nθ(wj , wi)fj , fi〉U

)n
i,j=1

=
(〈
(I − w̄jA)−1Bfj , (I − w̄iA)−1Bfi

〉
X
)n
i,j=1

,

where fi ∈ U and wi ∈ C \ R, i = 1, . . . , n, coincides with the dimension
of a maximal negative subspace of the span of {(I − w̄iA)−1Bfi}ni=1. It now
follows that the Nevanlinna kernel Nθ has κ′ negative squares, where κ is
the dimension of a maximal negative subspace of (3.10), and the proof is
complete. �

By using the fact that the transfer function of the passive system (1.5)
is a generalized Schur function with the index not larger than the negative
index of the state space of Σ, it follows from Proposition 3.1 that the transfer
function of a passive self-adjoint system is both a generalized Schur function
and a generalized Nevanlinna function. Moreover, if U is a Hilbert space,
the negative indices coincide. Some further machinery from the Krĕın space
operator theory will be needed to prove this.

Let X be a Krĕın space. The negative index ind−(H), with respect to
the inner product of X , of the bounded self-adjoint operator H ∈ L(X ) is
defined to be the supremum of all positive integers n such that there exists
an invertible and nonpositive matrix of the form

(
〈Hxj , xi〉X

)n
i,j=1

, where

{xk}nk=1 ⊂ X . If such a matrix does not exists for any n, then ind−(H) is
defined to be zero. In that case, the operator H is nonnegative with respect
to the inner product of X .. In general, the negative index of the self adjoint
operator measures how much the operator behaves like a positive operator.
For an arbitrary T ∈ L(X ,Y), the operator T ∗T is a bounded self adjoint
operator in L(X ), and it is easy to deduce that T is contractive if and only
if ind−(I − T ∗T ) = 0.
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It well known; cf. [15, Theorem 3.4 on p. 267.], [23, Lecture 2], that
every bounded linear operator between Krĕın spaces can be dilated to unitary
operator. In this paper, the following version of that result, which can be
derived from [23, Theorems 2.3 and 2.4], is needed.

Theorem 3.2. Suppose that A ∈ L(X1,X2) where X1 and X2 are Pontryagin
spaces with the same negative index. Then there exist Krĕın spaces DA and
DA∗ with

ind−(I −A∗A) = ind−(DA) = ind−(DA∗) = ind−(I −AA∗),

and linear operators DA ∈ L(DA,X1) and DA∗ ∈ L(DA∗ ,X2) with zero ker-
nels and a linear operator L ∈ L(DA,DA∗) such that it holds

I −A∗A = DAD
∗
A, I −AA∗ = DA∗D∗

A∗ .

Furthermore, the operator

UA :=

(
A DA∗

D∗
A −L∗

)
:

(
X1

DA∗

)
→
(
X2

DA

)
(3.12)

is unitary. Moreover, if ind−(I − A∗A) = ind−(I − AA∗) is finite, then UA

is essentially unique.

The operator UA in Theorem 3.2 is called as a Julia operator of A, the
operators DA and DA∗ are called, respectively, defect operators of A and
A∗, and the spaces DA and DA∗ are called, respectively, defect spaces of A
and A∗. In general, any bounded operator V with the zero kernel is called
as a defect operator of A if it holds I − A∗A = V V ∗. Julia operator of A is
essentially unique, if for any other Julia operator

U ′
A =

(
A DA∗ ′

DA
′∗ −L′∗

)
:

(
X1

DA∗ ′

)
→
(

X2

DA
′

)
,

of A, there exists unitary operators H1 : DA∗ → DA∗ ′ and H2 : DA → DA
′

such that

DA∗ = DA∗ ′H1, DA = DA
′H2, H1L = L′H2.

If θ is the transfer function of the system (1.5), the Schur kernel of the
form (1.1) can be represented as a sum of two kernels. This can be done by
using the defect operators of the system operator and its adjoint. A special
case, where the system is passive, i.e. the system operator is contractive, is
proved in [32, Lemma 2.4]; see also the proof of [34, Theorem 2.2]. The proofs
given therein can be applied word by word to get the next result, since the
existence of defect operator is guaranteed by Theorem 3.2. Therefore, the
proof will not be repeated here.

Lemma 3.3. Let Σ = (A,B,C,D;X ,U ,Y;κ) be a system with the transfer
function θ. Denote the system operator of Σ as T. If

DT =

(
DT,1

DT,2

)
: DT →

(
X
U

)
DT∗ =

(
DT∗

,1

DT∗
,2

)
: DT∗ →

(
X
Y

)
, (3.13)
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are defect operators of T and T ∗, respectively, then the identities

IY − θ(z)θ∗(w) = (1− zw̄)G(z)G∗(w) + ψ(z)ψ∗(w), (3.14)

IU − θ∗(w)θ(z) = (1− zw̄)F ∗(w)F (z) + ϕ∗(w)ϕ(z), (3.15)

with

G(z) = C(IX − zA)−1, ψ(z) = DT∗
,2
+ zC(IX − zA)−1DT∗

,1
, (3.16)

F (z) = (IX − zA)−1B, ϕ(z) = D∗
T,2

+ zD∗
T,1

(IX − zA)−1B, (3.17)

hold for every z and w in a sufficiently small symmetric neighbourhood of the
origin.

The system (1.5) can be expanded to a larger system such that the
state space and the main operator will not change. This expansion is called
an embedding. The embedding of the system (1.5) is any system determined
by the system operator

TΣ̃ =

(
A B̃

C̃ D̃

)
=

⎛
⎝

A
(
B B1

)
(
C
C1

) (
D D12

D21 D22

)
⎞
⎠ :

⎛
⎝

X(
U
U ′

)
⎞
⎠→

⎛
⎝

X(
Y
Y ′

)
⎞
⎠,

where U ′ and Y ′ are Hilbert spaces. The transfer function of the embedded
system is

θΣ̃(z)=

(
D + zC(IX − zA)−1B D12 + zC(IX − zA)−1B1

D21 + zC1(IX − zA)−1B D22 + zC1(IX − zA)−1B1

)
=

(
θΣ(z) θ12(z)
θ21(z) θ22(z)

)
,

where θΣ is the transfer function of the original system.

Proposition 3.4. If Σ = (A,B,B∗,D;U ;κ) is a passive self-adjoint system,
its transfer function θ belongs to Sκ1

(U) ∩Nκ2
(U), where κ1 ≤ κ2 and κ2 is

the dimension of a maximal negative subspace of

span{ran (I − zA)−1B : z ∈ Ω},
where Ω is a sufficiently small symmetric neighbourhood of the origin . More-
over, if U is a Hilbert space, then κ1 = κ2.

Proof. It follows from Proposition 3.1 that θ ∈ Nκ2
(U). Moreover, since Σ

is passive, θ is also a generalized Schur function with the negative index κ1,
which is not larger than the negative index κ of the state space X . By using
Lemma 3.3, the equation (3.14) and a result from [2, Theorem 1.5.5], it follows
that κ1 ≤ κ′

1 + κ′
2, where κ′

1 and κ′
2 are the negative indices of the kernels

(1− zw̄)
−1

(ψ(z)ψ∗(w)) andG(z)G∗(w) in (3.14), respectively. Since Σ is self-
adjoint system, A = A∗ and C = B∗. Then the same argument as in the proof
of Proposition 3.1 shows that κ′

2 = κ2. Since Σ is passive, the system operator
of T and its adjoint T ∗ are contractive. Therefore, ψ∗(w) is an operator in

a Hilbert space DT∗ , and it follows that the kernel (1− zw̄)
−1

(ψ(z)ψ∗(w))
has no negative square; for details, see the proof of [32, Proposition 2.4].
Therefore κ1 ≤ κ2.

Assume then that U is a Hilbert space. Denote the system operator of
Σ as T. Theorem 3.2 guarantees the existence of the defect operator DT of
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T with the properties described therein. Since T = T ∗ is contractive, the
domain DT of DT is a Hilbert space. Moreover, (3.12) shows that it holds

(
T DT

) (
T DT

)∗
= TT ∗ +DTD

∗
T = T 2 +DTD

∗
T = I.

That is, the operator
(
T DT

)
is co-isometric. Therefore the system Σ̃ with

the system operator

TΣ̃ =

(
A
(
B DT,1

)

B∗ (D DT,2

)
)

:

⎛
⎝

X(
U
DT

)
⎞
⎠→

(
X
U

)

is a co-isometric embedding of Σ. The transfer function of Σ̃ is given by

θ̃ =
(
D DT,2

)
+ zB∗(I − zA∗)−1

(
B DT,1

)
=
(
θ ψ
)

(3.18)

where ψ is defined as in (3.16). Since the system Σ is self-adjoint, the identity
(3.11) holds. By applying (3.14) from Lemma 3.3, it follows that

Kθ̃(w, z) = B∗(I − zA∗)−1(I − w̄A)−1B = Nθ(w, z).

Since Nθ has κ2 negative squares, so has Kθ̃, and therefore θ̃ is a generalized
Schur function with the index κ2. The first identity in (3.18) shows that the

total number of poles, counting multiplicities, of θ̃ and θ are equal. It then

follows from Lemma 2.5 that θ̃ and θ have the same index, and the proof is
complete. �

Theorem 3.5. If U is a Hilbert space, then θ ∈ Sκ1
(U)∩Nκ2

(U) has a minimal
self-adjoint realization Σ = (A,B,B∗,D;X ,U ;κ2).

Proof. Define θ̌(z) = −θ (1/z)+θ(0). Then θ̌ clearly is meromorphic on C\R,
analytic at the infinity with θ̌(∞) = 0 and it holds θ̌(z) = θ̌#(z). Moreover,
for any finite set of points {w1, . . . , wn} ⊂ ρ(θ̌), and vectors {f1, . . . , fn} ⊂ U ,
it holds

(
〈Nθ̌(wj , wi)fj , fi〉U

)n
i,j=1

=

⎛
⎝
〈
θ∗
(

1
wj

)
− θ
(

1
wi

)

wi − wj
fj , fi

〉

U

⎞
⎠

n

i,j=1

=

⎛
⎝
〈
θ
(

1
wi

)
− θ∗

(
1
wj

)

1
wi

− 1
wj

wifj , wjfi

〉

U

⎞
⎠

n

i,j=1

=

(〈
Nθ

(
1

wj
,
1

wi

)
wifj , wjfi

〉

U

)n

i,j=1

=
(〈

Nθ

(
w′

j , w
′
i

)
f ′
j , f

′
i

〉
U

)n
i,j=1

.

The identity above yields that Nθ and Nθ̌ have the same number of negative

squares, and therefore θ̌ ∈ Nκ1
(U). Since θ is holomorphic at the origin, it has

the Neumann series of the form θ(z) =
∑∞

n=0 θnz
n, for every z ∈ Ω, where
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Ω is a sufficiently small symmetric neighbourhood of the origin. Therefore
limz→0 z

−1 (θ(z)− θ(0)) = θ1, and also

lim
z→∞

zθ̌(z) = − lim
z→∞

z

(
θ

(
1

z

)
− θ(0)

)
= − lim

z′→0
z

′−1 (θ (z′)− θ(0)) = −θ1.

This implies y limy→∞
∣∣〈θ̌(iy)f, f

〉
U
∣∣ < ∞ for every f ∈ U . Therefore, θ̌ has

the realization of the form (3.9) which reduces to θ̌(z) = B̂∗(Â − z)−1B̂,

where B̂ ∈ L(U ,X ) and Â is a self-adjoint operator in a Pontryagin space X̂
with the negative index κ2 [28], [33, pp. 348–349]. But then θ can be realized
as

θ(z) = D − B̂∗
(
Â− 1

z

)−1

B̂ = D + zB̂∗
(
I − zÂ

)−1

B̂,

where D = θ(0) = θ∗(0). That is, Σ̂ = (Â, B̂, B̂∗,D; X̂ ,U ;κ2) is a self-adjoint
realization of θ. It follows from Proposition 3.1 that the dimension of the

maximal negative subspace of span{ran (I − zÂ)−1B̂ : z ∈ Ω} := S, where Ω
is some sufficiently small symmetric neighbourhood of the origin, is κ2, the

negative index of X̂ . Then, the closure X̂ c of S must be a regular subspace

of X̂ . Therefore, X̂ = X̂ c ⊕
(
X̂ c
)⊥

, and
(
X̂ c
)⊥

is a Hilbert subspace of

X̂ . Since Σ is self-adjoint system, the spaces X̂ c, X̂ o and X̂ s coincide. These

facts and (3.1) imply that the system operator T̂ of Σ̂ can be represented as

T̂ =

⎛
⎝
(
A1 0
0 A

) (
0
B

)

(
0 B∗) D

⎞
⎠ :

⎛
⎜⎝

(
(X̂ c)⊥

X̂ c

)

U

⎞
⎟⎠→

⎛
⎜⎝

(
(X̂ c)⊥

X̂ c

)

U

⎞
⎟⎠ . (3.19)

Define X = X̂ c. A calculation shows that ÂnB̂ = AnB for every n ∈ N0 =
{0, 1, 2, . . .} and therefore span {ranAnB : n = 0, 1, . . .} = X . That is, Σ =
(A,B,C,D;X ,U ;κ1) is a self-adjoint minimal realization of θ. �

Remark 3.6. The realization Σ in Theorem 3.5 is not shown to be passive.
In the case where U is a Hilbert space and θ ∈ S(U) ∩ N(U), that is, when θ
is an ordinary Schur and Nevanlinna function, it is known from [4, Theorem
5.1] that there exists a minimal self-adjoint passive realization Σ of θ. In
general, if θ ∈ Sκ1

(U)∩Nκ2
(U), where U is Pontryagin space, it follows from

Proposition 3.4 that a self-adjoint minimal realization Σ = (TΣ;X ,U ;κ) of
θ can be passive only if κ1 ≤ κ2 = κ, and in the case where U is a Hilbert
space, only if κ1 = κ2 = κ.

The conditions of Theorem 3.5 that U is a Hilbert space there and
θ ∈ Nκ2

(U) can be relaxed slightly; with a cost of weakened conclusions.

Proposition 3.7. Let U be a Pontryagin space. Then a symmetric function
θ ∈ Sκ(U) has a self-adjoint realization Σ = (A,B,C,D;X ,U) where X is a
Krĕın space.

Proof. Let Σ1 = (A,B,C,D;X1,U ;κ) be a simple conservative realization
of θ. Since θ is symmetric in sense θ(z) = θ#(z), it holds D = D∗ and the
dual system Σ∗

1 = (A∗, C∗, B∗,D;X1,U ;κ) of Σ1 is also a simple conservative
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realization of θ. Therefore Σ1 and Σ∗
1 are unitarily similar, that is, there exists

a unitary mapping J : X1 → X1 such that, see (3.7),

A = J∗A∗J, JB = C∗, C = B∗J, J−1 = J∗. (3.20)

The letter J is used, because the operator J is now also self-adjoint in X1.
Indeed, let N ∈ N0. Easy calculations show that it holds

J

(
N∑

n=0

AnB

)
=

N∑

n=0

A
∗n

C∗ =

N∑

n=0

A
∗n

J∗B = J∗
(

N∑

n=0

AnB

)
, (3.21)

and similarly

J

(
N∑

n=0

A
∗n

C∗
)

= J∗
(

N∑

n=0

A
∗n

C∗
)
. (3.22)

Since Σ1 is simple, it follows from (3.21) and (3.22) that J and J∗ coincide
on a dense lineal of X1, and then by continuity, everywhere. That is, J is
unitary and self-adjoint. Now introduce the inner product space X , which
coincides with X1 as a vector space but which is endowed with the inner
product 〈x, y〉X = 〈Jx, y〉X1

. Then X is a Krĕın space. Moreover, it holds

〈Ax, y〉X = 〈JAx, y〉X1
= 〈x,A∗Jy〉X1

= 〈x, JAy〉X1
= 〈x,Ay〉X ,

〈Bu, x〉X = 〈JBu, x〉X1
= 〈u,B∗Jx〉U = 〈u,B∗Jx〉U = 〈u,Cx〉U .

This implies that A is self-adjoint in the Krĕın space X , and the adjoint of B :
U → X is C viewed as operator from X to U . Then, A, B, C and their adjoints
all are everywhere defined, and therefore bounded also with respect to the
topology induced by X [16, Chapter VI 2]. Define Σ = (A,B,C,D;X ,U).
Then, Σ is a self-adjoint realization of θ, and the proof is complete. �

In Proposition 3.7, the self-adjoint realization Σ = (TΣ;X ,U) with the
Krĕın space X was constructed from a simple conservative realization Σ1 =
(TΣ1

;X1,U ;κ). If X is a Pontryagin space with the negative index κ′′, it
follows from Proposition 3.1 that the transfer function θ ∈ Sκ(U) belongs
also in the class Nκ′(U), where κ′ ≤ κ′′. One might conjecture that this
happens for every θ ∈ Sκ(U) ∩Nκ′(U). However, Theorem 3.8 below shows
that this is not true; it happens only when θ ∈ Uκ(U)∩Nκ′(U). That is, the
values of θ must also be unitary for all but finitely many points on the unit
circle T; see the page 11.

Theorem 3.8. Let θ ∈ Sκ1
(U) be symmetric in a sense θ(z) = θ#(z), and let

Σ1 = (A,B,C,D;X1,U ;κ1) be a simple conservative realization of θ. Con-
struct the Krĕın space X and the self-adjoint realization Σ=(A,B,C,D;X ,U)
by using the method given in the proof of Proposition 3.7. Then θ ∈ Uκ1

(U)∩
Nκ2

(U) if and only if X is a Pontryagin space with the negative index κ2.

Proof. Let ∗ and [∗] refer, respectively, to the adjoint with respect to the
inner product of X1 and X .

⇐: Suppose that X is a Pontryagin space with the negative index κ2.
Let J be the unitary similarity mapping used in Proposition 3.7 with the
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properties (3.20). Then, since

〈A∗x, y〉X = 〈JA∗x, y〉X1
= 〈x,AJy〉X1

= 〈x, JA∗y〉X1
= 〈x,A∗y〉X ,

A and A∗ are both self-adjoint operators with respect to the inner product
of the Pontryagin space X , and it follows from [15, Corollary 3.15, pp. 106]
that the non-real spectra of A and A∗ consist only of finitely many points.
Then, (I−ζA)−1 and (I− ζA∗)−1 exist for all but finitely many ζ ∈ T. Since
Σ1 is conservative, the system operator T of Σ is unitary, and therefore the
defect spaces of T and T ∗ in (3.13), are zero spaces. By using (3.15) from
Lemma 3.3, it can be now deduced that

I − θ∗(ζ)θ(ζ) = (1− ζζ)B∗(I − ζA∗)−1(I − ζA)−1B = 0

for all but finitely many ζ ∈ T, which shows that θ = θ# ∈ Uκ1
(U). Choose

some fundamental decomposition of U , and consider the Potapov–Ginzburg
transformation θP as in (2.3). It can be assumed that θP is holomorphic at
the origin, since if not, one only has to consider θP (η(z)) as in Remark 2.2.
Then by Proposition 2.1 and Theorem 2.8, θP is symmetric and the radial
limit values of θP are unitary a.e. on T. It follows then from [12, Theorems
9.4 and 10.2]; see also [31, Theorem 4.4], that all simple passive realizations
of θP are conservative and minimal. Then it follows from [2, Theorems 2.1.3
and 4.3.3] that all simple conservative realizations of θ are minimal. There-
fore Σ1 is minimal, which implies that Σ is also minimal, since the norms
of spaces X1 and X are equivalent. Therefore, Σ is a minimal self-adjoint
system with a Pontryagin state space, and it follows from Proposition 3.1
that θ is a generalized Nevanlinna function whose negative index coincides
with the index of the maximal negative subspace of the space of the form
(3.10). But since Σ is minimal, the space (3.10) is dense in X , and by [16,
Theorem 1.4 on p. 185], it contains a maximal uniformly negative subspace
of X . It follows that θ ∈ Nκ2

(U).
⇒: Let θ ∈ Uκ1

(U)∩Nκ2
(U). By using the Potapov–Ginzburg transfor-

mation similarly as above, it can be deduced that Σ1 and Σ are both minimal.
By using a similar argument as in the proof Proposition 3.1, one deduces that
the Nevanlinna kernel of θ can be represented as

Nθ(w, z)= C(I − zA)−1(I − w̄A)−1B

= B[∗](I − zA[∗])−1(I − w̄A)−1B. (3.23)

Then the matrix of the form
(
〈Nθ(wj , wi)fj , fi〉U

)n
i,j=1

=
(〈
(I − w̄jA)−1Bfj , (I − w̄iA)−1Bfi

〉
X
)n
i,j=1

,

such that fi ∈ U , wi ∈ Ω, i = 1, . . . , n, where Ω is a sufficiently small symmet-
ric neighbourhood of the origin, is a Gram matrix. Since θ ∈ Nκ2

(U), the ker-
nel Nθ has κ2 negative squares. These facts combined with [2, Lemma 1.1.1’]
imply that there exists a finite sequence {(I−wiA)−1Bfi}ni=1 ⊂ X of vectors
such that the linear span of {(I −wiA)−1Bfi}ni=1 contains a κ2-dimensional
anti-Hilbert subspace of X . Therefore, ind−X is at least κ2. Suppose that

ind−X > κ2. Then there exists a finite sequence {xi}κ
′

i=1 ⊂ X of linearly inde-
pendent negative vectors such that κ′ > κ2. Since Σ is minimal, span{ran (I−
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zA)−1B : z ∈ Ω} := S, where Ω is a sufficiently small symmetric neighbour-
hood of the origin, is dense in X . Then, each xi can be approximated as
closely as desired by a vector x′

i from S. By choosing a good enough approx-
imation x′

i for each xi, one obtains κ′ negative linearly independent vectors
x′
1, . . . , x

′
κ′ ∈ S. That is, S contains k′-dimensional anti-Hilbert subspace,

and by using a similar argument as in the proof of Proposition 3.1, it can
be shown that the kernel Nθ has at least κ′ > κ2 negative squares. This
contradicts the assumption that θ ∈ Nκ2

(U). Therefore, ind−X must be κ2,
and the proof is complete. �

A simple conservative realization of θ ∈ Sκ(U ,Y) is unique up to uni-
tary similarity, and therefore the results of Theorem 3.8 do not depend on
the choice of Σ and J. The concrete models for J can be obtained by us-
ing the canonical realizations of θ. If U and Y are Pontryagin spaces with
the same negative index, for an L(U ,Y)-valued function θ holomorphic on a
neighbourhood Ω of the origin, the kernel (1.1) has κ negative squares if and
only if the related L(Y ⊕ U)-valued kernel

Dθ(w, z) =

⎛
⎜⎝

Kθ(w, z)
θ(z)− θ(w)

z − w
θ#(z)− θ#(w)

z − w
Kθ#(w, z)

⎞
⎟⎠ , w, z ∈ Ω, (3.24)

has κ negative squares; see [2, Theorem 2.5.2]. The Pontryagin space gener-
ated by the kernel (3.24), that is, the completion of the space

span
{
Dθ(w, z)

(
y
u

)
: w ∈ Ω, y ∈ Y, u ∈ U

}
, (3.25)

where Dθ(w, z)
(

y
u

)
is treated as a function of z, is denoted by D(θ). The

function space D(θ) is continuously contained in H(θ)⊕H(θ#), where H(θ)
is the Pontryagin space generated by the kernel (1.1). The spaces H(θ) and
D(θ) can be chosen as state spaces of, respectively, an observable co-isometric
realization and a simple conservative realization of θ ∈ Sκ(U ,Y). For h ∈
H(θ),

(
h
k

)
∈ D(θ) and u ∈ U , define respectively
⎧
⎨
⎩

A1 : h(z) 	→ h(z)− h(0)

z
, B1 : u 	→ θ(z)− θ(0)

z
u,

C1 : h(z) 	→ h(0), D : u 	→ θ(0)u,
(3.26)

and⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A2 :

(
h(z)
k(z)

)
	→
(

h(z)− h(0)

z
zk(z)− θ#(z)h(0)

)
, B2 :u 	→

(
θ(z)− θ(0)

z
u(

IU − θ#(z)θ#∗(0)
)
u

)
,

C2 :

(
h
k

)
	→ h(0), D : u 	→ θ(0)u.

(3.27)

Then Σ1=(A1, B1, C1,D,H(θ),U ,Y,κ) and Σ2=(A2, B2, C2,D,D(θ),U ,Y,κ)
are, respectively, an observable co-isometric realization of θ, and a simple
conservative realization of θ; for the proof, see [2, Theorems 2.2.1 and 2.3.1].
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These systems are called, respectively, the canonical co-isometric realization
and the canonical unitary (or conservative) realization of θ. Any observable
co-isometric realization of θ ∈ Sκ(U ,Y) is unitarily similar with the system
Σ1, and any simple conservative realization is unitarily similar with Σ2.

Suppose next the simple conservative realization of the symmetric func-
tion θ ∈ Sκ1

(U) in Theorem 3.8 is chosen to be the canonical unitary real-
ization. Then it can be derived from [3, Theorem 3.6] that the self-adjoint

unitary similarity J is of the form J = Ĵ�D(θ), where

Ĵ =

(
0 I
I 0

)
:

(
H(θ)
H(θ)

)
→
(
H(θ)
H(θ)

)
. (3.28)

In addition, if also θ ∈ Uκ1
(U), it has been shown in the proof of Theorem 3.8

that all co-isometric observable or isometric controllable realizations of θ are
minimal conservative. Therefore it can be assumed that Σ1 in Theorem 3.8
is the canonical co-isometric realization. In that case, it can be derived from
[3, Corollary 3.7] that J is the closure of a linear relation Λ defined by

Λ

(∑

i

Kθ(wi, z)fi

)
=
∑

i

Nθ(wi, z)fi,

where Kθ(wi,z)fi∈H(θ) and Nθ(wi,z)fi∈H(θ) are treated as a function of z.

Proposition 3.9. Let U be Pontryagin space and let θ be a symmetric L(U)-
valued function holomorphic at the origin and meromorphic on D ∪ C \ R.
Then the following statements are equivalent:

(i) θ has a minimal conservative self-adjoint realization Σ such that the
state space of Σ is a Hilbert space;

(ii) θ ∈ U(U) ∩N(U);
(iii) Kθ(w, z) = Nθ(w, z) and the kernels are nonnegative.

Proof. (i) ⇒ (ii). Denote Σ = (A,B,B∗,D;X ,U ; 0). Since Σ is a minimal
conservative self-adjoint realization of θ such that X is a Hilbert space, it
follows from Proposition 3.4 that θ ∈ S(U) ∩ N(U). Moreover, the main
operator A is self-adjoint operator in the Hilbert space X , and a similar
argument as used in the proof of Theorem 3.8 can be used to show that the
values of θ are unitary for every ζ ∈ D\{−1, 1}. Therefore θ ∈ U(U)∩N(U).

(ii) ⇒ (iii). By definition of U(U) and N(U), the kernels Kθ and Nθ are
nonnegative. If U is a Hilbert space, the other claim now follows by combining
[4, Theorem 5.1] and [5, Proposition 3.1]. Therefore assume ind−U > 0. Fix
some fundamental decomposition of U , and consider the Potapov–Ginzburg
transformation θP of θ, defined by (2.3). Since θ is symmetric, the functions
Φ and Ψ defined by (2.5) coincide. It can be assumed that θ−1

22 (0) exists;
otherwise, consider θP (η(z)) as in Remark 2.2. Then θP ∈ U(U ′)∩N(U ′) by
Proposition 2.1(vii), and since U ′ is a Hilbert space, it now holds KθP (w, z) =
NθP (w, z). It follows then from (2.6) and (2.8) that also Kθ(w, z) = Nθ(w, z).

(iii) ⇒ (i) Since Kθ(w, z) is nonnegative, θ ∈ S(U), and the canonical
unitary realization Σ2 defined by the operators in (3.27) is simple conservative
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and the state space is a Hilbert space. Since θ = θ# and Kθ(w, z) = Nθ(w, z),
the kernel Dθ(w, z) in (3.24) reduces to

(
Kθ(w, z) Kθ(w, z)
Kθ(w, z) Kθ(w, z)

)
.

Therefore, all the functions in the space (3.25) are of the form
(
h0(z)
h0(z)

)
=

(∑n
j=1αjKθ(wj , z)uj∑n
j=1αjKθ(wj , z)uj

)
,

such that αj ∈ C, uj ∈ U and wj ∈ Ω, where Ω is the domain of holomorphy
of θ. It follows that all the L(U ⊕ U)-valued functions in the completion

D(θ) of (3.25) are of the form
(
h(z)
h(z)

)
. Then, the self-adjoint unitary similarity

mapping J = Ĵ�D(θ) between Σ2 and Σ∗
2, where Ĵ where is defined by (3.28),

is identity. That is, Σ2 is self-adjoint, and since it is simple, it is now minimal,
and the proof is complete. �

In Theorem 3.8, the condition that the space X induced by the mapping
J is a Pontryagin space with the negative index κ is equivalent to ind−J = κ,
where ind−J is with respect to the state space X1. By considering minimal
passive realizations instead of simple conservative realizations, one can obtain
a similar type of characterization when θ ∈ Sκ1

(U) ∩Nκ2
(U).

Denote EX (x) = 〈x, x〉X for the vector x in an inner product space
X . For θ ∈ Sκ(U ,Y), where U and Y are Pontryagin spaces with the same
negative index, the realization Σ of θ is called κ-admissible, if the nega-
tive index of the state space of Σ is κ. A κ-admissible passive realization
Σ = (A,B,C,D;X ,U ,Y;κ) of θ ∈ Sκ(U ,Y) is called optimal if for any κ-
admissible passive realization Σ0 = (A0, B0, C0,D;X0,U ,Y;κ) of θ it holds

EX

(
N∑

n=0

AnBun

)
≤ EX0

(
N∑

n=0

A0
nB0un

)
,

for anyN ∈ N0 and {un}Nn=0 ⊂ U .Moreover, an observable passive realization
Σ = (A,B,C,D;X ,U ,Y;κ) of θ ∈ Sκ(U ,Y) is called ∗-optimal if for any
observable κ-admissible passive realization Σ0 = (A0, B0, C0,D;X0,U ,Y;κ)
of θ it holds

EX

(
N∑

n=0

AnBun

)
≥ EX0

(
N∑

n=0

A0
nB0un

)
,

for any N ∈ N0 and {un}Nn=0 ⊂ U . The requirement of the observability in the
definition of ∗-optimality is essential to avoid trivialities, see [9, Proposition
3.5 and example on page 144]. Moreover, the requirement that the considered
realizations are κ-admissible is also essential, see [32, Example 3.1].

Let θ ∈ Sκ1
(U) be symmetric. It follows from [34, Theorem 5.3] and

[32, Theorem 3.5] that there exists a ∗-optimal minimal passive realization
Σ = (A,B,C,D;X ,U ;κ) of θ. Since θ = θ#, it follows from [34, Theorem 5.2]
and [32, Theorem 3.5] that the dual system Σ∗ = (A∗, C∗, B∗,D;X ,U ;κ) of
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Σ is optimal minimal passive. Define

Z

(
N∑

n=0

AnBun

)
=

N∑

n=0

A∗nC∗un

for the vectors of the form
∑N

n=0 A
nBun. Since Σ and Σ∗ are minimal and

Σ∗ is optimal, the linear relation Z is densely defined, contractive, and it has
a dense range in X . It follows from [2, Theorem 1.4.2] that the closure of
Z, which is still denoted as Z, is an everywhere defined bounded contractive
linear operator in X . By proceeding as in the proof of [31, Theorem 2.5], one
deduces that Z is injective, it has a dense range, and it holds

ZA = A∗Z, C = B∗Z and ZB = C∗. (3.29)

That is, Z is an everywhere defined weak similarity. Moreover, it holds

Z∗
(

N∑

n=0

AnBun

)
=

N∑

n=0

A∗nZ∗Bun =

N∑

n=0

A∗nC∗un = Z

(
M∑

n=0

AnBun

)
.

Since Σ is minimal, it follows now that Z : X → X is self-adjoint. That
is, Z is bounded injective self-adjoint operator. Moreover, an optimal (∗-
optimal) minimal passive realization of θ ∈ Sκ(U ,Y) is unique up to unitary
similarity [32, Theorem 3.5]. Therefore, the mapping Z is unique up to unitary
equivalence, and the properties of Z in Theorem 3.10 below do not depend
of the choice of a ∗-optimal minimal passive realization of θ.

Theorem 3.10. Let θ ∈ Sκ1
(U) be symmetric and let Σ=(A,B,C,D;X ,U ;κ1)

be a ∗-optimal minimal passive realization of θ. Then θ ∈ Sκ1
(U) ∩Nκ2

(U)
if and only if ind−Z = κ2, where Z is the self-adjoint contraction in X with
the properties (3.29).

Proof. Since Z is self-adjoint, bounded and injective with a dense range, it has
a Bognár–Krámli factorization of the form Z = VZV

∗
Z , where VZ : DZ → X ,

is bounded, DZ is a Krĕın space with ind−DZ = ind−Z, and VZ and V ∗
Z

have zero kernels and dense ranges; see [23, Theorem 2.1]. By using the
realization Σ, the properties (3.29) of the self-adjoint mapping Z imply that
Z(I−zA)−1 = (I−zA∗)−1Z whenever (I−zA)−1 and (I−zA∗) exist. Hence
the Nevanlinna kernel of θ can be represented as

Nθ(w, z)=C(I − zA)−1(I − w̄A)−1B=B∗Z(I − zA)−1(I − w̄A)−1B

=B∗(I−zA∗)−1Z(I−w̄A)−1B=B∗(I−zA∗)−1VZV
∗
Z (I−w̄A)−1B;

cf. (3.23) on page 20. This yields the identity
(
〈Nθ(wj ,wi)fj ,fi〉U

)n
i,j=1

=
(〈
Z(I−w̄jA)−1Bfj ,(I−w̄iA)−1Bfi

〉
X
)n
i,j=1

=
(〈
V ∗
Z (I−w̄jA)−1Bfj , V

∗
Z (I−w̄iA)−1Bfi

〉
DZ

)n
i,j=1

(3.30)

where n ∈ N, {fj}nj=1 ⊂ U , and {wj}nj=1 ⊂ Ω for some sufficiently small
symmetric neighbourhood Ω of the origin, for the kernel Nθ. Moreover, since
Σ is minimal, the space span{ran (I − zA)−1B : z ∈ Ω} := S is dense in X .
Let y ∈ DZ such that 〈y, V ∗

Zx〉DZ
= 0 for all x ∈ S. Then, 〈y, V ∗

Zx〉DZ
=
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〈VZy, x〉DZ
= 0, which implies VZy = 0 and then y = 0, since S is a dense

set and VZ has only the trivial kernel. That is, V ∗
ZS is a dense set in DZ .

⇐: Suppose that ind−Z = κ2. Then ind−DZ = κ2, and it follows from
the identity (3.30) that Nθ has at most κ2 negative squares. Since V ∗

ZS is a
dense set in DZ , [2, Lemma 1.1.1] shows that there exists a finite sequence

{V ∗
Z (I−w′

iA)
−1Bf ′

i}ni=1 ⊂ DZ of vectors such that the linear span of {V ∗
Z (I−

w′
iA)−1Bf ′

i}ni=1 contains a κ2-dimensional anti-Hilbert subspace of DZ . Then
by the identity (3.30) the kernel Nθ has at least κ2 negative squares. It
has been showed that Nθ has exactly κ2 negative squares, and therefore
θ ∈ Nκ2

(U).
⇒: Assume θ ∈ Nκ2

(U). Then the identity (3.30) shows that ind−Z is
at least κ2. Since V ∗

ZS is a dense set, a similar argument as in the proof of
Theorem 3.8 can be used to conclude that ind−Z = κ2. �

4. Dilations and subclasses of generalized Schur–Nevanlinna
functions

A dilation of the function θ ∈ Sκ(U ,Y) is any function Θ holomorphic at the
origin, which is of the form

Θ(z) =

(
θ(z) θ2(z)
θ3(z) θ4(z)

)
(4.1)

and has values in L(U ⊕ U ′,Y ⊕ Y ′), where U ′ and Y ′ are Hilbert spaces. In
the case where U ′ or Y ′ is a zero space, the corresponding row or column
in (4.1) will be left out. This definition is a straightforward generalization of
the definition of a dilation of θ ∈ S(U ,Y), where U and Y are Hilbert spaces,
as represented in [14]. A function θ ∈ Sκ(U ,Y) has a generalized bi-J -inner
dilation, if there exists a dilation Θ of θ such that Θ ∈ Uκ(U ⊕ U ′,Y ⊕ Y ′).
The case when U and Y are Hilbert spaces and κ = 0 corresponds to the
ordinary bi-inner dilation. It is known from [14] that θ ∈ S(U ,Y), where U
and Y are Hilbert spaces, has a bi-inner dilation if and only if there exists ϕ ∈
S(U ,Y ′) and ψ ∈ S(Y,U ′), where such that IU − θ∗(ζ)θ(z) = ϕ∗(ζ)ϕ(ζ) and
IY − θ(ζ)θ∗(ζ) = ψ(ζ)ψ∗(ζ) for a.e. ζ ∈ T. Moreover, every θ ∈ S(U)∩N(U)
has a bi-inner dilation Θ, which can be chosen such that Θ ∈ U (U ⊕ U ′) ∩
N (U ⊕ U ′) [5, pp. 4)].

As mentioned on page 12, any two minimal passive realizations of θ ∈
Sκ(U ,Y) are only weakly similar in general. However, for some general-
ized Schur functions, any two minimal passive κ-admissible realizations are
unitary similar. This happens, for an example, if the boundary values of
θ ∈ Sκ(U ,Y) are (co-)isometric a.e. on T, or when the generalized right or
left defect function is identically zero; see [32, pp. 25]. Let SU

κ (U ,Y) be the
class that consist of those functions θ ∈ Sκ(U ,Y) with the property that any
two minimal passive κ-admissible realizations of θ are unitarily similar. A
criterion for θ to be in SU (U ,Y), where U and Y are Hilbert spaces, were ob-
tained by Arov and Nudelman in [10,11]. This result was generalized for the
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class Sκ(U ,Y), where U and Y are Pontryagin spaces with the same negative
indices, by the author in [32, pp. 25].

DefineRSκ(U) to be the class of those functions in Sκ(U)∩Nκ(U) which
have κ-admissible passive self-adjoint realizations. If U is a Hilbert space and
κ = 0, the class RS0(U) coincides with S(U) ∩N(U) [5].

Theorem 4.1. Every θ ∈ SU
κ1
(U)∩Nκ2

(U), where U is a Pontryagin space, has
a generalized bi-J -inner dilation Θ ∈ Uκ1

(U ⊕ U ′), and every θ ∈ RSκ(U)
has a generalized bi-J -inner dilation Θ ∈ Uκ (U ⊕ U ′) ∩Nκ (U ⊕ U ′).

Proof. Suppose θ ∈ SU
κ1
(U) ∩ Nκ2

(U). Consider a ∗-optimal minimal real-
ization Σ = (A,B,C,D;X ,U ;κ1) of θ and the self-adjoint contraction Z
with the properties (3.29). Since θ ∈ SU

κ1
and Σ and Σ∗ are both mini-

mal passive κ1-admissible realizations of θ, the system Σ is unitarily sim-
ilar with Σ∗. It follows then easily that Z is actually unitary in X , and
therefore Z = Z∗ = Z−1 i.e. Then, since Z in boundedly invertible, the
space XZ , which coincide with X as a vector space but which is endowed
with the inner product 〈x, y〉XZ

= 〈Zx, y〉X , is a Krĕın space [15, 6.13 on
page 40]. The same arguments as used in the proof of Proposition 3.7 shows
that A and A∗ are self-adjoint with respect to the inner product of XZ , and
ΣZ := (A,B,C,D;XZ ,U) is a self-adjoint realization of θ. Since Σ is minimal
and θ ∈ Nκ2

(U), similar arguments as in the proof of Theorem 3.8 can be
used to conlude that ΣZ is minimal and XZ is a Pontryagin space with the
negative index κ2. Then, the non-real spectra of A and A∗ consist only of
finitely many points, i,e., (I − ζA)−1 and (I − ζA∗)−1 are defined for all but
finitely many ζ ∈ T.

Denote the system operator of Σ as T. By Theorem 3.2, the system
operator T has a Julia operator of the form

(
T DT∗

D∗
T −L∗

)
:

(
X ⊕ U
DT∗

)
→
(
X ⊕ U
DT

)
, (4.2)

where DT∗ and DT are Hilbert spaces, DT∗D∗
T∗ = I − TT ∗ and DTD

∗
T =

I − T ∗T such that DT and DT∗ have zero kernels. Then, one can form the

Julia embedding Σ̃ of the system Σ; recall the embeddings introduced after
Lemma 3.3. That is, the corresponding system operator TΣ̃ of the embedding

Σ̃ is a Julia operator of T, and it is of the form

TΣ̃ =

⎛
⎝

A
(
B DT∗

,1

)
(

C
D∗

T,1

) (
D DT∗

,2

D∗
T,2

−L∗

)
⎞
⎠ :

⎛
⎝

X(
U

DT∗

)
⎞
⎠→

⎛
⎝

X(
U
DT

)
⎞
⎠ ,

where DT∗ =

(
DT∗

,1
DT∗

,2

)
and DT =

(
DT,1
DT,2

)
. The system Σ̃ is conservative,

and since Σ is minimal, the inclusions ranB ⊂ ran
(
B DT∗

,1

)
and ranC∗ ⊂

ran
(
C∗ DT,1

)
imply that Σ̃ is also minimal. The transfer function of the Julia

embedding is

Θ(z)=

(
D + zC(I − zA)−1B DT∗

,2
+ zC(I − zA)−1DT∗

,1

D∗
T,2

+ zD∗
T,1

(I − zA)−1B −L∗ + zD∗
T,1

(I − zA)−1DT∗
,1

)
=

(
θ(z) ψ(z)
ϕ(z) χ(z)

)
.
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The funtion Θ is a dilation of θ, and since it is the transfer function of the
minimal conservative system, it is a generalized Schur function with the index

κ1 [2, Theorem 2.1.2]. Since Σ̃ is conservative, it follows from Lemma 3.3 that

I −Θ(z)Θ∗(w) = (1− zw)

(
C

D∗
T,1

)
(I − zA)−1(I − wA∗)−1

(
C∗ DT,1

)

I −Θ∗(w)Θ(z) = (1− zw)

(
B∗

D∗
T∗
,1

)
(I − wA∗)−1(I − zA)−1

(
B DT∗

,1

)
,

and therefore that I − Θ(ζ)Θ∗(ζ) = 0 and I − Θ∗(ζ)Θ(ζ) = 0 for all but
finitely many ζ ∈ T. That is, the radial limit values of Θ are unitary for all
but finitely many ζ ∈ T, and therefore Θ is a unitary dilation of θ.

Assume then that θ ∈ RSκ(U), and let Σ̂ = (Â, B̂, Ĉ,D; X̂ ,U ;κ) be a

κ-admissible passive self-adjoint realization of θ. Since Σ̂ is a κ-admissible

and passive, the space X̂ s is a regular subspace with the negative index κ,

and (X̂ s)⊥ is a Hilbert space [32, Proposition 2.7]. This implies that the
system operator TΣ̂ can be represented as in (3.19). It then easily follows

that the restriction Σ = (A,B,C,D; X̂ s,U ;κ) of Σ̂ to the simple subspace
X s is a minimal passive self-adjoint κ-admissible realization of θ. Denote the
system operator of Σ as T. By Theorem 3.2 there exists a Julia operator
UT of T of the form (4.2) where DT∗ and DT are Hilbert spaces. Since T
is self-adjoint, it follows from [24, Theorem 5 and pp. 88] that UT can be
chosen such that DT∗ = DT := U ′ and UT ∈ L (X ⊕ U ⊕ U ′) is self-adjoint;

cf. (3.13). Now construct a Julia embedding Σ̃ of Σ similarly as above, by

using UT , and denote the transfer function of Σ̃ as Θ. Then Θ is a dilation of

θ and Σ̃ is minimal self-adjoint conservative. Therefore Θ ∈ Sκ ∈ (U ⊕ U ′),
and by Proposition 3.1 also Θ ∈ Nκ (U ⊕ U ′). Since A = A∗ is a self-adjoint
operator in a Pontryagin space with the negative index κ, a similar argument
as above shows that the values of Θ are unitary for all but finitely many
ζ ∈ T. Therefore also Θ ∈ Uκ (U ⊕ U ′) , and the proof is complete. �
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