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ON KREIN’S EXTENSION THEORY OF NONNEGATIVE OPERATORS
SEPPO HASSI, MARK MALAMUD, AND HENK DE SNOO

ABSTRACT. The famous M.G. Krein’s extension theory of nonnegative operators is being
presented in elementary terms, building on the completion of nonnegative operator blocks.
The present treatment includes the refinements to the theory due to T. Ando and K. Nishio.
Moreover, the extension theory not only includes the case of operator extensions but also
the case of relation (multivalued-operator) extensions.

1. INTRODUCTION

Let S be a densely defined nonnegative operator in a Hilbert space $. A description of
all nonnegative selfadjoint extensions of S is due to M.G. Krein, see [26]. In particular, it
was shown that there are two extremal extensions of S, the Friedrichs (hard) extension and
the Krein-von Neumann (soft) extension. Further results were obtained by T. Ando and
K. Nishio [7], who considered the case that S need not be densely defined.

In order to obtain such results several approaches have been used by various authors.
Krein [26] employed the Cayley transform to reduce the extension of nonnegative operators
to the extension of symmetric contractive operators. He also used semibounded sesquilinear
forms, cf. [23]; a technique which can be extended to the case of linear relations along the
lines of [15]. Extensions of symmetric contractive operators has been the subject of many
papers, see [9], [13], and the references in those papers. An approach in terms of “boundary
conditions” to the extensions of a positive operator S was proposed by M.I. Vishik [35] and
M.S. Birman [10]. (See also the later exposition of this theory based on the investigation
of quadratic forms in [2].) This approach was subsequently formalized in the concept of
“boundary triplet” and was further developed by many authors (see for instance [17] and
the references therein).

In this paper the main results of Krein’s work and later refinements on extensions of
nonnegative operators are presented in an elementary manner starting from the solution to
a simple completion problem. The systematic use of block representations of the extreme
contractive extensions of a not everywhere defined symmetric contraction makes it possible
to simplify and unify the proofs and to make the exposition quite brief.

The contents of this paper are as follows. In Section 2 certain incomplete block operators
are completed to nonnegative operators. There is a close connection to shorted operators,
which were introduced originally by M.G. Krein [26]. Later shorted operators, or Schur
complements were used in system theory, see for instance [3], [4], [5], [33]. The results
of Section 2 are translated in Section 3 to the case of selfadjoint contractive extensions of
symmetric contractions. The nonemptyness of the set of such extensions follows from the
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existence of solutions to associated completion problems. All the main results are then
presented with quite elementary arguments, for instance, Krein’s uniqueness criterion about
the equality of the extreme extensions. The actual extension theory of nonnegative operators
is given in Section 4. The connections between the completion problems treated in this
paper and the extension theory are briefly explained in an Appendix. There somewhat more
sophisticated tools than elsewhere in this paper will be used; namely the presentation is
based on the notions of abstract boundary conditions and Weyl functions.

The following notations will be used throughout the paper. For Hilbert spaces $ and K
the bounded linear operators from $) to K will be denoted by [$), &], or by [$)] when & = §. A
(closed) linear relation A in a Hilbert space $) is just a (closed) linear subspace of H@® . For
the convenience of the reader some facts concerning linear relations will be briefly reviewed.
Recall the following notions

domA={feH: {f,gt e AforsomegeH}, kerA={feH: {f,0}e A}
ranA={geH: {f,gt € Aforsome feH}, mulA={geH: {0,9} € A}

With A™' = {{g, f} : {f,g9} € A} it is clear that dom A™' = ran A, ran A~! = dom 4,
ker A7 = mul A, and mul A™! = ker A. A linear relation A is (the graph of) an operator
precisely when mul A = {0}. The (Moore-Penrose) pseudo-inverse of a relation A is the
operator ACY defined by

AT ={{g,f1€H*: {f.gt €A, fLkerA},

which coincides with the usual notion when A is an operator. For a closed linear relation A
define A, = {{f, g} € A: g L mulA}. Clearly A, is a closed linear operator; it is called
the (orthogonal) operator part of A. Note that dom A, = dom A and dom A = (mul A)*.
The adjoint A* of a linear relation A is defined by

A" ={{f, g} € 9*:(9,h) = (f,k) for all {h,k} € A}.

The adjoint is always linear and closed. A linear relation A is symmetric if A C A*, and
selfadjoint if A = A*. A linear relation A is nonnegative if (f', f) > 0 for all {f, f'} € A,
or equivalently, if (A,f, f) > 0 for all f € dom A. A nonnegative relation is symmetric.
Let A be an operator which is semibounded from below A > 3. Then dom [A] stands for
the closure of dom A with respect to the norm || f|% = (1 — B)||f|* + (Af, f), [ € dom A.
The closure of the form (Af, f) is denoted by t[f] or by A[f] = A[f, f]. It is well-known
[1], [23] that dom [A] = dom (A — 8)}/? when A is selfadjoint. If A is a semibounded linear
relation then define dom [A] = dom [A,]. The notation ran [A] stands for dom [A™!]. Let
A be a symmetric relation in a Hilbert space. If A has a nontrivial multivalued part, then
then every selfadjoint extension of A has a nontrivial multivalued part. If A is a densely
defined operator, then mul A* = (dom A)* is trivial, and A and all its selfadjoint extensions
are operators. If A is an operator which is nondensely defined, then mul A* = (dom A)*
is nontrivial, and there exist selfadjoint extensions with a nontrivial multivalued part. The
componentwise sum or equivalently the linear span of the graphs of linear relations A and
B is denoted by A ¥ B.

2. NONNEGATIVE OPERATOR BLOCKS AND SHORTED OPERATORS

In this section incomplete operator blocks of a special form are completed to nonnegative
operators. The solutions to the completion problem are described. The connection to the



EXTENSION THEORY 3

notion of shorted operators [26] and the relation between completions and extensions are
explained.

2.1. Completion to nonnegative operator blocks. Let $§ = $; & H2 be an orthogonal
decomposition of the Hilbert space $) and let A° be an incomplete block operator of the form

A A

o_ (A A

o o (),
where A;; € [9;, 9], 1,7 = 1,2. If the set

(2.2) {An € [92]: A= (Ay)i;_1 20}

is nonempty, then A;; > 0 and Ay = Aj,. The converse question will now be addressed.

Proposition 2.1. Let A° be the incomplete block operator in the Hilbert space $ = $1 ® o,
given by (2.1). Assume that A1y > 0 and Ay = Aj,. Then:

(i) There erists a completion A € [9] of A® with some operator Asy if and only if

1/2
ran A2 C ran Al{ .

(i) In this case the operator S = ASIQ)AH is well defined and S € [$H2,$1]. Moreover,
S*S is the smallest operator in the set (2.2).

Proof. (i) Assume that there exists a completion Ajy belonging to the set (2.2). Then
0 € p(A11 +¢) for all € > 0, and therefore

I 0 A +e€ Aqo I —(An+ 8)_11412
—Ap (A +e)t T Ay Apa+e/\0 I

(A +e 0

N 0 App+e— An (A +e) T A )
The operator in the right side of (2.3) is nonnegative if and only if

(2.4) Agi(Ary +e) T A < Ay +¢,

or equivalently

(2.3)

1
2

A1z
(2.5) / (t+ ) d|EAnfI? < el £I? + 1ALFI% € >0,
0

where E; denotes the spectral family of Aj;. Letting ¢ | 0in (2.5), the monotone convergence

theorem implies that A5 f € ran Aif for all f € 5. Thus, ran A;s C ran Aif.
Conversely, if ran A;5 C ran A?[f, then the operator S := Aﬁ;l/ 2 Ays is well defined and

S € [$92, $1]. Since Ay = A1{2S, it follows from Ay = S*Aif and
1/2
(26) A= (AS{% ) (41f? s) >0,

that the operator Ay, = S*S gives a completion for A°.
(i) According to (i) Ay = S*AY? and S*S € [$,] gives a solution to the completion
problem (2.2). Now

S — hf(()l A21(A11 + 5)_11412 =S8 — hf(()l S*Ai{2(1411 + 5)_1141{25 = S*S,
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and if Ay, is an arbitrary operator in the set (2.2), then by letting € | 0 in (2.4) one concludes
that S*S < Ayy. Therefore, S*S satisfies the desired minimality property. 0

The above proposition establishes the existence of a minimal solution A = A,,;, to the
completion problem (2.1) in block form via (2.6):

1/2
(2.7) Ain = (Asli ) (A}f s).

Now every other completion A € [§)] can be represented in a similar block form as follows:

_ (A A A}f 1/2 0 0
(28) A—(Am A22>_(5* (41 5)+ (o ap-s5)-

Corollary 2.2. Let A = (Ay)7,_, be a block representation of A € [$] with respect to the

decomposition $ = $H1 D Ho. Then A is nonnegative precisely when:
(i) A >0, Ay = A}y,
(ii) ran A;o C ran Al
(ifi) Agy > 5*5, S = A2 Ay,
Moreover, if ran Ajo C ran Ay then the condition (iii) takes the form Ay > AglAgjl)Au.

Proof. The first assertion follows immediately from Proposition 2.1 and the above block
representations. As to the last statement it is enough to notice that if ran A;» C ran Ay,

then S*S can be rewritten as S*S = AglAgjl)Alg. O

Observe, that the inclusion ran A;5 C ran A;; holds if ran A;; is closed, which is so in
particular if 0 € p(Ayy), i.e., if Ay; is invertible. In this last case the difference Ay — S*S =
Aoy — A21A1_11A12 is called a Schur complement of A = (Ai]»)ij:l. In this sense Corollary 2.2
contains Sylvester’s criterion: the operator A = (A;;)7,_; with 0 € p(A;;) is nonnegative if

and only if All Z 0, A21 = A>{2, and A22 - A21A1_11A12 Z 0.

For each solution A € [§)] of the completion problem (2.1) the identities (2.7) and (2.8)
give the following result concerning the kernels ker A and ker A,,;,:

0 0
(2.9) ker A = ker A,,,;,, N ker (O Agy — S*S) ,

as, in general, nonnegative bounded linear operators C'; and C, satisfy the following identity
ker (Cy + C2) = ker Cy N ker Cy. Hence, among all solutions A € [9)] of the completion
problem (2.1) the minimal solution A,,;, has the largest kernel: ker A C ker A4,,;, .

Proposition 2.3. Let A, be the minimal solution to the completion problem (2.1). Then

~1/2
(2.10) ker A,in, = { (—A11¢(5¢)> : Sp € ranAif, Y E Ny } ,

where Al_ll/2 stands for the preimage. Moreover, if A € [9)] is a solution to the completion
problem (2.1) given in the block form (2.8) and if R := Ay — S*S, then

(i) ker A = ker Ay if and only if S~'(ran A/?) C ker R.

(i) IfranS Nran Al? = {0}, then ker A = ker Ay, if and only if ker S C ker R.
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(iii) The minimal solution to the completion problem (2.1) is the only solution A € [$)] for
which ker A = ker A,;,, if and only if ran A1, C ran Ay1. This condition is satisfied
in particular if ran Ay is closed.

Proof. Tt follows from (2.7) that
ker A, = { (Zﬁ) : Aﬂ%ﬂ +Sp=0 } ,

which leads to the identity (2.10). In order to prove (i), (ii), and (iii), observe that ker A =
ker A,,;, if and only if

0 0
(2.11) ker A,,;,, C ker (O Ay — S*S) ,

which follows from (2.9).

(i) According to (2.10) and (2.11) the identity ker A = ker A,,;,, holds if and only if Ry =0
for all ¢ € S~!(ran A}f).

(ii) If ran S Nran AP = {0}, then S~ (ran A}f) = ker S, and the assertion follows from
the result in (i).

(i) According to (i) A, is the only solution A to the completion problem (2.1) for

which equality holds in (2.10) if and only if S~ (ran A}(%) = $,. But this is equivalent to
ran S C ran A}f and hence also to ran Ajs C ran A;;. The last statement in (iii) follows

from ran A, C ran A}f CTanA;; =ran Aq;. O
Remark 2.4. Let A = (A;)7,_; be a block representation of A > 0, A € [$)], with respect
to the decomposition = H; & H2. Observe, that

(2.12) ker (An Alg) = ker (A}f S).

It follows from (2.12) that the identity (2.10) can be rewritten as

(2.13) ker A, = { (_Ail((pAu ¢)> : Appp €Eran Ayp,  p € 99 } ,

where A7 stands for the preimage.

Since A;; > 0, Proposition 2.1 shows that ker A;; = ker Aif C ker Ay;. In particular,
ker A1; @ {0} C ker A. Therefore the completion problem (2.1) can be reduced initially.
With respect to the decomposition $); = ker A;; @ ran A;; the operators A;; and Ay can be
decomposed as A;; = 0@ A}, with ker A}, = {0} and Ay = 0@ A),. Hence, the completion
problem (2.1) can be reduced to a completion problem in §) © ker A;; via

0 0 0
(2.14) A =10 A}, AL,
0 A, =

where the decomposition is with respect to $ = ker A;; & Tan A1 P $Ho. Therefore, without
loss of generality, it may be assumed in the sequel that the incomplete block operator A° in
(2.1) satisfies ker A;; = {0}. In this case the preimages in (2.10) and (2.13) coincide with
the usual inverses.
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2.2. Shorted operators. Let $ be a Hilbert space, let 91 be a closed linear subspace of £,
and let A € [$)] be a nonnegative operator. Then the set

(2.15) {De[9]:0<D<AranDCN}

contains a unique maximal element, which is called the shortening Ay of A to the subspace
M. The operator Ay was introduced by M.G. Krein [26]; the mapping A — Ay is called the
Krein transformation. It will be shown that the existence and uniqueness of the operator Ay
are consequences of Proposition 2.1 and the corresponding decomposition (2.8) with £, = M.

Proposition 2.5. (Cf. [26], [34], [27]) Let A = (Ay)7,_, be a block representation of A > 0,
A € [9], with respect to the decomposition $ = 91 ®N. The set (2.15) contains a unique
mazximal element Ay given by

0 0 _
(216) Am — (0 A22 o S*S> ) S - A§1 1/2)A12-

Moreover, each element D € [9)] in (2.15) satisfies the inequality
(2.17) (Df, f) < nf (A(f -9),f—9), [€H,
and Ay is the only element in (2.15) for which equality holds:
2.15) (Anf.f) = inf (Af —g). 1 —9), [

Proof. According to Corollary 2.2 Ay given by (2.16) belongs to the set in (2.15). Now let D
be any operator in the set in (2.15). Since D > 0 and ran D C N, it has the representation

(2.19) D= (8 DO22> , Dy >0.

Moreover, it follows from A — D > 0 and Proposition 2.1 that Ay — Doy > S*S, or in other
words, that D < Ay. Therefore, Ay is the unique maximal element in (2.15).
Now let f=f1 ® fo € H: &N and let g € H;. Then it follows from (2.8) and (2.16) that

(A(f —g), f — 9) = |A(fr — 9) + Shall> + ((Ass — S*S) fo, f)

= AL (fr — 9) + Shal® + (Anfa, f2)
= | A2 (fr — 9) + SE|? + (Anf, f).
(

Recall that ran S C (ker Aif) — Tan AL{?, which leads to (2. 18).
Since Ay is the unique maximal element in (2.15), (2.18) implies that every operator D in
the set in (2.15) satisfies (2.17). Assume that for some D € [$] with 0 < D < A, ran D C D

(2.20 (DF.1) = i (A —9).f~9), fES
Then (Df, f) = (Anf, f), f € 9, and consequently D = Ay. O

Example 2.6. Let § = $H; &N, R € [N], R > 0, let H3 be a Hilbert space, X € [9y, H3],
Y € [N, 93], and let ranY C Tan X. Let the operator A € [§)] be given by

(2.21) A (ﬁ) (X, V) + (8 2) >0,



EXTENSION THEORY 7

It follows from the definition (2.21) of A that

(A(f=9), fF—9) =X/ —q) + Y o> + (Rfo, f2), fr,q1 €91, fa€N,
where f = f1 @ f, and g = g; ® 0. Hence, (2.18) and ranY C Tan X imply that

vnt.0)= (3 p) £7). fes.

The operator in the right side is nonnegative, is majorized by A, and has its range in 91, so
that the shortening of A to the subspace 91 is given by:

(2.22) Ag = (8 1%) .

In particular, Ay = 0 if and only if R = 0.
The identity (2.18) provides a characterization of shorted operators from which various
well-known monotonicity and continuity properties follow, cf. [3], [4], [33].

Proposition 2.7. Let A, B € [$)] be nonnegative operators, let M, N be closed linear sub-
spaces of 9, and let X > 0. Then:
(i) (AA)ym = AAy;
(ii) An + By < (A4 B)m, in particular A < B = Ay < Bwy;
(iii) Asmnm = (Am)m, in particular M C N = Ay < An.
Moreover, if A, € [9] and A, > A, then

(2.23) A=w— lim A, = An =s— lim (4,)n.

n—oo n—oo

Proof. The statements (i)—(iii) follow easily from (2.18). As to the last statement, let f € §.
According to (2.18) for each € > 0 there exists g. € $1, such that

(Anf, f) < (A(f — 92), [ — gc) < (Anf, f) +¢/2.

Since w — lim,, o, A, = A and A,, > A, there exists some ng = n¢(g.), such that

(A‘ﬁfvf)g(An(f_g&‘)?f_gé,‘)S(A‘ﬁfvf)_l—g? nan

and, therefore, also

As ¢ > 0 is arbitrary, it follows that lim, . ((An)nf, f) = (Anf, f), f € 9; and hence
Ap = w — lim, ;00 (Ay)m. Now A, > A implies that (A,)n > Axn. For the nonnegative
operators B, := (A,)n — An the weak convergence to zero implies the strong convergence:
w—1limB, =0=s—1lmB, =0. [

Remark 2.8. Items (i) and (ii) express the sublinear property and item (iii) expresses the
multiplicative property of shortening. The implication (2.23) need not be true without the
condition A, > A, even if the strong limit is replaced with the weak limit Ay = w —
lim,, (A, )n. For instance, let X € [$)1, H3] be such that Tan X = 93, let Y € [N, H3] be
nontrivial, and let ¢, | 0 as n — oo. Then

En X" 0 0
e () x5 (8,5) =4
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in the strong sense as n — co. However, Example 2.6 shows that (A, )n = 0 for all n € N,
and Ayny = Y'Y # 0. In addition, notice that strong convergence of nonnegative operators
does not follow from their weak convergence. For instance, when C,, = (I + U™)(I +U"),
where U denotes the unilaterial shift, then C,, — 21 in the weak sense, whereas the limit in
the strong sense does not exist.

Clearly, with 91 = $),, a solution A to (2.1) is minimal precisely when Ay is trivial.

Corollary 2.9. Let A € [9] be a solution to the completion problem (2.1) with a block

representation A = (A;;)?._,. Then A is equal to the minimal solution if and only if
J/)i,5=1

inf (A(f—9),f—9) =0, fe9n.

gEN

This result can be stated in a different, but an equivalent, manner. Let A € [§)] be a
solution to the completion problem (2.1). Provide the Hilbert space $) with the scalar product
(Af,9), f,9 € 9, and denote by $H4 the semi-Hilbert space obtained by the completion of §
with respect to (Af, g). Then A is minimal if and only if §; is dense in 4, or equivalently,
if and only if $); /ker A is dense in the quotient space $ 4 /ker A.

2.3. Completions and extensions. Let A € [9)] be a solution to the completion problem
(2.1). The restriction of this bounded linear operator to the subspace $; ® {0} is a bounded

symmetric operator A;:
A
A= dron = (1),

The completion problem is equivalent to the description of all bounded selfadjoint extensions
in [§)] of Ay, see the Appendix. As the operator A; is not defined everywhere, its adjoint A}
in § is a linear relation (multivalued operator). In order to determine this adjoint observe
that, in the language of relations,

(2.24) Al =ANZ, Z={0}&H.
Lemma 2.10. Let A € [9)] be a solution to the completion problem (2.1). Then
(2.25) Ar = AF ({0} @ 92).

Proof. The representation (2.24) implies that A% = clos(AF Z). In fact AT Z is closed,
which implies (2.25). To see that AF Z is indeed closed, assume that {f,,g.} — {f, 9}
as n — oo for a sequence {f,,g.} € AT ({0} ® $,), where g, = Af, + h,, and h,, € H,.
Then Af,, — Af, since A is bounded, and h,, = g, — Af, = g— Af =: h € $H3 as n — oc.
Therefore, {f, g} = {f, Af} ¥{0,h} € AT ({0} @ H,). [

Lemma 2.11. Let A € [9)] be a solution to the completion problem (2.1). Then
(2.26) ran A C ran A} Nran AY2,
Moreover, equality holds in (2.26) if A= Apin:

1/2

min°

ran A, =ran A7 Nran A

Proof. Since A is a selfadjoint extension of A, one has A C A} and therefore (2.26) holds.
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Now let A = A,,;,. To prove the reverse inclusion, let g € ran A} N ran Ai{fn Since

g € ran A7, it follows from Lemma 2.24 with A = A,,;,,, that g = A,,;nf + h for some f € §

and h € $,. Moreover, since g € ran A,lr{; one obtains
1/2
/2 Ay
(2.27) heranA/? = ran o ,
A21A§1 1/2)
cf. (2.7). Since h € $, (2.27) implies that h = 0 and therefore g € ran A,,;,. O

It follows from Lemma 2.10 that the defect subspace of A; at z € p(A;1) is given by

(2.28) mxﬂ):@uApﬁgz{(‘Mﬂ‘EV“%ﬁ>:ﬁeﬁg}

Let M.(AY) = {{f,zf}: f € M.(A?)} and define a special extension A, of A; by

(2.29) A, = A F N (AD.

Lemma 2.12. For z € p(A1) the extension A, in (2.29) has the block representation:
Ay A5

2. A, = 21

( 30) (A21 A22(Z)> ’

where

(231) AQQ(Z) =zl + A21(A11 - Z)_IASI.

Proof. Assume that z € p(Ai1), so that (2.28) holds. Let

{AEIWIE

Then f; = (A — 2z) 'A%, fo and consequently g; = Ay f1 — 2(Ay — 2) AL fo = Ab fo,
go = Aoy fi+2fo = (21 + As1 (A —2) 71 A5)) fo. Therefore, A, has the form (2.30), (2.31). O

If z € p(Aj1), then the block representation (2.30) shows that (A,)* = A;. In particular,
if z € p(A11) NR, then A, is selfadjoint. Since A;; > 0, each z < 0 belongs to p(Ai1).

Lemma 2.13. Let A,, z <0, be defined by (2.29). Then

s—1limA, = A,in.
z10

Proof. The statement follows from (2.31) and s —lim, 4 (21 + A1 (A1 — 2) 71 A5,) = S*S; cf.
the proof of Proposition 2.1. O

3. SELFADJOINT CONTRACTIVE EXTENSIONS OF SYMMETRIC CONTRACTIONS

Let $; be a closed linear subspace of the Hilbert space $ and let 77 € [$1,9] be a
symmetric contraction. The set of all selfadjoint contractive extensions of T} is denoted by
Extp (—1,1):

Extn(-L,1)={Te®: ThcT=T" |T|<1}.
It was shown by Krein [26], cf. also [1], that the set Ext s, (—1,1) is nonempty. Here Krein’s
result and a description of Ext 7, (—1,1) is obtained via the preceding completion problem.
An important tool in the description is provided by the notion of defect operator.
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3.1. Defect operators. Let $); and $), be Hilbert spaces and let T' € [9)1, 2] be a contrac-
tion. The corresponding defect operators Dy and Dy« are defined by

Dy =(I-TT)"? Dp.=(1-TT")"
They satisfy the well-known commutation properties
(3.1) TDy = DT, T*Dy. = DrT",
which follow from the spectral theorem.
Corollary 3.1. Let T € [$1, 93] be a contraction. Then
(3.2) T(ker Dy) = ker Dp«, T*(ker Dp+) = ker Dr.
In particular,
(3.3) ker Dy = {0} if and only if ker Dr- = {0}.

Proof. 1t suffices to show the first identity in (3.2). Let ¢ € ker Dy, then according to (3.1)
Ty € ker Dy+. Hence, T'(ker Dr) C ker Dr«. Conversely, let ¢ € ker Dp-. Then ¢ = TT*p,
and T*¢ € ker D according to (3.1), which shows the reverse inclusion. O

The ranges ran7 and ran Dy« are complementary subspaces in the sense of [11]: § =
ranT + ran Dy« with overlapping space ranT N ran Dp«, cf. also [6]. The intersection
ran’l"Nran Dp- is in general nontrivial; it can be described as follows.

Lemma 3.2. Let T € [91, H2] be a contraction. Then
ranT Nran Dy« = ranT Dy = ran Dp-T.

Proof. The commutation relations (3.1) show that ran 7Dy = ran Dp+T C ranT Nran Dy-.
Hence, it suffices to prove the inclusion

ranT Nran Dy« C ranT Dy.

Suppose that ¢ € ranT Nran Dp«. Then it follows from (3.1) that Dy« € ranT and
T*¢ € ran Dy. Hence, Dp«p = T'f and T*p = Dpg for some f,g € $. Therefore, p =
(I-TT*)o+TT*p = DpTf+TDrg=TDs(f + g). O

3.2. Reduction to a completion problem. Let §; be a closed linear subspace of the
Hilbert space $) and let T} € [$)1, ] be a symmetric contraction. Write T3 in the block form
T, = (T“) with respect to the orthogonal decomposition $ = H; ® Ho. In the next theorem

T
it is shown that the completion problems associated with
I1+T,, +T
0 _ 11 12
» o (120 4

have solutions. Moreover, the corresponding minimal solutions A, and A_ are shown to be
connected with two extreme selfadjoint contractive extensions of 77.

Theorem 3.3. Let T} = (;“) € (91, 9] be a symmetric contraction from the Hilbert space

21

91 into the Hilbert space $H = H1 D Hy. Then:

(i) The completion problems for AY in (3.4) have minimal solutions Ay .
(ii) The operators T,, := Ay — I and Ty := 1 — A_ belong to Extr,(—1,1).
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(iii) The operators T,, and Ty have the block form

a5 1, — (T Dy, V* r_ ( Tu Dy, V*
' m=\VDy, —I+V{I-T)V*) M= \VDy, I-V(I+T)V*)’

where V is given by V = Tngégf).
(iv) The operators T,, and Ty are extremal extensions of T;:

(3.6) T € Exty(—1,1) ifand only if T =T"€[$], T, <T <Ty.
(v) The operators T,, and Ty are connected via

(3.7) (=T = =Tar, (=T = =T

Proof. (i) The condition ||T1|| < 1 is equivalent to 75,15 < I — T = D7, , where Dy, is
the (selfadjoint) defect operator of 77y, so that

(38) HT21fH < HDT11fH7 f € 1.

This implies the existence of a contraction V' € [$)1, $,] such that V Dy, f = Tor f, f € 91,
cf. [19], [20]. Moreover, V' is uniquely determined if the extra condition ker V' D ker Dy, is
assumed. Since

(3.9) Ty, = Dpy, V* = (I + Tyy)Y2(1 — Tyy) V2V,
the range inclusions

(3.10) ran T}, C ran (I & Ty;)"/?

hold. By Proposition 2.1 the following operators

(3.11) S, =T +T)YATy, S_=(1—Ty) YTy,

are well defined. According to Proposition 2.1 there are minimal solutions A, to the com-
pletion problems for A} in (3.4).
(ii)&(iii) The operators T,, = Ay — I and Ty = I — A_ can be rewritten as follows:

4 (Tu T5 o4 (T 15
(312) T, = A, I_(Tm ries ) Tw=I-A=(g B )

Observe that
(3.13) Sy =(I+T) VD, V* = Po(I 7 Ty) V" = (I FTy) 2PV,
where P, are the orthogonal projections onto

(ker (I 4+ Ty)Y*)* = (ker (I +Tyy))*t =Tan (I £ Tyy) = 1an (I + Tyy) Y2,
Since ker V' O ker Dy, implies Tan V* C Tan Dy, C Tan (I & T1;)Y/?, it follows that
(3.14) Sy =(I-T)"*Vv*, S =(I+Tu)?v".
Consequently,
(3.15) S1S, =V -Tn)V*, S*S_=V{I+Tn)V",
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which implies the representations for 7, and Ty, in (iii). Clearly, T, and Ty, are selfadjoint
extensions of 77, which satisfy the inequalities I + T}, > 0 and I — Tj; > 0. Moreover, it
follows from (3.5) that

(3.16) Tas — Ty = (8 21 —Ovv*)> .

Hence, Ty, > T,, and consequently I —T,, > I — Ty > 0and [ + Ty, > 1+7T,, > 0.
Therefore, T;,, and T}, are contractions, which proves (ii).

(iv) Observe, that T" € Extq,(—1,1) if and only if 7' = 7* D Ty and I =T > 0. By
Proposition 2.1 this is equivalent to

(3.17) S S, —I<Ty <I—S85_.

The inequalities (3.17) are equivalent to (3.6).
(v) The relations (3.7) follow from (3.11) and (3.12). O

The formulas for T,, and T); in (3.5) were obtained by V. Kolmanovich and M.M. Mala-
mud, see [24, p.5|, [25]. Apparently they are a part of mathematical folklore.

3.3. Selfadjoint contractive extensions of symmetric contractions. The first result
in this subsection is the well-known result of M.G. Krein concerning the nonemptyness of
Extr, (—1,1), which is now just an immediate consequence of the previous theorem. Notice,
that Theorem 3.3 also gives an explicit structure for the set Ext (—1,1).

Theorem 3.4. ([26], cf. also [1]) Let the Hilbert space $) have the orthogonal decomposition

H=9H1DHy and let T} = (%1) € [91, 9] be a symmetric contraction. Then Extp, (—1,1) is

a nonempty operator interval with endpoints T,, and Tyr; i.e. the equivalence (3.6) holds.

The result in Theorem 3.4 can also be stated in terms of operator balls. The defect
operator Dy« € [$)2] gives rise to an orthogonal decomposition of the Hilbert space $o:

'5:.)2 = I'a_an* S keI'Dv*.
Denote the set of all selfadjoint contractions on a Hilbert space H by
Oy —{KcH: K=K, |K| <1}

Corollary 3.5. [26, 27| Let the Hilbert space $) have the orthogonal decomposition $ =
91D Hy, let Ty = (gi) € [91, 9], and let Ty = (T,, + Thr)/2, where T, and Ty are as in
Theorem 3.3. Then the formula

(3.18) T =Ty+ 2" (T — T,,) " (8 2) (Tor — Tn)'?,
or, equivalently, the formula

o Tn Dy, V* 0 0
(3.19) I'= (VDTH —vryve) T \o Dy-KDy. )

establishes a one-to-one correspondence between the set Extr, (—1,1) and the operator ball
Cy, where H =Tan Dy«.
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Proof. The inequality in (3.6) can be rewritten in the form
—(Ty—T,))2=T,—-To<T—-To<Ty —Ty = Ty —Tr)/2.

These inequalities are equivalent to the existence of a selfadjoint contraction K in § with
ran K C H = 1an Dy-, such that 2(T — Ty) = (Thy — To) 2K (T — T)n)Y/2, cf. (3.16).
This implies the representation (3.18) for 7. The one-to-one correspondence between T €
Extr (—1,1) and K € Cy via (3.18) is obvious from the given identities. To see the equiv-
alence of (3.18) and (3.19) observe that (3.5) implies

o ( Tu D,V
" \VDg, —VIuV*)

The form of the second term in the right side of (3.19) is clear from (3.16) and (3.18). O

The extensions T, and T, can be characterized in a different manner, cf. Corollary 2.9.
Corollary 3.6. ([26]) Let T' € Ext 1, (—1,1). Then
(i) T =T if and only if infeeq, (I +T)(f —g),f—g) =0 for every f € §;
(i) T'= T if and only if infyeq, (I —T)(f —9),f —g) =0 for every f € $.
Let T € [$] be a contraction, in general, with ker (I & T) # {0}. Denote by $. the
semi-Hilbert spaces obtained by the completion of $ with respect to the seminorms || - || 747,

(3.20) (f,Drzr = (T £T)f,9), | fler = (I £T)f, )2

Since (3.20) define only seminorms, quotient spaces ) /ker (I +T') have to be considered to
obtain Hilbert spaces. This yields another result due to M.G. Krein.

Corollary 3.7. ([26], cf. also [1]) Assume T' € Extr,(—1,1). Then T = T,, if and only if
91 is dense in 9, and T = Ty if and only if H, is dense in H_.

Remark 3.8. Let 77 = (%1) € [91, H] be a symmetric contraction presented in the block
form with respect to = 91 ® 9. I T € Ext 1, (—1,1), then f; € ker (I £ T1;) implies that
fi®0 € ker (I +£T), cf. Remark 2.4. This indicates that the extension problem for 7} =
(%1) € (91, 9] could have been reduced to an extension problem with ker (I £+ T3;) = {0}.

In fact, let K and Ky be defined by

(3.21) R :=ker (I +T11), Ro:=ker(I—1Ty).

It follows from (3.8) that 7} and 7', when written in the block form with respect to the

decomposition $ = & @ K B H] D H2, where H| = H; © (R B Ke), have the form
Tn=(—In)®Is, ®Th, Tn=(0,0,Ty), Ta=T;,

with 77, € [9}], Ty, € [9},$H2]. Hence, the description of the selfadjoint contractive exten-
sions T of T} in $ is reduced to the description of the selfadjoint contractive extensions 7"

of T} = (}11) in &' = 9} ® H2.
21
Proposition 2.3 gives rise to a full analog for the contractions 7}, and 7);. Here only a
useful description for the kernels ker (I + 7,,,) and ker (I — Ty) will be given.
Lemma 3.9. If ker (I + T1;) = {0}, then

ker (I +T,) = { ((I + Tn):lfl;T“V* f2> : V*fy €tan (I +Tn)'Y?, fo € 92 } .
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If ker (I — Tn) = {O}, then

ker (I — Toy) = { ((I B T“)_;QDTHV* f2> c V*fy €ran (I —Ti)Y%, fo € 9 } :

Proof. 1t follows from (3.11), (3.12), and Proposition 2.3 (or directly from (3.5)) that
~1/2
ker(I+Tm) = { ((I‘I‘Tll)f S+ f2> . S+f2 e ran(I—I—T11)1/2, f2 € 9y } )
—J2
Here S, = (I — Ty1)Y?V*, so that (I +Ty1) 28, fo = (I + Ty ) Dy, V* fo. Tt is easy to
check that
(I —Ty)Y2V*fy €ran (I +Ty)? <=  V*fy €ran(l +Tiy)Y2
This proves the first statement. The proof of the second statement is similar. O

As a consequence one also obtains a description for the kernels ker (I+73,) and ker (I—T5,).
Lemma 3.10. Let ker (I £ T11) = {0} and let f = f1 ® fo € $H1 ® Hao. Then the following
statements hold:

(i) f € ker (I 4+ Tu) if and only if f € ker (I + T,,) and Dy« fo = 0;
(i) f € ker (I —T,,) if and only if f € ker (I — Ty;) and Dy« fo = 0.
Moreover
(iil) ker (I + Tas) = {0} if and only if ker Dy Nran (I + Ty1)Y? = {0};
(iv) ker (I — T,,,) = {0} if and only if ker Dy Nran (I — Ty;)Y? = {0}.

Proof. (i) According to (3.16)

0 0
P14t () g Cn)

where the bounded linear operators I + Ty, and I + T}, are nonnegative, and V* is a con-
traction. Hence the statement follows from ker (I — VV*) = ker Dy-.
(iii) It follows from Lemma 3.9 and part (i) that ker (I + T) = {0} if and only if

(322) {fg € ker DV* . V*fg € ran (I + T11)1/2} = {O}
The assertion now follows from the identity V*(ker Dy ) = ker Dy, cf. Corollary 3.1.

The proofs of (ii) and (iv) are similar to the proofs of (i) and (iii). O
3.4. Completions and extensions. Assume that 7} = (%1) € [91, H] is a symmetric

contraction presented in the block form with respect to $ = $H; @ H,. Therefore its adjoint
T} is a closed linear relation. Let T' € Extp,(—1,1), so that T is a contractive selfadjoint
extension of T7 € [$)1, $]. The following result is straightforward, cf. Lemma 2.10.

Lemma 3.11. Let T' € Ext,(—1,1), then
Ty =T+ ({0} @ 92).
The next lemma contains some useful facts, which follow directly from Lemma 2.11.
Lemma 3.12. Let T, T,, and Ty be as in Theorem 3.3. Then:

(i) ran (I + T,,) = ran (I + T1)* Nran (I + T,)"?;
(ll) ran (I — TM) = ran (I _ Tl)* N ran (I o TM)1/2-
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It follows from Lemma 3.11 that the defect subspace M.(T7) at z € p(T11) is given by

M, (T7) = ker (T} — 2) = { (_(T“ _fz)_lT;lf?) . fo €N = (domT))* } .

Let M. (T7) = {{f,2f}: f € M.(T7)} and define the special extension T} of T} by

(3.23) T, =Ty F N.(T7).

Lemma 3.13. For z € p(111) the extension T, in (3.23) has the block representation
Ty Ty

3.24 = ,

( ) (T21 T(2)

where

(325) TQQ(Z) =zl + T21 (Tll — Z)_1T2*1.

If z € p(T11), then (T,)* = T, and if z € p(Ty;) N R, then T, is selfadjoint. Since T7;
is a contraction each z < —1 or z > 1 belongs to p(71;). A translation for Lemma 2.13 is
obtained by using the following limits, cf. (3.15):

(l) S — limrﬂ Tgl(I + TTll)_1T2*1 = V(I — TH)V* = S:_S_;,_,

(ll) S — limrﬂ Tgl(I — T’Tll)_lT;l = V(I + TM)V* = SiS_
Lemma 3.14. Let T,, z € p(111), be given by (3.24), (3.25). Then
(3.26) s—1mT,=1T,, s—1ImT,="T,.

zt—1 z)1

If Ty € [91,9] is a contraction, then 77} with 0 < r < 1 is also a contraction. The
selfadjoint contractive extensions of 77 form a nonempty operator interval whose endpoints
are denoted by (rT),, and (rT)s. The next result concerns the limiting behaviour of these
extensions as r — 1.

Proposition 3.15. Let $; be a closed linear subspace of $ and let Ty € [$1, 9] be a sym-
metric contraction. Then

(1) s = limuy (rT)p = Thn;

(ll) S — limrTl(rT)M = TM

Proof. According to (3.5) the extension (r7"),, of T} has the block representation:

B AT D7, V*(r)
(rT)m = (V(T)DTTM — I+ V("I —rTy)V* (7‘)) ’

where the operator V(r) is given by
V(r)=rTuDg =rVDr, D, ,

cf. Theorem 3.3. An application of the Lebesgue dominated convergence theorem shows
that for all f € 9,

1
1—¢2
) —— — 1

2
1— 7’2t2 d(Etf7 f) = 07

. 1 2 1
i ||r Dry, Dy f = fIF = lim |

where F; stands for the spectral family of 77;. Consequently,
s=lmV(r)=V, s—lmV*(r)=V"
r11 rt1
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In view of (3.5) these equalities imply (i).
Part (ii) can be proved similarly. 0

According to B.N. Parlett [32, p.252], W.M. Kahan has obtained the following formula

. T11 T
T, =1 21 .
0 zlf? (T21 —T21 (ZI — T121)_1T11T21>

for one of the elements of the class Ext 7, (—1,1) in the case that §) is finite-dimensional. It
follows from (3.5) that To = (T, + Thr) /2.

3.5. Krein’s uniqueness criterion. Although the set Ext 1, (—1, 1) is a nonempty operator
interval it may degenerate when the endpoints 7}, and 7T, coincide. This situation has been
characterized by M.G. Krein [26]. Here a geometric approach to obtain Krein’s criterion is
presented.

The next result characterizes isometric operators in the class of all contractions.

Proposition 3.16. For a contraction T € [$1, 2] the following statements are equivalent:
(i) T is isometric;
(ii) kerT'= {0} and ranT Nran Dy« = {0}; _
(iii) for some, and equivalently for every, subspace £ with ranT C £ (= clos £) one has

|(f,Tp)|

3.27 sup
(3:27) 0 1D |

=00 for every ¢ € $H:\{0}.

Proof. (i) = (iii) Let £ be an arbitrary subspace with ranT C £. Assume that the supremum
in (3.27) is finite for some ¢ € $);. Then there exists C' > 0, such that

|(f,Te)| < C||Drf| for every f € £.
Since ranT C £, also the following inequality holds:
(3.28) lell* = ITel* < C|Dr-Te.

Here D2. Ty = TD2p = 0, since T is isometric. Therefore, (3.28) implies ¢ = 0. Conse-
quently (3.27) holds for every ¢ # 0.

(ili) = (i) Assume that (3.27) is satisfied with some subspace £. If (ii) does not hold, then
either ker T' # {0}, in which case (3.27) does not hold for 0 # ¢ € ker T, or ran T'Nran Dy #
{0}. However, then with 0 # T'¢ = Dp«h the supremum in (3.27) is finite even if f varies
over the whole space $)5. Thus, if (ii) does not hold then (3.27) fails to be true.

(ii) = (i) Let ranT Nran Dy- = {0}. Then by Lemma 3.2 T Dy = 0 and it follows from
ker T'= {0} that Dy = 0, i.e., T' is isometric. This completes the proof. O

As a direct consequence one obtains Krein’s uniqueness criterion.

Proposition 3.17. [26] Let $; be a closed linear subspace of the Hilbert space $) and let
T € [91,9] be a symmetric contraction. Then T, = Ty if and only if
[(T0f, )7

3.29 = € 0}.
(3:29) ST g o o every e € 2 A 00
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Proof. The definition of V' in the proof of Theorem 3.3 (see (3.8), (3.9)) implies that
(T1f7 <P) = (T21f7 <P) = (DTnfv V*<p)7 HfH2 - HTlfH2 = HDVDT11fH2'

In view of (3.16) T,, = Ty if and only if V* is an isometry. Since ranV* C Tan Dr,,
the assertion follows from the equivalence of (i) and (iii) in Proposition 3.16 with £ =
ran D, . U

3.6. Extremal selfadjoint contractive extensions. The next result contains a character-
ization for the extensions T' = T,, and T' = T); among the class of all selfadjoint contractive
extensions of T3, which goes back to [26] and [27].
Proposition 3.18. [26, 27] Let $H = 91 & N and let T € Ext 1, (—1,1). Then:
) T=Tn+T+T)w, T=Ty—I-T)y

(iii) (D%m)m =0, (D%M)m = 0.
Proof. (i) Let T' € Extr,(—1,1), so that I £ 7 > 0. It follows from (2.8) and Proposition
25 that [+ T =1+ T+ ([ +T)ygand I —T =1 — Ty + (I — T)a.

(ii) Apply the first equality in (i) to T'= T)s and the second equality in (i) to T = T,,.

(iii) Observe, that D7, < 2(I 4 Ty,) and D} < 2(I —T)). Hence, by Proposition 2.7,

(3.30) 0<(Dy ) <2(I+Tn)m, 0< (D7, ) <2(I — Tas)m.
By part (i) (I + T,)n = (I — Ty ) = 0. Hence, (3.30) gives (D7, o =0, (D7, )n=0. O
Part (i) of Proposition 3.18 gives the following characterization for T,, and Ty if T €

Extr (—1,1), then T' = T,, if and only if (/+7T ), = 0, and T' = T} if and only if (I—T")n = 0.
Part (iii) deserves some further attention.

Lemma 3.19. Let H = H, SN and let T} = (%1) € [91, 9] be a symmetric contraction with
ker (I £ T11) = {0}. Let T € Extr,(—1,1) and K € Cy with H =Tan Dy« be connected via

(3.18) or (3.19). Then

oy (0 0
(D) = (0 DV*Dﬁ(DV*)'

Proof. A simple calculation using the correspondence (3.19), the commutation relations (3.1),
and the selfadjointness of T7; and K leads to

X* 0 0
2 s a —

(3.31) Dy =1-T1"T (Y*) (XY)+ (0 DV*D%DV*> ,

where X = Dy Dyp, and Y = —(DyT11V* + V*KDy-). Since ker (I + T1;) = {0}, one
has tan Dy, = $; and consequently Tan X = tan Dy. Therefore, ran D711, V* C Tan X.
Furthermore, with K € [H] and H = Tan Dy, it follows that

ran V*K Dy C V*(H) CtTanV* Dy« =Tan Dy V* C Tan Dy.
Hence, ranY C tan X. The result is now obtained from Example 2.6. 0

The nonempty operator interval Ext, (—1,1) of all selfadjoint contractive extensions of
Ty is a closed convex set; the set of extreme points of Extp (—1,1) will be denoted by
Ext 7 (—1,1). According to (3.18) and (3.19) T’ € Ext 7 (—1,1) ifand only if K = K* = K1,
i.e. K is selfadjoint and unitary in H. Clearly, K = —I;; and K = I, correspond to the
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extensions T, and T}, respectively. In fact, one obtains from Lemma 3.19 the following
characterization for the class of extremal selfadjoint contractive extensions of 77.

Proposition 3.20. Let $ = H; N and let T € Ext 1, (—1,1). Assume that ker (I £T1;) =
{0}. Then the following statements are equivalent:
(i) T € Ext % (—1,1);
(ii) (D7) = 0;
(iii) infyeq, || Dr(f — g)|| = 0 for every f € 9.

Proof. 1t follows from (3.18) and (3.19) that T € Ext 7, (—1,1) if and only if Dx = 0. Hence,
the equivalence of (i) and (ii) is obtained from Lemma 3.19.
The equivalence of (ii) and (iii) is a consequence of Proposition 2.5. O

4. EXTENSIONS OF NONNEGATIVE OPERATORS AND RELATIONS

In this section the main results of M.G. Krein’s work [26] on the extension theory of
nonnegative densely defined operators in a Hilbert space are presented. In fact, the general
case of nonnegative nondensely defined operators and multivalued extensions is considered,
cf. [15]. Also some complements due to T. Ando and K. Nishio [7] are treated.

4.1. Linear fractional transformations. The extension theory of nonnegative relations
can be connected to the extension theory of symmetric contractive operators. Define the
linear fractional transformation X, taking a linear relation A into a linear relation X (A), by

(4.1) XA) ={{f+f . f=F}: F={ffYeAt=—T+201+4)"
Clearly, X maps the (closed) linear relations one-to-one onto themselves, X? = I, and
(4.2 X(A) = X(-A),
for every linear relation A. Moreover,

dom X (A) =ran(/ + A), ranX(A) =ran (I — A),

(43) ker (X(A) —I) =ker A, ker(X(A)+I)=mulA.

In addition, X preserves closures, adjoints, componentwise sums, orthogonal sums, inter-
sections, and inclusions. The relation X (A) is symmetric if and only if A is symmetric. It
follows from (4.1) and

Lf+ 112 = If = fI? = 4Re (f', f)
that X gives a one-to-one correspondence between nonnegative linear relations and symmet-

ric contractions. Moreover, X provides a one-to-one correspondence between nonnegative
selfadjoint relations and selfadjoint contractions.

4.2. Nonnegative selfadjoint extensions of nonnegative relations. Let A be a closed
nonnegative relation in the Hilbert space $, and let the set of all nonnegative selfadjoint

extensions A = A* of A be denoted by Ext 4(0,00). The linear fractional transformation
T; = X(A) of A defined by (4.1) is a symmetric contraction with dom7; = ran (I + A).
Moreover, the formula (4.1) gives a bijective correspondence between the contractive self-

adjoint extensions T' € Ext g, (—1,1) of T} and the nonnegative selfadjoint extensions A=
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A* € Ext (0,00) of A > 0. Let T,,, and Ty be the selfadjoint contractive extensions of T} as
in Theorem 3.3, and define the selfadjoint relations Ar and Ax by

(4.4) Ap=XYT,)=-T1+2(I+T,) "', Ax=X'Ty)=—-T1+2(I+Ty) "

The following theorem is a translation of the corresponding facts for selfadjoint contractive
extensions of a contractive symmetric operator.

Theorem 4.1. Let A be a closed nonnegative l"elatz'on in ). Then Ext 4(0, 00) is nonempty;
in fact Ap and Ak belong to Ext 4(0,00). If A € Ext 4(0,00), then

(4.5) (Ap+a) ' <(A+a) ' < (Ag +a)!, a>0.
Moreover, the selfadjoint extensions Ar and Ag of A are connected via
(4.6) (Ar = (Ax)™, (A7)k = (Ap) 7"

Proof. The fact that Ar and Ay are selfadjoint extensions of A follows from the preservation
of adjoints and inclusions of the linear fractional transformation X. Moreover, since 7,,, and
Ty are contractive, the extensions Ar and Ay are nonnegative, so that Ext 4(0,00) is

nonempty. Let A € Ext 4(0,00) and let T := X (A). Then T € Ext g, (—1,1) and

~ 1 2 a+1\ !
A -1 I— T >0
(A+a) a—1 (a—1)2( +a—1> .

where |(a —1)7'(a + 1)| > 1 for a > 0. Hence, (4.5) follows from (3.6). The relations (4.6)
follow from (3.7), (4.2), and (4.4). O

The selfadjoint extensions Ar and Ak of A are called the Friedrichs (hard) and the Krein-
von Neumann (soft) extension, respectively. The extremal properties (4.5) of the Friedrichs
and Krein-von Neumann extensions have been discovered by Krein [26] in the case when A
is a densely defined operator. The case when A is not densely defined was considered by
T. Ando and K. Nishio [7], and E.A. Coddington and H.S.V. de Snoo [15] (who allowed
relation extensions). The formulas (4.6) can be found in [7] and [15].

4.3. The Friedrichs and the Krein-von Neumann extension. The Friedrichs and the
Krein-von Neumann extension can be characterized via semibounded sesquilinear forms. The
form domain generated by A > 0 is denoted by dom [A]. It coincides with the completion
of dom A with respect to the inner product (f,9)a = (f,9) + (Af,9), f,g9 € dom A, when

A is an operator, and with respect to the inner product ( f, g)a = (f,9)+ (f',g), where
F ={f. '}, g ={9,9'} € A, when Ais alinear relation. The corresponding form is denoted
by A[-,-] =: A[:]. Observe, that if T'= X (A) and A = A* > 0 then
(4.7) ran (I +T)Y? = dom A"/?, ran (I — T)"/? = ran A2,
For the Friedrichs extension Ar of A one has the following result.
Theorem 4.2. Let A be a closed nonnegative relation in $). Then:
(i) dom [A] = dom [A]; N N
(ii) A[] < Ap[-] and in particular dom [Ar] C dom [A] for every A € Ext 4(0,00);
(iii) Arp ={{f, f'} € A*: f €dom|A]}, in particular mul Ap = mul A*.
Moreover, Ar is the only extension Ae Ext 4(0,00) for which dom A C dom [A].
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Proof. Let T = X (A) = —I+2(I+A)~!. Then F= {f, f'} € Ais equivalent to { f+f',2f} €
I +T. Therefore,

(4.8) 2| FI5 = (f+ 1,2f) = (9, U+ T)g) = |9l

where g = f+ f' € domT. Now (i) and the last statement of the theorem follow from
Corollary 3.7 and the identities T} = X (A), T, = X (Arp).

(ii) As it is well known, cf. [26], [23] (see also [15]) this assertion is equivalent to the first
inequality in (4.5).

(iii) Part (i) shows that Ap C L = {{f,f'} € A* : f € dom[A]}. To prove the
reverse inclusion assume that {f, f'} € L. Then f € dom A* = ran (I + T7) and in addition
f € dom AY? = ran (I+7T,,)/? by (4.7). Now Lemma 3.12 gives f € ran (I +7},) = dom Ap.
Therefore, {f,k} € Ap C A* for some k € §). This implies {0, f' — k} € A* ie. f'—k €
mul A*. It remains to prove that mul A* = mul Ap, which then finally gives {f, f'} € Ap.

By construction ker (I + T,,) = (ran (I + T3))* and moreover mul Ar = ker (I + T,,,) and
dom A = ran (I +T), cf. (4.3). Therefore, mul Ar = (dom A)* = mul A*. O

The Krein-von Neumann extension Agx of A can be characterized analogously, by inter-
changing the roles of ranges and domains, cf. [26], [7], [15].

Theorem 4.3. Let A be a closed nonnegative relation in $). Then:
(i) ran [A] = ran [Ag]; N N
(i) Ak[-] < A[] and in particular dom [A] C dom [Ak]| for every A € Ext 4(0, 00);
(iii) Ax ={{f, f'} € A*: f' eran[A]}, in particular ker Ax = ker A*.

Moreover, Ak is the only extension Ae Ext 4(0,00) for which ran A C ran [A].

Proof. Part (i) follows from ran [4] = dom [A~!] = dom ((A7!)p)Y/? = ran A}f.
Part (ii) follows from the second inequality in (4.5), or from (ii) in Theorem 4.2 and the
fact that 0 < H; < Hy is equivalent to 0 < Hy ' < H; ', cf. [26], [23], and [15, Theorem 1].
Similarly (iii) and the last statement are obtained from the correspondings results in
Theorem 4.2 by means of (4.6). O

The proof of the above theorem was based on Theorem 4.2 and the relations in (4.6). When
one applies the same method as was used in the proof of Theorem 4.2 and the definitions of
Ap and Ak in (4.4), one arrives at the following characterizations for Ap and Ag.

Corollary 4.4. Let f = {f,f'} € A* and let fA ={fa, f4} € A. Then:
(1) f € Ar if and only if

(4.9) inf{ | f — fal>+ (f = fa f = fa) s Fa={fa fait €A} =0;
(ii) f € Ag if and only if
(4.10) nf{ | f = Fal?+ (F = fa f = fa) s Fa={fa,fa} €A} =0.

Proof. (i) This is just a reformulation from Theorem 4.2. In fact, (4.8) implies that

21 f = fall® +2(f = fa f = fa) = llg = hlli 11,
where g = f+ ' and h = f4 + f) € domT; = $;. Now (i) follows from Corollary 3.7.
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(ii) Observe, that F = {f.f'} € Aif and only if {f 4+ f',2f'} € I —T. Then with
g=f+ f one has 2[(f', )+ ||f'|I’)l = (I —T)g,qg) and this gives
2((f' = far f = fa) +1f = falP) = (L = T)(g — h),g — h) = g = hll}_r,
where h = fa + f) € $;. Hence, the statement is again obtained from Corollary 3.7. O

Corollary 4.4 gives immediately the following descriptions for Ar and Agk.
Corollary 4.5. Let A be a closed nonnegative relation in $. Then:
(i) The Friedrichs extension Ap admits the decomposition

Ap = (PA)r & ({0} © mul A7),

where P is the orthogonal projection from $ onto dom A. In particular, if A is an
operator then the orthogonal operator part of Ap is (PA)p.
(ii) The Krein-von Neumann extension Ax admits the decomposition

AKZIZI\K@(I{GI'A*@{O}), 121\:{{ﬁf7f,}:{f7f,}6"4}7

where P is the orthogonal projection from $ ontoTan A. In particular, if ker A = {0}
then the orthogonal injective part of Ax is A k.

Proof. (i) Let f" € mul A*. Then {0, f'} € Ap since

10— fall? + (f" = f4,0 = fa) = [[fall® + (F4, fa)
and the infimum in (4.9) is achieved when {f4, f4} = {0,0}.
(ii) Similarly for f € ker A* one has

10 = f4ll* + (0 = fas f = fa) = | Fall® + (f4, fa)
and the infimum in (4.10) is achieved when {f4, f4} = {0,0}. O

Remark 4.6. (a) The construction of the extension Ap for a densely defined operator A
contained in Theorem 4.2 goes back to K.O. Friedrichs [21]. It was extended to the setting of
relations in [14]. The other assertions of Theorem 4.2 have been obtained by M.G. Krein [26]
for a densely defined operator A.

(b) Assertions (ii) and (iii) of Theorem 4.3 have also been discovered by M.G. Krein [26]
for a densely defined operator A.

(c) The description (4.9) of Ap has been discovered by K.O. Friedrichs [21], while the
description (4.10) of Ak has been obtained by T. Ando and K. Nishio [7]. These descriptions
are related to the following characterizations of dom [A] and ran [A], respectively:

fedom[4] Handonlyif fo—f, (Alfu— fu)ifo—fu) =0, m,n— o,
g€ran[A] ifandonlyif Af, —g, (A(fn—fm), fo—fm)—0, m,n— oo,
for some sequence f,, € dom A.

(d) Assertion (i) in Corollary 4.5 has been obtained in [14]. In the case of a positive
definite operator A > ¢l > 0 the equality in part (ii) of Corollary 4.5 as well as the equality
dom [Ak] = dom [4] + Ny, N, := ker (A* — a), has been discovered in [26]. Both of these
identities have been generalized in [29, Corollary 5] to the case of a nonnegative operator
A > 0 with compact inverse A=1.

Note also the following equivalence (see [29]): dom[Ag] D dom A* if and only if the
extensions Ar and Ay are transversal, i.e., A* = Ap + Ag.
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4.4. Limiting characterizations of Ar and Ag. The Friedrichs and the Krein-von Neu-
mann extensions Ar and Agx can be obtained as strong resolvent limits of a sequence of
extensions of A, which is useful for instance for spectral considerations. Let

(4.11) Ny = {{fxfe}: fr €M} CA, z<0,

be a defect subspace of A* and define a selfadjoint extension of A by

(4.12) A, = AF N,

Proposition 4.7. Let A be a closed nonnegative relation in $ and let A, be defined by (4.12).
Then

(4.13) AK:s—R—lgg)l;fz, AF:S—R—I?EI;OZI.

Moreover, if 0 € p(A) then Ax = AT ‘fto, and if A is a bounded operator then Ap =
AT ({0} ® mul A*).

Proof. Let Ti = X(A) be a symmetric contraction defined by (4.1) and for z < 0 let

B=0-z)(1+2)"t € R\[-1,1. Then Ts := T1 F Ns(T1) = X(A,) is a selfadjoint

extension of 7. Since I +Tp = 2(I + A,)~", the identities in (4.13) follow from Lemma 3.14:
s —1lim2(I + A,) ' =5 — 1;1111([ +Tp) =1+ Ty =2(I+Ax) ™,

(4.14) =10

s — lim 20+ A,) =5 = I (I +Tp) = I+ T = 2(1 + Ap) ™"
As to the second part, observe that if 0 € p(Ag) then s — lim,o(I + A,)"t = (I + Ap) L.
Similarly, if A € [$] then s — lim,; (I + A,) "' = (I + AT ({0} @ mul A*))~". O

Remark 4.8. The limiting results (4.13) in Proposition 4.7 for operator extensions are
contained in [7] and the representation of Ax in case 0 € p(A) has been discovered by
M.G. Krein [26] when A is a densely defined operator.

Observe that, when A is a bounded operator the representation of Ar can be also obtained
from Lemma 2.10 by using part (iii) of Theorem 4.2. Moreover, Corollary 4.5 gives also the
following orthogonal representations:

Ap =PA® ({0} dmulA*), Ax= A& Ny,
if, respectively, A is a bounded operator and 0 € p(A). Namely, then PA, respectively

~—1

A = P A7l is automatically selfadjoint.

In [15] it is shown that the linear relation A+ ({0} @ mul A*) is selfadjoint if and only if
dom A = dom A N dom A*, in which case this linear relation coincides with the Friedrichs
extension Ay of A, and similarly that the linear relation A+ (ker A* @ {0}) is selfadjoint if
and only if ran A = Tan A Nran A*, in which case it coincides with the Krein-von Neumann
extension Ay of A.

4.5. Positively closable operators. Let A be a nonnegative relation in the Hilbert space
$. Since mul A C mul A* = mul Ap, Ar is an operator if and only if A is densely defined. In
this case, each A € Ext 4(0,00) is an operator. Moreover, if A is a nonnegative relation and
some A € Ext (0, 00) is an operator (so that also A is an operator), then Ag is an operator.
For, if not then ker (Ax + a)™' = mul A, a > 0, is not trivial, but then according to (4.5)
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also ker (;f +a) ! = mul A is not trivial. Hence, if A is a nonnegative operator, then there
exist selfadjoint operator extensions if and only if the Krein-von Neumann extension A is
an operator. According to [7] a nonnegative operator A is called positively closable if

(4.15) lim (Af,, fn) = 0and lim Af, =g imply g = 0.

Note that (Af,, fn) = 0, n — oo, implies (A(f, — fim), fo — fm) — 0, as follows from the
Cauchy-Schwarz inequality for (A-,-), i.e., |[(Afn, f)|> < (Afn, fo)(Afm, fm). Recall that
the usual characterization associated with Ay involves the limiting conditions Af, — g and
(A(fr = fim), fn — fm) — 0, cf. Remark 4.6 (c). Clearly, if A is a nonnegative operator and
A’ is the operator induced by A in ' = $ © ker A, then A is positively closable if and only
if A" is positively closable. The following interpretation for positive closability in (4.16) does
not seem to have been noted earlier in the literature.

Proposition 4.9. Let A be a nonnegative operator in §). Then for a sequence f, € dom A,
(4.16) lim (Af,, fn) =0 and lim Af, =g if and only if g € mul Ak,
n—00 n—00

and the following statements are equivalent:

(1) A is positively closable;

(ii) the Krein-von Neumann extension Ak of A is an operator.
Moreover, if ran A is closed, then (i) and (ii) are equivalent to

(iii) (Ap, ) =0= Ap =0.
Proof. Assume that lim,, o (Af,, fn) = 0 and lim,, .., Af,, = g. Then the Cauchy-Schwarz
inequality for (A-,-) implies that for all h € dom A,

(g2 = lim [(Afus ) < Tim (Afo, f)(AR, ) =0,
n—oo n—oo

Hence, g 1 dom A so that {0,g} € A*. Now part (ii) of Corollary 4.4 shows that {0, g} € Ak.
Conversely, if {0,g} € Ak then the existence of a sequence f,, € dom A with the desired
limiting properties follows from (4.10). This proves (4.16).

The equivalence of (i) and (ii) is now clear, since in view of (4.16) the definition (4.15) of
positive closability of A > 0 can be restated as: {0,g9} € Ay implies g = 0.

Next assume that ran A is closed. Then lim, .., Af, = g = Ay for some ¢ € dom A and
this implies that

(Ap, )" = lim (Afa,0)* < lim (Af, fu)(Ap, ) = 0.
Therefore, the implication (4.15) reduces to (iii). O

Similarly one obtains an interpretation of the positive closability of A=
Proposition 4.10. Let A be a closed nonnegative relation in $) with ker A = {0}. Then for
a sequence f, € dom A,
(4.17) lim (Af,, fn) =0 and lim f, = f if and only if f € ker Ap,
n—00 n—00

and the following statements are equivalent:

(i) A7 is positively closable;

(ii) the Friedrichs extension Ap of A satisfies ker Ap = {0}.
Moreover, if dom A is closed, then (i) and (i) are equivalent to
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(iii) (Ap, ) =0 = ¢ =0.

Positive closability can be translated for contractions via the transformation (4.1). This
yields some further equivalent conditions given for positive closability in Proposition 4.9.
Proposition 4.11. Let A be a nonnegative operator in $ and let Ty = X (A) = (VTDlTlH) be
decomposed as in Theorem 3.3. Then the positive closability of A is equivalent to each of the
following statements:

(iv) lim, o0 | Dy ¥nl] =0,  lim,oo(I — Th)0, = g = g = 0;

(v) ker Dy Nran (I + Ty;)Y? = {0}.
Moreover, if ran (I — T1) is closed, then the positive closability of A is equivalent to

(vi) Dpp =0= (I —T1)yp = 0.

In particular, Ak is an operator if Dy« in (3.19) satisfies ker Dy» = {0}.

Proof. To see that (iv) is equivalent to (4.15), observe that with ¢, = (I + T1)¥n, ¥n € 91,

(A<Pm¢n) = ((_I_I' 2(I+T1)_1)<Pm¢n) = ((I+T1)¢n7 (I - T1)¢n) = "DT1¢71"27
Apn = —pn+2(1 + T1) o = (I = T1)¢hn.

As to (v) observe, that mul Ax = ker (I +T)y); cf. (4.3) and (4.4). Moreover, since ker (I +
T1) = ker (I +T7) = mul A = {0}, the equivalence of the positive closability of A to (v)
follows from part (iii) of Lemma 3.10.

To see (vi) notice that, if ran (I —T;) = ran A is closed, then it follows from part (iii) of
Proposition 4.9 that the condition (iv) simplifies to (vi).

The last statement follows from (v) by taking into account (3.3) in Corollary 3.1. O

(4.18)

Similarly one obtains further equivalent conditions given for the positive closability of A~!
in Proposition 4.10.

Proposition 4.12. Let A be a closed nonnegative relation in $) with ker A = {0} and let

T =X(A) = (VTDlT1 ) be decomposed as in Theorem 3.3. Then the positive closability of A~*
11
1s equivalent to each of the following statements:

(iv) lim, o0 | Dy ¥nl =0,  lim,oo(I + 110, = g = g = 0;
(v) ker Dy Nran (I — Ty;)Y? = {0}.
Moreover, if ran (I 4+ Ty) is closed, then the positive closability of A™' is equivalent to
(vi) Do = 0= (I +T)v = 0.
In particular, ker Ap = {0} if Dy~ in (3.19) satisfies ker Dy~ = {0}.
Remark 4.13. The translation of positive closability for contractions yields another ap-

proach to prove Propositions 4.9, 4.10, 4.11, and 4.12. For instance, the equivalence of (ii)
in Proposition 4.9 and (iv) in Proposition 4.11 is seen as follows. Let

li_>m (I =T, = li_>m (I — T )ton = g.
Then for all f € 9,
(419) I (L= T3, ) = lim (I = Tog)bn, (1 + Tas)f) = (g, (T + Tor) ),

while lim Dy, 1), = 0 implies
n—oo

(4.20) Tim (7 = T3, £)] < Jim [|Dpsull |1 D, £ = 0.
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Together (4.19) and (4.20) show that g L ran (I + Tu), i.e., g € ker (I +Tys). In particular,
ker (I + Tw) (= mul Ax) = {0} guarantees g = 0.

Conversely, for each g € ker (I + T}y) it is easy to construct a sequence ¥, € ; satisfying
the limiting properties in part (iv) of Proposition 4.11. In fact, in view of Lemmas 3.9, 3.10,

(I =Tu)"

where h = (I + T11)Y*¢¥ € ker Dy Nran (I + Ty;)Y/?. Now tan (I — Ty;)Y? = $4, since
ker (I —T11) (= ker (I —T1) = ker A) = {0}. Therefore,
Y = lim (I —Tyy)Y?4,
n—oo
for some sequence 9, € $;. Then lim,,_,o Dpy, %, = (I + T11)*/?*) = h and consequently
L [|Drs il = lim 1Dy Dryy ol = | Dyl =0,

(I - Tn)%) —y

lim (I — 17)Y, = lim
( 1)¢ (_VDT11¢71

n—oo n—oo

4.6. Krein’s uniqueness result. The following uniqueness criterion results from Proposi-
tion 3.17.

Theorem 4.14. ([26]) Let A be a closed nonnegative relation in §). Then Ap = Ak (i.e.
Ext 4(0,00) consists of one element) if and only if for some (and hence for all) a > 0

I(f, ©)]?
4.21
(4.21) S D

Proof. The result can be obtained from Proposition 4.14 by using the equivalence { f, f'} € A
if and only if {f + f',2f} € I 4+ T3, and the identities

(Thg, ) = (T1 + 1)g, o) = 2(f,9),  llall* = ITagl* = 4(f, f),
where g = f + f' and ¢ € (domT})* = ker (I + A*). O

=00 for every p € M_, \ {0}.

Example 4.15. Let A be a symmetric operator in ), such that dom A? = §). Then the set
Ext 42(0,00) consists of more than one element, and hence it is infinite. Actually, if ¢ €
N;(A), ie. {p,ip} € A*, then clearly {p, —p} € (A*)% Since the inclusion (A*)* C (A?)* is
always satisfied, it follows that {¢, —p} € (A%)*. Observe that

(f,0)lF _ [(Af, )l
(A1, 1) IASIP
Thus the condition (4.21) is not satisfied and hence (A?)p # (A?)k.

It is easily seen that A*A, AA* € Ext 42(0,00), and moreover A*A = (A?)p, but in
general Ax # AA*. In particular, if A > 0 then (Ap)? # (A%)r = A*A and (A?)g # (Ak)>.
Moreover, the inequality m(A?) > m(A)? holds true for the lower bounds m(A) and m(A?)
of the operators A and A?, and here the equality may also occur. For more information
concerning this and similar examples, see also [8].

It should be pointed out that even in the case dom A = §) it is possible that dom A2 = {0}.

In [12] it is shown that each symmetric operator A; has a restriction A, such that dom A = §
and dom A? = {0}.

<|l¢l? for every f € dom A>.
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Remark 4.16. The conditions dom A = § and n, (A) = n_(A) < oo imply (A2)* = (4%)%
However, if ny(A) = oo, then the inclusion dom (A4*)? C dom (A?)* is in general strict.
For example, if A = —A,,;;, is the minimal Laplace operator on Ly(2), © being a bounded
domain in R™ with a regular boundary, then A* = —Ap.« is the maximal operator with
dom A* = {f € La(Q) : Af € Ly(Q) } and the inclusion (A*)* C (A?)* is strict. Actually,
it is clear that dom (A*)* C dom A* but dom (A4?)* ¢ dom A*. Indeed, by the closed graph
theorem the inclusion dom (A?)* C dom A* is equivalent to the validity of the estimate

(4.22) IAfllza@) < € [I1A% fllza@) + I1f Lo forall f € C(Q).
However, according to Hormander’s Theorem [22] the last estimate is impossible. Hence,
dom (A?)* ¢ dom A* and consequently (A*)% # (A42%)*.

In fact, even the weaker inclusion ﬂ;\fﬂdom (A7)* C dom A* does not hold, i.e., for an
arbitrary N, N}_,dom (A7)* ¢ dom A*. Otherwise one would arrive at the following estimate

N
(4'23) HAfHLz(Q) <c Z HAijLz(Q) + HfHLz(Q) for all f € Ooo(ﬁ)v
=2

which, as it is shown in [30], is not valid.

Note also that similar conclusions are valid for an arbitrary minimal symmetric differential
operator A = P(D) in L?*(2) with constant coefficients, which is not of the form P(D) =
P(&D1+...+&,Dy,) where (&1, ...,&,) € R" and D; := d/dx;. Namely, this result is implied
by [30, Theorem 2] which guarantees the absence of the estimate (4.23) with A replaced by
P(D), P(D) not being of the form mentioned above.

4.7. Extremal selfadjoint extensions. Denote by Ext (0, 00)(C Ext 4(0,00)) the set of
images of the operators T’ € Ext 7, (—1,1) under the transformation (4.1). Since T, and Ty
belong to Ext %(—1, 1), see Propositions 3.18, 3.20, the extensions Ar and Ax belong to

Ext £(0,00). The aim is to describe all extensions A in the class Ext £(0, c0).
The next result is well known, cf. e.g. [6], [7].

Lemma 4.17. For a closed linear operator T in $) with ker T = {0} the following equivalence

holds:

sup (£, 9)]
fedomt [ TS|
In this case Cy = ||h| with h € (ker T*)* and g = T*h.
Proposition 4.18. [7] Let A be a closed nonnegative positively closable operator. Then

Cy:=

<o <= g€ranT”.

2
domA%2 = dom [Ak] = {h €H:Ch= fesdupA% < 00 }

Moreover, the equality HA%%H = C}, is valid for each h € dom [Ag].
Proof. Without loss of generality assume that ker A = {0}. Let B = A~! and ¢ = Af. Then

Af,h)? (e, B)|? (0, A) 7
4.24 C?= sup [Af, W7 = sup ———F— = sup —t—.
( ) h f€dom A (Af7 f) pedom B (B<P7 <P) pEdom [B] HB}IT/2¢H2

By Lemma 4.17 the conditions A € ran B}p/ % and C), < 0o are equivalent and, moreover, for
each h € ran B}pﬂ = dom A}f the equality C} = HB;1/2hH = HA%%H is satisfied. O
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It follows from Proposition 4.18 that
(4.25) inf{ | A}2(f —h)||: h € dom A} =0,

for every f € dom A}f. In fact, if Ak is not an operator then (4.25) still holds when
|AY2(f —h)||? is replaced by the corresponding quadratic form Ax[f —h] := Ax[f—h, f—h],
cf. also (4.10) in Corollary 4.4. Actually, one has the following result.
Proposition 4.19. For A > 0 the following statements are equivalent:

(i) A € Ext£(0,00); N

(ii) for every {f, f'} € A,

inf{ (f" = fi, [ = fa) : {fa, fa} € A} =0;
(iii) the form associated with A satisfies g[f, g = Akl[f, g, f,9 € dom A2,

Proof. Let T = X(A) and let {f, f'} € A. Then equivalently {f + f',2f} € I + T, ie.,
(I+T)g=2f for g= f+ f', and moreover,

IDzgll* = (D79, 9) = 4(f', f).
Thus, with {fa, f4} € A and h = fa + [/, one can write ||Dr(g — h)||> = 4(f" = f4, [ — fa)-
Therefore, the equivalence of (i) and (ii) is obtained from Proposition 3.20.

To see that (i) implies (iii) assume that {f, f'} € A. Then it follows from Ax < A that
for every € > 0 there exists {fa, f4} € A, such that

0 <Aglf —h < (f' = fa f—fa) <e
This implies that 0 < (f', f) — Ak[f] < . Therefore,

(4.26) Alf) = (f'. 1) = Axlf]
and (iii) follows from the polarization identity. N
Conversely, assume that (iii) is satisfied. Then (4.26) holds for every {f, f'} € A and

consequently (f' — fi, f — fa) = Ax[f — fa] with {fa, f4} € A. Now (ii) follows from the
fact that the form Ag[-] associated with Ag satisfies the condition in (ii). O

In the case where A > 0 is a densely defined operator the results in Proposition 4.19 can
be found in the literature (cf. e.g. [8, Theorem 4.4] and the references therein).

4.8. The completion problem revisited. The extension theory presented above was built
on the (minimal) solution to the completion problem (2.1) for A°. The completion problem
for A° can be viewed as an extension problem for the bounded nonnegative operator A4; =
(ii), domA; = 9, in H = H; & H, and can be restated as follows: are there bounded
nonnegative selfadjoint extensions for A;? According to Proposition 2.1 the criterion is
ran A3, C ran Aif. In this case, the solution A, in (2.7) is not only minimal in the class
of all (bounded nonnegative) completions of A;, but also minimal in the wider class of all
nonnegative selfadjoint extensions of Ay, that is, A,,;, coincides with the Krein-von Neumann
extension Ay of A;. By allowing arbitrary nonnegative selfadjoint (operator) completions,
one arrives at a completion problem for A° which in terms of A; can be restated as follows:
when is A; positively closable? The next result gives a solution to this problem by means
of Ay; and Ajy;; hence it is a generalization of Proposition 2.1.
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Proposition 4.20. Let A; = (i;) be a bounded nonnegative operator in $H1 ® Ho with
dom A; = $; and assume that ker A;; = {0}. Then the following conditions are equivalent:
(1) A; is positively closable;
(ii) T := A21A1_11/2 1s a densely defined closable operator in $Hq;
(iii) S := A;11/2A§1 is a densely defined operator in $s.

In this case, A° in (2.1) has a minimal completion A, given by

- - All A12
Amm - AK - (A21 S*S> )

and moreover the closed form corresponding to Ak is tk[f, f] = HAi{2f1 + Sfal2.

Proof. (a) First the equivalence (i) <= (ii) will be proved. Assume that (i) holds. Let
{hn,gn} € A21A1_11/2, such that {hn,g,} — {0,9} as n — oo. Let f, = Al_ll/2hn. Then
lim,, oo Aif frn = 0 and lim, .o A21 f, = lim, s g, = ¢g. Consequently the sequence f,
satisfies the limiting conditions in (4.15). Therefore, g = 0 by positive closability of A;.

This shows that A21A1_11/ 2 is closable.
Conversely, assume that (ii) holds and let f,, € $; be a sequence with the limiting prop-

erties in (4.15). Let g, = Aa f, and h, = Aiffn. Then {hy,, 9.} € A21A1_11/2. Moreover,
lim,, o0 by, = limy, 00 Aiffn = 0 and g = lim,,_,o A21 f,. Hence, {0, g} belongs to the clo-
sure of A21A1_11/ ? and therefore g = 0 by the closability of A21A1_11/ ? This proves that A; is

positively closable.

(b) To prove the equivalence (ii) <= (iii) observe that 7" is densely defined and T™* =
(An A% = A[? A% = S since Ay is bounded. Thus, if T is closable then S = T* is
densely defined.

Conversely, if S is densely defined then 7" as a densely defined operator is closable and

clos (T') = clos (Ay A7) = S*.

(c) Clearly,
= A?[f 1/2 _(An A
A= ( a)(ar s) = (L &%

is a nonnegative selfadjoint extension of A;. Moreover, it is easy to check that

) = ran 12(1/2.

1/2

ran [A;] = ran (Aéi

Hence, ran A C ran [A;]. Now Theorem 4.3 shows that A = Ag.

The operator ( Aif S) is closed, since A;; is bounded and S is closed. Therefore, the
closed form associated with Ay is tx[f, f] = [|[AVCfL + SHl2, f=Ff & fo € 9. O
Example 4.21. Let the bounded nonnegative operator A; in £, &, be given by A; = (AI“)

with dom A, = $; = $,. Then ran A, is closed, since it follows from ¢ = lim,,_,., A f,,
frn € dom A, that

g2 = nh_g)lo Ao fr = nh_g)lo fn, g1 i=lim Ay f,, = Ao,



EXTENSION THEORY 29

ie., g = Aigs. By part (iii) of Proposition 4.9 A; is positively closable if and only if
(A1, @) = 0 implies A;¢ = 0. Clearly, this condition is now equivalent to ker A;; = {0}. In
this case S = A1_11 > = §* is a closed densely defined operator and Ak is given by

(AP (g2 ) (An T
Amm - AK - ( g* (All S) - I Al_ll .
It is bounded if and only if A;; is boundedly invertible.
Example 4.22. Let A, = ((‘_491)19) be a bounded nonnegative operator in $; & $H, with
g € H1 = $Hy = dom A; and assume that ker A;; = {0}. Then (A;¢, ¢) = 0 implies A;p = 0,

but A; need not be positively closable since ran A; is not closed in general (compare with
Proposition 4.9).

In fact, Proposition 4.20 shows that A; is positively closable if and only if g € ran Aif.
In this case S = (-, 9)Ay;"%g € [91], S* = (-, A;"*g)g, and

An (,9)g )
Amm - A — _ .
" ((-,g)g 1A 2 g112(-, 9)g

If g € ran A}f then S = 0] {g}* is not densely defined and A is a selfadjoint relation.

5. APPENDIX

The aim of this appendix is to further clarify the connection between the completions of

A% in (2.1) and the extensions of A; = (ii) For this purpose boundary triplets and Weyl

functions will be used. For these notions the reader is referred to [17], [16], and especially
to [18, Section 3], where closely related results can be found.

Proposition 5.1. Let A; = (ﬁ;) be a bounded nonnegative operator in H = H1 D Ha with
dom A; = 9, and let
5 A11 A*
A= 21
0 (A21 A22>

be a bounded selfadjoint (not necessarily nonnegative) operator extension of Ay. Then:

(1) Ay has equal defect numbers (d,d), d = dim $) < oco.
(ii) The adjoint linear relation A% of A; is given by

A ={J ={f Af +h}: feh henn)
(iii) A boundary triplet for Aj is given by II = {$2, T, 1}, where
Tof =—h, Tof=fo;, f=h®feh [={fAf+h}eA
(iv) The corresponding ~y-field is y(\) = (Z— A7 9, and the Weyl function is given by
M) = Py(Ay — N 92 = (Ag — 2 — Api(An — 2) 71 A5) 7

where Py stands for the orthogonal projection onto $).
(v) The selfadjoint extensions A, = ker (I'o + 7I'1) of Ay in $ are in one to one corre-
spondence with the selfadjoint relations T in Ha via

1 - An Aqo
4 Ay A +17)7
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and their resolvents are connected by
(Ar =07 = (A = )7 =y + 7)), A€ p(An) N p(Ay).

Proof. (i) It is easy to check that 9, (A7) = ker (A7 — \) is equal to (Ag— X)L, A € p(Ay).
Hence, d; = d_ = dim M, (A7) = dim $Hs, A € p(4y).

(ii) The form of the adjointfl’{ is obtained from Lemma 2.10.

(i) Let F = {f,/'} = {f, Aof +h} € A} and § = {g,g'} = {g, Aog + K} € A}, Then
(flvg) - (f?gl) = (‘ZOf_I_ h'vg) - (f?"ziog_l— k) = (h‘vg) - (f?k) = (Fl f?ro/g\) - (FOfvrl/g\)v
so that the abstract Green’s identity holds. The surjectivity of the mapping I' := (T'o,T'y) :
A — 92 @ 9, is clear.

(iv) Each f, € MA(A) = {{fi,A\a}: fr € M(A})} can be represented as

(oA ={(Ao — N hy MAg — A) PR} = {(Ag — ) 'k, Ag(Ag — A)Ph — R}
Hence,
FOf)\:hv Flf)\:P2(A0_>\)_1h‘7
which gives the indicated form for () and M(\).
(v) Since 7 is a linear relation the set ker (I'y + 7I';) is equal to

(fedi: {Dif,-Tofrery={fecA: {fnh}er}

which implies the desired form for ZT = ker (I'y + 7I'1). The last statement is just Krein’s
resolvent formula. O

Passing to the boundary triplet II= {92,T'1,—To} one obtains another Weyl function for
Ay which is of the form

(5.1) Mp(A) = =M(N) ™" = — Ao + 2 + Ag (A1 — 2) " 45,
In fact, Mp(A) is associated with the Friedrichs extension of Ay, i.e., kerI'; = Ap.
Proposition 5.2. Let the assumptions and notations be as in Proposition 5.1, let My be
given by (5.1), let ker Ay = {0}, and let S = APAL. Then:
(1) there exists the strong resolvent limit
Mp(0) :=s—R— l;%MF(a:) = 5*S — Ag;

(ii) the Friedrichs and the Krein-von Neumann extension of A; are given by

All A12 o - All A12
Ay {0} eam) » Ar =ker(To+ Mr(O)T) = (A21 MF<0>> |

Proof. (i) It is easy to see that
li%(Agl(All +2) ' Ay b, h) = li%((All +x) 1Ay h, A5 h) = (Sh, Sh).

Ap =ker'] = (

This implies that the linear relation S*S associated with the closed nonnegative form (Sh, Sh)
is the strong resolvent limit s — R—1lim,o Aoy (A1 +2) "t A% = S*S, see [18, Proposition 4.1].
Now (5.1) shows that s — R — lim,1g Mp(z) = S*S — As.

(ii) The statement for Ap follows directly from Proposition 4.7, since Ap = ker (I'g + 71')
must correspond to the selfadjoint relation 7 = {0} @ $),. Moreover, for < 0 the proof
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of Proposition 5.1 shows that f € A, = AF 9, if and only if {T F.T, f} € M(x).
Equivalently, {I'y f,—L¢ f } € Mp(z), i.e., f € ker (I'g + Mp(z)I'1). Now (4.13) implies

Ak =s—R— li%ﬁz = ker (I'g + Mp(0)I'y),
where the second identity can be shown with the aid of Krein’s formula, cf. [18, p. 172]. O

Corollary 5.3. Let A; be as in Proposition 5.1 with ker A;; = {0} and let S = A;]/*A3,.
Then the Friedrichs and the Krein-von Neumann extension Ar and Ax of Ay satisfy the
following statements:

(1) Ax = Ap if and only if Mp(0) = {0} ® 99, or equivalently, dom S = {0},
(ii) Ak is an operator if and only if Mp(0) is an operator in $a, or equivalently, S is a
densely defined operator in $Ho;
(i) Ax is a bounded operator if and only if Mp(0) is a bounded operator in s, or
equivalently, S € [$2].

Observe, that if Ay = 0 then Mp(0) is associated with the closed nonnegative form

t(h, b} = (Sh, Sh) = lim(Mp (x)h, ),

where

domt=domS ={h € H: li%(MF(a:)h, h) <oo}, (domt)" = $H,6dom S = mul Mp(0).
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