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Abstract
Extending recent research, this study introduces a novel testing procedure based on 
modern block bootstrap techniques and maximum likelihood estimation to investi-
gate whether the universal power-law process governing the cross-section of real-
ized foreign exchange (FX) rate variances exhibits a conjoint cutoff. The analysis 
posits that the maximum likelihood estimator for the exponent of a power law is 
intrinsically dependent on the selected cutoff. Our innovative test, calibrated to the 
cross-section of realized daily FX variances, provides evidence for the existence of 
such a universal cutoff. The findings have significant implications for FX risk man-
agement. Specifically, they indicate that (a) the benefits of FX risk diversification 
may be more constrained than previously assumed, and (b) the extent of power-law 
behavior in the realized variance risk of the FX market may be substantially under-
estimated when conventional single-equation models are employed to determine the 
optimal cutoff for a power law.
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K. Grobys

1  Introduction

Despite earlier well-established literature documenting that realized volatility approx-
imates a lognormal distribution (e.g., Andersen et al., 2001a, b, c), accumulating evi-
dence suggests that realized variances are better characterized by power laws. Grobys 
(2021) was among the first to fit power-law functions to the annualized daily realized 
variances of diverse asset classes, including gold and oil futures, Bitcoin, the S&P 
500, and GBP/USD foreign exchange rates. The findings revealed that the power-law 
model could not be rejected for any of these asset markets. Intriguingly, the estimated 
power-law exponents varied significantly, providing statistical evidence that the vari-
ance of realized asset variances may be infinite.

Building on this foundation, Grobys (2023) analyzed data from May 16, 2006, to 
November 19, 2021, fitting power-law functions to the annualized daily realized vari-
ances of G10 currencies. The study found that estimated power-law exponents also 
indicated infinite variances for FX rates. While goodness-of-fit tests failed to reject 
the power-law model for at least seven out of nine realized FX variances, applying 
Bayes’ rule demonstrated that the power-law model offered superior explanations 
for extreme events in realized FX variances. Further advancements were made by 
Fathi et al. (2024), who rigorously tested the power-law model against its lognormal 
counterpart using multiple goodness-of-fit tests applied to weekly realized FX vari-
ances for G10 currencies (sample: May 6, 2006, to December 29, 2023). The results 
corroborated previous findings, affirming that the power-law model more accurately 
describes the data-generating process. Consistent with Grobys (2023), Fathi et al. 
(2024) observed low power-law exponents, raising the question of whether real-
ized FX variances are governed by a universal power-law behavior. Grobys (2024) 
addressed this question using realized daily FX variances for G10 currencies (May 
16, 2006, to May 31, 2023) and proposed a test for invariance. The study aimed to 
determine whether a universal exponent governs the cross-section of realized FX 
variances over time and across various frequencies. The findings suggested the exis-
tence of such a universal exponent, with an estimated value notably low. However, a 
universal power-law process would also necessitate a shared cutoff defining the sup-
port of the power-law function. Determining this optimal cutoff remains challenging.

The importance of cutoff selection was underscored by Lux (2000), who attempted 
to replicate Krämer and Runde’s (1996) estimation of the tail index for the German 
DAX and constituent stocks over the 1960–1992 sample. Lux attributed discrepan-
cies in replication outcomes to differences in cutoff choices, highlighting the critical 
role of cutoff determination in power-law modeling. This growing body of literature 
reflects a paradigm shift toward understanding realized variances through the lens 
of power laws, underscoring their utility in modeling extreme events and advancing 
financial risk management.

Other recent literature investigates the behavior of jumps and volatility in finan-
cial markets using high-frequency data, with a focus on enhancing the accuracy of 
jump detection and volatility modeling. They emphasize the importance of advanced 
statistical or computational methods, such as marked Hawkes processes (Chen et 
al., 2024), machine learning algorithms (Uzun et al., 2023), and periodicity filters 
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(Yi, 2020, 2023, 2025), to refine the understanding of market dynamics. Uzun et al. 
(2023) and Yi (2020, 2023, 2025) focus on foreign exchange markets, employing 
methods like Lee and Mykland’s jump detection to analyze intraday or daily jump 
probabilities. A consistent theme of this strand of literature is the use of volatility 
periodicity filters, which significantly reduce the probabilities of detected jumps, 
indicating the necessity of these filters for accurate modeling (Yi, 2020, 2023, 2024). 
Practical implications documented in this stream of literature are better hedging 
strategies (Uzun et al., 2023; Yi, 2023) or enhanced central bank policy frameworks 
(Uzun et al., 2023).

Overall, numerous research streams aim to model the variance of the FX mar-
ket. Among these, the present study aligns most closely with the stream of research 
utilizing power laws (e.g., Fathi et al., 2024; Grobys, 2021, 2023, 2024). Recent 
literature has demonstrated that the cross-section of realized FX variances is gov-
erned by power laws exhibiting a statistically universal exponent (Grobys, 2024). 
The purpose of this study is to investigate whether this universal power-law process 
also features a common cross-sectional cutoff. Clarifying this issue is crucial because 
a common cross-sectional cutoff is essential to defining a universal power law com-
prehensively. To address this question, this study utilizes intraday price data for nine 
major currency pairs (AUD/USD, CAD/USD, CHF/USD, EUR/USD, GBP/USD, 
JPY/USD, NOK/USD, NZD/USD, and SEK/USD) spanning the period from Janu-
ary 16, 2015, to May 4, 2024. Intraday price quotations enable the computation of the 
Parkinson variance estimator for all FX data. Subsequently, modern blocks bootstrap 
methods are employed to estimate artificial datasets of realized daily FX variances. 
For each bootstrap replication, maximum likelihood estimation is used to derive the 
optimal power-law exponent and cutoff for all realized FX variance data vectors. 
This approach facilitates the computation of covariance matrices for both power-
law exponents and cutoffs. Building on these estimations, the study revisits earlier 
research by testing whether the cross-section of realized FX variances is governed by 
a common power-law exponent. Furthermore, employing a similar hypothesis testing 
framework, the study examines whether a common cutoff exists. The present study 
argues that the presence of a universal cutoff, in conjunction with a universal power-
law exponent, would hold significant implications for FX market risk management.

This study makes significant contributions to the existing literature on power laws 
and financial economics. First and foremost, although Taleb (2020) emphasizes that 
maximum likelihood estimation (MLE) is a robust methodology even in the pres-
ence of heavy tails—unlike ordinary least squares (OLS) or generalized method of 
moments (GMM) estimation—applying MLE to power-law functions introduces 
challenges due to the dependency of the power-law exponent on the cutoff. The Hill-
plot (Clauset et al., 2009) visualizes this dependency by summarizing estimates of 
the exponent across a range of cutoffs. Given the variety of approaches proposed 
for optimal cutoff selection (e.g., Clauset et al., 2009), it is unsurprising that differ-
ences in cutoff choices lead to variations in estimated power-law exponents (Lux, 
2000). Addressing these issues is crucial because accurate estimation of power-law 
parameters directly impacts the reliability of modeling extreme events in financial 
markets. By developing a statistical test derived from modern blocks bootstrap meth-
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ods, this study provides a methodological advancement that enables more precise 
and consistent estimation across datasets. This contribution is particularly important 
for researchers and practitioners aiming to understand and manage risks in markets 
characterized by heavy-tailed distributions.

Furthermore, this study responds to the replication crisis highlighted by Hou et al. 
(2020), who argue that a significant portion of asset pricing studies fail to replicate. 
The importance of replication in scientific research cannot be overstated, as it ensures 
the validity and robustness of findings. Earlier research by Grobys (2023, 2024) and 
Fathi et al. (2024) used FX data beginning in 2006, a period during which not all G10 
currencies were free-floating. This study’s use of an updated dataset from January 16, 
2015, to May 4, 2024, addresses this limitation by ensuring that all included curren-
cies are in a state of free float. This refinement not only enhances the credibility of the 
findings but also sets a higher standard for future research in the field.

From a broader perspective, this research advances the literature on power laws 
in financial economics. Lux and Alfarano (2016) provide a comprehensive review of 
this area, which primarily relies on single-equation models, such as log–log regres-
sions, to estimate power-law exponents. Breaking new ground, the present study 
adopts a multiple-equation approach, which significantly improves the robustness of 
statistical testing for commonalities in power-law behavior across multiple datasets. 
This methodological innovation has far-reaching implications for understanding sys-
temic risks and market behaviors, as it allows for a more holistic analysis of interde-
pendencies among financial assets. By expanding on Grobys (2024), who focused on 
universal power-law exponents, this research complements existing work by exam-
ining the equally critical aspect of common cutoffs. Such insights are invaluable for 
identifying universal patterns in financial data, which can inform better regulatory 
policies and risk management practices.

Finally, this study contributes to the literature on FX market risk. Previous works, 
such as Campbell et al. (2010), Opie and Riddiough (2020), and Della Corte et al. 
(2009), predominantly explored FX portfolios using correlation-based approaches. 
While correlation measures provide useful information, they often fail to capture 
the extreme tail risks that characterize FX markets. By following Mandelbrot’s 
(1967) perspective and employing power-law principles, this study offers a novel 
lens through which to analyze FX market risks. This approach is critical for develop-
ing strategies that account for rare but impactful events, ultimately leading to more 
robust portfolio optimization and risk management. These contributions underscore 
the importance of this study in bridging theoretical advancements with practical 
applications, benefiting academics, practitioners, and policymakers alike.

Using data covering January 16, 2015, to May 4, 2024, the present study confirms 
earlier research by providing robust evidence for power-law behavior in realized 
daily FX variances (e.g., Fathi et al., 2024; Grobys, 2023, 2024). Specifically, for 
seven out of nine realized daily FX variances, the power-law null model cannot be 
rejected, as indicated by p-values ranging from 0.08 to 0.82. Estimates for power-law 
exponents derived from block bootstrapping suggests that, in practice, the variance 
of realized FX variances is infinite, consistent with earlier findings by Grobys (2023, 
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2024). The correlation matrix for power-law exponents, with an average correlation 
of 0.33, indicates a moderate level of dependency across datasets. Supporting Grobys 
(2024), the results show that all estimated correlations between power-law expo-
nents are statistically significant and positive. These findings emphasize the neces-
sity of accounting for the correlation matrix when conducting cross-sectional tests. 
Hypothesis testing further confirms the presence of a universal exponent govern-
ing the cross-section of realized FX variances. The correlation matrix for power-law 
cutoffs suggests a relatively low average correlation of 0.11. However, 27 out of 36 
cutoff pairs exhibit positive and statistically significant correlations at the 5% level. 
This necessitates accounting for the correlation matrix of cutoffs in a manner analo-
gous to the treatment of power-law exponents during hypothesis testing. Strikingly, 
the results suggest the existence of a universal cutoff, indicating that not only is the 
power-law exponent consistent across realized FX variances, but the function also 
exhibits a shared cutoff. Several robustness checks corroborate these findings. The 
implications for FX risk management are profound, as the results suggest that the 
benefits of risk diversification may be more limited than previously believed. Addi-
tionally, the scope of power-law behavior in the variance risk of the FX market could 
be significantly underestimated when using single-equation models to determine the 
optimal cutoff for the power-law function. These insights offer a refined perspective 
on modeling extreme risks in FX markets and highlight the importance of advanced 
statistical approaches in understanding variance dynamics.

This study is organized as follows: The next section described the data. The third 
section presents the methodology. The fourth section reports the results and the fifth 
section discusses the findings. The last section concludes.

2  Data

Publicly available intraday prices for the AUD/USD, CAD/USD, CHF/USD, EUR/
USD, GBP/USD, JPY/USD, NOK/USD, NZD/USD, and SEK/USD exchange rates 
were downloaded from investing.com. This database provides us with FX quotations 
for daily open, high, and low prices. Unlike earlier research (e.g., Grobys, 2023; 
2024; Fathi et al., 2024), this study employs data from January 16, 2015 to May 4, 
2024 for the main analysis. Furthermore, only the intersection was employed—that 
is, only daily data are accounted for where all FX rates were quoted on the same day, 
leaving us with 2383 daily observations.

To estimate annualized daily variances, we employ the range-based variance esti-
mator, proposed by Parkinson (1980), which is given by:

	
σ2

i,t = T
1

4ln(2)

(
ln

(
Hi,t

Li,t

))2

= T
1

4ln(2)
(ln (Hi,t) − ln (Li,t))2

,� (1)

where Hi,t and Li,t denote the highest and lowest price for the FX rate i on trading 
day t, and σ2

i,t denotes the FX rate i’s corresponding annualized daily variance, where 
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T = 250, as 250 trading days per annum are assumed.1 The rationale for selecting a 
sample from January 16, 2015 to May 4, 2024.

is that we require that all G10 currencies should be in a state of free float which was 
ensured in the ex-post January 15, 2015 period. Specifically, on January 15, 2015, the 
Governing Board of the Swiss National Bank (SNB) decided to discontinue the mini-
mum exchange rate of CHF 1.20 per euro. This exchange-rate peg was established in 
2011 and abandoned without previous notice. Self-evidently, the pegging mechanism 
had also effects on the CHF/USD price fluctuations. To illustrate this issue, we plot 
in Fig. 1 in the appendix, the evolution of σ2

CHF/USD,t over the January, 2, 2001 to 
December, 17, 2002 period, whereas Fig. 2 in the appendix plots the evolution of 
σ2

CHF/USD,t over the January, 16, 2015 to March, 4, 2024 period. Visual inspec-
tion of Fig. 1 shows that this sample period cannot be deemed representative, as it 
deviates from the data evolution illustrated in Fig. 2 by a substantial margin. Specifi-
cally, the whole variation of the evolution of σ2

CHF/USD,t over the January, 2, 2001 
to December, 17, 2002 period arises, in essence, from one outlier April 29, 2002 
which corresponded to a 19.4-sigma event.2 Interestingly, similar lacks of data repre-
sentativeness could be observed for the σ2

NOK/USD,t or σ2
SEK/USD,t (unreported). 

As a consequence, the present study restricts the sample to a period where realized 
FX variances are “well-behaving,” respectively, do not exhibit significant structural 
breaks in the data-generating processes.

Tables 1 reports the descriptive statistics for annualized daily realized FX vari-
ances. As shown in Table  1, the kurtosis values for the daily variance data vary 
between 42.7056 for the annualized daily CAD/USD variance and 1102.8090 for 
the annualized daily GBP/USD variance, suggesting extremely heavy tails. We also 
report the maxima in terms of sigma-events: We observe that the maximum real-
izations of annualized daily realized FX variances vary between 14- and incredible 
39-sigma events—events that should be impossible to observe if the distributions 
governing realized FX variances followed the time-honored log-normal (e.g., Ander-
sen et al., 2001a, b, c).

1 For instance, recent studies from Grobys (2021; 2023; 2024) employ this variance estimator. The ratio-
nale for this choice is first, Chou et al.’s (2010) conclusion that range-based variance estimators comprise 
more information than changes in closing prices, and second, Shu and Zhang’s (2006) finding that all types 
of range-based variance estimators perform very well. Furthermore, Grobys (2023; 2024) documents that 
the Parkinson variance estimator is less inflated than the Garman-Klass estimator which is manifested in 
lower maximum variance realizations produced from the Parkinson estimator.
2 The corresponding Parkinson variance estimator has a value of σ2

CHF/USD,April29,2002=1.52E-04 on 
that day. For the calculation of the 19.4-sigma event, data for σ2

CHF/USD,t
 over the January, 2, 2001 to 

December, 17, 2002 period was standardized. Furthermore, note that in Table 9 in the appendix we report 
the descriptive statistics for σ2

CHF/USD,t
 for various sample periods, that is, a first subsample period 

which is from January, 2, 2001 to December, 17, 2002, a second subsample which is from January, 2, 2001 
to January, 14, 2015, and a third subsample (used as the main sample here) which is from January, 16, 2015 
to March, 4, 2024. Unsurprisingly, the lack of variations in the ex-ante January 2015 period can be easily 
seen from the descriptive statistics, too.
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3  Econometric Methodology

3.1  Main Analysis

3.1.1  Power Laws

Following earlier research (Grobys, 2023, 2024; Fathi et al., 2024), we model annual-
ized daily FX variances using the following power-law function:

	 p (x) = Cx−α,� (2) 

where C = (α − 1) x
α−1
MIN  with α ∈ {R+ |α > 1}, x = σ2

i,t denotes the respective 
annualized daily FX variance i, provided that x ∈ {R+ |xMIN ≤ x < ∞}, xMIN  
is the minimum realization governed by the power-law, whereas α is the magnitude 
of the corresponding power-law exponent, which captures via extrapolation the low-
probability deviation not seen in the data (Taleb, 2020).3 It is important to note that 
this econometric model suggests the following functional form of the data-generating 
processes:

	
σ2

i,t =
{

σ2
s1,i,t

σ2
s2,i,t

, with P =
(

s1,i,t |s1,i,t−1 s1,i,t |s2,i,t−1
s2,i,t |s1,i,t−1 s2,i,t |s2,i,t−1

)
,� (3)

where s1,i,t denotes a state where FX variance i is governed by some thin-tailed 
process (e.g., log-normal), that is, σ2

1,i,t ∼ LGN(µ1,i, σ2
1,i), whereas s2,i,t denotes 

a power law regime, that is, σ2
2,i,t ∼ PL(α2,i, x2,i,MIN ), and P  is the transition 

probability matrix. Note that Cirillo and Taleb (2020, p. 606) stress that “the more 
fat-tailed a statistical distribution, the more the ‘tail wags the dog’. That is to say, 
more statistical information resides in the extremes and less in the ‘bulk’—the events 
of high frequency—where it becomes almost noise.” Therefore, in what follows, we 
exclusively focus our analysis on the tail of the distribution, that is, the region where 
the statistical signal resides and which is governed by a power-law process. What 
do we know about the relevant conditional moments? Given the functional form of 
Eq. (2), it can be shown that conditional moments of order k, E [x |x > xMIN ], are 
defined as:

	
E

[
Xk |x > xMIN

]
= (α − 1)

(α − 1 − k)
xk

MIN .� (4)

From Eq.  (4) we see that the theoretical mean only exists for α > 2, whereas the 
variance of realized FX variance only exists for α > 3. Furthermore, from Eq. (4) 
it becomes evident that if 1 < α ≤ 2, E [x |x > xMIN ] = ][, and hence, E [x] = ][, 
which indicates the most extreme situation where the ‘tail wags the dog.’

3 Following Clauset et al. (2009), to simplify notation, index i, which denotes the respective individual FX 
variance, is dropped.
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3.1.2  Maximum Likelihood Estimation and Goodness-of-Fit Test

Since maximum likelihood estimation (MLE) is the most accurate approach for esti-
mating power-law exponents (Clauset et al., 2009; White et al., 2008), power-law 
exponents are estimated as:

	
α̂ = 1 + N

(∑N

i=1
ln

(
xi

xMIN

))−1

,� (5)

where α̂ denotes the MLE estimator, N  is the number of observations exceeding 
xMIN , and other notations are as previously defined. Furthermore, Clauset et al. 
(2009) derive the corresponding standard deviation of the estimated power-law 
exponent:

	
σ̂ = α̂ − 1√

N
+ O( 1

N
).� (6)

Because the MLE estimator depends on the chosen xMIN , an essential question that 
arises is which candidate should be chosen for xMIN ? To optimize xMIN , Clauset 
et al. (2009) propose an approach based on the optimal Kolmogorov–Smirnov (KS) 
distance D, which measures the maximum distance between the cumulative density 
functions (CDFs) of the data and the fitted power-law model as defined by:

	 D = MAXx≥xMIN
|S (x) − P (x)| ,� (7) 

where S (x) is the CDF of the data for the observation with a value of at least xMIN , 
and P (x) is the CDF for the power-law model that best fits the data in the region 
x ≥ xMIN . The optimal x̂MIN  is then the value of xMIN  that minimizes D. Clau-
set et al. (2009) provide strong evidence that their proposed approach to select the 
optimal xMIN  outperforms traditional log–log regressions by a substantial margin; 
however, as pointed out in Grobys (2024), their proposed approach is only applicable 
to a single data series.

To analyze whether the power-law model given by the parameter vector (α̂, x̂MIN ) 
is reasonable, this study uses the goodness-of-fit test (GoF), as derived from Clau-
set et al. (2009). This GoF produces a p-value that quantifies the plausibility of the 
power-law null model by comparing D from Eq. (7) with distance measurements for 
comparable synthetic data sets drawn from the hypothesized model, generated by the 
parameter vector (α̂, x̂MIN ). The p-value is calculated as the fraction of synthetic 
distances that exceed the empirical distance. Making use of a common significance 
level of 5%, the power-law null model is not rejected, as the difference between the 
empirical data and the model can be attributed to statistical fluctuations.4

4 The GoF test is detailed in Clauset et al. (2009).
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3.1.3  Computing Expected First and Second Moments and Covariance Matrices via 
Blocks Bootstraps

Whereas methodologies proposed in the literature to estimate power-law expo-
nents (e.g., Clauset et al., 2009) were designed for analyzing a single data series or 
a seemingly unrelated data series, a recent study of Grobys (2024) proposes a new 
approach incorporating blocks bootstraps to estimate the covariance matrix of power-
law exponents for multiple seemingly unrelated data. He shows that power-law 
exponents for realized foreign exchange rate variances are indeed correlated which 
implies that the covariance matrix of power-law exponents needs to be accounted 
for when implementing joint tests. Utilizing this approach incorporating block boot-
straps, we explore whether (a) the cutoffs for power-law functions are correlated, and 
(b) whether a common cutoff exists across power-law functions governing FX vari-
ances. If FX variances exhibited not only a common power-law exponent but also a 
common cutoff would suggest a universal power-law behavior of the variance risk in 
the FX market.

To explore this issue, a blocks bootstrap procedure, as proposed in Grobys (2024), 
is implemented. Denoting the selected block length as m, a blocks bootstrap proce-
dure is chosen such that E [m] =

√
T . Then the Tx1 data vectors of FX variances 

i = 1, . . . , N , denoted as xi, are stacked into matrix Y :

	 Y = [x1, x2, . . . , xN ].

The blocks of the dimension mxN are randomly drawn from matrix Y  with respect to 
the time dimension t = 1, . . . , T . These blocks are governed by a geometric distribu-
tion—that is, m ∼ GEO(p) with E [m] = (1−p)

p . Drawing geometrically-distributed 
random blocks ensures that the variance data are stationarity (Godfrey, 2009). Since 
our data has a length of 2383 implying 

√
T ≈ 49, we use E [m] = 49, p = 0.0200. 

Note that the blocks drawn from Y  vary in lengths. The randomly drawn blocks, m, 
which have dimensions mxN from data matrix Y , are stacked in matrix Y b as:

	

Y b =




m1
m2
m3
...


 .

The procedure is stopped when the length of the artificial matrix Y b exhibits a length 
exceeding T. Observations exceeding T are cut off to ensure that the artificial data 
matrix Y b has the same length as the original data matrix Y . This process corre-
sponds to one iteration b of the blocks bootstrap procedure. Employing this blocks 
bootstraps, for each iteration b, the Tx1 vectors,xb,1, xb,2, …, xb,N  are extracted 
from matrix Y b, and the MLE estimators are estimated using the procedure described 
in the previous section giving us:
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[ α̂b,1 α̂b,2 · · · α̂b,N ] , and

[ x̂MIN,b,1 x̂MIN,b,2 · · · x̂MIN,b,N ] .

This blocks bootstrap procedure is performed using b = 1, . . . , 1000 iterations and 
point estimates are stacked into BxN matrices α̂BOOT  and x̂MIN,BOOT :

	

α̂BOOT =




α̂1,1 α̂1,2 . . . . . . α̂1,N

α̂2,1 α̂1,2 . . . . . . α̂2,N

...

...
α̂B,1

...

...
α̂B,2

...

...
. . .

...

...
. . .

...

...
α̂B,N




, and

x̂MIN,BOOT =




x̂MIN,1,1 x̂MIN,1,2 . . . . . . x̂MIN,1,N

x̂MIN,2,1 x̂MIN,1,2 . . . . . . x̂MIN,2,N

...

...
x̂MIN,B,1

...

...
x̂MIN,B,2

...

...
. . .

...

...
. . .

...

...
x̂MIN,B,N




.

The corresponding bootstrapped standard errors σ̂
α̂BOOT ,i

 and σ̂
x̂MIN,BOOT ,i

 are 
then given by:

	

σ̂
α̂BOOT ,i

=
√

1
B

∑B
b=1

(
α̂b,i − α̂b,i

)2
, and

σ̂
x̂MIN,BOOT ,i

=
√

1
B

∑B
b=1

(
x̂MIN,b,i − x̂MIN,b,i

)2
.

According to Grobys and Junttila (2021), this approach is robust to unknown depen-
dency structures in the data, which are commonly observed for financial data.5 Since 
this blocks bootstrap approach retains co-dependencies across the data, it enables us 
to compute the following covariances using the matrices α̂BOOT  and x̂MIN,BOOT :

	
σ̂

α̂BOOT ,i,j
= 1

B

B∑
b=1

(
α̂b,i − α̂b,i

) (
α̂b,j − α̂b,j

)
with i ̸= j,

	
σ̂

x̂MIN,BOOT ,i,j
= 1

B

B∑
b=1

(
x̂MIN,b,i − x̂MIN,b,i

) (
x̂MIN,b,j − x̂MIN,b,j

)
with i ̸= j,

5 Furthermore, the methodology proposed in the study of Clauset et al. (2009) relies on the assumption of 
independency which is not satisfied due to conditional heteroskedasticity. Consequently, standard devia-
tions for estimated power-law exponents, as given by Eq. (6), must be biased. Modern blocks bootstrap 
addresses this issue by providing standard deviations that are robust to unknown dependency structures 
in the data. Note that the findings documented in the recent study of Grobys’ (2024) indicate that standard 
deviations for estimated power-law exponents derived from blocks bootstrap are substantially larger than 
those obtained from using Clauset et al.’s (2009) approach.
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for i, j = 1, . . . , N . The corresponding NxN covariance matrices are then 
COV (α̂BOOT ), and COV (x̂MIN,BOOT ), respectively. As noted in Grobys 
(2024), if covariances are statistically significant, the covariance matrices need to be 
accounted for when implementing statistical tests for detecting potential commonal-
ties across the FX variances.

3.1.4  Is there a Common Exponent Governing Power Law Functions of FX Variances?

To explore whether a common component governing power-law behavior of FX vari-
ances exists, We follow Grobys (2024) and employ the following test statistic:

	 λ̂ = (α̇ − q1) ′Σ̂
−1
α̂ (α̇ − q1) ,� (8)

where the covariance matrix Σ̂
α̂

= COV (α̂BOOT ), has the dimension NxN, α̇ is 
a vector of dimension Nx1 stacking consistent estimates for power-law exponents 
in a column vector, 1 is a Nx1 vector consisting of ones, and q is the hypothesized 
common power-law exponent. The estimated test statistic, denoted as λ̂, is under the 
null hypothesis distributed as χ2(N). Following Grobys (2024), the test statistic is 
iteratively estimated covering the economically important interval q = (2.1, 2.2, …, 
3.1). Since power-law exponents for nine FX variances are tested, the correspond-
ing test statistic is under the null hypothesis distributed as χ2(9). Using a statistical 
significance level of 5% level, the null hypothesis is not rejected for λ̂ < 16.92. Note 
that according to Eq. (8), rejection of the null hypothesis α

′ = q1 ∀ q = (2.1, 2.2, 
…, 3.1) would indicate that the FX variances exhibit heterogenous sources of risk 
manifested in FX-specific power-law behavior.

3.1.5  Is there a Common Cutoff Associated with Power-Law Functions for FX 
Variances?

Earlier research focused on examining commonalities in power-law exponents 
(Grobys, 2024). Extending this research, here we explore whether the power-law 
functions governing realized FX variances exhibit a common cutoff. This is an impor-
tant issue because Lux (2000) highlights that documented results of studies on power 
laws in financial economics depend on the chosen cutoff. Relatedly, Lux (2000, p. 
646) points out that in “[i]n view of these problems of implementations, the recent 
development of methods for data-driven selection of the tail sample constitutes an 
important advance.” Therefore, to address this issue, the present study employs a chi-
square-type distribution in search of a common cutoff for multiple data vectors of FX 
variances. To do so, the following test statistic is proposed:

	 λ̂ = (ẋMIN − r1) ′Σ̂
−1
x̂MIN

(ẋMIN − r1) ,� (9)

where the covariance matrix Σ̂
x̂MIN

= COV (x̂MIN,BOOT ), has the dimension 
NxN, ẋMIN  is a vector of dimension Nx1 stacking consistent estimates for cutoffs 
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in a column vector, 1 is a Nx1 vector consisting of ones, and r is the hypothesized 
common cutoff. The estimated test statistic denoted as λ̂ is under the null hypothesis 
distributed as χ2(N). The test statistic is iteratively estimated covering the full range 
of estimated cutoffs, that is, the hypothesis tests are implemented on the interval 
r = (0.007,0.008,0.009, . . . , 0.034,0.035). Since cutoffs for power-law functions of 
nine realized FX variances are tested, the corresponding test statistic is under the null 
hypothesis distributed as χ2(9). Again, using a statistical significance level of 5% 
level, the null hypothesis is not rejected for λ̂ < 16.92. Rejecting the null hypothesis 
(ẋMIN − r1)∀ r = (0.007,0.008,0.009, . . . , 0.034,0.035) would indicate that the 
FX variances exhibit FX variance risk-specific cutoffs.

4  Results

4.1  Main Results

Table 2 reports the results from estimating the power-law exponents for daily vari-
ances based on the Parkinson-estimator using the MLE approach proposed by Clauset 
et al. (2009). The sample period is from January, 16, 2015 to May, 4, 2024, compris-
ing 2383 daily observations. We observe from Table 2 that the estimated power-law 
exponents vary between α̂ = 2.6400 for the annualized daily JPY/USD variance and 
α̂ = 3.5709 for the annualized daily SEK/USD variance. The fraction of observa-
tions governed by power-law processes varies between 6.67 percent for the annual-
ized daily SEK/USD variance and 26.81 percent for the annualized daily JPY/USD 
variance. These figures are close to the ones reported in Grobys (2023) who examines 
power-law behavior of annualized daily variances for G10 currencies using a sample 
May 16, 2006 to November 19, 2021. Specifically, Grobys (2023) finds that esti-
mated power-law exponents range between α̂ = 2.25 and α̂ = 2.78 for annualized 
daily AUD/USD variance and annualized daily EUR/USD variance, respectively.

Furthermore, implementing the Clauset et al.’s (2009) GoF test, the evidence sug-
gests that the power-law null model cannot be rejected for seven-out-of-nine annual-
ized daily FX variances.6 This result is also in line with Grobys (2023). On the other 
hand, our findings suggest that the power-law null model is rejected for annualized 
daily JPY/USD and CAD/USD variances, whereas Grobys’ (2023) findings suggest 
that the power-law null model is rejected for annualized daily SEK/USD and CAD/
USD variances. An explanation for the discrepancy between the findings could be 
the chosen sample which, in turn, confirms Taleb’s (2012) argument that absence of 
evidence for power-law behavior doesn’t imply evidence for absence of power-law 
behavior.

Whereas the point estimates for power-law exponents derived from MLE should 
be unbiased, the parameter uncertainty will be underestimated in the presence of 
dependency structures. Since volatility clustering is a stylized fact of financial data 
and therefore gives reasons for long-range dependence in the variance processes, we 
employ block bootstraps to estimate robust parameter variances. Following Grobys 

6 To implement the GoF tests, we used 500 iterations for each hypothesis test.
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(2024), we employ an expected block length of 
√

T  and because T = 2383, it follows 
that 

√
T ≈ 49, we hence E [m] = 49, and p = 0.0200. The blocks bootstraps proce-

dure allows us to estimate the distributions for both power-law exponents and cutoffs. 
The results derived from 1000 bootstrap replications are reported in Tables 3 and 4. 
From Table 3 we observe that the average point estimates for bootstrapped power-law 
exponents are close to the ones reported in Table 2. This should not come as a surprise 
because both estimates should be unbiased. As an example, the estimated power-law 
exponent for annualized daily AUD/USD variance is α̂ = 3.1018 based on the MLE 
approach in line with Clauset et al. (2009), and α̂ = 3.1019 based on our blocks 
bootstraps approach. Whereas the point estimates are virtually the same, the param-
eter uncertainty is not: We see from Table 2 that Clauset et al.’s (2009) estimate—
which is derived under the IID assumption—suggests that σ̂ = 0.1713, whereas our 
robust estimate for parameter uncertainty suggests that σ̂

α̂BOOT
= 0.4232. That is, 

our robust estimate suggests the parameter uncertainty to be ≈ 2.5 times higher than 
under the IID assumption.

Self-evidently, this is an important issue for hypothesis tests. For instance, accord-
ing to Table 2, the estimated power-law exponent for annualized daily SEK/USD 
variance, estimated at α̂ = 3.5709 is 2.02σ̂ above a hypothesized α̂ = 3. That means, 
a hypothesis test based on the IID assumption would mistakenly result in rejecting 
the null hypothesis that the variance of annualized daily SEK/USD variance exists, 
which is obviously the case if the null hypothesis α̂ = 3 or α̂ ≤ 3 is rejected. On the 
other hand, our robust estimate suggests that α̂ = 3.5709 is only 1.42σ̂

α̂BOOT
 above 

a hypothesized α̂ = 3 implying that a hypothesized α̂ = 3 could not be rejected. 
Overall, disregarding from dependency structures in the data might lead to mislead-
ing results derived from methodologies relying on the IID assumption.

Extending Grobys’ (2024) study, we use blocks bootstraps to estimate the dis-
tribution for cutoffs. From Table  4 that average values for cutoffs range between 
x̂MIN = 0.0085 and x̂MIN = 0.0289 for the power-law function for annualized 
daily JPY/USD variance and annualized daily NOK/USD variance, respectively.7 
Moreover, the bootstrap procedure suggests that the cutoff uncertainty varies between 
σ̂

x̂MIN,BOOT
= 0.0024 and σ̂

x̂MIN,BOOT
= 0.0083 for the power-law function for 

the annualized daily CAD/USD variance and annualized daily SEK/USD variance, 
respectively. It is important to note that the distribution for x̂MIN  is not analytically 
deducible, yet modern blocks bootstraps allows us to estimate the relevant distribu-
tional metrics. The corresponding (robust) t-statistics vary between 2.53 and 4.95 for 
the average cutoffs for the annualized daily SEK/USD variance and annualized daily 
NZD/USD variance, respectively. This suggests that the average cutoffs retrieved 
from blocks bootstraps are statistically significant on at least a 5% level.

Is FX variance risk governed by a common factor? Grobys’ (2024) study shows 
that annualized daily FX variances are indeed governed by such a universal expo-
nent corresponding to α∗ ≈ 2.6 which is line with the theory of complex systems. 
To revisit this issue, we compute the covariance matrix via blocks bootstraps using 
E [m] = 49, and p = 0.0200. The estimated correlation matrix for power-law expo-

7 Note that we again make use of E [m] = 49, and p = 0.0200.
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nents is reported in Table 5. We see from Table 5 that all correlations are statistically 
significant on a 1% level. Whereas correlations between power-law exponents range 
between 0.10 and 0.64, the average correlation of the correlation matrix is 0.33 sug-
gesting a moderate level of correlation. Furthermore, we implement the test statistic 
λ̂, as described in Section 3.1.4., using Σ̂

α̂
= COV (α̂BOOT ), and for α̇, we employ 

the mean values of blocks bootstrapped point estimates, as reported in Table 3. As 
pointed out in Section 3.1.4., the test statistic λ̂ is iteratively estimated on the eco-
nomically important interval q = (2.1, 2.2, …, 3.1). The test statistic is under the null 
hypothesis distributed as χ2(9).

Using a statistical significance level of 5% level, the null hypothesis is not rejected 
for λ̂ < 16.92. The results are reported in Table 6. From Table 6 we observe that the 
null hypothesis cannot be rejected for the interval 2.5 ≤ α∗ ≤ 2.8. The test statistic 
λ̂ reaches its minimum value for α∗ ≈ 2.7 (p-value 0.1512) which confirms Grobys 
(2024) who documents a cross-sectional power-law exponent of α∗ ≈ 2.6 that would 
govern FX risk. Note from Table 6 that the estimated test statistic λ̂ is virtually the 
same for α∗ = 2.6 and α∗ = 2.7 despite of (a) our sample being considerably shorter 
than the one used in Grobys (2024), and despite of (b) using a different FX data pro-
vider than the one used in Grobys (2024), suggesting that Grobys’ (2024) findings are 
scientifically replicable.

A common exponent does not necessarily suggest that the power-law function 
is the same across FX variances. As pointed out in Lux (2000), due to the MLE 

Table 6  Testing for a common power-law exponent
To explore whether a common component governing power-law behavior of FX variances exists, the fol-

lowing test statistic is proposed: λ̂ = (α̇ − q1) ′Σ̂
−1
α̂

(α̇ − q1) ,

where the covariance matrix Σ̂
α̂

= COV (α̂BOOT ), has the dimension NxN, α̇ is a Nx1 vector of the 

unbiased estimated power-law exponents, 1 is a Nx1 vector consisting of ones, and q is the hypothesized 
common power-law exponent. The estimated test statistic denoted as λ̂ is under the null hypothesis dis-
tributed as χ2(N). The test statistic is iteratively estimated covering the economically important interval 
q = (2.1, 2.2, …, 3.1). Since power-law exponents for nine FX variances are tested, the corresponding 
test statistic is under the null hypothesis distributed as χ2(9). Using a statistical significance level of 5% 
level, the null hypothesis is not rejected for λ̂ < 16.92. Bold figures indicate statistical significance on a 
5% level
q λ̂

2.1 37.17
2.2 29.48
2.3 23.26
2.4 18.53
2.5 15.29
2.6 13.53
2.7 13.26
2.8 14.47
2.9 17.17
3.0 21.36
3.1 27.03
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approach, estimated power-law exponents depend on the chosen cutoff. Therefore, 
a question that arises is whether power-law functions governing FX risk exhibit the 
same cutoff. To explore this issue, we make use of blocks bootstraps and compute 
the covariance matrix using E [m] = 49, and p = 0.0200 as in the previous analysis. 
The estimated correlation matrix for cutoffs is reported in Table 7. From Table 7 we 
observe that whereas correlations between cutoffs range between −0.03 and 0.24, the 
average correlation of the correlation matrix is 0.10 suggesting a relatively low level 
of correlation. Yet, it is important to note that the vast majority of correlations (viz. 
24-out-of-36) are statistically significant on a 1% level.

Next, we implement the test statistic λ̂, as described in Section  3.1.5., using 
Σ̂

x̂MIN
= COV (x̂MIN,BOOT ), and for ẋ, we employ the mean values of 

blocks bootstrapped point estimates, as reported in Table  4. As mentioned ear-
lier, the test statistic λ̂ is iteratively estimated on the economically on the interval 
q = (0.0070, 0.0080,…,0.0340, 0.0350). The test statistic is under the null hypoth-
esis distributed as χ2(9). Using a statistical significance level of 5% level, the null 
hypothesis is not rejected for λ̂ < 16.92. The results are reported in Table 8. Strik-
ingly, from Table 8 we observe that the null hypothesis cannot be rejected for the 
interval 0.0090 ≤ x∗

MIN ≤ 0.0130. Furthermore, the test statistic λ̂ reaches its 
minimum value for x∗

MIN = 0.0100 (p-value 0.1791). This result suggests that the 
power-law function governing FX variances indeed exhibit a common cutoff result-
ing in the universal power law, p (x) ≈ (6.77E − 04)x−2.7 that governs the cross 
section of realized FX variances.

4.2  Additional Results

Given that the Governing Board of the Swiss National Bank (SNB) decided to dis-
continue the minimum exchange rate of CHF 1.20 per euro on January 15, 2015, 
it is surprising to note that our point estimate for α for σ̂2

CHF/USD,t is virtually 
the same as documented in Grobys’ (2023) study using a sample covering the May, 
16, 2006 to November 19, 2021 period. Specifically, whereas our point estimate is 
α̂ = 2.7798 (Table 2), Grobys (2023) documented a point estimate of α̂ = 2.7785 (see 
Table 2 in Grobys, 2023). Statistically, these estimates are not different from each 
other. Therefore, we perform a robustness check by expanding the sample to the 
overall sample period from January, 2, 2001 to May, 4, 2024, incorporating 6044 
daily observations. We replicate all Tables for the expanded sample. The results are 
reported in Tables 10—17 in the appendix. Overall, the results from our robustness 
check support our main findings; that is, annualized daily realized FX variances are 
governed by power laws that do not only exhibit a universal exponent, but also a 
universal cutoff.

It is interesting to note that using the expanded sample, the power-law null model 
cannot be rejected for eight-out-of-nine FX variances with p-values derived from 
Clauset et al.’s (2009) GoF test varying between 0.2660—0.8340 (Table 11).8 That 

8 Note that we, again, employ 500 iterations for implementing Clauset et al.’s (2009) GoF test.
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means using more data, the power-law models appear to provide a better fit. This 
should not come as a great surprise because Taleb (2010) noted that it requires a large 
data set so that fractal properties can be ascertained in data because low-probability 
events are per definition rare. Next, the correlation matrix of power-law exponent 
exhibits an average correlation of ρ = 0.49 (Table 14) which is considerably higher 
than the average correlation of power-law exponents conditioned on the subsam-

Table 8  Testing for a common cutoff of power-law functions
To explore whether the power law functions governing realized FX variances exhibit a common cutoff the 

following test statistic is proposed: ̂λ = (ẋMIN − r1)
′Σ̂

−1

x̂MIN

(ẋMIN −r1)
,

where the covariance matrix Σ̂
x̂MIN

= COV (x̂MIN,BOOT ), has the dimension NxN, ẋMIN  is a 

Nx1 vector of unbiased estimated cutoffs, 1 is a Nx1 vector consisting of ones, and r is the hypothesized 
common cutoff. The estimated test statistic denoted as ̂λ is under the null hypothesis distributed as χ2(N). 
The test statistic is iteratively estimated covering the full range of the vector ̂xMIN , that is, the hypothesis 
tests are implemented on the interval r = (0.007,0.008,0.009, . . . , 0.034,0.035). Since cutoffs for nine 
FX variances are tested, the corresponding test statistic is under the null hypothesis distributed as χ2(9). 
Using a statistical significance level of 5% level, the null hypothesis is not rejected for λ̂ < 16.92. Bold 
figures indicate statistical significance on a 5% level
q λ̂

0.0070 17.68
0.0080 15.00
0.0090 13.33
0.0100 12.65
0.0110 12.99
0.0120 14.33
0.0130 16.67
0.0140 20.03
0.0150 24.38
0.0160 29.74
0.0170 36.11
0.0180 43.48
0.0190 51.86
0.0200 61.24
0.0210 71.63
0.0220 83.02
0.0230 95.42
0.0240 108.82
0.0250 123.23
0.0260 138.65
0.0270 155.07
0.0280 172.49
0.0290 190.92
0.0300 210.36
0.0310 230.80
0.0320 252.24
0.0330 155.07
0.0340 172.49
0.0350 190.92
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ple used for the main analysis. However, the average correlation of the correlation 
matrix for cutoffs (Table 16) is as low as the figure reported in the main analysis (e.g. 
ρ = 0.10).

Interestingly, using the expanded sample, the optimal cross-sectional power-law 
exponent is estimated at α∗ ≈ 2.9 with corresponding p-value of 0.1188 (Table 15). 
However, there are at least two interesting results worth noting: First, Table 11 shows 
that the null hypothesis α∗ = 2.7 cannot be rejected (p-value 0.05670), whereas the 
null hypothesis α∗ = 3.1 is clearly rejected (p-value 0.0329). As a consequence, the 
results derived from the expanded sample support earlier evidence that the common 
cross-sectional power-law exponent must be α∗ ≤ 3.0 implying that the variance of 
realized FX variance is undefined.

Furthermore, testing whether the power-law functions of FX variances exhibit 
a common cutoff, the results reported in Table 17 indeed provide evidence 
for that the null hypothesis of a common cutoff cannot be rejected for the inter-
val 0.0150 ≤ x∗

MIN ≤ 0.0220. The test statistic λ̂ reaches its minimum value for 
x∗

MIN = 0.0190 (p-value 0.2202). While this result confirms the hypothesized com-
mon cutoff for power-law function of FX variances, the optimum is in its economic 
magnitude statistically significantly higher than reported in the main analysis (e.g., 
x∗

MIN = 0.0100). A potential reason for this issue could be an adaption of emergent 
market behavior that facilitates that power-law behavior of FX variances experience 
a lower threshold. This effect becomes evident when comparing the percentages of 
power-law observations from the main sample with the expanded sample: For most 
FX variance distributions, the percentage of power-law observations is higher for the 
sample from January, 16, 2015 to May, 4, 2024 as opposed to the overall sample from 
January, 2, 2001 to May, 4, 2024.

Finally, a reader could be concerned about the importance of the covariance matrix 
when implementing joint test for analyzing whether a common cutoff for power-
law functions exists. Admittedly, the average correlation for Σ̂

x̂MIN
 is considerably 

smaller than for Σ̂
α̂

, regardless the sample. To address this concern, we implement a 
test where we assume COV (x̂MIN,i, x̂MIN,j) = 0∀i ̸= j, Σ̂

x̂MIN
 giving us:

	

Σ̂
x̂MIN

=




σ̂2
x̂MIN,BOOT,1

0 . . . 0
0 σ̂2

x̂MIN,BOOT,2
· · · 0

0
0

0
· · ·

. . .
0

0
σ̂2

x̂MIN,BOOT,N


 .

Using this covariance matrix, we again make use of the test specified in Eq. (9). The 
results using data on the main sample (January, 16, 2015 to May, 4, 2024) are reported 
in Table 18. In line with Table 8, we observe from Table 18 that we cannot reject the 
null hypothesis that a common cutoff exists. However, we observe that disregarding 
from covariances, the optimum is estimated at x∗

MIN = 0.0110 (p-value 0.1220). 
On the other hand, a hypothesized optimum of x∗

MIN = 0.0100, as suggested from 
the main analysis, cannot be rejected either (p-value 0.0843). Overall, even if we 
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disregard from covariances between cutoffs, we cannot reject the hypothesis that a 
common cutoff exist that governs the universal power-law function for FX variances.

5  Discussion

5.1  Alignment with Prior Studies

Recent literature extensively examines the power-law behavior of realized FX vari-
ances. Consistent with Grobys (2023, 2024) and Fathi et al. (2024), the findings 
of this study indicate that, for the majority of realized FX variances, the estimated 
power-law exponents (viz., α̂ ≈ 3) are sufficiently small to cast doubt on the reli-
ability of estimated sample variances. While Grobys (2024) provides evidence for a 
universal power-law exponent governing the cross-section of realized FX variances, 
this study posits that the exponent of a power-law function is intrinsically linked to 
the power-law cutoff. Expanding on Grobys’ (2024) work, we investigate whether the 
universal power-law also exhibits a universal cutoff. By proposing a joint statistical 
test, the results reveal robust evidence supporting the existence of a universal cutoff. 
Previous research predominantly focused on analyzing power laws for individual 
datasets and proposed various methodologies for determining the optimal cutoff for 
power-law functions (viz., Clauset et al., 2009; Lux, 2000; White et al., 2008). How-
ever, these approaches are designed for single datasets, limiting their applicability 
to broader contexts. The present study extends this body of literature by introduc-
ing a statistical test derived from modern blocks bootstrap methods. This innovative 
procedure enables the estimation of covariance matrices for cutoffs across multiple 
data series, facilitating robust tests to determine whether multiple datasets conform 
to power laws with a common cutoff. Additionally, it identifies a potentially optimal 
universal cutoff by maximizing the associated p-value. By bridging methodological 
gaps, this study contributes to a more comprehensive understanding of power-law 
behaviors in FX variance distributions.

5.2  Applications and Implications

5.2.1  Practical Applications of a Universal Power Law in FX Variances

The universal power law governing FX variances has significant implications for 
various practical applications (viz., risk management, portfolio diversification, algo-
rithmic trading, and regulatory agencies). In the realm of risk management, the power 
law provides a robust framework for modeling extreme behaviors in variance distri-
butions, enabling institutions to improve volatility forecasting and tail risk estima-
tion. This approach enhances the precision of stress-testing protocols and allows for 
better allocation of risk capital, mitigating exposure to unpredictable fluctuations. As 
pointed out in Taleb (2020), traditional finance theory has a preference for parametric, 
less robust, methods. By aligning risk management practices with the heavy-tailed 
nature of FX variances, financial institutions can more effectively address severe 
market shocks. Furthermore, portfolio diversification strategies can also benefit from 
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insights derived from the universal power law. The commonalities in FX variances’ 
tail behaviors indicate that traditional diversification benefits may be diminished 
during extreme market events. Understanding these limitations enables investors to 
design more resilient portfolios and develop hedging strategies that account for the 
heightened risks associated with correlated extreme events. This refinement in strat-
egy supports improved portfolio performance under stress conditions.

In the domain of algorithmic trading, the universal power law can refine trading 
algorithms by integrating more accurate models of tail behaviors. These enhanced 
models improve the identification of abnormal price movements, enabling better 
execution strategies and reducing slippage. Additionally, incorporating these insights 
into order-routing systems allows for optimal responses to abrupt volatility spikes, 
boosting profitability and efficiency in high-frequency trading environments.

From a regulatory perspective, the universal power law offers valuable tools for 
assessing systemic risks in FX markets. By acknowledging shared tail behaviors 
across currency pairs, regulators can design preemptive measures to mitigate cascad-
ing effects during extreme events. In this regard, Cirillo and Taleb (2020) emphasize 
that Extreme-Value-Theory-based risk management is compatible with the (non-
naïve) precautionary principle and should be the leading driver for policy decisions 
under jointly systemic and extreme risks. The power law framework also aids in cali-
brating capital requirements, ensuring institutions are adequately prepared for rare 
but severe market shocks. These applications contribute to enhancing the stability 
and resilience of the global financial system, aligning regulatory policies with empiri-
cal market dynamics.

5.2.2  Benefits of Refinements in Methodologies for Modeling FX Variances

The refinements in methodologies for modeling FX variances offer substantial ben-
efits across multiple dimensions, notably accuracy, resilience, and policy and strategy 
development. These enhancements are critical for aligning analytical frameworks 
with the empirical realities of financial markets. Accuracy is a primary benefit of 
these refinements, as they improve the precision of statistical models by incorporat-
ing modern techniques such as blocks bootstrap and covariance matrix integration. 
By accounting for dependencies and cross-sectional correlations in FX variances, 
these methods mitigate biases introduced by traditional single-equation approaches. 
This leads to more reliable estimates of key parameters, such as power-law exponents 
and cutoffs, enabling a deeper understanding of tail behaviors and extreme events in 
a cross-sectional setting. Enhanced accuracy directly translates into better predictive 
capabilities for volatility and risk assessments.

Resilience is another critical advantage, as the refined methodologies equip finan-
cial institutions to better withstand market shocks. Specifically, tail-focused model-
ing, for example, emphasizes the statistical significance of rare but impactful events, 
facilitating robust stress-testing and crisis management frameworks (Taleb, 2020). 
By focusing on heavy-tailed distributions, institutions can proactively prepare for 
extreme scenarios, thereby enhancing their operational stability and reducing sys-
temic vulnerabilities in the FX market.
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Finally, these refinements provide significant contributions to policy and strat-
egy development. For policymakers, the integration of advanced techniques offers 
tools for assessing systemic risks and calibrating regulatory measures, such as capital 
requirements, to address market volatility (Cirillo & Taleb, 2020). For financial prac-
titioners, the improved accuracy and resilience of these models support the design 
of adaptive investment and hedging strategies that align with real-world dynamics. 
Together, these benefits bridge theoretical advancements with practical applications, 
ultimately fostering a more robust and stable financial ecosystem.

6  Conclusion

Recent research provided evidence for that realized FX variances exhibit the same 
power-law behavior manifested in a common cross-sectional power-law exponent 
(Grobys, 2024). Using MLE, we argue that the exponent of a power law and the 
power-law-cutoff are intimately related because the exponent depends on the chosen 
cutoff. To explore whether a universal cutoff exist, we extend recent research and 
propose a novel test derived from modern blocks bootstrap. Interestingly, the evi-
dence suggests indeed the presence of such a universal cutoff. Overall, our result sug-
gests that the universal power law governing realized FX variances is characterized 
by the distribution p (x) ≈ (6.77E − 04)x−2.7. Furthermore, our results imply that 
for at least five-out-of-nine realized FX variances, the scope of power-law behavior 
is underestimated. In fact, cutoffs derived from single-equation models suggest for 
σ̂2

AUD/USD, σ̂2
GBP/USD, σ̂2

NOK/USD, σ̂2
NZD/USD, σ̂2

SEK/USD, that x̂MIN > 0.01 
resulting in that the percentage of sample observations governed by the power law 
is underestimated. We argue that our results have important implication for FX risk 
management as they call for refinements in methodologies used to model FX risk.

The findings of the present study, which document that various realized FX vari-
ances are governed by a power law with a universal exponent and cutoff, can be 
supported and explained through the theoretical framework derived in the study 
of Lux (1995). Specifically, Lux’s (1995) work emphasizes that financial markets 
exhibit non-linear, self-organizing dynamics driven by contagion and herd behavior. 
These systemic dynamics align with the observed universality of power-law expo-
nents and cutoffs in the present study, suggesting that collective market behavior 
operates within a predictable threshold before transitioning into extreme variance 
states. Lux’s (1995) discussion of equilibrium states and critical thresholds provides a 
theoretical basis for understanding the importance of universal cutoffs, which dictate 
both the range of market behaviors and stability conditions. Furthermore, Lux (1995) 
highlights how systemic contagion amplifies risk, supporting our assertion that tradi-
tional diversification strategies may be less effective under some universal power-law 
regime. Our methodological approach—such as the use of modern bootstrap tech-
niques— complements Lux’s (1995) theoretical insights by empirically validating 
the universality of power-law properties. Both works underscore the necessity of 
integrating advanced statistical tools with theoretical models to better understand and 
predict financial phenomena.
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Fig. 1  Evolution of the realized CHF/USD variance for an earlier sample. This figure plots the evolu-
tion of the annualized daily CHF/USD variance over the January, 2, 2001 to December, 17, 2002 period

 

The identification of a common cutoff governing the tail behavior of FX variances 
has important practical implications for financial risk management. Risk models used 
for capital allocation, stress testing, or Value-at-Risk (VaR) rely critically on assump-
tions about the distributional properties of asset returns or variances. If the cutoff 
separating the tail regime from the bulk of the distribution is misspecified or inconsis-
tently applied across assets, risk measures may substantially under- or overestimate 
the probability of extreme events. Our findings suggest that using a common, statisti-
cally justified cutoff provides a more unified and realistic foundation for modeling 
extreme variance behavior across currencies. This contributes to better-informed risk 
assessments in globally diversified FX portfolios, especially in institutions where 
multiple currency exposures are modeled jointly.

Finally, our study employs the range-based variance estimator proposed by Par-
kinson (1980) to model realized FX variances. Future research is encouraged to 
extend our study by using high frequency data to model realized FX variances like in 
studies of Yi (2020, 2023, 2025).

Appendix 1
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Fig. 2  Evolution of the realized CHF/USD variance for a later sample. This figure plots the evolution of 
the annualized daily CHF/USD variance over the January, 16, 2015 to March, 4, 2024 period

 

Table 9  Descriptive statistics of daily CHF/USD variance using the Parkinson-estimator
Publicly available intraday prices for the CHF/USD were downloaded from finance.yahoo.com. The first 
subsample period is from January, 2, 2001 to December, 17, 2002, the second subsample is from January, 

2, 2001 to January, 14, 2015, whereas the third subsample is from January, 16, 2015 to March, 4, 2024. To 

estimate annualized daily variances, the range-based variance estimator proposed by Parkinson (1980) is 

employed which is given by: σ2
i,t = T 1

4ln(2) (ln (Hi,t) − ln (Li,t))2,

where Hi,t and Li,t denote the highest and lowest price for foreign exchange rate market i on trading 
day t, and σ2

i,t denotes foreign exchange rate market i’s corresponding annualized realized variance where 
T = 250, as 250 trading days per annum are assumed. This table reports the descriptive statistics

Subsample 1 Subsample 2 Subsample 3
Mean 0.0000 0.0109 0.0071
Median 0.0000 0.0070 0.0044
Maximum 0.0002 0.8345 0.1851
Minimum 0.0000 0.0000 0.0000
Std. Dev 0.0000 0.0209 0.0101
Skewness 14.3814 21.0417 7.4236
Kurtosis 279.1802 723.9203 91.9874
Jarque–Bera (JB) 1,638,435.00 79,528,311.00 808,154.30
(p-value JB) 0.0000 0.0000 0.0000
Observations 510 3660 2383

1 3



On the Estimation of Optimal Cutoffs for Power Laws and the Cross…

Ta
bl

e 
10

 D
es

cr
ip

tiv
e 

st
at

is
tic

s o
f d

ai
ly

 ra
ng

e-
ba

se
d 

va
ria

nc
es

 u
si

ng
 th

e 
Pa

rk
in

so
n-

es
tim

at
or

 o
ve

r a
n 

ex
pa

nd
ed

 sa
m

pl
e

Pu
bl

ic
ly

 a
va

ila
bl

e 
in

tra
da

y 
pr

ic
es

 fo
r t

he
 A

U
D

/U
SD

, C
A

D
/U

SD
, C

H
F/

U
SD

, E
U

R
/U

SD
, G

B
P/

U
SD

, J
PY

/U
SD

, N
O

K
/U

SD
, N

ZD
/U

SD
, a

nd
 S

EK
/U

SD
 e

xc
ha

ng
e 

ra
te

s w
er

e 

do
w

nl
oa

de
d 

fr
om

 fi
na

nc
e.

ya
ho

o.
co

m
. T

he
 sa

m
pl

e 
pe

rio
d 

is
 fr

om
 Ja

nu
ar

y,
 2

, 2
00

1 
to

 M
ay

, 4
, 2

02
4.

 O
nl

y 
th

e 
in

te
rs

ec
tio

n 
of

 th
e 

da
ta

 is
 e

m
pl

oy
ed

; t
ha

t i
s, 

on
ly

 d
ai

ly
 d

at
a 

ar
e 

ac
co

un
te

d 
fo

r w
he

re
 a

ll 
FX

 ra
te

s 
w

er
e 

qu
ot

ed
 o

n 
th

e 
sa

m
e 

da
y,

 le
av

in
g 

us
 w

ith
 6

04
4 

da
ily

 o
bs

er
va

tio
ns

. T
o 

es
tim

at
e 

an
nu

al
iz

ed
 d

ai
ly

 v
ar

ia
nc

es
, t

he
 ra

ng
e-

ba
se

d 
va

ria
nc

e 

es
tim

at
or

 p
ro

po
se

d 
by

 P
ar

ki
ns

on
 (1

98
0)

 is
 e

m
pl

oy
ed

 w
hi

ch
 is

 g
iv

en
 b

y:
 σ

2 i,
t

=
T

1
4l

n
(2

)(
ln

(H
i,

t
)−

ln
(L

i,
t
))

2
,

w
he

re
 H

i,
t
 a

nd
 L

i,
t
 d

en
ot

e 
th

e 
hi

gh
es

t a
nd

 lo
w

es
t p

ric
e 

fo
r f

or
ei

gn
 e

xc
ha

ng
e 

ra
te

 m
ar

ke
t i

 o
n 

tra
di

ng
 d

ay
 t,

 a
nd

 σ
2 i,

t
 d

en
ot

es
 fo

re
ig

n 
ex

ch
an

ge
 ra

te
 m

ar
ke

t i
’s

 c
or

re
sp

on
di

ng
 

an
nu

al
iz

ed
 re

al
iz

ed
 v

ar
ia

nc
e 

w
he

re
 T

=
25

0,
 a

s 2
50

 tr
ad

in
g 

da
ys

 p
er

 a
nn

um
 a

re
 a

ss
um

ed
. T

hi
s t

ab
le

 re
po

rts
 th

e 
de

sc
rip

tiv
e 

st
at

is
tic

s
A

U
D

/U
SD

C
A

D
/U

SD
C

H
F/

U
SD

EU
R

/U
SD

G
B

P/
U

SD
JP

Y
/U

SD
N

O
K

/U
SD

N
ZD

/U
SD

SE
K

/U
SD

M
ea

n
0.

01
61

0.
00

77
0.

01
09

0.
00

88
0.

00
91

0.
00

99
0.

01
65

0.
01

73
0.

01
50

M
ed

ia
n

0.
00

90
0.

00
47

0.
00

57
0.

00
55

0.
00

53
0.

00
56

0.
00

96
0.

01
07

0.
00

93
M

ax
im

um
1.

07
33

0.
31

74
9.

07
23

0.
19

77
1.

45
89

0.
50

85
0.

94
26

0.
63

42
0.

59
04

M
in

im
um

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
St

d.
 D

ev
0.

03
55

0.
01

14
0.

11
79

0.
01

12
0.

02
57

0.
01

88
0.

03
11

0.
02

62
0.

02
13

Sk
ew

ne
ss

15
.5

65
9

9.
25

31
75

.2
21

6
5.

37
65

37
.3

22
5

12
.9

02
0

13
.2

05
3

9.
34

22
7.

09
52

K
ur

to
si

s
35

8.
74

45
17

4.
42

23
57

77
.0

30
0

53
.0

99
2

18
97

.7
74

0
26

7.
17

03
30

4.
23

57
15

1.
08

99
11

7.
76

54
Ja

rq
ue

–B
er

a 
(J

B
)

32
11

46
32

.0
0

74
86

52
5.

00
84

00
00

00
00

.0
0

66
12

02
.8

0
90

60
00

00
0.

00
17

74
21

13
.0

0
23

02
77

62
.0

0
56

10
77

3.
00

33
67

63
3.

00
(p

-v
al

ue
 JB

)
0.

00
00

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
0.

00
00

O
bs

er
va

tio
ns

60
44

60
44

60
44

60
44

60
44

60
44

60
44

60
44

60
44

1 3



K. Grobys

Ta
bl

e 
11

 E
sti

m
at

ed
 p

ow
er

-la
w

 fu
nc

tio
ns

 fo
r d

ai
ly

 F
X

 v
ar

ia
nc

es
 o

ve
r a

n 
ex

pa
nd

ed
 sa

m
pl

e

D
ai

ly
 F

X
 v

ar
ia

nc
es

 a
re

 m
od

el
ed

 u
sin

g 
th

e 
fo

llo
w

in
g 

po
w

er
-la

w
 fu

nc
tio

n:
 p

(x
)

=
C

x
−

α
,

w
he

re
 C

=
(α

−
1)

x
α

−
1

M
I

N
 w

ith
 α

∈
{R

+
|α

>
1}

, x
 d

en
ot

es
 th

e 
re

sp
ec

tiv
e 

an
nu

al
iz

ed
 d

ai
ly

 o
r w

ee
kl

y 
FX

 v
ar

ia
nc

e 
pr

ov
id

ed
 x

∈
{R

+
|x

M
I

N
≤

x
<

∞
} ,

 x
M

I
N

 is
 th

e 
m

in
im

um
 

va
lu

e 
go

ve
rn

ed
 b

y 
th

e 
po

w
er

-la
w

 p
ro

ce
ss

, a
nd

 α
 is

 th
e 

m
ag

ni
tu

de
 o

f t
he

 c
or

re
sp

on
di

ng
 ta

il 
ex

po
ne

nt
. T

he
 p

ow
er

-la
w

 e
xp

on
en

ts 
ar

e 
es

tim
at

ed
 a

s: 
α̂

=
1

+
N

( ∑
N i=

1
ln

(
x

i
x

M
I

N

))
−

1
,

w
he

re
 α̂

 d
en

ot
es

 t
he

 M
LE

 e
sti

m
at

or
, N

 i
s 

th
e 

nu
m

be
r 

of
 o

bs
er

va
tio

ns
 e

xc
ee

di
ng

 x
M

I
N

, a
nd

 o
th

er
 n

ot
at

io
ns

 a
re

 a
s 

pr
ev

io
us

ly
 d

efi
ne

d.
 T

he
 e

sti
m

at
e 

α̂
 i

s 
se

le
ct

ed
 b

as
ed

 o
n 

th
e 

op
ti-

m
al

 K
ol

m
og

or
ov

–S
m

irn
ov

 (
K

S)
 d

ist
an

ce
 D

 m
ea

su
rin

g 
th

e 
m

ax
im

um
 d

ist
an

ce
 b

et
w

ee
n 

th
e 

cu
m

ul
at

iv
e 

de
ns

ity
 f

un
ct

io
ns

 (
CD

Fs
) 

of
 th

e 
da

ta
 a

nd
 th

e 
fit

te
d 

po
w

er
-la

w
 m

od
el

 a
s 

de
fin

ed
 b

y:
 

D
=

M
A

X
x

≥
x

M
I

N
|S

(x
)−

P
(x

)|
,

w
he

re
 S

(x
)  i

s t
he

 C
D

F 
of

 th
e 

da
ta

 fo
r t

he
 o

bs
er

va
tio

n 
w

ith
 a

 v
al

ue
 o

f a
t l

ea
st 

x
M

I
N

, a
nd

 P
(x

)  i
s t

he
 C

D
F 

fo
r t

he
 p

ow
er

-la
w

 m
od

el
 th

at
 b

es
t fi

ts 
th

e 
da

ta
 in

 th
e 

re
gi

on
 x

≥
x

M
I

N
. E

sti
m

at
e 

x̂
M

I
N

 is
 th

en
 th

e v
al

ue
 o

f x
M

I
N

 th
at

 m
in

im
iz

es
 D

. T
hi

s t
ab

le
 re

po
rts

 th
e e

sti
m

at
es

 α̂
, ̂x

m
in

, ̂ σ
, a

nd
 N

 fo
r d

ai
ly

 F
X

 v
ar

ia
nc

e d
at

a.
 A

lso
, t

he
 p

-v
al

ue
s f

or
 g

oo
dn

es
s-

of
-fi

t (
G

oF
) t

es
ts 

ar
e r

ep
or

te
d 

th
at

 te
st 

es
tim

at
ed

 p
ow

er
-la

w
 m

od
el

s u
nd

er
 th

e 
nu

ll 
hy

po
th

es
es

. T
he

 sa
m

pl
e 

pe
rio

d 
is 

fro
m

 Ja
nu

ar
y,

 2
, 2

00
1 

to
 M

ay
, 4

, 2
02

4,
 c

om
pr

isi
ng

 6
04

4 
da

ily
 o

bs
er

va
tio

ns
σ̂

2 A
U

D
/

U
S

D
σ̂

2 C
A

D
/

U
S

D
σ̂

2 C
H

F
/

U
S

D
σ̂

2 E
U

R
/

U
S

D
σ̂

2 G
B

P
/

U
S

D
σ̂

2 J
P

Y
/

U
S

D
σ̂

2 N
O

K
/

U
S

D
σ̂

2 N
Z

D
/

U
S

D
σ̂

2 S
E

K
/

U
S

D

α̂
2.

67
74

3.
22

01
3.

17
23

3.
34

51
2.

73
94

2.
83

23
3.

10
71

3.
05

47
2.

61
78

x̂
m

in
0.

02
36

0.
02

05
0.

02
05

0.
02

28
0.

01
22

0.
01

91
0.

05
41

0.
04

13
0.

01
63

σ̂
0.

05
63

0.
11

02
0.

08
87

0.
11

64
0.

05
38

0.
07

28
0.

12
72

0.
09

91
0.

04
02

N (N
 in

 %
)

92
3

(1
5.

27
%

)
42

4
(7

.0
2%

)
62

2
(1

0.
29

%
)

42
3

(7
.0

0%
)

10
82

(1
7.

90
%

)
66

1
(1

0.
94

%
)

29
0

(4
.8

0%
)

45
0

(7
.4

5%
)

16
70

(2
7.

63
%

)
p-

va
lu

e 
(G

oF
)

0.
26

60
0.

54
00

0.
65

40
0.

63
60

0.
73

80
0.

60
20

0.
83

40
0.

42
00

0.
00

00

1 3



On the Estimation of Optimal Cutoffs for Power Laws and the Cross…

α̂
 st

at
s f

or
 ̂σ

2 i
:

σ̂
2 A

U
D

/
U

S
D

σ̂
2 C

A
D

/
U

S
D

σ̂
2 C

H
F

/
U

S
D

σ̂
2 E

U
R

/
U

S
D

σ̂
2 G

B
P

/
U

S
D

σ̂
2 J

P
Y

/
U

S
D

σ̂
2 N

O
K

/
U

S
D

σ̂
2 N

Z
D

/
U

S
D

σ̂
2 S

E
K

/
U

S
D

M
ea

n
2.

79
20

3.
20

19
3.

23
01

3.
37

74
2.

79
90

2.
80

90
3.

05
58

2.
96

79
2.

94
15

M
ed

ia
n

2.
72

43
3.

17
31

3.
17

37
3.

37
11

2.
77

77
2.

80
84

3.
02

88
2.

92
30

2.
78

28
M

ax
im

um
4.

31
05

4.
89

15
5.

29
84

4.
41

40
4.

07
09

3.
28

73
4.

48
94

4.
34

82
5.

56
15

Ta
bl

e 
12

 D
es

cr
ip

tiv
e 

sta
tis

tic
s o

f p
ow

er
-la

w
 e

xp
on

en
t d

ist
rib

ut
io

ns
 d

er
iv

ed
 fr

om
 b

lo
ck

s b
oo

tst
ra

ps
 fo

r a
n 

ex
pa

nd
ed

 sa
m

pl
e

W
e i

m
pl

em
en

t a
 b

lo
ck

s b
oo

tst
ra

p 
pr

oc
ed

ur
e,

 as
 p

ro
po

se
d 

in
 G

ro
by

s (
20

24
). 

D
en

ot
in

g 
th

e s
el

ec
te

d 
bl

oc
k 

le
ng

th
 as

 m
, a

 b
lo

ck
s b

oo
tst

ra
p 

pr
oc

ed
ur

e i
s c

ho
se

n 
su

ch
 th

at
 E

[m
]=

√
T

. T
he

n 
th

e T
x1

 
da

ta
 v

ec
to

rs
 o

f F
X

 v
ar

ia
nc

es
 i

=
1,

..
.,

N
, d

en
ot

ed
 a

s x
i
, a

re
 st

ac
ke

d 
in

to
 m

at
rix

 Y
: Y

=
[x

1
,x

2
,.

..
,x

N
].

Th
e 

bl
oc

ks
 o

f 
th

e 
di

m
en

sio
n 

m
xK

 a
re

 r
an

do
m

ly
 d

ra
w

n 
fro

m
 m

at
rix

 Y
 w

ith
 r

es
pe

ct
 to

 th
e 

tim
e 

di
m

en
sio

n 
t

=
1,

..
.,

T
. T

he
se

 b
lo

ck
s 

ar
e 

go
ve

rn
ed

 b
y 

a 
ge

om
et

ric
 d

ist
rib

ut
io

n—
th

at
 is

, 

m
∼

G
E

O
(p

)  w
ith

 E
[m

]=
(1

−
p

)
p

. D
ra

w
in

g 
ge

om
et

ric
al

ly
-d

ist
rib

ut
ed

 ra
nd

om
 b

lo
ck

s 
en

su
re

s 
th

at
 th

e 
va

ria
nc

e 
da

ta
 a

re
 s

ta
tio

na
rit

y 
(G

od
fre

y,
 2

00
9)

. S
in

ce
 o

ur
 d

at
a 

ha
s 

a 
le

ng
th

 o
f 6

04
4 

im
pl

yi
ng

 √
T

≈
79

, w
e u

se
 E

[m
]=

49
, p

=
0.

01
27

. N
ot

e t
ha

t t
he

 b
lo

ck
s d

ra
w

n 
fro

m
 Y

 v
ar

y 
in

 le
ng

th
s. 

Th
e r

an
do

m
ly

 d
ra

w
n 

bl
oc

ks
, m

, w
hi

ch
 h

av
e d

im
en

sio
ns

 m
xK

 fr
om

 d
at

a m
at

rix
 Y

, 

ar
e 

sta
ck

ed
 in

 m
at

rix
 Y

b
 a

s: 
Y

b
=

  
m

1
m

2
m

3 . . .

  .

Th
e p

ro
ce

du
re

 is
 st

op
pe

d 
w

he
n 

th
e l

en
gt

h 
of

 th
e a

rti
fic

ia
l m

at
rix

 Y
b

 ex
hi

bi
ts 

a l
en

gt
h 

ex
ce

ed
in

g 
T.

 O
bs

er
va

tio
ns

 ex
ce

ed
in

g 
T 

ar
e c

ut
 o

ff 
to

 en
su

re
 th

at
 th

e a
rti

fic
ia

l d
at

a m
at

rix
 Y

b
 h

as
 th

e s
am

e l
en

gt
h 

as
 th

e 
or

ig
in

al
 d

at
a 

m
at

rix
 Y

. T
hi

s p
ro

ce
ss

 c
or

re
sp

on
ds

 to
 o

ne
 it

er
at

io
n 

b 
of

 th
e 

bl
oc

ks
 b

oo
tst

ra
p 

pr
oc

ed
ur

e.
 E

m
pl

oy
in

g 
th

is 
bl

oc
ks

 b
oo

tst
ra

ps
, f

or
 e

ac
h 

ite
ra

tio
n 

b,
 th

e T
x1

 v
ec

to
rs

,x
b
,1

, x
b
,2

, …
, 

x
b
,N

 ar
e e

xt
ra

ct
ed

 fr
om

 m
at

rix
 Y

b
, a

nd
 th

e M
LE

 es
tim

at
or

s f
or

 p
ow

er
-la

w
 ex

po
ne

nt
s a

re
 es

tim
at

ed
 u

sin
g 

th
e p

ro
ce

du
re

 d
es

cr
ib

ed
 in

 S
ec

t. 
3,

 g
iv

in
g 

us
: [

α̂
b
,1

α̂
b
,2

··
·

α̂
b
,N

] .

Th
is 

bl
oc

ks
 b

oo
tst

ra
p 

pr
oc

ed
ur

e 
is 

pe
rfo

rm
ed

 u
sin

g 
b

=
1,

..
.,

10
00

 it
er

at
io

ns
 a

nd
 p

oi
nt

 e
sti

m
at

es
 a

re
 st

ac
ke

d 
in

to
 B

xN
 m

at
rix

 α̂
B

O
O

T
: 

Th
e 

co
rre

sp
on

di
ng

 b
oo

tst
ra

pp
ed

 st
an

da
rd

 e
rro

rs
 ̂σ

α̂
B

O
O

T
,i

 a
re

 th
en

 g
iv

en
 b

y:
 ̂σ

α̂
B

O
O

T
,i

=

√
1 B

∑
B b
=

1

( α̂
b
,i

−
α̂

b
,i

) 2
.

Th
is 

ta
bl

e 
re

po
rts

 th
e 

de
sc

rip
tiv

e 
sta

tis
tic

s f
or

 th
e 

po
w

er
-la

w
 e

xp
on

en
t d

ist
rib

ut
io

ns
 d

er
iv

ed
 fr

om
 b

lo
ck

s b
oo

tst
ra

ps

α̂
B

O
O

T
=

     

α̂
1,

1
α̂

1,
2

..
.

..
.

α̂
1,

N

α̂
2,

1
α̂

1,
2

..
.

..
.

α̂
2,

N

. . . . . .
α̂

B
,1

. . . . . .
α̂

B
,2

. . . . . . ..
.

. . . . . . ..
.

. . . . . .
α̂

B
,N

     
.

1 3



K. Grobys

α̂
 st

at
s f

or
 ̂σ

2 i
:

σ̂
2 A

U
D

/
U

S
D

σ̂
2 C

A
D

/
U

S
D

σ̂
2 C

H
F

/
U

S
D

σ̂
2 E

U
R

/
U

S
D

σ̂
2 G

B
P

/
U

S
D

σ̂
2 J

P
Y

/
U

S
D

σ̂
2 N

O
K

/
U

S
D

σ̂
2 N

Z
D

/
U

S
D

σ̂
2 S

E
K

/
U

S
D

M
in

im
um

2.
03

80
2.

19
65

2.
68

06
2.

32
41

2.
18

76
2.

31
35

2.
21

94
2.

23
20

2.
11

08
St

d.
 D

ev
0.

34
05

0.
44

81
0.

27
86

0.
29

71
0.

26
69

0.
12

44
0.

31
72

0.
30

53
0.

55
81

Sk
ew

ne
ss

0.
71

26
0.

24
53

1.
48

04
0.

17
77

0.
57

39
0.

00
91

0.
67

91
0.

77
82

1.
28

75
K

ur
to

sis
3.

27
90

2.
67

84
7.

66
20

3.
11

93
3.

56
67

3.
64

92
4.

00
33

3.
77

95
4.

66
41

Ja
rq

ue
–B

er
a 

(J
B)

87
.8

8
14

.3
4

12
70

.8
6

5.
86

68
.2

7
17

.5
7

11
8.

81
12

6.
25

39
1.

67
p-

va
lu

e 
(J

B)
0.

00
00

0.
00

08
0.

00
00

0.
05

35
0.

00
00

0.
00

02
0.

00
00

0.
00

00
0.

00
00

O
bs

er
va

tio
ns

10
00

10
00

10
00

10
00

10
00

10
00

10
00

10
00

10
00

Ta
bl

e 
12

 (
co

nt
in

ue
d)

1 3



On the Estimation of Optimal Cutoffs for Power Laws and the Cross…

x̂
M

I
N

,i
 st

at
s f

or
 ̂σ

2 i
:

σ̂
2 A

U
D

/
U

S
D

σ̂
2 C

A
D

/
U

S
D

σ̂
2 C

H
F

/
U

S
D

σ̂
2 E

U
R

/
U

S
D

σ̂
2 G

B
P

/
U

S
D

σ̂
2 J

P
Y

/
U

S
D

σ̂
2 N

O
K

/
U

S
D

σ̂
2 N

Z
D

/
U

S
D

σ̂
2 S

E
K

/
U

S
D

M
ea

n
0.

02
54

0.
01

81
0.

02
13

0.
02

18
0.

01
30

0.
01

82
0.

03
90

0.
03

13
0.

02
60

M
ed

ia
n

0.
02

36
0.

02
05

0.
02

02
0.

02
23

0.
01

22
0.

01
83

0.
04

28
0.

02
55

0.
01

82
M

ax
im

um
0.

08
92

0.
03

46
0.

04
10

0.
03

87
0.

02
81

0.
03

57
0.

09
16

0.
06

94
0.

10
23

M
in

im
um

0.
00

84
0.

00
54

0.
01

26
0.

00
78

0.
00

58
0.

00
82

0.
01

48
0.

01
31

0.
01

02

Ta
bl

e 
13

 D
es

cr
ip

tiv
e 

sta
tis

tic
s o

f c
ut

off
 d

ist
rib

ut
io

ns
 d

er
iv

ed
 fr

om
 b

lo
ck

s b
oo

tst
ra

ps
 fo

r a
n 

ex
pa

nd
ed

 sa
m

pl
e

W
e i

m
pl

em
en

t a
 b

lo
ck

s b
oo

tst
ra

p 
pr

oc
ed

ur
e,

 as
 p

ro
po

se
d 

in
 G

ro
by

s (
20

24
). 

D
en

ot
in

g 
th

e s
el

ec
te

d 
bl

oc
k 

le
ng

th
 as

 m
, a

 b
lo

ck
s b

oo
tst

ra
p 

pr
oc

ed
ur

e i
s c

ho
se

n 
su

ch
 th

at
 E

[m
]=

√
T

. T
he

n 
th

e T
x1

 
da

ta
 v

ec
to

rs
 o

f F
X

 v
ar

ia
nc

es
 i

=
1,

..
.,

N
, d

en
ot

ed
 a

s x
i
, a

re
 st

ac
ke

d 
in

to
 m

at
rix

 Y
: Y

=
[x

1
,x

2
,.

..
,x

N
].

Th
e 

bl
oc

ks
 o

f 
th

e 
di

m
en

sio
n 

m
xK

 a
re

 r
an

do
m

ly
 d

ra
w

n 
fro

m
 m

at
rix

 Y
 w

ith
 r

es
pe

ct
 to

 th
e 

tim
e 

di
m

en
sio

n 
t

=
1,

..
.,

T
. T

he
se

 b
lo

ck
s 

ar
e 

go
ve

rn
ed

 b
y 

a 
ge

om
et

ric
 d

ist
rib

ut
io

n—
th

at
 is

, 

m
∼

G
E

O
(p

)  w
ith

 E
[m

]=
(1

−
p

)
p

. D
ra

w
in

g 
ge

om
et

ric
al

ly
-d

ist
rib

ut
ed

 ra
nd

om
 b

lo
ck

s 
en

su
re

s 
th

at
 th

e 
va

ria
nc

e 
da

ta
 a

re
 s

ta
tio

na
rit

y 
(G

od
fre

y,
 2

00
9)

. S
in

ce
 o

ur
 d

at
a 

ha
s 

a 
le

ng
th

 o
f 6

04
4 

im
pl

yi
ng

 √
T

≈
79

, w
e u

se
 E

[m
]=

49
, p

=
0.

01
27

. N
ot

e t
ha

t t
he

 b
lo

ck
s d

ra
w

n 
fro

m
 Y

 v
ar

y 
in

 le
ng

th
s. 

Th
e r

an
do

m
ly

 d
ra

w
n 

bl
oc

ks
, m

, w
hi

ch
 h

av
e d

im
en

sio
ns

 m
xK

 fr
om

 d
at

a m
at

rix
 Y

, 

ar
e 

sta
ck

ed
 in

 m
at

rix
 Y

b
 a

s: 
Y

b
=

  
m

1
m

2
m

3 . . .

  .

Th
e 

pr
oc

ed
ur

e 
is 

sto
pp

ed
 w

he
n 

th
e 

le
ng

th
 o

f t
he

 a
rti

fic
ia

l m
at

rix
 Y

b
 e

xh
ib

its
 a

 le
ng

th
 e

xc
ee

di
ng

 T
. O

bs
er

va
tio

ns
 e

xc
ee

di
ng

 T
 a

re
 c

ut
 o

ff 
to

 e
ns

ur
e 

th
at

 th
e 

ar
tifi

ci
al

 d
at

a 
m

at
rix

 Y
b

 h
as

 th
e 

sa
m

e 
le

ng
th

 as
 th

e o
rig

in
al

 d
at

a m
at

rix
 Y

. T
hi

s p
ro

ce
ss

 co
rre

sp
on

ds
 to

 o
ne

 it
er

at
io

n 
b 

of
 th

e b
lo

ck
s b

oo
tst

ra
p 

pr
oc

ed
ur

e.
 E

m
pl

oy
in

g 
th

is 
bl

oc
ks

 b
oo

tst
ra

ps
, f

or
 ea

ch
 it

er
at

io
n 

b,
 th

e T
x1

 v
ec

to
rs

,x
b
,1

, x
b
,2

, 

…
, x

b
,N

 ar
e e

xt
ra

ct
ed

 fr
om

 m
at

rix
 Y

b
, a

nd
 th

e c
ut

off
 es

tim
at

or
s a

re
 es

tim
at

ed
 u

sin
g 

th
e p

ro
ce

du
re

 d
es

cr
ib

ed
 in

 S
ec

tio
n 

3,
 g

iv
in

g 
us

: [
x̂

M
I

N
,b

,1
x̂

M
I

N
,b

,2
··

·
x̂

M
I

N
,b

,N

] .

Th
is 

bl
oc

ks
 b

oo
tst

ra
p 

pr
oc

ed
ur

e 
is 

pe
rfo

rm
ed

 u
sin

g 
b

=
1,

..
.,

10
00

 it
er

at
io

ns
 a

nd
 p

oi
nt

 e
sti

m
at

es
 a

re
 st

ac
ke

d 
in

to
 B

xN
 m

at
rix

 x̂
M

I
N

,B
O

O
T

: 

Th
e 

co
rre

sp
on

di
ng

 b
oo

tst
ra

pp
ed

 st
an

da
rd

 e
rro

rs
 ̂σ

x̂
M

I
N

,B
O

O
T

,i
 a

re
 th

en
 g

iv
en

 b
y:

 ̂σ
x̂

M
I

N
,B

O
O

T
,i

=

√
1 B

∑
B b
=

1

( x̂
M

I
N

,b
,i

−
x̂

M
I

N
,b

,i

) 2
.

Th
is 

ta
bl

e 
re

po
rts

 th
e 

de
sc

rip
tiv

e 
sta

tis
tic

s f
or

 th
e 

cu
to

ff 
di

str
ib

ut
io

ns
 d

er
iv

ed
 fr

om
 b

lo
ck

s b
oo

tst
ra

ps

x̂
M

I
N

,B
O

O
T

=

     

x̂
M

I
N

,1
,1

x̂
M

I
N

,1
,2

..
.

..
.

x̂
M

I
N

,1
,N

x̂
M

I
N

,2
,1

x̂
M

I
N

,1
,2

..
.

..
.

x̂
M

I
N

,2
,N

. . . . . .
x̂

M
I

N
,B

,1

. . . . . .
x̂

M
I

N
,B

,2

. . . . . . ..
.

. . . . . . ..
.

. . . . . .
x̂

M
I

N
,B

,N

     
.

1 3



K. Grobys

x̂
M

I
N

,i
 st

at
s f

or
 ̂σ

2 i
:

σ̂
2 A

U
D

/
U

S
D

σ̂
2 C

A
D

/
U

S
D

σ̂
2 C

H
F

/
U

S
D

σ̂
2 E

U
R

/
U

S
D

σ̂
2 G

B
P

/
U

S
D

σ̂
2 J

P
Y

/
U

S
D

σ̂
2 N

O
K

/
U

S
D

σ̂
2 N

Z
D

/
U

S
D

σ̂
2 S

E
K

/
U

S
D

St
d.

 D
ev

0.
00

74
0.

00
62

0.
00

37
0.

00
38

0.
00

33
0.

00
42

0.
01

44
0.

01
14

0.
01

49
Sk

ew
ne

ss
1.

07
36

-0
.6

93
6

1.
66

07
0.

09
20

1.
26

57
0.

94
88

0.
42

35
0.

76
26

1.
71

32
K

ur
to

sis
7.

75
93

2.
11

81
6.

49
80

5.
91

46
5.

23
65

4.
92

87
2.

95
38

2.
70

57
6.

03
11

Ja
rq

ue
–B

er
a 

(J
B)

11
35

.9
0

11
2.

59
96

9.
45

35
5.

37
47

5.
43

30
5.

02
29

.9
7

10
0.

54
87

1.
99

p-
va

lu
e 

(J
B)

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
0.

00
00

0.
00

00
O

bs
er

va
tio

ns
10

00
10

00
10

00
10

00
10

00
10

00
10

00
10

00
10

00

Ta
bl

e 
13

 (
co

nt
in

ue
d)

1 3



On the Estimation of Optimal Cutoffs for Power Laws and the Cross…

Ta
bl

e 
14

 C
or

re
la

tio
n 

m
at

rix
 fo

r p
ow

er
-la

w
 e

xp
on

en
ts 

fo
r a

n 
ex

pa
nd

ed
 sa

m
pl

e

W
e i

m
pl

em
en

t a
 b

lo
ck

s b
oo

tst
ra

p 
pr

oc
ed

ur
e,

 as
 p

ro
po

se
d 

in
 G

ro
by

s (
20

24
). 

D
en

ot
in

g 
th

e s
el

ec
te

d 
bl

oc
k 

le
ng

th
 as

 m
, a

 b
lo

ck
s b

oo
tst

ra
p 

pr
oc

ed
ur

e i
s c

ho
se

n 
su

ch
 th

at
 E

[m
]=

√
T

. T
he

n 
th

e T
x1

 

da
ta

 v
ec

to
rs

 o
f F

X
 v

ar
ia

nc
es

 i
=

1,
..

.,
N

, d
en

ot
ed

 a
s x

i
, a

re
 st

ac
ke

d 
in

to
 m

at
rix

 Y
: Y

=
[x

1
,x

2
,.

..
,x

N
].

Th
e 

bl
oc

ks
 o

f 
th

e 
di

m
en

sio
n 

m
xK

 a
re

 r
an

do
m

ly
 d

ra
w

n 
fro

m
 m

at
rix

 Y
 w

ith
 r

es
pe

ct
 to

 th
e 

tim
e 

di
m

en
sio

n 
t

=
1,

..
.,

T
. T

he
se

 b
lo

ck
s 

ar
e 

go
ve

rn
ed

 b
y 

a 
ge

om
et

ric
 d

ist
rib

ut
io

n—
th

at
 is

, 

m
∼

G
E

O
(p

)  w
ith

 E
[m

]=
(1

−
p

)
p

. D
ra

w
in

g 
ge

om
et

ric
al

ly
-d

ist
rib

ut
ed

 ra
nd

om
 b

lo
ck

s 
en

su
re

s 
th

at
 th

e 
va

ria
nc

e 
da

ta
 a

re
 s

ta
tio

na
rit

y 
(G

od
fre

y,
 2

00
9)

. S
in

ce
 o

ur
 d

at
a 

ha
s 

a 
le

ng
th

 o
f 6

04
4 

im
pl

yi
ng

 √
T

≈
79

, w
e u

se
 E

[m
]=

49
, p

=
0.

01
27

. N
ot

e t
ha

t t
he

 b
lo

ck
s d

ra
w

n 
fro

m
 Y

 v
ar

y 
in

 le
ng

th
s. 

Th
e r

an
do

m
ly

 d
ra

w
n 

bl
oc

ks
, m

, w
hi

ch
 h

av
e d

im
en

sio
ns

 m
xK

 fr
om

 d
at

a m
at

rix
 Y

, 

ar
e 

sta
ck

ed
 in

 m
at

rix
 Y

b
 a

s: 
Y

b
=

  
m

1
m

2
m

3 . . .

  .

Th
e 

pr
oc

ed
ur

e 
is 

sto
pp

ed
 w

he
n 

th
e 

le
ng

th
 o

f t
he

 a
rti

fic
ia

l m
at

rix
 Y

b
 e

xh
ib

its
 a

 le
ng

th
 e

xc
ee

di
ng

 T
. O

bs
er

va
tio

ns
 e

xc
ee

di
ng

 T
 a

re
 c

ut
 o

ff 
to

 e
ns

ur
e 

th
at

 th
e 

ar
tifi

ci
al

 d
at

a 
m

at
rix

 Y
b

 h
as

 th
e 

sa
m

e 
le

ng
th

 a
s 

th
e 

or
ig

in
al

 d
at

a 
m

at
rix

 Y
. T

hi
s 

pr
oc

es
s 

co
rre

sp
on

ds
 to

 o
ne

 it
er

at
io

n 
b 

of
 th

e 
bl

oc
ks

 b
oo

tst
ra

p 
pr

oc
ed

ur
e.

 E
m

pl
oy

in
g 

th
is 

bl
oc

ks
 b

oo
tst

ra
ps

, f
or

 e
ac

h 
ite

ra
tio

n 
b,

 th
e 

Tx
1 

ve
c-

to
rs

,x
b
,1

, x
b
,2

, …
, x

b
,N

 a
re

 e
xt

ra
ct

ed
 f

ro
m

 m
at

rix
 Y

b
, a

nd
 th

e 
M

LE
 e

sti
m

at
or

s 
fo

r 
po

w
er

-la
w

 e
xp

on
en

ts 
ar

e 
es

tim
at

ed
 u

sin
g 

th
e 

pr
oc

ed
ur

e 
de

sc
rib

ed
 in

 th
e 

pr
ev

io
us

 s
ec

tio
n 

gi
vi

ng
 u

s: 
[

α̂
b
,1

α̂
b
,2

··
·

α̂
b
,N

] .

Th
is 

bl
oc

ks
 b

oo
tst

ra
p 

pr
oc

ed
ur

e 
is 

pe
rfo

rm
ed

 u
sin

g 
b

=
1,

..
.,

10
00

 it
er

at
io

ns
 a

nd
 p

oi
nt

 e
sti

m
at

es
 a

re
 st

ac
ke

d 
in

to
 B

xN
 m

at
ric

es
 α̂

B
O

O
T

: 

Si
nc

e 
th

is 
bl

oc
ks

 
bo

ot
str

ap
 

ap
pr

oa
ch

 
re

ta
in

s 
co

-d
ep

en
de

nc
ie

s 
ac

ro
ss

 
th

e 
da

ta
, 

it 
en

ab
le

s 
us

 
to

 
co

m
pu

te
 

th
e 

fo
llo

w
in

g 
co

va
ria

nc
es

 
us

in
g 

th
e 

m
at

ric
es

 
α̂

B
O

O
T

: 

σ̂
α̂

B
O

O
T

,i
,j

=
1 B

∑
B b
=

1

( α̂
b
,i

−
α̂

b
,i

)(
α̂

b
,j

−
α̂

b
,j

)  w
ith

 i
̸=

j ,

fo
r i

,j
=

1,
..

.,
N

. T
he

 c
or

re
sp

on
di

ng
 N

xN
 c

ov
ar

ia
nc

e 
m

at
ric

es
 is

 d
en

ot
ed

 a
s C

O
V

(α̂
B

O
O

T
) . 

Th
is 

ta
bl

e 
re

po
rts

 th
e 

co
rre

sp
on

di
ng

 c
or

re
la

tio
n 

m
at

rix
 fo

r p
ow

er
-la

w
 e

xp
on

en
ts

α̂
B

O
O

T
=

     

α̂
1,

1
α̂

1,
2

..
.

..
.

α̂
1,

N

α̂
2,

1
α̂

1,
2

..
.

..
.

α̂
2,

N

. . . . . .
α̂

B
,1

. . . . . .
α̂

B
,2

. . . . . . ..
.

. . . . . . ..
.

. . . . . .
α̂

B
,N

     
.

1 3



K. Grobys

Co
rre

la
tio

n 
m

at
rix

 fo
r p

ow
er

-la
w

 e
xp

on
en

ts 
of

 F
X

 v
ar

ia
nc

es

α̂
 fo

r ̂σ
2 i

:
(t-

sta
tis

tic
)

σ̂
2 A

U
D

/
U

S
D

σ̂
2 C

A
D

/
U

S
D

σ̂
2 C

H
F

/
U

S
D

σ̂
2 E

U
R

/
U

S
D

σ̂
2 G

B
P

/
U

S
D

σ̂
2 J

P
Y

/
U

S
D

σ̂
2 N

O
K

/
U

S
D

σ̂
2 N

Z
D

/
U

S
D

σ̂
2 S

E
K

/
U

S
D

σ̂
2 A

U
D

/
U

S
D

1 (–
–-

)

σ̂
2 C

A
D

/
U

S
D

0.
76

**
*

1

(3
6.

63
)

(–
–-

)

σ̂
2 C

H
F

/
U

S
D

0.
26

**
*

0.
24

**
*

1

(8
.6

1)
(7

.8
5)

(–
–-

)

σ̂
2 E

U
R

/
U

S
D

0.
73

**
*

0.
71

**
*

0.
21

**
*

1

(3
3.

51
)

(3
1.

76
)

(6
.9

3)
(–

–-
)

σ̂
2 G

B
P

/
U

S
D

0.
79

**
*

0.
67

**
*

0.
36

**
*

0.
74

**
*

1

(4
1.

36
)

(2
8.

20
)

(1
2.

33
)

(3
4.

38
)

(–
–-

)

σ̂
2 J

P
Y

/
U

S
D

0.
56

**
*

0.
53

**
*

0.
28

**
*

0.
49

**
*

0.
55

**
*

1

(2
1.

46
)

(1
9.

89
)

(9
.1

9)
(1

7.
98

)
(2

0.
68

)
(–

–-
)

σ̂
2 N

O
K

/
U

S
D

0.
54

**
*

0.
49

**
*

0.
08

**
0.

48
**

*
0.

49
**

*
0.

31
**

*
1

(2
0.

36
)

(1
7.

75
)

(2
.4

9)
(1

7.
21

)
(1

7.
96

)
(1

0.
23

)
(–

–-
)

σ̂
2 N

Z
D

/
U

S
D

0.
77

**
*

0.
67

**
*

0.
23

**
*

0.
64

**
*

0.
72

**
*

0.
52

**
*

0.
48

**
*

1

(3
8.

40
)

(2
8.

32
)

(7
.6

2)
(2

6.
11

)
(3

2.
50

)
(1

9.
20

)
(1

7.
31

)
(–

–-
)

σ̂
2 S

E
K

/
U

S
D

0.
60

**
*

0.
53

**
*

0.
24

**
*

0.
51

**
*

0.
58

**
*

0.
25

**
*

0.
28

**
*

0.
45

**
*

1

(2
3.

39
)

(1
9.

96
)

(7
.7

0)
(1

8.
82

)
(2

2.
40

)
(8

.1
4)

(9
.0

7)
(1

5.
96

)
(–

–-
)

**
*S

ta
tis

tic
al

ly
 si

gn
ifi

ca
nt

 o
n 

a 
1%

 le
ve

l

Ta
bl

e 
14

 (
co

nt
in

ue
d)

 

1 3



On the Estimation of Optimal Cutoffs for Power Laws and the Cross…

Table 15  Testing for a common power-law exponent using an expanded sample
To explore whether a common component governing power-law behavior of FX variances exists, the fol-

lowing test statistic is employed: ̂λ =
(

α̂ − q1
)′Σ̂

−1

α̂

(
α̂−q1

)
,

where the covariance matrix Σ̂
α̂

= COV (α̂BOOT ), has the dimension NxN, α̂ is a Nx1 vector of the 

estimated power-law exponents, 1 is a Nx1 vector consisting of ones, and q is the hypothesized com-
mon power-law exponent. The estimated test statistic, denoted as λ̂, is under the null hypothesis distrib-
uted as χ2(N). The test statistic is iteratively estimated covering the economically important interval 
q = (2.1, 2.2, …, 3.1). Since power-law exponents for nine FX variances are tested, the corresponding 
test statistic is under the null hypothesis distributed as χ2(9). Using a statistical significance level of 5% 
level, the null hypothesis is not rejected for λ̂ < 16.92. Bold figures indicate statistical significance on a 
5% level
q λ̂

2.1 62.80
2.2 51.02
2.3 40.86
2.4 32.33
2.5 25.43
2.6 20.15
2.7 16.51
2.8 14.49
2.9 14.10
3.0 15.33
3.1 18.20
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Table 17  Testing for a common cutoff using an expanded sample
To explore whether the power law functions governing realized FX variances exhibit a common cutoff the 

following test statistic is employed: ̂λ =
(

x̂MIN − r1
)′Σ̂

−1

x̂MIN

(
x̂MIN −r1

)
,

where the covariance matrix Σ̂
x̂MIN

= COV (x̂MIN,BOOT ), has the dimension NxN, x̂MIN  is a 

Nx1 vector of the estimated cutoffs, 1 is a Nx1 vector consisting of ones, and r is the hypothesized com-
mon cutoff. The estimated test statistic, denoted as λ̂, is under the null hypothesis distributed as χ2(N). 
The test statistic is iteratively estimated covering the full range of the vector ̂xMIN , that is, the hypothesis 
tests are implemented on the interval r = (0.007,0.008,0.009, . . . , 0.034,0.035). Since the cutoffs for 
nine FX variances are tested, the corresponding test statistic is under the null hypothesis distributed as 
χ2(9). Using a statistical significance level of 5% level, the null hypothesis is not rejected for ̂λ < 16.92. 
Bold figures indicate statistical significance on a 5% level
q λ̂

0.0070 49.91
0.0080 43.58
0.0090 37.82
0.0100 32.64
0.0110 28.03
0.0120 24.00
0.0130 20.55
0.0140 17.66
0.0150 15.36
0.0160 13.63
0.0170 12.47
0.0180 11.89
0.0190 11.88
0.0200 12.45
0.0210 13.60
0.0220 15.32
0.0230 17.61
0.0240 20.48
0.0250 23.93
0.0260 27.95
0.0270 32.54
0.0280 37.71
0.0290 43.46
0.0300 49.78
0.0310 56.68
0.0320 64.15
0.0330 72.19
0.0340 80.81
0.0350 90.01
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On the Estimation of Optimal Cutoffs for Power Laws and the Cross…

A.P. Derivation of the maximum likelihood estimator for the exponent of a power 
law probability density function.

Let p (x) = Cx−α define the probability density of a power law with cutoff 
xMIN . The maximum likelihood estimator α̂ is derived as:

	

p (x) = Cx−α = (α − 1) x
α−1
MIN x−α

⇒ (α − 1) x
α−1
MIN x−α

MIN
x−α

x−α
MIN

= (α−1)
xMIN

(
x

xMIN

)−α

⇒ L ({α, xMIN } , xi) =
∏N

i=1
(α−1)
xMIN

(
xi

xMIN

)−α

⇒ l (.) =
∑N

i=1

[
ln (α − 1) − ln (xMIN ) − αln( xi

xMIN
)
]

⇒ l (.) = N ln (α − 1) − N ln (xMIN ) − α
∑N

i=1ln
(

xi

xMIN

)

⇒ ∂l(.)
∂α = N

(α−1) −
∑N

i=1ln
(

xi

xMIN

)
= 0 ⇒ (α−1)

N = 1∑N

i=1
ln

(
xi

xMIN

) ⇒ α̂ = N∑N

i=1
ln

(
xi

xMIN

) + 1.
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