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Abstract

We establish the rate of convergence in the L'-norm for equidistant approximations
of stochastic integrals with discontinuous integrands driven by multifractional Brow-
nian motion. Our findings extend the known results for the case when the driver is a
fractional Brownian motion.
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1 Introduction

We consider equidistant approximations of stochastic integrals driven by multifrac-
tional Brownian motion with discontinuous integrands. Specifically, we establish the
rate of convergence for equidistant approximations of pathwise stochastic integrals:
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0 k=1

B Kostiantyn Ralchenko
kostiantyn.ralchenko @uwasa.fi

Foad Shokrollahi
foad.shokrollahi @uwasa.fi

Tommi Sottinen
tommi.sottinen @uwasa.fi

1 School of Technology and Innovations, University of Vaasa, P.O. Box 700, Vaasa FIN-65101,
Finland

Department of Probability, Statistics and Actuarial Mathematics, Taras Shevchenko National
University of Kyiv, Volodymyrska St., Kyiv 01601, Ukraine

Published online: 23 May 2025 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10959-025-01422-z&domain=pdf

51 Page2of26 Journal of Theoretical Probability (2025) 38:51

where t;, = 5, k=0,1,...,n. Here, ¥ represents a difference of convex functions,
and X denotes a multifractional Brownian motion (see Sect. 2 for details). The integral
is interpreted as a pathwise Stieltjes integral, following the integration theory for
discontinuous integrands developed in [6] using a modification of Zihle’s fractional
integration theory [19, 20].

Recently, a similar problem was addressed in [2] for the case when the driving
process X is centered, Gaussian and Holder continuous of order H > % Additionally,
in [2], X satisfies the following conditions: its variance function V (¢) is non-decreasing
on [0, 1], V(1) = 1, and its variogram function is represented as:

E(X, — X,)? = o2 |t — s +0<|t —s|2H), as |t —s| — 0.

Examples of such processes include fractional, bifractional, and sub-fractional Brown-
ian motions, the fractional Ornstein—Uhlenbeck process, and normalized multi-mixed
fractional Brownian motion, among others. In [2], the exact rate of convergence for
approximations of stochastic integrals in the L!-distance is found to be proportional
to n'~2H | which corresponds to the known rate in the case of smooth integrands (see
[10] and references therein). Notably, for the case of fractional Brownian motion, this
problem was studied earlier in [1]. For other related studies on stochastic integrals
with discontinuous integrands, see also [11, 12, 16, 18].

In this paper, we focus on approximating integrals driven by multifractional Brow-
nian motion. This process generalizes fractional Brownian motion by allowing the
Hurst index to vary over time. Such a generalization enables the modeling of stochas-
tic processes whose path regularity and “memory depth” evolve over time. In this
case, the variance function of the process is V(1) = >/, which is generally non-
monotone. Consequently, the direct application of results from [2] is infeasible, as the
proofs there rely on the monotonicity of V (¢). However, by exploiting the specific
form of the variance function, we can address these challenges and establish a rate of
convergence proportional to n' ~2# with H = min{min, H,, «}, where « is a Holder
exponent of H;. To achieve this, we adapt the general proof scheme from [2], but
significantly modify and generalize the auxiliary results to accommodate a process
with non-monotone variance.

The paper is organized as follows: In Sect. 2, we review various definitions of mul-
tifractional Brownian motion and outline its properties necessary for the subsequent
sections. Section 3 presents the statement of our main result. The proofs are provided
in Sect. 4.

2 Multifractional Brownian motion: Definition and examples
LetH: [0, 1] — (%, 1) be a continuous function satisfying the following assumptions:

(A1) Hpin:= min H; > § and Hpac:= max H; < 1.
tel0,1] t€l0,1]

(A2) There exist constants C > 0 and o € (%, 1] such that for all ¢, s € [0, 1]

|H; — Hg| < C |t —s|”.
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There exist several generalizations of fractional Brownian motion to the case where
the Hurst index H is varying with time. These generalizations are based on different
integral representations of fractional Brownian motion. It is important to emphasize
that distinct definitions can result in processes with substantially different covariance
structures, as demonstrated in [8] and [17].

Example 2.1 (Moving-average multifractional Brownian motion [14]) Multifractional
Brownian motion was first introduced by Peltier and Lévy Véhel [14]. Their definition
is based on the Mandelbrot—van Ness representation for fractional Brownian motion
(see, for example, [6, Chapter 1.3]). The moving-average multifractional Brownian
motion is defined by

! _1 _1
X, = C (Ht)/ [(r—s)f’ 2 (=)} z}dWS, @.1)

where W = {W;, t € R} is a two-sided Wiener process, x4 = max{x, 0}, and

2HT (3 — H) )”{_@HraHmmmH»W
r

C“H):(rm%) a—2m) FH+ )

Example 2.2 (Multifractional Volterra-type Brownian motion [5, 15]) The next def-
inition of a multifractional Brownian motion is based on the integral representation
of the fractional Brownian motion through a Brownian motion on a finite interval
developed in [13]. The multifractional Volterra-type Brownian motion is the process

t
X = [ Kus)aw. 22)
0

where W = {W,,t > 0} is a Wiener process, and Ky (t, s) is the Molchan kernel
defined by

t
KH(t,s)zcz(H)s%—H/ w—sT" 313 qv, He ),
N

with Co(H) = C(H)(H — ).
Example 2.3 (Harmonizable multifractional Brownian motion [3, 7]) Consider

another generalization, introduced in [3]. Let W(-) be a complex random measure
on R such that

1) forall A, B € B(R),
EW(A)W(B) = A(AN B),
where A is the Lebesgue measure;
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2) for an arbitrary sequence {A1, A2, ...} C B(R) such that A; N A; = ¢ for all
i # j, we have

W(U A,-) = WA,

i>1 i>1

(here {W(A;), i > 1} are centered normal random variables);
3) forall A € B(R),

W(A) = W(-A),
4) forall 6 € R,
{e""W(A), Ac B(R)} LAW(A), A € BR)}.

The harmonizable multifractional Brownian motion is defined by
X: = C3(Hy) / | W(dx) (2.3)
|x 2

where C3(H) = (HT (2H) sin(w H) /7)"/?.

In the sequel, we consider a generalization of the fractional Brownian motion
defined by X, = B/, 1 € [0, 1], where {B},1 € [0, 1], H € (1,1)} is a family
of random variables such that

(B1) for afixed H € (%, 1), the process {BtH t €0, 1]} is a fractional Brownian
motion with the Hurst parameter H;
(B2) forallt € [0, 1] and all Hy, Hy € [ Hmin, Hmaxl,

2
E (B~ B/") < C(H - H), 2.4

where C is a constant that may depend on Hpi, and Hpax.

The above conditions are satisfied, for instance, by every one of the generalizations
described in Examples 2.1-2.3, since conditions (B 1) and (B2) hold for representations
(2.1)—(2.3), see [7, 14, 15]. In particular, the bound (2.4) for the Mandelbrot—van
Ness representation (2.1) was established in [14, proof of Thm. 4], for the Volterra
representation (2.2) it was proved in [15, Egs. (16)—(17)], and for the harmonizable
representation (2.3) it can be found in [9, proof of Lemma 3.1].

For further reference, we collect necessary properties of the variance and variogram
functions of multifractional Brownian motion in the following lemma. It is worth
noting that, in the specific case of harmonizable multifractional Brownian motion, this
result is already known (see [4]). Here, we present it in a more general framework,
i.e., for any type of multifractional Brownian motion that satisfies assumptions (B1)
and (B2).
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Lemma 2.4 The multifractional Brownian motion X = {X;,t € [0, 1]} has the fol-
lowing properties.

(i) Forallt €10, 1]
V(t):=EX? = 2,
(ii) Forallt,s € [0, 1]
9 (t,9)=E (X; — X;)* < |t — s[*min 4 C |1 — 5| vt 4 C|r — g%
Proof According to the assumption (B2), if H; = H = const, then the process

X; = BtH " is a fractional Brownian motion. This implies the statement (i) and the
following bound

2
E <B,H’ - Bft) = |1 —sPH < |t — g[2Hmin 2.5)
Moreover, the assumptions (B2) and (A2) yield
2
E (Bs”’ = BSH‘Y) <C(H, —H)*<Clt —s]™. (2.6)

Furthermore, by the Cauchy—Schwarz inequality we derive from (2.5) and (2.6) that

E|(B/" - BM) (B - B )| < €t — e

Thus,
E(X, - X)? =E (B/" - BSH‘>2 +E (B - BSHS)Z
+2F [(B,H’ - BXHf) (BSHf _ B‘{fs)]
< It — P Clr— s 4 C |t — 5|t
and the claim (ii) is proved. 0

Remark 2.5 For a convex function W, let ¥’ denote its one-sided derivative. In condi-
tion (A1), we assume that the function H, is bounded away from one. This guarantees
that

1
K </ sHmax gg 00,
0

S |
d
/0«/V(S) N

Then, by [6] fol W'(X,)d X exists as a pathwise Riemann—Stieltjes integral; moreover,
it satisfies the following chain rule:

1
/ V' (X)dXs =W (X1) — ¥ (Xo). 2.7)
0
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3 Main result

Letty = f, k=0,1,...,n,bean equidistant partition of the interval [0, 1]. Through-
out the article, we use the notation

pa)=E[Yly-.] = e 2, ael. 3.1

In what follows, let C denote a generic constant that may change its value from one
occurrence to another.
The following theorem is the main result of the paper.

Theorem 3.1 Let X; = B,H’ be a multifractional Brownian motion with the Hurst func-
tion H; satisfying (Al)—(A2). Let V be a convex function with the left-sided derivative
W’ and let |1 denote the measure asiociated with the second derivative of V such that
Jr ¢(@(da) < oo. Then for any H € (%, Hpinl N (%, a),

E

1 n
/ qj,(XS)dXS o Z v (ka—l) (th - th—l)'

0 k=1

1 2H-1
// sy dsu(da)( ) +/Rn(a)u(da), (3.2)
R

where the remainder satisfies
/ Ry (a)u(da) < Cn—min{ZH—Hmax,Hmm—i-a—1,2a—1}. (3.3)
R

Remark 3.2 Assumption H e (%, Hpyinl N (%, «) guarantees that that the remainder
is negligible compared to the first term in (3.2). Indeed, we have

2H — Hpax > 2H — 1, Hpin+o—1>2H—1, and 20 —1>2H — 1.
Hence,

Jg Ru(@)pu(da)
=~ >0, asn— oo.
nl—2H

Remark 3.3 One can formulate the statement of Theorem 3.1 more precisely by con-
sidering the cases o > Hmm and ¢ € (2, Hmin] separately. Evidently, in the case

o > Hpyin, (3.2) holds with H= Hpin- And in the general case, i.e., o > %, one has

] n
E / U (X,)dX, — Z V(X)) (X — Xgp )| < Cn!72mintHmined (3 4)

0 k=1
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Note that for % < o < Hpjip, the leading term in (3.2) has the same order nl =2 a5

the remainder; so we cannot obtain more precise rate of convergence than (3.4).

Remark 3.4 When the function H is sufficiently smooth and the difference between
Hpx and Hpyi, is rather small, one can establish a lower bound in addition to (3.2).
Namely, under additional assumptions

o > Hpax and 3Hpax — 2Hpin < 1, 3.5

the following inequality holds

E

/ W (X,)d X, —Z\If’ X)) (X — X))

k=1

1 2['Imax*1
// ) ds,u(da)( ) +f R, (a)u(da), (3.6)
R

where the same remainder that satisfies (3.3). Due to assumptions (3.5), the remainder
in (3.6) is negligible compared to the leading term.

The proof of the lower bound (3.6) is conducted similarly to that of Theorem 3.1,
but one uses the inequality

9(t,s) > |t — s|*Hm 4 g(z,5), where |g(z,s)| < C |t —s|fminte  (3.7)

instead of Lemma 2.4 (ii). The bound (3.7) is derived similarly to Lemma 2.4; the
remainder function g(¢, s) is the same, namely

g(t,s) = B(BM — B2 L om[(B/" — BB — By,

Remark 3.5 In particular, the assumptions (3.5) hold in the case H; = H = const (i.e.,
when X is a fractional Brownian motion). Indeed, in this case one can take o = 1,
Himin = Hmax = H, and the bounds (3.2) and (3.6) imply that

1 n
E /O W(X)dXs =Y W (X ) (X — X))

k=1

2H-1
// iH dslu(da)(1> +§Il(a)v

with En (@) < Cn~H_ This coincides with the result of [2] for the case of fractional
Brownian motion.

Moreover, since in the case H; = H = const we have an exact rate of convergence
n'=2H we see that the result of Theorem 3.1 cannot be improved substantially.
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4 Proofs
4.1 Some auxiliary bounds

In what follows, we will often use the following simple upper bound for small a.

Lemma4.1 Let u € R. Then forall lal < 1ands > 0
0(<) = Ca5 g,
sH

where C = 2¢~ Y2 is an absolute constant.

Proof Denote h(x) = xe . The derivative of h(x) equals A'(x) = ¢ *(1 — x),
whence maﬂi( h(x) = h(1) = e~ Therefore, for any a € R,
Xe

a? a 2 a? 2
(3= ()=
s2 T \ght 27 \ 252K eN2m

Note that ¢ (a) decreases when |a| decreases. Hence, for |a| < 1 one has

1
pla) = (1) = :
V2me
Combining two obtained inequalities, we conclude the proof. O

The next auxiliary result provides an upper bound for an integral for specific power-
exponential integrands. Such integrals often arise in subsequent proofs.

Lemma4.2 Let A < —1 and p > 0. Then for all |a| > 1,

1
A a -2
/0 s <p(s—u) ds < Ca “¢(a).

The constant C may depend on ) and .

Proof Denote a? = x,

.. Ols)‘q) (S‘/—#})ds B fols)‘expi—zsx—zu}ds
R TS RS ey

We need to show that F is bounded on [1, c0). By substitution 2SL2M = z, we have

A+l A+l
1o x\3e [ =51,z o A1 _,
(5) 7 [ope etz _ - B-1)apt R

x—le=x/2 —2tl
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As x — oo, we get by I’Hopital’s rule

1ox =21 _x
. EPESHRI —5(3) 2 e72 _aEl
lim F(x)=2 2 lim g P =2
s X AT . X
X—00 x—>o0 1 —Hr-1,-% (k-i/;l + 1) " 2677

Taking into account the continuity of the function F(x), we derive its boundedness
forall x > 1. O

4.2 Approximation estimates

In this section, we present upper bounds for various terms appearing in the proof of
the main result.

Lemma4.3 Foralla € R,
2
n (t:]tk _ tkH:kl—l)

a .
< a n—mm{Hmin,Za—l}.
> ¢ |7 | =Cv@
k=2 Ly -1

-1
k—1

Proof Evidently, ¢ ( Ht’: ) < ¢@(a). Hence, it suffices to estimate the following
1

sum:

=:2(A1 + A2).
4.1)

First, let us bound Aj. Using the mean value theorem and assumption (A2), we
obtain

Ht Hrk7 Ho: H.:
i = 0| = [ g ae |y, — Hy | = Cof og 1k — 11 ws)

= Cnf"‘t,fmi" [log #| .
It is well known that for any 6 > 0 there exists a constant C = C(§) > 0 such that

[logs| < Cs— % forall s € (0,1]. Fixany 0 < § < Hpin — %Hmax. (This is possible
because Hmin > % > %Hmax.) Then,

Hy Hy
i = <

@ Springer
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Therefore,

n ,2Hmin—28 n

2 I 2 g\ g 28
< —z0 — —i0 min max —
A <Cn E —thaX Cn E (— ) L]

k=2 k=2

<C l 2a ZtZHmm_Hmax 2

where we have used the bounds

t 2 Hpin—26 k 2Hpin—28 1 2 Hppin —28
—k = —— 1 + - < 22Hmin_2(s’ k > 2
th—1 k—1 k—1 - -

2 Hiin— H, . .
Further, the term % 22—1 tk_‘l“‘" max—=2 3¢ bounded as a convergent Riemann sum.

Indeed,

1
_ E t2Hmm_Hmax =26 - / S2Hmjn—Hmax—23ds <00, asn — 0o.
0

Hence,
Al < Cn'™2«, 4.3)

Next, we estimate A,. Note that the numerators can be bounded as follows:

" tH,k -1
Hy Hy H,  —1 Hy_— k—1
A -t ' =H,_, x1 T dx < Hy (tk —tf)) < Y/
th—1 n
Therefore,
Ay < i n thk—l_z < i n thin—2 _ n—Hmin Z(k _ 1)Hmin—2 < Cn_Hmi“
2= k—1 ) 1= = ’
k=2 k=2
4.4)
since the series Z,fiz (k — 1)Hmin—2 converges.
Combining (4.1)—(4.4), we conclude the proof. O

Now we are ready to establish two key lemmas concerning approximations. The
following result is a counterpart of [2, Lemma 4.10].

Lemma4.4 Foralla € R,

1 n
_H. a 1 “H, a )
/ S H5(0 <sHv)dS — ; Ztkfllk 190 sz 1 < C(p(a)nHmaX 1.
l k=2 t,

0
k—1
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Proof We start by writing

n

1
_H a 1 —Hy_, a
s ( )ds - — t
/O v sHs n k=1 ¢ Hy_,

k=2 fe—1
1 n 173
_ —H a _H, a —Hy a
= /0 K (p(STS>ds+Z/ s qj(E)_t’(_] ) i ds
k=2 "k le—1
< By + B; + By, (4.5)
where

11 H a
By:= s ( )ds,
e a H a
B:= E / s_HWp( H_)—s7 ’k1¢< 7, )’ds,
— fr—1 S s k-1

n

Tk
. —H, a —Hy a
By:= E / s ’kl(p( oA ) —hor ¢\ m ds.
=2 1 s k-1 tk_kl—l

The term By can be bounded as follows:

1 1
By = ! siH‘%p 4 ds < ¢p(a) ! s Hmax g g — Cga(a)nH"‘“"*l. 4.6)
0 sHs 0

Let us consider Bj.

n t a
B < / w( H)‘s—Hf—s‘ka—l ds
k=2 et S
(R a a
e G e (i)
— th—1 S § k-1
=:B11 + B12. .7
Since ¢ (3%) < ¢(a), we see that
n tk
By = 90(a)Z/ ‘siHS — s M| gs.
k=2 ¢kl

Using the mean value theorem and the assumption (A2), we can bound the integrand
as follows:

—Hy _ —Hy_,

) < s~ Hmax [log s| |Hs — Htk_1|

@ Springer
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— Hmax o

< Cs Hmax |Jogs| |s — 11| < Cs llogs|n~%.

Then,
1
Bi1 < qu(a)n_"‘/ s~Hmax |log 5| ds < Cp(a)n™, (4.8)
0
because the function s > s~ Fmax |log s| is integrable on [0, 1].
In order to estimate Bj;, note that
2

a a a a a a
Oxg (s—x) = (s—x) 9 (;) =Y (s—x) logs.

Therefore,

H
ay a _ 2 b2 (i
7 (SH.Y) 10 (sH’kl ) =a logs/H s o sx) dx, 4.9)

whence

/.HS s (%) dx|ds. (4.10)

H’k—l

n tk
Boza®y [ 57 jlogs
k=2 ¥ k=1

Let us consider two cases separately.

(i) Case |a| < 1. By Lemma 4.1, a®s™*¢ (%) < Cg(a). Using this bound and
Assumption (A2), we get

/;{Hx s g (S%) dx

k-1

2

a < Cy¢(a) |Hs — Hy_,| < Co(a) |s — tr—1|*

< Co(a)n™".
We insert this inequality into (4.10) and obtain
1
By < C¢(a)n7a/ s~ Hmax |log s|ds < Co(a)yn™.
0

(i1) Case |a| > 1. The inner integral in (4.10) can be estimated as follows:

/HHS s g (Sa—x) dx

k-1

< sszmax(p ( ) |Hs _ Htk,1|

a
< Cn_“s_ZHma"(p( - ) .
S min

SHmin
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by Assumption (A2). Then, it follows from (4.10) that

1
Bpp < Cn_“aZ/ 573 Hmax [logs| ¢ ( )ds
0

Choosing arbitrary § > 0 and applying again the bound |log s| < Css~°, we get

1
a
By < Cn_“aZ/O s_3H"‘a‘_6€0< - )ds < Co(x)n™,

§ min

where the last inequality follows from Lemma 4.2.
Thus, in both cases, By < Ce(a)n~%. Combining this result with (4.7) and (4.8),

we see that
Bi < Co(a)n™% < Co(a)nlma—1 4.11)

(because —a < —% < Hpax — 1).
Now, let us consider B>. We have

n tk
—H, a _ a
BzSZ/ s e <p< H,k_,> 2l ICE
k=2 Tkt s l—1
. K a H, —Hy_,
+ s~ — 1,1
Z/t ¢ Hy_, s k-1 s
k=2 k=1 L
=:By + B.
Let us estimate By;. Using the relation ¢’(x) = —x¢(x), we compute
a _ 2 —2H, -1 a
ou (Mka1 ) =H, ,a‘u 17 g (quk1 ) . (4.12)

Then, B;; can be rewritten as follows:

n Ik N a
By = a® E Hy, | s~ Hiy uizH’kffl(p duds. (4.13)
H;
= te—1 fe—1 u k=t

Let us consider two cases.

(1) Case |a| < 1. By Lemma 4.1, a?u~ M exp{—zzi‘,%} < C¢(a). Hence,
Iz
(4.13) yields

By < Cw(a)Z/ s~ - 1/‘ u'duds

1

@ Springer



51  Page 14 0f 26 Journal of Theoretical Probability (2025) 38:51

n I
= Cyp(a) Z/ sTHer gl (s — i ds
k=2 V=1

B\ —Hy -1 [ 1 & —Hy —1
< Coa)y " / (s =t ds = Cop@)— > 1"
k=2 le=1 k=2

1 I - - n - -
< C(p(a)}? Ztk_l'{max I _ C(p(a)nHmax 1 Z(k -1 Hmax—1
k=2 k=2

< Co(aynfma=l

because Y }_,(k — 1)~ Hma=l < 3720 (k — 1)~ Hma=l < o0,
(i1) Case |a| > 1.Changing the order of integration in the right-hand side of (4.13),

we obtain

n

2 K om, -1 a * _m
By <a E/ u 1" 7 /s —tds du.
15
7% u k-1 u

k=2 "t%-1

The inner integral can be bounded as follows:
* _H H, 1 _n,
/ s Tk=tds <y e (e —u) < —u” kT,
n
u

Then,

1, - lk —3H, -1 a
By < —a u k=1 du
n t thk 1
k=2 " tk-1
1 " k a
<242 —3Hmax—1(p< 2 )du
n fh—1 A Tmin
k=2
1, ! —3Hpax—1 a
< -—a u max—" ¢ ( i ) du
n 0 I/t min

Applying Lemma 4.2, we get

By < Co(a)n™" < Co(a)yn =1,

that is, we have for |a| > 1 the same upper bound for B, as in the case |a| < 1.
Now let us consider By,. Using the evident bound

a
o\ 7 | =¢@:
L
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we get
—H, B
By < C<p(a)§ / g b1 — H'k—l)ds. (4.14)

By the mean value theorem, we obtain

H,
—Htkfl —H; _kafl_1 1 —Hmax—1 e
Gyt T S Hy G = ) S 0T = gy

Substituting this bound into (4.14), we arrive at
n
By < Coayn™ma=t 3 "k — 1)t < Co(ayntmt,
k=2
Combining the above bounds for By and Bjy, we conclude that
By < Co(a)nfmax—1, (4.15)

Finally, taking into account the representation (4.5) and the inequalities (4.6), (4.11)
and (4.15), we complete the proof. O

Lemma4.5 Let Y ~ N (0, 1). Then forall a € R,

Hy, a a
Z tk Hlk H’k—l
k=2 I k-1
a -
—a|P|Y>—— | -P|Y>— < Co(a)n™ min{Hmin,20=1}
k T—
“ I

Proof We decompose the left-hand side of the desired inequality as follows:

n

Z : H; k a a
k ¢ Htk ¢ Htk 1

k=1 I 1
ply> 2 Py
— da > — el >
thk IH’kfl
k k-1
< Do+ Dy + D3, (4.16)

where
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D HIA a a
1= tk (4 Htk @ Htk \
k=2 I k
a
—a|Pl|Y>— | -P|Y > , 4.17)
Hy, Hy_,
f A
" H, a a
Tk
D, = Z o |9 Em Hy_,
k=2 I k-1
— PlY —PlY > 4.18
a - Htk*l Htk*l ( )
I L

H; a a
tl 190 < T, ) > alP (Y > T[]) . (419)
I I

Indeed, denoting x = HL” we get by (3.1)
4l

xP(Y > x) =E[xlys ] < E[Y1y. ] = ox),
whence (4.19) follows. Then, taking into account (4.19), we may write

H, a . e
Dy <t (T) < tlmin () = n~Hning(a). (4.20)
1

Now let us consider the term D;. Similarly to (4.9), we have

H,
a a k a
ol | —¢ = a*log #y 7o = ) dx. 4.21)
Htk Htk—l H, t
tk tk 1 k

Furthermore,

aP(y =2 Vo, (£ Tl L ) 10g1
>—)=—¢|= — ) =—=¢ (= |log.
X l]f % l]f X th t]fw l]f 2 lk

tk ' tk k-1
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We insert (4.21) and (4.22) into (4.17) and obtain

n

H H,
H 1 a Tk a
Z <tk *a®log tk/ tk_zxgo <t_x> dx — a* logtk/ e (t_x> dx)
k=2 Hy_, k Hy_, k
Htk a
-2
o oG
Hy k

n
<a®)_ llogy
k=2
Using the mean value theorem, we get similarly to (4.2)

D =

I

H, H —o  H,
5" = 1| = ol og el [ Hy — x| < Cn/" Jlog .

Consequently,

n
Dy < Cn™“a Y " 1l |log 1|
k=2

o 2N Hu—2s | [ ay _ox
<Cn “a Ztk‘“‘“ ol 5 )% dx|,
k=2 Hy_y T

where we can choose arbitrary § > 0.
Let us consider two cases.

(i) Case |a| < 1. Using the bound azt,:h(p <i> < Cop(a) (see Lemma 4.1) and

X
s

H’k a
O
H, tk

k—1

Assumption (A2), we obtain

Hj, a
/ %) (—x> tk_zxdx
H tk

Tk—1

2

a < Co(a) |Htk - ka—l|

< Co(a) |ty — tr—1|* = Cop(a)n™*.

Hence,

1 Ho—
Dy < Cnl—2 _Ztkam 28 SC”I—Z(X’
n k=1

: Hinin—2 1 Hpine
since LY gm0 [ sHmin=28 g5 as n — oo.

n
a —2H,
< t max
=¢ (thin) k
k

(i) Case |a| > 1. Since
a _
S Cﬁf_aw ( - ) %>2Hmﬂ,
t min
k

ka a _
/ ) (—x) t 2 dx H, — Hy_,
Htk tk

—1
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we see that

n

- A\ Huin—2Hmax—26 1

D < Cnl 20{a2 t min max —.

1= qu thin k n
k=2 k

Note that

n 1
Z ® _a thin_2Hmax_251 - @ a SHmin_ZHmax_zgds as 1 — 0o
et t]flmin k n 0 SHmin ’ ’

where the integral is bounded by Ca~2¢(a) according to Lemma 4.2 (here we can
choose § > (1 + Hpin — 2Hmax)/2). Thus, in this case we also have

D < Co(a)n' 2. (4.23)

Now it remains to estimate D;. Using (4.12), we can write

a a e _ a
¢| 5 -9\ 5 = H,,Hazf s~ 2H ‘<p( = )ds. (4.24)
k—1 k-1 fk—1 § k-1
k

In addition,

o0 _ _ a
BSP (Y - Hy ) - 86/ a w(v)dv = Hlkflas Hn l(p < Hy >
s R s
and
o, -1 a
-
PlY > Ty —PlY > o | = H,kfla/ s i1 (p( Ty )ds
15 L Ik—1 s
(4.25)
After substitution (4.24) and (4.25) into (4.18), we arrive at
¢ Y om, -1 a Hy, H
e [ ) )
k=2 k-1 57k
B ) n . 173 _2Htk 1_1 a H,k H,k7l d
s Yt [ ()t o
v * om 1 a Hy_, H
- 1~ -1 __ 1
+a I;Htk,l /[-kls k=1 ¢<SH’kl>‘tk s =1\ ds
=:Dy1 + Dy. (4.26)
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In order to bound D;;, we write using (4.2)

‘ Hy tka—l ‘

I < Ctkai“n*"‘ logn < Cn~%logn.

Then,

Dy <Cn “lognz / —2Hy - ( H? )ds.
k—1

N

(i) Case |a] < 1. Since by Lemma 4.1

azs“"kuo< H" ) < Cy(a), (4.27)
§ k-1

we see that

n tx 1
D1 < Co(a)yn™ lognZ/ s~ lds = Co(a)n™ logn/ s~ lds

14l

= Co(a)n%log’ n.

(i) Case |a| > 1. We have

_ a
Dy <Cn~ "‘lognz 2Hmax — l(p( Hmm>ds
k=2 Te—
! a
<Cn™* 10gna2/ s_ZHm“X_lqn( o )ds < Cyo(a)n %logn,
0 § Imin

where the last inequality follows from Lemma 4.2.
Thus, in both cases we have the following upper bound

Dy < Co(a)n™ log2 n.

Foranyé > 0,logn < Cn? forsome C = C(8). Therefore choosing § < %(1 —a),
we finally get

Day < Co(a)n™ 2 < Co(a)n'=2. (4.28)
Let us consider D»;. By the mean value theorem,

H[k 1

- H, H;, —1 Himin—1 1
I — s < Hy (5717t —s) < gminT
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Therefore,

a n 1 a
Dy <& Z/ s—zH,k1+Hmin—2¢)< )ds.
173

=2 Jie s

Again, let us consider two cases.

(1) Case |a| < 1. Applying the bound (4.27), we obtain

T

n 1
D2y < Co(a)n™! Z sHin=2g5 = Co(a)yn™! / sHmin=2 g
1
k=2

th—1 n-
l_Hmin —_
= Co(an' " < Cop(aynHmin,
11— Hmin

(i) Case |a| > 1.

aZ n 1k a
D22 S _ Z/ S*ZHmax“l’Hmin*z(p ( )ds

Hmin
n P e—1 S 1

IA

2
az ! —2 Hmax + Hmin—2 a -1 —Hmin
o A K (p( 7 )ds < Cyp(a)n~" < Co(a)n .

5 Hmin

Hence, in both cases Dy, < C(p(a)n_Hmi". Combining this bound with represen-
tation (4.26) and inequality (4.28), we get

D> < Co(a)yn™ mintHmin 20=1} (4.29)
Now the proof follows from (4.16), (4.20), (4.23), and (4.29). O

4.3 Proof of Theorem 3.1

The proof of the main result will be done in two steps. We start by considering the case
W(x) = (x —a)™. Then, the general case will be reduced to that case by application
of the following lemma, proved in [2].

Lemma 4.6 ([2,Lemmad4.1]) Let W be convexandy = V' be its left-sided derivative.
Then, for any x,y € R we have

V) —W(y) - —y) = /R[IX —al = |y —al —sgn(y —a)(x — y)lu(da)

=2 /R (-0 = (=@ = Tmax = )] uda)
> 0.
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43.1 CaseW(x) = (x —a)t

Proposition 4.7 Let X be a multifractional Brownian motion with the Hurst function
H, satisfying (A1)~(A2). Let H € (%, Hmin] N (3, @). Then for any a € R,

1 n
E /0 ]1X>r>a dXs - Z]lx,k71>a (Xl‘k - Xlkfl)

k=1

- (4.30)
1 1 1 2H—1
< E/ s~y (as*H“) ds (r—l) + Ru(a),
0
where the remainder satisfies
R, (a) < C(p(a)n*min{Zﬁmeax,Hmin+a71,2a71}' 431)

Proof The proof follows the scheme from [2, Prop. 4.11]. By the chain rule (2.7), we
obtain

1
/ IlXS>adXs =(X; — a)+ - (Xo — a)+
0
— Z I:(Xlk — a)+ — (th71 - a)+:| .
k=1

Therefore,

1 n
/(; ]le>a dXs - Z]lx,k_] >a (th - ka—l)
k=1

" (4.32)
= Z I:(X,k — a)"" — (ka—l — a)+ — 1er,1>a (th - ka—l):l
k=1

>0,

where the last inequality follows from Lemma 4.6. Further, from (x —a)™ = x1,., —
al,-,, we obtain the following representation for one-interval increment:

+ +
(th — a) —_ (th71 — Cl) — ]].th_l >a (th — th*l)
= th]lX,k >a — Xz‘k]lX,k_1 >a — a]lX,k >a + a]lX’k—l >a- (4.33)

Evidently, we have from (3.1) fork =1,...,n

a H; a
E[X,k]lxtkm]: V(tk)<p< )ztkkgo - | (4.34)
IV i
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and

Ely,-c=P[Y > % , (4.35)

I

where Y ~ AN(0, 1). Note that the relations (4.34) and (4.35) remain valid for k = 0
under the convention ¢(+00) = 0, P(Y > +00) =0, P(Y > —o0) = 1.
In order to compute E[X;, 1 X, ~al], we denote

Cov (th, th*l)

,k=2,...,n,
Var X,

=0, w=

and use the representation
th = katk—l + kakv

where Y, ~ N (0, 1) is independent of X #_, and by is a normalizing constant (that is,
b7 = Var X, — y? Var X,_,). Then, we get

H, a
E[Xilx, =a] = %E[ Xy Ly, | =00 | 55— |- @36)

L

Combining (4.33)—(4.36) and rearranging terms, we obtain

E I:(th — a)+ — (ka—l - a)+ - ]lth_] >a (th - th_1):|

Hy, Tk—1
=t t aP|Y > aP|Y >
£ th Veli—1# Hy_, + Hy_, Hy
k k—1 k—1 I
1 Ht/\,_| Htk a a
o I:tk Y tk_l ] ¢ Hy_y + tk ¢ Hy —¢ Hy_,
k—1 I k—1
aPlY > —aP|Y >
+ H’k—l thk
L k
Therefore,

E

1 n
/ Ux,oadXs =Y Ax, sa(Xy = Xy )| = Tin + Ion + I,
0
k=1
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where

n

H,, Hy_, a
ho= L[ =i o | s

k=2 Ly
n
Hy, a a
b= Ztk Y\ & | %\ A,
k=1 U =1
n
I PlY > a PlY > a
.- —ar(re b
" Hy_, Hy,
k=1 L.y I

Applying [2, Lemma 4.4], we may write

Lha=nhan+ 1 B0,

where
Hy, Hy_, 2
/ - (tk k-1 ) a
LAn = — )
" 2[Htk—l tH[k—l
k=2 k—1 k—1
n
O (tg, te—1) a
hpn=) —p—0| 5
24 e k-1
k=2 20 L
By Lemma 4.3,

|11,A,n| = Cgo(a)n_min{Hmmla—l}_

Observing that Hyin > 2Hmin — Hmax > 2H — Hp.x, we obtain

|Il,A,n | =< C(p(d)ni min{zg*Hmax,zafl}'

Let us consider /1 g ,. Applying Lemma 2.4, we get

9 (1, tr1) < p~2Hmin 4 Cp~Hmin— | Cp=20 < n—2ﬁ + Cpp~ min{Himin+a. 20}
(4.37)

Moreover, by Lemma 4.4

1 <& —H, B a 1 a
S e = =/ s H.s(p< H)ds—i—Rz,B,n,
n Tk—1 0 s

k=2 4

@ Springer



51 Page 24 0f 26 Journal of Theoretical Probability (2025) 38:51

where Ry 3., < Co(a)nfmx—1 Hence,

n
5 . ) 1 a
Lpn < (n*ZH + Cn*mm{Hm'"*""z“}) E = n
Tk—1 Tk—1
k=2 2tk_1 0

1 a1 . ) ! a
_ _(nl—ZH i Cnl—mln{H,n1n+a,2a}) (/ S—st( 0 )ds T Rz,B,n>
2 0 §s
1
_ lnl—zH s~ Hs a ds + R! LRl
= 2 0 @ sHs 2,B.n 2,B,n’

where

Ré By = Cnlfmin{Hmin+a,2a}/
,b,n

1
_H a )
s ds
0 ¢ (SHS

1
< Cnl—min{Hmm+a,2a}(p(a)/ S—Hmaxds S C(p(a)n—min{Hmi11+Ot—1,20t—1}
0

and

Ry g, = (nl—zﬁ n Cnl—min{Hmin+a,2a})R2’B’n < Cw(a)nHmax—min{2ﬁ,Hmi1,+a,2a}

- C(p(a)n—min{217—Hmax,Hmm+a—1,2a—l}.
According to Lemma 4.5,
|12,n + 13’n| < Cop(ayn=minlHnin2a=1) C(p(a)nfmin{Zﬁmeﬂx,Zafl}'
Combining all above estimates, we conclude the proof. O
4.3.2 Proof of Theorem 3.1
Using Lemma 4.6 and (2.7), we have
n
W (Xl) -V (XO) - Z lII/ (th_]) (th - th—l)

k=1

N i [\IJ (sz) - (Xlk—l) - (kafl) (X’k - X”H)]

=2 / Z (a)p(da)
R

where

n

MO [(X,k —a) = (X — )~y a (X - X[,H)]
k=1
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1 n
= f Ix,adXs =Y 1x, sa(Xy — Xy,
0
k=1

20’

see (4.32). Taking expectation and using Proposition 4.7 to compute EZ " (a), we get

E|W (X)) =W (Xo) — )W (X_,) (X4 — X))
k=1

= 2/ IEZ,T(a)pL(da)
R

1 1 2I"Imin*1
= / / s_st (as—Hs)ds u(da) (—) +2/ R, (a) n(da).
R JO n R

Here, the remainder R, (a) is defined in Proposition 4.7 and satisfies

Ru(@) < Co(a)n~Mint2H—Huw Hninta—120-1),

which is integrable since fR p(a)u(da) < oo by assumption. Similarly, the leading-
order term is finite by the fact that

1 1
/ s~ (asfH“) ds < (p(a)/ s~Hmax ds < Co(a).
0 0

This completes the proof. O
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