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Abstract
We establish the rate of convergence in the L1-norm for equidistant approximations
of stochastic integrals with discontinuous integrands driven by multifractional Brow-
nian motion. Our findings extend the known results for the case when the driver is a
fractional Brownian motion.
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1 Introduction

We consider equidistant approximations of stochastic integrals driven by multifrac-
tional Brownian motion with discontinuous integrands. Specifically, we establish the
rate of convergence for equidistant approximations of pathwise stochastic integrals:

∫ 1

0
� ′(Xs)d Xs ≈

n∑
k=1

� ′ (Xtk−1

) (
Xtk − Xtk−1

)
,
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where tk = k
n , k = 0, 1, . . . , n. Here, � represents a difference of convex functions,

and X denotes a multifractional Brownian motion (see Sect. 2 for details). The integral
is interpreted as a pathwise Stieltjes integral, following the integration theory for
discontinuous integrands developed in [6] using a modification of Zähle’s fractional
integration theory [19, 20].

Recently, a similar problem was addressed in [2] for the case when the driving
process X is centered, Gaussian and Hölder continuous of order H > 1

2 . Additionally,
in [2], X satisfies the following conditions: its variance functionV (t) is non-decreasing
on [0, 1], V (1) = 1, and its variogram function is represented as:

E(Xt − Xs)
2 = σ 2 |t − s|2H + o

(
|t − s|2H

)
, as |t − s| → 0.

Examples of such processes include fractional, bifractional, and sub-fractional Brown-
ian motions, the fractional Ornstein–Uhlenbeck process, and normalized multi-mixed
fractional Brownian motion, among others. In [2], the exact rate of convergence for
approximations of stochastic integrals in the L1-distance is found to be proportional
to n1−2H , which corresponds to the known rate in the case of smooth integrands (see
[10] and references therein). Notably, for the case of fractional Brownian motion, this
problem was studied earlier in [1]. For other related studies on stochastic integrals
with discontinuous integrands, see also [11, 12, 16, 18].

In this paper, we focus on approximating integrals driven by multifractional Brow-
nian motion. This process generalizes fractional Brownian motion by allowing the
Hurst index to vary over time. Such a generalization enables the modeling of stochas-
tic processes whose path regularity and “memory depth” evolve over time. In this
case, the variance function of the process is V (t) = t2Ht , which is generally non-
monotone. Consequently, the direct application of results from [2] is infeasible, as the
proofs there rely on the monotonicity of V (t). However, by exploiting the specific
form of the variance function, we can address these challenges and establish a rate of
convergence proportional to n1−2H with H = min{mint Ht , α}, where α is a Hölder
exponent of Ht . To achieve this, we adapt the general proof scheme from [2], but
significantly modify and generalize the auxiliary results to accommodate a process
with non-monotone variance.

The paper is organized as follows: In Sect. 2, we review various definitions of mul-
tifractional Brownian motion and outline its properties necessary for the subsequent
sections. Section3 presents the statement of our main result. The proofs are provided
in Sect. 4.

2 Multifractional Brownianmotion: Definition and examples

Let H : [0, 1] → ( 12 , 1) be a continuous function satisfying the following assumptions:

(A1) Hmin:= min
t∈[0,1] Ht > 1

2 and Hmax:= max
t∈[0,1] Ht < 1.

(A2) There exist constants C > 0 and α ∈ ( 12 , 1] such that for all t, s ∈ [0, 1]
|Ht − Hs | ≤ C |t − s|α .
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There exist several generalizations of fractional Brownian motion to the case where
the Hurst index H is varying with time. These generalizations are based on different
integral representations of fractional Brownian motion. It is important to emphasize
that distinct definitions can result in processes with substantially different covariance
structures, as demonstrated in [8] and [17].

Example 2.1 (Moving-averagemultifractional Brownianmotion [14])Multifractional
Brownian motion was first introduced by Peltier and Lévy Véhel [14]. Their definition
is based on the Mandelbrot–van Ness representation for fractional Brownian motion
(see, for example, [6, Chapter 1.3]). The moving-average multifractional Brownian
motion is defined by

Xt = C1 (Ht )

∫ t

−∞

[
(t − s)

Ht − 1
2+ − (−s)

Ht − 1
2+
]

dWs, (2.1)

where W = {Wt , t ∈ R} is a two-sided Wiener process, x+ = max{x, 0}, and

C1(H) =
(

2H�
( 3
2 − H

)
�
(
H + 1

2

)
�(2 − 2H)

)1/2

= (2H�(2H) sin(π H))1/2

�
(
H + 1

2

) .

Example 2.2 (Multifractional Volterra-type Brownian motion [5, 15]) The next def-
inition of a multifractional Brownian motion is based on the integral representation
of the fractional Brownian motion through a Brownian motion on a finite interval
developed in [13]. The multifractional Volterra-type Brownian motion is the process

Xt =
∫ t

0
K Ht (t, s) dWs, (2.2)

where W = {Wt , t ≥ 0} is a Wiener process, and K H (t, s) is the Molchan kernel
defined by

K H (t, s) = C2(H)s
1
2−H

∫ t

s
(v − s)H− 3

2 vH− 1
2 dv, H ∈ ( 12 , 1),

with C2(H) = C1(H)(H − 1
2 ).

Example 2.3 (Harmonizable multifractional Brownian motion [3, 7]) Consider
another generalization, introduced in [3]. Let W (·) be a complex random measure
on R such that

1) for all A, B ∈ B(R),

EW (A)W (B) = λ(A ∩ B),

where λ is the Lebesgue measure;
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2) for an arbitrary sequence {A1, A2, . . . } ⊂ B(R) such that Ai ∩ A j = ∅ for all
i �= j , we have

W

(⋃
i≥1

Ai

)
=
∑
i≥1

W (Ai ),

(here {W (Ai ), i ≥ 1} are centered normal random variables);
3) for all A ∈ B(R),

W (A) = W (−A),

4) for all θ ∈ R,

{
eiθ W (A), A ∈ B(R)

}
d= {W (A), A ∈ B(R)} .

The harmonizable multifractional Brownian motion is defined by

Xt = C3(Ht )

∫
R

eitx − 1

|x | 12+Ht
W (dx), (2.3)

where C3(H) = (H�(2H) sin(π H)/π)1/2.

In the sequel, we consider a generalization of the fractional Brownian motion
defined by Xt = B Ht

t , t ∈ [0, 1], where {B H
t , t ∈ [0, 1], H ∈ ( 12 , 1

)}
is a family

of random variables such that

(B1) for a fixed H ∈ ( 12 , 1
)
, the process

{
B H

t , t ∈ [0, 1]} is a fractional Brownian
motion with the Hurst parameter H ;

(B2) for all t ∈ [0, 1] and all H1, H2 ∈ [Hmin, Hmax],

E

(
B H1

t − B H2
t

)2 ≤ C(H1 − H2)
2, (2.4)

where C is a constant that may depend on Hmin and Hmax.

The above conditions are satisfied, for instance, by every one of the generalizations
described inExamples 2.1–2.3, since conditions (B1) and (B2) hold for representations
(2.1)–(2.3), see [7, 14, 15]. In particular, the bound (2.4) for the Mandelbrot–van
Ness representation (2.1) was established in [14, proof of Thm. 4], for the Volterra
representation (2.2) it was proved in [15, Eqs. (16)–(17)], and for the harmonizable
representation (2.3) it can be found in [9, proof of Lemma 3.1].

For further reference, we collect necessary properties of the variance and variogram
functions of multifractional Brownian motion in the following lemma. It is worth
noting that, in the specific case of harmonizable multifractional Brownian motion, this
result is already known (see [4]). Here, we present it in a more general framework,
i.e., for any type of multifractional Brownian motion that satisfies assumptions (B1)
and (B2).
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Lemma 2.4 The multifractional Brownian motion X = {Xt , t ∈ [0, 1]} has the fol-
lowing properties.

(i) For all t ∈ [0, 1]
V (t):=EX2

t = t2Ht .

(ii) For all t, s ∈ [0, 1]
ϑ(t, s):=E (Xt − Xs)

2 ≤ |t − s|2Hmin + C |t − s|Hmin+α + C |t − s|2α .

Proof According to the assumption (B2), if Ht = H = const, then the process
Xt = B Ht

t is a fractional Brownian motion. This implies the statement (i) and the
following bound

E

(
B Ht

t − B Ht
s

)2 = |t − s|2Ht ≤ |t − s|2Hmin . (2.5)

Moreover, the assumptions (B2) and (A2) yield

E

(
B Ht

s − B Hs
s

)2 ≤ C (Ht − Hs)
2 ≤ C |t − s|2α . (2.6)

Furthermore, by the Cauchy–Schwarz inequality we derive from (2.5) and (2.6) that

E

∣∣∣
(

B Ht
t − B Ht

s

) (
B Ht

s − B Hs
s

)∣∣∣ ≤ C |t − s|Hmin+α

Thus,

E (Xt − Xs)
2 = E

(
B Ht

t − B Ht
s

)2 + E

(
B Ht

s − B Hs
s

)2

+ 2E
[(

B Ht
t − B Ht

s

) (
B Ht

s − B Hs
s

)]

≤ |t − s|2Hmin + C |t − s|2α + C |t − s|Hmin+α ,

and the claim (i i) is proved. 
�
Remark 2.5 For a convex function �, let � ′ denote its one-sided derivative. In condi-
tion (A1), we assume that the function Ht is bounded away from one. This guarantees
that

∫ 1

0

1√
V (s)

ds ≤
∫ 1

0
s−Hmax ds < ∞.

Then, by [6]
∫ 1
0 � ′(Xs)d Xs exists as a pathwise Riemann–Stieltjes integral; moreover,

it satisfies the following chain rule:

∫ 1

0
� ′(Xs)d Xs = � (X1) − � (X0) . (2.7)
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3 Main result

Let tk = k
n , k = 0, 1, . . . , n, be an equidistant partition of the interval [0, 1]. Through-

out the article, we use the notation

ϕ(a):=E [Y1Y>a] = 1√
2π

e− a2
2 , a ∈ R. (3.1)

In what follows, let C denote a generic constant that may change its value from one
occurrence to another.

The following theorem is the main result of the paper.

Theorem 3.1 Let Xt = B Ht
t be a multifractional Brownian motion with the Hurst func-

tion Ht satisfying (A1)–(A2). Let � be a convex function with the left-sided derivative
� ′, and let μ denote the measure associated with the second derivative of � such that∫
R

ϕ(a)μ(da) < ∞. Then for any H̃ ∈ ( 12 , Hmin] ∩ ( 12 , α),

E

∣∣∣∣∣
∫ 1

0
� ′(Xs)d Xs −

n∑
k=1

� ′ (Xtk−1

) (
Xtk − Xtk−1

)∣∣∣∣∣

≤
∫
R

∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds μ(da)

(
1

n

)2H̃−1

+
∫
R

Rn(a)μ(da), (3.2)

where the remainder satisfies

∫
R

Rn(a)μ(da) ≤ Cn−min{2H̃−Hmax,Hmin+α−1,2α−1}. (3.3)

Remark 3.2 Assumption H̃ ∈ ( 12 , Hmin] ∩ ( 12 , α) guarantees that that the remainder
is negligible compared to the first term in (3.2). Indeed, we have

2H̃ − Hmax > 2H̃ − 1, Hmin + α − 1 > 2H̃ − 1, and 2α − 1 > 2H̃ − 1.

Hence,

∫
R

Rn(a)μ(da)

n1−2H̃
→ 0, as n → ∞.

Remark 3.3 One can formulate the statement of Theorem 3.1 more precisely by con-
sidering the cases α > Hmin and α ∈ ( 12 , Hmin] separately. Evidently, in the case
α > Hmin, (3.2) holds with H̃ = Hmin. And in the general case, i.e., α > 1

2 , one has

E

∣∣∣∣∣
∫ 1

0
� ′(Xs)d Xs −

n∑
k=1

� ′ (Xtk−1

) (
Xtk − Xtk−1

)∣∣∣∣∣ ≤ Cn1−2min{Hmin,α}. (3.4)
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Note that for 1
2 < α ≤ Hmin, the leading term in (3.2) has the same order n1−2α as

the remainder; so we cannot obtain more precise rate of convergence than (3.4).

Remark 3.4 When the function H is sufficiently smooth and the difference between
Hmax and Hmin is rather small, one can establish a lower bound in addition to (3.2).
Namely, under additional assumptions

α > Hmax and 3Hmax − 2Hmin < 1, (3.5)

the following inequality holds

E

∣∣∣∣∣
∫ 1

0
� ′(Xs)d Xs −

n∑
k=1

� ′ (Xtk−1

) (
Xtk − Xtk−1

)∣∣∣∣∣
≥
∫
R

∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds μ(da)

(
1

n

)2Hmax−1

+
∫
R

Rn(a)μ(da), (3.6)

where the same remainder that satisfies (3.3). Due to assumptions (3.5), the remainder
in (3.6) is negligible compared to the leading term.

The proof of the lower bound (3.6) is conducted similarly to that of Theorem 3.1,
but one uses the inequality

ϑ(t, s) ≥ |t − s|2Hmax + g(t, s), where |g(t, s)| ≤ C |t − s|Hmin+α , (3.7)

instead of Lemma 2.4 (i i). The bound (3.7) is derived similarly to Lemma 2.4; the
remainder function g(t, s) is the same, namely

g(t, s) = E(B Ht
s − B Hs

s )2 + 2E[(B Ht
t − B Ht

s )(B Ht
s − B Hs

s )].

Remark 3.5 In particular, the assumptions (3.5) hold in the case Ht = H = const (i.e.,
when X is a fractional Brownian motion). Indeed, in this case one can take α = 1,
Hmin = Hmax = H , and the bounds (3.2) and (3.6) imply that

E

∣∣∣∣∣
∫ 1

0
� ′(Xs)d Xs −

n∑
k=1

� ′ (Xtk−1

) (
Xtk − Xtk−1

)∣∣∣∣∣
=
∫
R

∫ 1

0
s−H ϕ

( a

s H

)
ds μ(da)

(
1

n

)2H−1

+ R̃n(a),

with R̃n(a) ≤ Cn−H . This coincides with the result of [2] for the case of fractional
Brownian motion.

Moreover, since in the case Ht = H = const we have an exact rate of convergence
n1−2H , we see that the result of Theorem 3.1 cannot be improved substantially.
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4 Proofs

4.1 Some auxiliary bounds

In what follows, we will often use the following simple upper bound for small a.

Lemma 4.1 Let μ ∈ R. Then for all |a| ≤ 1 and s > 0

ϕ
( a

sμ

)
≤ Ca−2s2μϕ(a),

where C = 2e−1/2 is an absolute constant.

Proof Denote h(x) = xe−x . The derivative of h(x) equals h′(x) = e−x (1 − x),
whence max

x∈R h(x) = h(1) = e−1. Therefore, for any a ∈ R,

a2

s2μ
ϕ
( a

sμ

)
= 2√

2π
h

(
a2

2s2μ

)
≤ 2

e
√
2π

.

Note that ϕ(a) decreases when |a| decreases. Hence, for |a| ≤ 1 one has

ϕ(a) ≥ ϕ(1) = 1√
2πe

.

Combining two obtained inequalities, we conclude the proof. 
�
The next auxiliary result provides an upper bound for an integral for specific power-

exponential integrands. Such integrals often arise in subsequent proofs.

Lemma 4.2 Let λ < −1 and μ > 0. Then for all |a| ≥ 1,

∫ 1

0
sλ ϕ

( a

sμ

)
ds ≤ Ca−2ϕ(a).

The constant C may depend on λ and μ.

Proof Denote a2 = x ,

F(x):=
∫ 1
0 sλϕ

(√
x

sμ

)
ds

x−1ϕ(
√

x)
=
∫ 1
0 sλ exp

{
− x

2s2μ

}
ds

x−1 exp
{− x

2

} .

We need to show that F is bounded on [1,∞). By substitution x
2s2μ

= z, we have

F(x) =
1
2μ

( x
2

) λ+1
2μ
∫∞

x/2 z− λ+1
2μ −1e−zdz

x−1e−x/2 = 2− λ+1
2μ −1

∫∞
x/2 z− λ+1

2μ −1e−zdz

x− λ+1
2μ −1e− x

2

.
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As x → ∞, we get by l’Hôpital’s rule

lim
x→∞ F(x)=2− λ+1

2μ −1 lim
x→∞

− 1
2 (

x
2 )

− λ+1
2μ −1e− x

2

− 1
2 x− λ+1

2μ −1e− x
2 −

(
λ+1
2μ + 1

)
x− λ+1

2μ −2e− x
2

=2− λ+1
2μ −1

.

Taking into account the continuity of the function F(x), we derive its boundedness
for all x ≥ 1. 
�

4.2 Approximation estimates

In this section, we present upper bounds for various terms appearing in the proof of
the main result.

Lemma 4.3 For all a ∈ R,

n∑
k=2

(
t

Htk
k − t

Htk−1
k−1

)2

t
Htk−1
k−1

ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ ≤ Cϕ(a)n−min{Hmin,2α−1}.

Proof Evidently, ϕ

(
a

t
Htk−1
k−1

)
≤ ϕ(a). Hence, it suffices to estimate the following

sum:

n∑
k=2

(
t

Htk
k − t

Htk−1
k−1

)2

t
Htk−1
k−1

≤ 2
n∑

k=2

(
t

Htk
k − t

Htk−1
k

)2

t
Htk−1
k−1

+ 2
n∑

k=2

(
t

Htk−1
k − t

Htk−1
k−1

)2

t
Htk−1
k−1

=:2(A1 + A2).

(4.1)

First, let us bound A1. Using the mean value theorem and assumption (A2), we
obtain

∣∣∣t Htk
k − t

Htk−1
k

∣∣∣ ≤
∣∣∣t Hmin

k log tk
∣∣∣ ∣∣Htk − Htk−1

∣∣ ≤ Ct Hmin
k |log tk | |tk − tk−1|α

= Cn−αt Hmin
k |log tk | .

(4.2)

It is well known that for any δ > 0 there exists a constant C = C(δ) > 0 such that
|log s| ≤ Cs−δ for all s ∈ (0, 1]. Fix any 0 < δ < Hmin − 1

2 Hmax. (This is possible
because Hmin > 1

2 > 1
2 Hmax.) Then,

∣∣∣t Htk
k − t

Htk−1
k

∣∣∣ ≤ Cn−αt Hmin−δ
k .
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Therefore,

A1 ≤ Cn−2α
n∑

k=2

t2Hmin−2δ
k

t Hmax
k−1

= Cn−2α
n∑

k=2

(
tk

tk−1

)2Hmin−2δ

t2Hmin−Hmax−2δ
k−1

≤ Cn1−2α · 1
n

n∑
k=1

t2Hmin−Hmax−2δ
k−1 ,

where we have used the bounds

(
tk

tk−1

)2Hmin−2δ

=
(

k

k − 1

)2Hmin−2δ

=
(
1 + 1

k − 1

)2Hmin−2δ

≤ 22Hmin−2δ, k ≥ 2.

Further, the term 1
n

∑n
k=1 t2Hmin−Hmax−2δ

k−1 is bounded as a convergent Riemann sum.
Indeed,

1

n

n∑
k=1

t2Hmin−Hmax−2δ
k−1 →

∫ 1

0
s2Hmin−Hmax−2δds < ∞, as n → ∞.

Hence,

A1 ≤ Cn1−2α. (4.3)

Next, we estimate A2. Note that the numerators can be bounded as follows:

t
Htk−1
k − t

Htk−1
k−1 = Htk−1

∫ tk

tk−1

x Htk−1−1dx ≤ Htk−1 t
Htk−1−1
k−1 (tk − tk−1) ≤ t

Htk−1−1
k−1

n
.

Therefore,

A2 ≤ 1

n2

n∑
k=2

t
Htk−1−2
k−1 ≤ 1

n2

n∑
k=2

t Hmin−2
k−1 = n−Hmin

n∑
k=2

(k − 1)Hmin−2 ≤ Cn−Hmin ,

(4.4)

since the series
∑∞

k=2(k − 1)Hmin−2 converges.
Combining (4.1)–(4.4), we conclude the proof. 
�
Now we are ready to establish two key lemmas concerning approximations. The

following result is a counterpart of [2, Lemma 4.10].

Lemma 4.4 For all a ∈ R,

∣∣∣∣∣∣
∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds − 1

n

n∑
k=2

t
−Htk−1
k−1 ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
∣∣∣∣∣∣ ≤ Cϕ(a)nHmax−1.
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Proof We start by writing

∣∣∣∣∣∣
∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds − 1

n

n∑
k=2

t
−Htk−1
k−1 ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
∣∣∣∣∣∣

=
∣∣∣∣∣∣
∫ t1

0
s−Hs ϕ

( a

s Hs

)
ds +

n∑
k=2

∫ tk

tk−1

⎛
⎝s−Hs ϕ

( a

s Hs

)
− t

−Htk−1
k−1 ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
⎞
⎠ ds

∣∣∣∣∣∣
≤ B0 + B1 + B2, (4.5)

where

B0:=
∫ t1

0
s−Hs ϕ

( a

s Hs

)
ds,

B1:=
n∑

k=2

∫ tk

tk−1

∣∣∣∣s−Hs ϕ
( a

s Hs

)
− s−Htk−1ϕ

(
a

s Htk−1

)∣∣∣∣ ds,

B2:=
n∑

k=2

∫ tk

tk−1

∣∣∣∣∣∣s
−Htk−1ϕ

(
a

s Htk−1

)
− t

−Htk−1
k−1 ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
∣∣∣∣∣∣ ds.

The term B0 can be bounded as follows:

B0 =
∫ 1

n

0
s−Hs ϕ

( a

s Hs

)
ds ≤ ϕ(a)

∫ 1
n

0
s−Hmaxds = Cϕ(a)nHmax−1. (4.6)

Let us consider B1.

B1 ≤
n∑

k=2

∫ tk

tk−1

ϕ
( a

s Hs

) ∣∣∣s−Hs − s−Htk−1

∣∣∣ ds

+
n∑

k=2

∫ tk

tk−1

s−Htk−1

∣∣∣∣ϕ
( a

s Hs

)
− ϕ

(
a

s Htk−1

)∣∣∣∣ ds

=:B11 + B12. (4.7)

Since ϕ
(

a
s Hs

)
≤ ϕ(a), we see that

B11 ≤ ϕ(a)

n∑
k=2

∫ tk

tk−1

∣∣∣s−Hs − s−Htk−1

∣∣∣ ds.

Using the mean value theorem and the assumption (A2), we can bound the integrand
as follows:

∣∣∣s−Hs − s−Htk−1

∣∣∣ ≤ s−Hmax |log s| ∣∣Hs − Htk−1

∣∣
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≤ Cs−Hmax |log s| |s − tk−1|α ≤ Cs−Hmax |log s| n−α.

Then,

B11 ≤ Cϕ(a)n−α

∫ 1

0
s−Hmax |log s| ds ≤ Cϕ(a)n−α, (4.8)

because the function s �→ s−Hmax |log s| is integrable on [0, 1].
In order to estimate B12, note that

∂xϕ
( a

sx

)
= − a

sx
ϕ
( a

sx

)
∂x

( a

sx

)
= a2

s2x
ϕ
( a

sx

)
log s.

Therefore,

ϕ
( a

s Hs

)
− ϕ

(
a

s Htk−1

)
= a2 log s

∫ Hs

Htk−1

s−2xϕ
( a

sx

)
dx, (4.9)

whence

B12 ≤ a2
n∑

k=2

∫ tk

tk−1

s−Hmax |log s|
∣∣∣∣∣
∫ Hs

Htk−1

s−2xϕ
( a

sx

)
dx

∣∣∣∣∣ ds. (4.10)

Let us consider two cases separately.

(i) Case |a| ≤ 1. By Lemma 4.1, a2s−2xϕ
( a

sx

) ≤ Cϕ(a). Using this bound and
Assumption (A2), we get

a2

∣∣∣∣∣
∫ Hs

Htk−1

s−2xϕ
( a

sx

)
dx

∣∣∣∣∣ ≤ Cϕ(a)
∣∣Hs − Htk−1

∣∣ ≤ Cϕ(a) |s − tk−1|α

≤ Cϕ(a)n−α.

We insert this inequality into (4.10) and obtain

B12 ≤ Cϕ(a)n−α

∫ 1

0
s−Hmax |log s| ds ≤ Cϕ(a)n−α.

(ii) Case |a| > 1. The inner integral in (4.10) can be estimated as follows:

∣∣∣∣∣
∫ Hs

Htk−1

s−2xϕ
( a

sx

)
dx

∣∣∣∣∣ ≤ s−2Hmaxϕ
( a

s Hmin

) ∣∣Hs − Htk−1

∣∣

≤ Cn−αs−2Hmaxϕ
( a

s Hmin

)
.
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by Assumption (A2). Then, it follows from (4.10) that

B12 ≤ Cn−αa2
∫ 1

0
s−3Hmax |log s| ϕ

( a

s Hmin

)
ds,

Choosing arbitrary δ > 0 and applying again the bound |log s| ≤ Cδs−δ , we get

B12 ≤ Cn−αa2
∫ 1

0
s−3Hmax−δϕ

( a

s Hmin

)
ds ≤ Cϕ(α)n−α,

where the last inequality follows from Lemma 4.2.
Thus, in both cases, B12 ≤ Cϕ(α)n−α . Combining this result with (4.7) and (4.8),

we see that

B1 ≤ Cϕ(α)n−α ≤ Cϕ(α)nHmax−1 (4.11)

(because −α < − 1
2 < Hmax − 1).

Now, let us consider B2. We have

B2 ≤
n∑

k=2

∫ tk

tk−1

s−Htk−1

∣∣∣∣∣∣ϕ
(

a

s Htk−1

)
− ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
∣∣∣∣∣∣ ds

+
n∑

k=2

∫ tk

tk−1

ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠∣∣∣s−Htk−1 − t

−Htk−1
k−1

∣∣∣ ds

=:B21 + B22.

Let us estimate B21. Using the relation ϕ′(x) = −xϕ(x), we compute

∂uϕ

(
a

u Htk−1

)
= Htk−1a2u−2Htk−1−1

ϕ

(
a

u Htk−1

)
. (4.12)

Then, B21 can be rewritten as follows:

B21 = a2
n∑

k=2

Htk−1

∫ tk

tk−1

s−Htk−1

∫ s

tk−1

u−2Htk−1−1
ϕ

(
a

u Htk−1

)
du ds. (4.13)

Let us consider two cases.

(i) Case |a| ≤ 1. By Lemma 4.1, a2u−2Htk−1 exp{− a2

2u
2Htk−1

} ≤ Cϕ(a). Hence,

(4.13) yields

B21 ≤ Cϕ(a)

n∑
k=2

∫ tk

tk−1

s−Htk−1

∫ s

tk−1

u−1du ds
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≤ Cϕ(a)

n∑
k=2

∫ tk

tk−1

s−Htk−1 t−1
k−1 (s − tk−1) ds

≤ Cϕ(a)

n∑
k=2

t
−Htk−1−1
k−1

∫ tk

tk−1

(s − tk−1) ds ≤ Cϕ(a)
1

n2

n∑
k=2

t
−Htk−1−1
k−1

≤ Cϕ(a)
1

n2

n∑
k=2

t−Hmax−1
k−1 = Cϕ(a)nHmax−1

n∑
k=2

(k − 1)−Hmax−1

≤ Cϕ(a)nHmax−1,

because
∑n

k=2(k − 1)−Hmax−1 ≤ ∑∞
k=2(k − 1)−Hmax−1 < ∞.

(ii) Case |a| > 1. Changing the order of integration in the right-hand side of (4.13),
we obtain

B21 ≤ a2
n∑

k=2

∫ tk

tk−1

u−2Htk−1−1
ϕ

(
a

u Htk−1

)∫ tk

u
s−Htk−1 ds du.

The inner integral can be bounded as follows:

∫ tk

u
s−Htk−1 ds ≤ u−Htk−1 (tk − u) ≤ 1

n
u−Htk−1 .

Then,

B21 ≤ 1

n
a2

n∑
k=2

∫ tk

tk−1

u−3Htk−1−1
ϕ

(
a

u Htk−1

)
du

≤ 1

n
a2

n∑
k=2

∫ tk

tk−1

u−3Hmax−1ϕ
( a

u Hmin

)
du

≤ 1

n
a2
∫ 1

0
u−3Hmax−1ϕ

( a

u Hmin

)
du.

Applying Lemma 4.2, we get

B21 ≤ Cϕ(a)n−1 ≤ Cϕ(a)nHmax−1,

that is, we have for |a| > 1 the same upper bound for B21 as in the case |a| ≤ 1.
Now let us consider B22. Using the evident bound

ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ ≤ ϕ(a),
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we get

B22 ≤ Cϕ(a)

n∑
k=2

∫ tk

tk−1

(
t
−Htk−1
k−1 − s−Htk−1

)
ds. (4.14)

By the mean value theorem, we obtain

t
−Htk−1
k−1 − s−Htk−1 ≤ Htk−1 t

−Htk−1−1
k−1 (s − tk−1) ≤ 1

n
t−Hmax−1
k−1 = nHmax

(k − 1)Hmax+1 .

Substituting this bound into (4.14), we arrive at

B22 ≤ Cϕ(a)nHmax−1
n∑

k=2

(k − 1)−Hmax−1 ≤ Cϕ(a)nHmax−1.

Combining the above bounds for B21 and B22, we conclude that

B2 ≤ Cϕ(a)nHmax−1. (4.15)

Finally, taking into account the representation (4.5) and the inequalities (4.6), (4.11)
and (4.15), we complete the proof. 
�
Lemma 4.5 Let Y ∼ N (0, 1). Then for all a ∈ R,

∣∣∣∣∣∣
n∑

k=2

⎛
⎝t

Htk
k

⎡
⎣ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
⎤
⎦

− a

⎡
⎣P

⎛
⎝Y >

a

t
Htk
k

⎞
⎠− P

⎛
⎝Y >

a

t
Htk−1
k−1

⎞
⎠
⎤
⎦
⎞
⎠
∣∣∣∣∣∣ ≤ Cϕ(a)n−min{Hmin,2α−1}.

Proof We decompose the left-hand side of the desired inequality as follows:

∣∣∣∣∣∣
n∑

k=1

⎛
⎝t

Htk
k

⎡
⎣ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
⎤
⎦

− a

⎡
⎣P

⎛
⎝Y >

a

t
Htk
k

⎞
⎠− P

⎛
⎝Y >

a

t
Htk−1
k−1

⎞
⎠
⎤
⎦
⎞
⎠
∣∣∣∣∣∣

≤ D0 + D1 + D2, (4.16)

where

D0 =
∣∣∣∣∣t

Ht1
1 ϕ

(
a

t
Ht1
1

)
− aP

(
Y >

a

t
Ht1
1

)∣∣∣∣∣ ,
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D1 =
∣∣∣∣∣∣

n∑
k=2

⎛
⎝t

Htk
k

⎡
⎣ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k

⎞
⎠
⎤
⎦

− a

⎡
⎣P

⎛
⎝Y >

a

t
Htk
k

⎞
⎠− P

⎛
⎝Y >

a

t
Htk−1
k

⎞
⎠
⎤
⎦
⎞
⎠
∣∣∣∣∣∣ , (4.17)

D2 =
∣∣∣∣∣∣

n∑
k=2

⎛
⎝t

Htk
k

⎡
⎣ϕ

⎛
⎝ a

t
Htk−1
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
⎤
⎦

− a

⎡
⎣P

⎛
⎝Y >

a

t
Htk−1
k

⎞
⎠− P

⎛
⎝Y >

a

t
Htk−1
k−1

⎞
⎠
⎤
⎦
⎞
⎠
∣∣∣∣∣∣ . (4.18)

Let us estimate each term separately. In order to bound D0, we observe that

t
Ht1
1 ϕ

(
a

t
Ht1
1

)
≥ aP

(
Y >

a

t
Ht1
1

)
. (4.19)

Indeed, denoting x = a

t
Ht1
1

, we get by (3.1)

xP(Y > x) = E[x1Y>x ] ≤ E[Y1Y>x ] = ϕ(x),

whence (4.19) follows. Then, taking into account (4.19), we may write

D0 ≤ t
Ht1
1 ϕ

(
a

t
Ht1
1

)
≤ t Hmin

1 ϕ(a) = n−Hminϕ(a). (4.20)

Now let us consider the term D1. Similarly to (4.9), we have

ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k

⎞
⎠ = a2 log tk

∫ Htk

Htk−1

t−2x
k ϕ

(
a

t x
k

)
dx . (4.21)

Furthermore,

∂xP

(
Y >

a

t x
k

)
= −ϕ

(
a

t x
k

)
∂x

(
a

t x
k

)
= a

t x
k

ϕ

(
a

t x
k

)
log tk .

Hence,

P

⎛
⎝Y >

a

t
Htk
k

⎞
⎠− P

⎛
⎝Y >

a

t
Htk−1
k

⎞
⎠ = a log tk

∫ Htk

Htk−1

t−x
k ϕ

(
a

t x
k

)
dx . (4.22)
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We insert (4.21) and (4.22) into (4.17) and obtain

D1 =
∣∣∣∣∣

n∑
k=2

(
t

Htk
k a2 log tk

∫ Htk

Htk−1

t−2x
k ϕ

(
a

t x
k

)
dx − a2 log tk

∫ Htk

Htk−1

t−x
k ϕ

(
a

t x
k

)
dx

)∣∣∣∣∣

≤ a2
n∑

k=2

|log tk |
∣∣∣∣∣
∫ Htk

Htk−1

ϕ

(
a

t x
k

)
t−2x
k

∣∣∣t Htk
k − t x

k

∣∣∣ dx

∣∣∣∣∣ .

Using the mean value theorem, we get similarly to (4.2)

∣∣∣t Htk
k − t x

k

∣∣∣ ≤ t Hmin
k |log tk |

∣∣Htk − x
∣∣ ≤ Cn−αt Hmin

k |log tk | .

Consequently,

D1 ≤ Cn−αa2
n∑

k=2

t Hmin
k |log tk |2

∣∣∣∣∣
∫ Htk

Htk−1

ϕ

(
a

t x
k

)
t−2x
k dx

∣∣∣∣∣

≤ Cn−αa2
n∑

k=2

t Hmin−2δ
k

∣∣∣∣∣
∫ Htk

Htk−1

ϕ

(
a

t x
k

)
t−2x
k dx

∣∣∣∣∣ ,

where we can choose arbitrary δ > 0.
Let us consider two cases.

(i) Case |a| ≤ 1. Using the bound a2t−2x
k ϕ

(
a
t x
k

)
≤ Cϕ(a) (see Lemma 4.1) and

Assumption (A2), we obtain

a2

∣∣∣∣∣
∫ Htk

Htk−1

ϕ

(
a

t x
k

)
t−2x
k dx

∣∣∣∣∣ ≤ Cϕ(a)
∣∣Htk − Htk−1

∣∣
≤ Cϕ(a) |tk − tk−1|α = Cϕ(a)n−α.

Hence,

D1 ≤ Cn1−2α

(
1

n

n∑
k=1

t Hmin−2δ
k

)
≤ Cn1−2α,

since 1
n

∑n
k=1 t Hmin−2δ

k → ∫ 1
0 s Hmin−2δds, as n → ∞.

(ii) Case |a| > 1. Since

∣∣∣∣∣
∫ Htk

Htk−1

ϕ

(
a

t x
k

)
t−2x
k dx

∣∣∣∣∣ ≤ ϕ

(
a

t Hmin
k

)
t−2Hmax
k

∣∣Htk − Htk−1

∣∣

≤ Cn−αϕ

(
a

t Hmin
k

)
t−2Hmax
k ,
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we see that

D1 ≤ Cn1−2αa2
n∑

k=2

ϕ

(
a

t Hmin
k

)
t Hmin−2Hmax−2δ
k

1

n
.

Note that

n∑
k=1

ϕ

(
a

t Hmin
k

)
t Hmin−2Hmax−2δ
k

1

n
→
∫ 1

0
ϕ

(
a

s Hmin

)
s Hmin−2Hmax−2δds, as n → ∞,

where the integral is bounded by Ca−2ϕ(a) according to Lemma 4.2 (here we can
choose δ > (1 + Hmin − 2Hmax)/2). Thus, in this case we also have

D1 ≤ Cϕ(a)n1−2α. (4.23)

Now it remains to estimate D2. Using (4.12), we can write

ϕ

⎛
⎝ a

t
Htk−1
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ = Htk−1a2

∫ tk

tk−1

s−2Htk−1−1
ϕ

(
a

s Htk−1

)
ds. (4.24)

In addition,

∂sP

(
Y >

a

s Htk−1

)
= ∂s

∫ ∞
a

s
Htk−1

ϕ(v)dv = Htk−1as−Htk−1−1
ϕ

(
a

s Htk−1

)

and

P

⎛
⎝Y >

a

t
Htk−1
k

⎞
⎠− P

⎛
⎝Y >

a

t
Htk−1
k−1

⎞
⎠ = Htk−1a

∫ tk

tk−1

s−Htk−1−1
ϕ

(
a

s Htk−1

)
ds.

(4.25)

After substitution (4.24) and (4.25) into (4.18), we arrive at

D2 = a2

∣∣∣∣∣
n∑

k=2

Htk−1

∫ tk

tk−1

s−2Htk−1−1
ϕ

(
a

s Htk−1

)(
t

Htk
k − s Htk−1

)
ds

∣∣∣∣∣

≤ a2
n∑

k=2

Htk−1

∫ tk

tk−1

s−2Htk−1−1
ϕ

(
a

s Htk−1

) ∣∣∣t Htk
k − t

Htk−1
k

∣∣∣ ds

+ a2
n∑

k=2

Htk−1

∫ tk

tk−1

s−2Htk−1−1
ϕ

(
a

s Htk−1

) ∣∣∣t Htk−1
k − s Htk−1

∣∣∣ ds

=:D21 + D22. (4.26)
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In order to bound D21, we write using (4.2)

∣∣∣t Htk
k − t

Htk−1
k

∣∣∣ ≤ Ct Hmin
k n−α log n ≤ Cn−α log n.

Then,

D21 ≤ Cn−α log n
n∑

k=2

a2
∫ tk

tk−1

s−2Htk−1−1
ϕ

(
a

s Htk−1

)
ds.

(i) Case |a| ≤ 1. Since by Lemma 4.1

a2s−2Htk−1ϕ

(
a

s Htk−1

)
≤ Cϕ(a), (4.27)

we see that

D21 ≤ Cϕ(a)n−α log n
n∑

k=2

∫ tk

tk−1

s−1ds = Cϕ(a)n−α log n
∫ 1

t1
s−1ds

= Cϕ(a)n−α log2 n.

(ii) Case |a| > 1. We have

D21 ≤ Cn−α log n
n∑

k=2

a2
∫ tk

tk−1

s−2Hmax−1ϕ
( a

s Hmin

)
ds

≤ Cn−α log n a2
∫ 1

0
s−2Hmax−1ϕ

( a

s Hmin

)
ds ≤ Cϕ(a)n−α log n,

where the last inequality follows from Lemma 4.2.
Thus, in both cases we have the following upper bound

D21 ≤ Cϕ(a)n−α log2 n.

For any δ > 0, log n ≤ Cnδ for someC = C(δ). Therefore choosing δ < 1
2 (1−α),

we finally get

D21 ≤ Cϕ(a)n−α+2δ ≤ Cϕ(a)n1−2α. (4.28)

Let us consider D22. By the mean value theorem,

t
Htk−1
k − s Htk−1 ≤ Htk−1s Htk−1−1

(tk − s) ≤ s Hmin−1 1

n
.
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Therefore,

D22 ≤ a2

n

n∑
k=2

∫ tk

tk−1

s−2Htk−1+Hmin−2
ϕ

(
a

s Htk−1

)
ds.

Again, let us consider two cases.

(i) Case |a| ≤ 1. Applying the bound (4.27), we obtain

D22 ≤ Cϕ(a)n−1
n∑

k=2

∫ tk

tk−1

s Hmin−2ds = Cϕ(a)n−1
∫ 1

n−1
s Hmin−2ds

= Cϕ(a)n−1 n1−Hmin − 1

1 − Hmin
≤ Cϕ(a)n−Hmin .

(ii) Case |a| > 1.

D22 ≤ a2

n

n∑
k=2

∫ tk

tk−1

s−2Hmax+Hmin−2ϕ
( a

s Hmin

)
ds

≤ a2

n

∫ 1

0
s−2Hmax+Hmin−2ϕ

( a

s Hmin

)
ds ≤ Cϕ(a)n−1 ≤ Cϕ(a)n−Hmin .

Hence, in both cases D22 ≤ Cϕ(a)n−Hmin . Combining this bound with represen-
tation (4.26) and inequality (4.28), we get

D2 ≤ Cϕ(a)n−min{Hmin,2α−1}. (4.29)

Now the proof follows from (4.16), (4.20), (4.23), and (4.29). 
�

4.3 Proof of Theorem 3.1

The proof of the main result will be done in two steps.We start by considering the case
�(x) = (x − a)+. Then, the general case will be reduced to that case by application
of the following lemma, proved in [2].

Lemma 4.6 ([2, Lemma4.1]) Let � be convex and ψ = � ′− be its left-sided derivative.
Then, for any x, y ∈ R we have

�(x) − �(y) − ψ(y)(x − y) =
∫
R

[|x − a| − |y − a| − sgn(y − a)(x − y)]μ(da)

= 2
∫
R

[
(x − a)+ − (y − a)+ − 1y>a(x − y)

]
μ(da)

≥ 0.
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4.3.1 Case9(x) = (x − a)+

Proposition 4.7 Let X be a multifractional Brownian motion with the Hurst function
Ht satisfying (A1)–(A2). Let H̃ ∈ ( 12 , Hmin] ∩ ( 12 , α). Then for any a ∈ R,

E

∣∣∣∣∣
∫ 1

0
1Xs>a d Xs −

n∑
k=1

1Xtk−1>a
(
Xtk − Xtk−1

)∣∣∣∣∣

≤ 1

2

∫ 1

0
s−Hs ϕ

(
as−Hs

)
ds

(
1

n

)2H̃−1

+ Rn(a),

(4.30)

where the remainder satisfies

Rn(a) ≤ Cϕ(a) n−min{2H̃−Hmax,Hmin+α−1,2α−1}. (4.31)

Proof The proof follows the scheme from [2, Prop. 4.11]. By the chain rule (2.7), we
obtain

∫ 1

0
1Xs>ad Xs = (X1 − a)+ − (X0 − a)+

=
n∑

k=1

[(
Xtk − a

)+ − (
Xtk−1 − a

)+]
.

Therefore,

∫ 1

0
1Xs>a d Xs −

n∑
k=1

1Xtk−1>a
(
Xtk − Xtk−1

)

=
n∑

k=1

[(
Xtk − a

)+ − (
Xtk−1 − a

)+ − 1Xtk−1>a
(
Xtk − Xtk−1

)]

≥ 0,

(4.32)

where the last inequality follows from Lemma 4.6. Further, from (x −a)+ = x1x>a −
a1x>a , we obtain the following representation for one-interval increment:

(
Xtk − a

)+ − (
Xtk−1 − a

)+ − 1Xtk−1>a
(
Xtk − Xtk−1

)
= Xtk1Xtk >a − Xtk1Xtk−1>a − a1Xtk >a + a1Xtk−1>a . (4.33)

Evidently, we have from (3.1) for k = 1, . . . , n

E

[
Xtk1Xtk >a

]
= √

V (tk)ϕ

(
a√

V (tk)

)
= t

Htk
k ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠ , (4.34)
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and

E1Xtk >a = P

⎛
⎝Y >

a

t
Htk
k

⎞
⎠ , (4.35)

where Y ∼ N (0, 1). Note that the relations (4.34) and (4.35) remain valid for k = 0
under the convention ϕ(±∞) = 0, P(Y > +∞) = 0, P(Y > −∞) = 1.

In order to compute E[Xtk1Xtk−1>a], we denote

γ1 = 0, γk = Cov
(
Xtk , Xtk−1

)
Var Xtk−1

, k = 2, . . . , n,

and use the representation

Xtk = γk Xtk−1 + bkYk,

where Yk ∼ N (0, 1) is independent of Xtk−1 and bk is a normalizing constant (that is,
b2k = Var Xtk − γ 2

k Var Xtk−1 ). Then, we get

E

[
Xtk1Xtk−1>a

]
= γkE

[
Xtk−11Xtk−1>a

]
= γk t

Htk−1
k−1 ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ . (4.36)

Combining (4.33)–(4.36) and rearranging terms, we obtain

E

[(
Xtk − a

)+ − (
Xtk−1 − a

)+ − 1Xtk−1>a
(
Xtk − Xtk−1

)]

= t
Htk
k ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠− γk t

Htk−1
k−1 ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠+ aP

⎛
⎝Y >

a

t
Htk−1
k−1

⎞
⎠− aP

⎛
⎝Y >

a

t
Htk
k

⎞
⎠

=
[
t

Htk
k − γk t

Htk−1
k−1

]
ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠+ t

Htk
k

⎡
⎣ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
⎤
⎦

+ aP

⎛
⎝Y >

a

t
Htk−1
k−1

⎞
⎠− aP

⎛
⎝Y >

a

t
Htk
k

⎞
⎠ .

Therefore,

E

∣∣∣∣∣
∫ 1

0
1Xs>a d Xs −

n∑
k=1

1Xtk−1>a
(
Xtk − Xtk−1

)∣∣∣∣∣ = I1,n + I2,n + I3,n,
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where

I1,n =
n∑

k=2

[
t

Htk
k − γk t

Htk−1
k−1

]
ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ ,

I2,n =
n∑

k=1

t
Htk
k

⎡
⎣ϕ

⎛
⎝ a

t
Htk
k

⎞
⎠− ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠
⎤
⎦ ,

I3,n =
n∑

k=1

⎡
⎣aP

⎛
⎝Y >

a

t
Htk−1
k−1

⎞
⎠− aP

⎛
⎝Y >

a

t
Htk
k

⎞
⎠
⎤
⎦ .

Applying [2, Lemma 4.4], we may write

I1,n = I1,A,n + I1,B,n,

where

I1,A,n = −
n∑

k=2

(
t

Htk
k − t

Htk−1
k−1

)2

2t
Htk−1
k−1

ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ ,

I1,B,n =
n∑

k=2

ϑ(tk, tk−1)

2t
Htk−1
k−1

ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ .

By Lemma 4.3,

∣∣I1,A,n
∣∣ ≤ Cϕ(a)n−min{Hmin,2α−1}.

Observing that Hmin > 2Hmin − Hmax ≥ 2H̃ − Hmax, we obtain

∣∣I1,A,n
∣∣ ≤ Cϕ(a)n−min{2H̃−Hmax,2α−1}.

Let us consider I1,B,n . Applying Lemma 2.4, we get

ϑ(tk, tk−1) ≤ n−2Hmin + Cn−Hmin−α + Cn−2α ≤ n−2H̃ + Cn−min{Hmin+α,2α}.
(4.37)

Moreover, by Lemma 4.4

1

n

n∑
k=2

t
−Htk−1
k−1 ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠ =

∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds + R2,B,n,
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where R2,B,n ≤ Cϕ(a)nHmax−1. Hence,

I1,B,n ≤
(

n−2H̃ + Cn−min{Hmin+α,2α}) n∑
k=2

1

2t
Htk−1
k−1

ϕ

⎛
⎝ a

t
Htk−1
k−1

⎞
⎠

= 1

2

(
n1−2H̃ + Cn1−min{Hmin+α,2α})(∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds + R2,B,n

)

= 1

2
n1−2H̃

∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds + R′

2,B,n + R′′
2,B,n,

where

R′
2,B,n = Cn1−min{Hmin+α,2α}

∫ 1

0
s−Hs ϕ

( a

s Hs

)
ds

≤ Cn1−min{Hmin+α,2α}ϕ(a)

∫ 1

0
s−Hmaxds ≤ Cϕ(a)n−min{Hmin+α−1,2α−1}

and

R′′
2,B,n =

(
n1−2H̃ + Cn1−min{Hmin+α,2α})R2,B,n ≤ Cϕ(a)nHmax−min{2H̃ ,Hmin+α,2α}

≤ Cϕ(a)n−min{2H̃−Hmax,Hmin+α−1,2α−1}.

According to Lemma 4.5,

∣∣I2,n + I3,n
∣∣ ≤ Cϕ(a)n−min{Hmin,2α−1} ≤ Cϕ(a)n−min{2H̃−Hmax,2α−1}.

Combining all above estimates, we conclude the proof. 
�

4.3.2 Proof of Theorem 3.1

Using Lemma 4.6 and (2.7), we have

� (X1) − � (X0) −
n∑

k=1

� ′ (Xtk−1

) (
Xtk − Xtk−1

)

=
n∑

k=1

[
�
(
Xtk

)− �
(
Xtk−1

)− � ′ (Xtk−1

) (
Xtk − Xtk−1

)]

= 2
∫
R

Z+
n (a)μ(da)

where

Z+
n (a) =

n∑
k=1

[(
Xtk − a

)+ − (
Xtk−1 − a

)+ − 1Xtk−1>a
(
Xtk − Xtk−1

)]
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=
∫ 1

0
1Xs>ad Xs −

n∑
k=1

1Xtk−1>a
(
Xtk − Xtk−1

)

≥ 0,

see (4.32). Taking expectation and using Proposition 4.7 to compute EZ+
n (a), we get

E

∣∣∣∣∣� (X1) − � (X0) −
n∑

k=1

� ′ (Xtk−1

) (
Xtk − Xtk−1

)∣∣∣∣∣
= 2

∫
R

EZ+
n (a)μ(da)

=
∫
R

∫ 1

0
s−Hs ϕ

(
as−Hs

)
ds μ(da)

(
1

n

)2Hmin−1

+ 2
∫
R

Rn(a) μ(da).

Here, the remainder Rn(a) is defined in Proposition 4.7 and satisfies

Rn(a) ≤ Cϕ(a) n−min{2H̃−Hmax,Hmin+α−1,2α−1}.

which is integrable since
∫
R

ϕ(a)μ(da) < ∞ by assumption. Similarly, the leading-
order term is finite by the fact that

∫ 1

0
s−Hs ϕ

(
as−Hs

)
ds ≤ ϕ(a)

∫ 1

0
s−Hmax ds ≤ Cϕ(a).

This completes the proof. 
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