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THEOREM OF COMPLETENESS FOR A DIRAC-TYPE OPERATOR
WITH GENERALIZED M-DEPENDING BOUNDARY CONDITIONS

SEPPO HASSI AND LEONID ORIDOROGA

ABSTRACT. A completeness theorem is proved involving a system of integro-differential
equations with some A-depending boundary conditions. Also some sufficient conditions
for the root functions to form a Riesz basis are established.

1. INTRODUCTION

It is well known [11, Chap. 1, §3] that the system of eigenfunctions and associate
functions (SEAF) of the Sturm — Liouville problem

—y" +q(z)y = Ny, (1.1)

y'(0) = hoy(0) = ¥/ (1) — hay(1) =0, (1.2)

is complete in Ly[0, 1] for arbitrary complex valued potential ¢ € L0, 1] and hg, hy € C.
A similar result is also known for arbitrary nondegenerate boundary conditions (see [11,
Chap. 1, §3]).

A completeness result for a boundary value problem of arbitrary order differential equa-
tions of the form

n—2
v+ gi(x)y = A"y, (1.3)

J=0

with separated boundary conditions, has been announced by M.V. Keldysh [7] and was
first proved by A.A. Shkalikov [17].

In [10] M.M. Malamud and one of the authors have generalized the above mentioned
results from [11] to the case of first order systems with arbitrary boundary conditions
(not depending on a spectral parameter).

A more specific system, involving A-polynomial boundary conditions, is treated in [20]
using a linearization method and asymptotic estimates of the Green’s function, cf. [12,
p. 388]; see also other references in [20].

In [18] and [19] the completeness results for the problem (1.1), (1.2) have been gener-
alized to the case of nonlinear A\-depending boundary conditions of the form

{Pn()\)y(O + Pi2(A)y'(0) =0 (1.4)
2 ) '

)
Pu(A)y*(3) + Pa(Ny(5)y'(5) + Pus(\)y*(3) = 0
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and of the form

(1.5)

where P,;;()\) are polynomials.

Moreover, in [15] analogous results were obtained for a system with a pair of separated
A-depending boundary conditions similar to the conditions (1.4) and (1.5).

In the recent papers [21], [22] a related problem concerning the Riesz basis property of
the SEAF for a first-order system of the form (1.6) given below with separated boundary
conditions, not depending on a spectral parameter, has been established. In the present
paper completeness and Riesz basis property of the SEAF are considered for Dirac-type
systems with certain A-depending boundary conditions. Naturally the result cover the
case of Dirac operators, which have been more extensively studied in the literature. In
particular, we wish to mention the recent studies on spectral decompositions of 1D periodic
Dirac operators and related convergence results by B. Mityagin and P. Djakov; see [13]
and [2], [3, Sec. 4].

The paper is organized as follows. In Section 1 we prove a completeness result for
the first order systems of certain integro-differential equations involving general linear or
quadratic A-depending boundary conditions. More precisely, let B = diag(a™',b™!) be a
2 x 2 diagonal matrix with a < 0 < b. Consider in Ly[0, 1] & L0, 1] a boundary value
problem for the first order system of ordinary integro-differential equations of the form

%By' +Q(x)y + /017 M (z,t)y(t) dt = Ay. (1.6)

Q= (g ") = (Y ey, = (40),

where it is assumed that ¢; € L1]0,1] and M;; € Lo(2), Q={0<t <z <1},4,5=1,2.
Two types of A-depending boundary conditions will be treated. Namely:
(i) arbitrary linear conditions of the form

{Pn()\)yl(o) + Pia(A)y2(0) + Piz(MN)yi (1) + Pra(N)ya(1)

0
Por(MN)y1(0) + Paza(AN)y2(0) + Pog(A)yi (1) + Paa(AN)ya(1) =0

and:
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(ii) arbitrary quadratic conditions of the form

( Pro(N)y;(0) + Pii(A\)w3(0) + Pra(N)yi(5) + Pis(\ws(3)
+ PuuN)y1(0)32(0) + Pis(MN)y1(0)y1(5) + Pus(A
+ Piz(N)y2(0)y1(3) + Prs(N)y2(0)y2(3) + Pro(A

(1.8)
Pao(N)y1 (0) + Par(N)yz(0) + Paa (M7 (3) + Pas(N)ya(3)
+ Pos(MN)y1(0)y2(0) + Pas(N)ys

[+ Por(N)y2(0)y1(3) + Pas(N)ye

where P;;()\) are polynomials.

In Section 2 some general sufficient conditions for polynomials F;; are established in
order that the SEAF of the problem (1.6) with separated A-depending boundary conditions

forms a Riesz basis.
Some of the main results of this paper has been announced without proofs in [5], [6].

2. THEOREMS ON COMPLETENESS OF SEAF

In this section some sufficient conditions for the completeness of the SEAF of the
problems (1.6), (1.7) and (1.6), (1.8) in L?[0,1] & L?[0, 1] are established. The starting
point is to estimate the growth of the solution of the Cauchy problem for the system (1.6)
with special initial conditions.

Let
a ; )\) - (L ($ >‘)
Dalr; ) = <SD i > and (T N) = ( 7 2.1
Palz; ) onl: V) U alz; A) ool V) (2.1)
be the solutions of the Cauchy problem for the system (1.6) with the initial conditions
Ca1(a; A) = ao(a;A) =1  and  pao(a; A) = Ya1(a; ) =0, (2.2)

where o € [0,1]. The next lemma gives some estimates for the growth of pg;(z;A) and
Yoj(a; A), j =1,2.

Lemma 2.1. The functions po;(z;\) and ¢oj(x; N), 7 = 0,1, satisfy the estimates (as

A — 00)
eo(a:) = (1 O eadin), gu(ai) = (g epladia);
Yo1(z; A) = O(55) expladiz),  Yoz(2; A) = O(55) exp(adiz);

when A\ € C*, and the estimates
wo1(x; A) = O(%) exp(bAiz), @o2(x; ) = (%L) exp(bAiz); (2.4)
Yoa(2: ) = O(2) exp(biz), (s A) = (1+ O()) exp(bAiz): |

when A € C™.

Proof. We prove the first of the estimates in (2.3). All the other estimates can be proved
similarly.

According to [9] the system (1.6) admits a triangular transformation operator. This
means that the solution ¢y admits a representation

e () o [ e () .
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L Kll(l',t) Klg(l’,t) 2%9 .
where K (z,t) := (K21(x,t) Kon(z. 1) € Lo (Q) ® C#*%. In particular,

wor (3 N) = A" +/ Ky (x,t)e M dt +/ Kio(z, t)e® dt.
0 0

If SA > 0, then [¢®| < 1 and [ Kio(x,t)e™ dt = O(1), since a < 0 < b and Kis(x, t)
is bounded, and then, in particular, [ Kys(z,t)e®® dt = O(55) exp(aXiz).
Moreover, since Ku(x t) is bounded, one has

3 1 ;
/ Kll z, t talt dt = </ |€za)\t| dt) (/ —a(SA\)t dt) -0 ('C\_)\ ) em)\x'
N)

Therefore, for A > 0 one gets
1 )
)= (o(s))

wor(x; ) = ™ + O (
If the function Q(z) is differentiable, the above estimates can be strengthened as follows.

ela/\x

SA

g

Lemma 2.2. Let Q(x) be differentiable. Then the functions @ ;(z;\) and E)j(x; A),
j €40,1} satisfy the estimates

wo1(z; A) = exp(aiiz) + %O(exp(a)\ix)), wo2(x; \) = %O(exp(a)\iaz));

Yor(2:2) = 20(exp(adiz), s(z: A) = LO(explaiz)):

(exp(bXi(z —1))),  pr2(z;A) = 3O(exp(bAi(z — 1)));

(exp(bAi(x — 1)), 1a(x; \) = exp(bNi(z — 1)) + %O(exp(b)\z'(:c — 1()2)),)

p11(z; A) =

O
Yu(z;A) = 0

N

when A € C*, and the estimates
wor(x; \) = %O(exp(b)\ix)), wo2(x; ) = %O(exp(b)\ix));
Yor(:0) = L0(exp(bAi)),  un(a: A) = exp(bhi) + 10(exp(bAia)):

o11(x; \) = exp(aii(z — 1)) + %O(exp(a)\z'(x 1)), @z = %O(exp(a)\i(x —1)));
(T \) = %O(exp(a)w’(x - 1)), tia(z;A) = %O(exp(a)\z(x - 1)), .

when A € C™.

Proof. As in Lemma 2.1 we just prove the first of the estimates in (2.6). For this purpose
the formula (2.5) in the proof of Lemma 2.1 will be used. In [9] it was shown that if
q; € C10,1] then K;;(x,t) € C'(£2), too. Now integration by parts yields

* ; 1 ; €z ’ a ia

/0 Kll(l‘,t)ela/\t dt = n (KH(IE,t)GW)\t‘t:O — ; atKll( ) At dt)
_ Ku(z,2)e ™ — Ky (2,0) e tCGNT 11\ 1 iaAz
- 75 za/\O 3 =30

)




COMPLETENESS THEOREMS FOR A DIRAC-TYPE OPERATOR 5

and

@ . 1 - z 9 .
bt . bt bt
/O K12(£L’,t)€ dt = _Zb/\ <K12(l’,t>€ |t:0 _\/0 5[(12(1’,15)6 dt)

since A > 0 and a < 0 < b.
Therefore from the formula (2.5) one gets

eo1(2; A) = exp(aXiz) + $O(exp(aXiz)).
All the other estimates in Lemma 2.2 are proved in a similar manner. O

In the next lemma some estimates for the growth of the Wronski determinant are
presented.

Lemma 2.3. Let y;(x; \) and yo(z; \) be two linearly independent solutions of the system
(1.6). Then the Wronski determinant

W) = (Jfr) 1)) 29

admits the following estimate
W(z;A) = (14 o(1)) exp((a + b)Ai) IV (0; A). (2.9)

Proof. 1t was proved in [10] that in C. the system (1.6) has two linearly independent
solutions €1 (z, ) and e9(z, A) satisfying the estimates

(14 o0(1))exp(ariz) B o(1)exp(bAix)
fir,4) = ( o(1)exp(aXiz) ) and — e5(x, ) = ((1 —i—o(l))exp(b)dx)) (2.10)

for A € C,..
Since y;(x; A) is a linear combination of &1(z, A) and e5(z, A), one has

yi1(x; A) yor (25 A
y12(x; A) Yoo (5 A

It follows that

en(@:\) ex(z30) en(0; ) e (030
;A) = det det A
W(ZL’, ) ¢ <812(:E; /\) SQQ(I‘; )\) € 612(0; )\) 822(0; )\) W(O’ )
= (1+o0(1))exp((a+b)N)W(0; ) (2.12)
which gives the required estimate (2.9). O

The function x(A) defined by

v = e (G B2). 219
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where
Qu(A) = Puu(A) + Pis(N)wor (13 A) + Pra(A)poz (1 A),
Qu2(A) = Pia(A) + Prs(MN) o1 (1; A) + Pra(AN)hoa (15 M), (2.14)
@Q21(A) = Par(A) + Pas(A) o1 (13 A) + Paa(A)poa(1; A), '
Qaa(A) = Paa(A) + Poz( M) o1 (13 A) + Pas(N)thoa (15 M),

is said to be the characteristic function of the problem (1.6), (1.7). This definition is

motivated by the next result.

Proposition 2.4. The number Ay € C is an eigenvalue of the operator associated with
the problem (1.6), (1.7) if and only if x(Xo) = 0. Moreover, the functions W (x;\) and
wa(x; ) given by

Wi(230) = Qu2(Npo(; A) — Quu(N)tho(w; A) (2.15)
and

w2(75A) = Qaa(N) (x5 A) — Qa1 ()3 \) (2.16)
are the eigenfunctions corresponding to the eigenvalue \g, or, one has uT;(x, A) =0. More-

over, all the eigenfunctions and associate functions corresponding to the eigenvalue g are
the nonzero functions of the form

1 o wi(: \)

T . ,  where 0 <k <p;, j=12 (2.17)

Proof. Tt follows from (2.2) with e = 0 that for all A € C the function
O1(2; ) = (Pia(A) + Pis(\)oor (15 A) + Pra(A\) oz (15 A))po(; A)
— (Pr(A) + Pis(N)por (15 A) + Pra(N)poa(1; A))dho (@ A)
is a solution of the first equation in (1.7). Moreover, since
Pyi(Nwi1(0, ) 4+ Pao(AN)wi12(0, A) + Pas(Nwi1(1, A) + Pog(MNwi2(1,N) = —x(A), (2.19)

w1(w; Ng) is a solution of the second equation in (1.7), if Ao is a root of x()). Similarly,
for all A € C the function

D22 A) = (Poa(A) + Pas(MNvoor (13 A) + Paa(\)oa(1; A))po (3 )
— (P () + Pas(M)por (15 A) + Pas (M) @oa (15 X))o (3 A).
is a solution of the second equation in (1.7) and since

Pll()\)LUgl (0, )\) + Plg()\)WQQ(O, )\) + P13()\)LU21(1, )\) + P14()\)w22(1, )\) = X()\), (221)

(2.18)

(2.20)

w;(x; o) is a solution of the first equation in (1.7) too, if \g is a root of x(\).

If, in addition, Ag is a root of x(\) of the order py = pé ) —|—pé ), then the operator deter-

mined by (1.6), (1.7) has precisely p eigenfunctions and associate functions corresponding
to Ag. In fact, it follows from (2.19), (2.21) that all nonzero functions

1 ok
BHEZDN) ,  where min(p(() ),pé )) <k<py, jJ=1,2, (2.22)
KL ONE™ Ao
are eigenfunctions and associate functions corresponding to the eigenvalue . O

The completeness result can now be stated as follows.
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Theorem 2.5. Let P;; (i=1,2 ; j=1,2,3,4) be polynomials, let the rank of the polynomial
matriz

Pii(A) Pia(A) Pis(\) Pu(N)
P = 2.23
() (PZl()\) Pu(\) Pu(\) Pu()) (2:23)
be equal to 2 for all A\ € C, and let

deg Ji4 = deg J3o > max{deg Ji3,deg Jy2, M }, (2.24)

where M = max{deg P;; : i€ {1,2}; j€{1,2,3,4} } and

. Pli Pl] .o

Jij = det (Pzz P2j> . 4, €{1,2,3,4}. (2.25)

Then the SEAF of the problem (1.6), (1.7) is complete in L*[0,1] & L?[0, 1].

Moreover, let the set ®, which consists of N := deg Ji4— M eigenfunctions and associate
functions, satisfy the following condition:

If ® contains either an eigenfunction or an associate function corresponding to an eigen-
value N\, then it also contains all the associate functions of higher order corresponding to
the same eigenvalue.

Then the SEAF of the problem (1.6), (1.7) without the set ® is also complete in the
space L*0,1] & L?[0,1].

Proof. Suppose that the SEAF of the problem (1.6), (1.7) without the set ® is not complete
in the space L2[0,1] @ L2[0,1]. Then there exists a nonzero vector function f(z) =
(fi(x), f2(z))", which is orthogonal to the SEAF of the problem (1.6), (1.7) (possibly,
excluding functions from the set ®). Define

—~

)= (50, F @) = [ nNAG +onle NE@) dr. (220

Clearly, F;()\) is an entire function. If A, is an eigenvalue of multiplicity ps = pgl) + p§2>

and the set ® contains neither an eigenfunction nor an associate function corresponding
to As, then it follows from Proposition 2.4 that A is a root of F;(\) of order pg]), Jg=12.

If @ contains k eigenfunctions or associate functions corresponding to the eigenvalue
As, then A is a root of F;(\) of order greater than or equal to pgj) —k,7=12.

Let ® # () and denote by A the set of all eigenvalues of the problem (1.6), (1.7), such
that the corresponding eigenfunctions (or associate functions) belong to the set ®. For
each \; € A denote by ¢s; the number of eigenfunctions and associate functions in ®
corresponding to As. Define

J

o) = [T =20, (2.27)

AsEA

Let A be an eigenvalue of the problem (1.6), (1.7) of multiplicity py. Then A4 is a zero
of the product II(A\)F;(\) at least of order py. Consequently, the functions

J(A) = =) (2.28)

are entire. Next an estimate for these functions will be derived.
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One can rewrite x(A) as follows

X(A) = Ji2 + Jisthor (1; A) + Jiato2 (1; A) + Ja2001(1; A)
. eor(1;A) Yoi(1;A)

+ Jaaoz(1; A) + Js4 det ( (1 A) %2(1; )\>> (2.29)
= Jio + J13%o1(1; ) + Jiao2(1; N) + J32001 (15 N)

+ Jaopoa (1;0) + Jaa (1+ O (35)) exp((a + b)Ai).

Then one obtains from (2.3), (2.4), and the assumption (2.24) the following estimates for
X(A):

X(A) = (14 O(55))Js2 exp(ari), X e CT; (2.30)
xX(A) = (14 O(55))Jiuexp(bri), XeC. (2.31)
Moreover, the definition of o ;(z; \) (cf.

(2.18) and (2.20)) implies that
Wy A) = =P (Nvo(z;A) + Ppa(A)eo(z: A)

(2.32)
+ (140 () exp((a + BN (= P\ () + Pra(Ner (w3 1),
If A € C*, then (2.32) and the estimate (2.3) imply
wik(2;A) = (O(P(A) + O(Pj2(A))) exp(aXiz) (2.33)

+ (O(Pi3(A)) + O(Pja(}))) exp(aAi) exp(bAiz).
By using the Cauchy-Schwartz inequality one gets

! , B exp(ai ) exp(bAiz)| do = 1
/0 | fi(2) exp(adiz)| dz = O <—\/|— > / | fi(z) exp(bXiz)| d (\/M) ,

and consequently there exists a constant ¢; > 0, such that, for A > ¢; and a < 0 < b,

F(\) =0 (max ypjk(x)|%> =0 ( \2%) e (2.34)
Similarly, there exists a constant ¢y < 0, such that, for S\ < ¢o,
- AM ,
F;(\) =0 <\/l—%_A!> P (2.35)

From (2.30), (2.31), (2.34), (2.35), and the assumption (2.24) one obtains finally the
estimate

R
By applying Phragmen- Lindelof theorem for a strip one concludes that F;(A) = 0. Con-

sequently, F; ()\) =0,iec f(z ) is orthogonal to w1 (z; A) and Wy (z; ) for all A\. However,
the functions W (; )\) and Wy (x; A) for all A form a fundamental system of solutions of
the equation (1.6) if A is not an eigenvalue. Since the set of eigenvalues coincides with

F(\) =0 <L> CSAl > e (2.36)

the set of all roots of x(\), this set is discrete. This implies that 7(@ is orthogonal to
—

all solutions of the equation (1.6), so that f (z) =
—

Therefore, there is no nontrivial function f (x) orthogonal to the SEAF of the problem
(1.6)—(1.7) (maybe without the set ®). O
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Theorem 2.6. Let Pj; (i=1,2 ; j=0,1,...,9) be polynomials, let the rank of the matriz

(]f;lo(A) Pa(X) ... Plg(A)) (2.37)
20(A) Por(A) ... Payg(A)
be equal to 2 for all X\ € C, and let
deg Joz = deg J12 = M, (2.38)
where
Ji; = det (2 gj) . i,j=0,1,...,9, (2.39)

and M = max{degP;; : i € {1,2};j € {0,1,...,9}}. Then the SEAF of the problem
(1.6), (1.8) is complete in L?[0,1] & L?[0,1].

Moreover, let the set ®, which consists of M eigenfunctions and associate functions,
satisfy the following condition:

If ® contains either an eigenfunction or an associate function corresponding to an eigen-
value N\, then it also contains all the associate functions of higher order corresponding to
the same eigenvalue.

Then the SEAF of the problem (1.6), (1.8) without the set ® is also complete in the
space L*0,1] & L?[0,1].

Proof. The proof of this theorem is similar to the proof of Theorem 2.5.
As in Theorem 2.5 one considers the characteristic function and the functions @ (z; \)
and Wy(z; \), but in this case these functions will be defined by other formulas.

Let W (z; \) be an arbitrary solution of the system (1.6). Then W (z; A) may be written
in the form

T (23 0) = A@y (23 \) + Bio(w; ).
It follows that W (z; \) is a solution of the problem (1.6), (1.8) if and only if

( Pio(X)A? + P11 (N)B? 4 Pio(A)(Apor(5: M) + Bibor (33 A))*+
(

Pis(M)(Awoz(3; A) + Biboa(3; M) + Pra(\)AB+
P15(A)A<AS001(%’)‘)+B¢01(§7)‘))+P16( JA(Apoz (% )+B@/Joz(%;)\))+
P17(>\)B<A9001(%a )+B¢01(%; A) + Pig(\)B (A@oz(% )+B¢02(§, ))+

Pio(N)(Apoi (53 A) + Btbor (35 X)) (Apoa(5: X) + Ba (33 M) =

< (2.40)
Pao(A)A? + Pay(N) B? 4+ P (M) (Aeor (5: M) + Bioi (35 1)+

Pos(M)(Apoa(3; A) + Bhoa(55M))? + Pas(\)AB+
P25()‘>A(A(1001<%7)‘)+Bw01(§? A)) + Pas(A) A(Awpa (% )+B¢02(%;)\))+
P27()‘>B(A§001<%a )+B¢o1(%§)\))+P28()\) (ASOOQ(% )+B¢02(%7 )+

\ Pag(AN)(Agoi (5: A) + Btbor (35 M) (Apa (55 A) + Beoa(5; M) = 0.

The system (2.40) may be rewritten in the form

(2.41)

Q11N A% 4+ Q12(M)AB 4+ Q13(\)B? =0
Q21(N)A? + Q2(N)AB + Q23(\)B* = 0,
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where
Q11 =Pio(A) + Pia( Mgy (5: ) + Pis(N) b (53 M)+
+ P15()\)<P01(%; A) + PIG()\)SO02<%§ A)+ P19(/\)9001(%; >\)<P02(%§ A),

Q12 =2P1a(N)o1(5; N)vo1 (53 A) + 2Pi3(N)po2(5; A)vo2(5; A) + Pra(A)+
+ Pis(A\)o1 (35 A) 4+ Pis(MN)vo2(5; A) + Pir(A) o1 (35 )+
+ P18(>\)9002(%§ A) + P19(>\)(9001(%; )\)1/102(2, A) + 1/101(% )8002(%; A),

~— —

Qs =Pii(A) + Pra(M)951 (5 0)) + Pis(\) o (55 M)+
+ P17(>\)¢01(%; A) + P18()\)¢02(%; A) + P19()\)¢01(%; )\)%002(%; A);

(2.42)

Q21 =Pao(A) + Poa (M) (53 A) + Pas(N) o (3 M)+
+ Pos(N)o1(5; A) 4 Pag(N) o2 (5: A) + Pag(N) o1 (3 M) o535 A),

Q22 =2Pa2(N) o1 (5: M) vo1(35 A) + 2Pas(N)po2(3: M) vo2(35 A) + Paa(N)+
+ Pos(A\)tho1(5; A) + Pas(\)t02(3: A) + Por(AN)por (5: M)+
+ Pos(N)poz(3: A) 4 Pag(A) (0135 N)hoa (35 A) + Yor (53 M) o2 (35 ),

Q23 =Po1(A) + Poa(MN)Ug (5:A) + Pas(A\)hgy (35 A)+
+ P27(>\)¢01(%; A)) + P28(>\)¢02(%; A) + Pzg()\)wm(%; )\)%002(%; A)

It is well known (see, for example, [23, Chap. 5, §34]), that a system of two quadratic
equations has a nonzero solution if and only if, the resultant is equal to 0. Therefore, \g
is an eigenvalue of the problem (1.6), (1.8) if and only if x(\) = 0, where

Qu Q2 @iz 0

0 Q21 QZQ QQS
with
D;j = det (g; g;) (2.44)

Moreover, the multiplicity of Ag as a zero of the function x(\) is equal to the number
of eigenfunctions and associate functions corresponding to the eigenvalue Ag.
Introduce the Wronski determinant

01(z;A)  or(z; A
Wiz; A) = det (22022% /\; %2%13; )\;) '

Then x(\) may be transformed to a polynomial of degree 4 with the arguments oo (3; A),
Yo1(3;A), ©o2(3;A), Yo2(3;A), and W (3, A), having all the coefficients of form J;;Ji;. In
particular, the coefficient of ¢f,(3; ) is equal to J,, and the coefficient of 1§ ,(5; ) is
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equal to J%. Therefore, from the condition (2.38), the estimates (2.3), (2.4), and the
following estimate (cf. Lemma 2.3)

W(z;A) = (1+ 0 (3)) exp((a + b)Xi), (2.45)
one can derive the following estimates for the characteristic function x(\):
X(A) = (1+ O(55)) 5y exp(2ari)  for A € C*; (2.46)
and
X(A) = (1+0())Jgs exp(2bXi)  for A € C™. (2.47)

Now, introduce the functions

wl(ﬁ )\) = D13900(-T; /\) - D12¢0($§ )‘) and 32(% /\) = D23900($§ )\) - D13¢0($§ )\)‘

The function @' (x; \) satisfies the boundary conditions (1.8) if and only if 249
{w) = QuNDEM) = QN Dis(W)Dia(N) + Qa(WDH() =0 (2.49)
T2(A) = @21(A)DE(A) = Qo2(A) D13(A) D12(A) + Q23(A) DTy(A) = 0
Observe that
I(A) = @u(A)x(A)  and Ta(A) = Qau(A)x(A). (2.50)
Hence, if Ay is an eigenvalue of multiplicity p, then
8’“ Gk
Ik y(x;N) . =0 and Ik Co(x; A) . =0 forall k <p. (2.51)
Therefore, in this case, all nonzero functions
8;‘3 (x5 ) . =0, with k <p, (2.52)

are eigenfunctions and associate functions, corresponding to the eigenvalue \q. Similarly
all nonzero functions given by

ak

(@A)

=0, withk < p, (2.53)
A=Xg

are eigenfunctions and associate functions, corresponding to the eigenvalue \g, too.
Suppose that the SEAF of the problem (1.6), (1.8) without the set ® is not complete
in the space L?[0,1] & L?[0,1]. Then there exists a nonzero vector-function

7= (1) 234

which is orthogonal to the SEAF of problem (1.6)—(1.8) (possibly excluding the functions
from the set ).

Just as in the proof of Theorem 2.5 introduce the functions F;(\) and TI(\) by the
formulae (2.26) and (2.27). Then, as before, the functions

II(A) Fj(N)

ey (2.55)

Fi(\) =
are entire. Let

?(x) = (01%1(%; M)+ 02%2(%; )\))870)(13; A) — (01%001(%; A) + 029002(%; A))%(lﬁ A),
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where ¢; and ¢y are arbitrary complex coefficients. From (2.45) one gets the estimate

:( —c1+ 0 (3))ex a+b))\z))

96) (c24+ O (%)) exp((a + b)Xi)

D=

and this implies that the function ¢’ () satisfies the estimate

7(2) = (1+0 () exp(bla+ M) (~erdr(@:X) + epi(@ ). (256)

where the functions 7 (z;\) and ¢—£ (x; \) are solutions of the Cauchy problem for the

2 2
system (1.6) with the initial conditions

2 2 2 2

p1, (3N =01 (5N =1 and 1 (5:0) =91 (5:A) =0. (2.57)

As in Lemma 2.1 one can derive for these functions the following estimates:
if \ € C" and > § then

p1 (#:4) = (14 O(5x)) exp(adi(z — 3)),

#1,(23A) = Olgz) exp(aXi(x — 3));
(2.58)
b1, (#:4) = Olgx) expladi(z - 3)),
U1, (7 4) = Olgx) explaXi(z - 3));
if \ e C* and x < 5 then
#1,(2:4) = O(gz) exp(bi(z — 3)),
#1,(5: 1) = Olgz) exp(bi(z — 3));
(2.59)
¥1,(#34) = O(gz) exp(bri(z — 3)),
1, (w0) = (1+ O(35)) exp(bXi(z — 3));
if \eC™ andx>%then
#1,(5:4) = Olgz) exp(bi( - 3)).
#1,(7:4) = Olgz) exp(bi(z — 3));
(2.60)

(&
(8

(#3) = O(2) exp(bAi(z — 1)),
L@ A) = (1+ O(55)) exp(bXi(z — 3));

NI= N
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itAe C™ andx<%then
p1, (w0 =1+ O(sy)) exp(bi(z — 7)),
1, (5 ) = () exp(bAi(e = 1)

(2.61)
U1, (#:4) = Olgx) exp(bAi(z — 3)),
U1, (#:4) = O(gy) expladi(z — 3)).

Using the formula (2.56) and the estimates (2.3), (2.4), (2.58) — (2.61) one gets the
following estimates for the functions in (2.48)

@) (23 0) = OOMM exp(ia(z +1))), if SA >0 (2.62)
and
@i (2;0) = ONM exp(ibA(z + 1)), if S\ < 0. (2.63)
From the estimates (2.46), (2.47), (2.62), (2.63) one gets finally the estimates
1
F,(\) = 0(——=), SN > C, 2.64
N =0l I (260

where C' > 0 is a constant. Then, by Phragmen-Lindelof theorem for a strip, one again
concludes that Fj(\) = 0, and therefore Fj(\) = 0, i.e. f(a:) is orthogonal to Wi (z; \)
and Wy(z; \) for all \.

Observe, that if x(\) # 0 then the functions & (x;\) and Wy(x; \) are linearly in-

dependent. Therefore, for these values of A\, @(x;\) and @y(x; \) form a fundamental

—

system of solutions of the system (1.6). Thus, f(z) is orthogonal to all solutions of the

—

system (1.6). Consequently, f(z) = 0 and this completes the proof.
]

3. RIESZ BASIS PROPERTY OF THE SEAF

In this section some sufficient conditions for the Riesz basis property of the SEAF of
the system (1.6) with separated A-depending boundary conditions will be established.
First recall the definition of the Riesz basis.

Definition 3.1. A system of vectors {1, }22, is called a Riesz basis in the Hilbert space H
if there exists a bounded operator A with bounded inverse A™Y, such that the transformed
system { A, }22 | forms an orthonormal basis in H.

The following lemma is well known (see [4, Chap. VI, §3]).

Lemma 3.2. Let the system of the vectors {1, }5°, be complete in a Hilbert space H. Let
{en}e, be a Riesz basis of H such that Yo", ||ty — ¢n||* < 00. Then the system {1, }5°,
is a Riesz basis of H, too.

Also, the following lemma will be needed, which concerns the spectrum of the system
(1.6) with separated A-depending boundary conditions.

Lemma 3.3. Let the function Q(x) be differentiable.

Let Pi1(\) and Pio(N\) be relatively prime polynomials with deg Py1 = deg Pis = Ny and
let Py1(X\) and Py (\) be relatively prime polynomials with deg Py = deg Pys = Nj.

Let C;; be the leading coefficient of the polynomial P;;(\) and denote Cy = C11C9 and
Cy = C120%.
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Let the set A contain N = Ny + Ni eigenvalues of the problem (1.6) with separated
A-depending boundary conditions given by

Pyy(MN)yi(1) + Paa(A)ya(1) = 0 '
Then it is possible to enumerate the remaining eigenvalues, so that
1 2 1
n= : n(Clb/CQ) *em +0 (ﬂ) ,  wheren € Z. (3.2)
—a n

Proof. The characteristic function x(\) of the system (1.6) with the boundary conditions
in (3.1) has the form

X(A) = Pii(A)(Par (Mo (1; A) 4+ Paa(AN)o2(1; A))
— Pio(A)(Pa1(N) o1 (13 A) 4 Paa(N)poa2(1; A)),

where the products of polynomials are all of degree N by assumptions.
Introduce the function

As€A
where p; is the multiplicity of the eigenvalue ), in the set A.
Then the eigenvalues which do not belong to the set A, are the roots the entire function

Sy XA
It follows from Lemma 2.2 that the function y(\) satisfies the following estimate:
1
X(A\) = Cy exp(aii) — Cyexp(bAi) + XO(maX{eXp(a)\i), exp(bAi)}), (3.3)
where C1Cy # 0.
On the line
SIn(Cy/Ce) + (2n+ 1)
A = b—a ’
which is determined by the equation arg(C} exp(aXi)) = arg(—Cy exp(bAi)), one has
|C1 exp(aXi) — Cyexp(bAi)| = |Ch exp(aXi)| + |Co exp(bAi)|. (3.4)
From (3.3) and (3.4) one concludes that on this line, with |A| large enough,
IX(A) — (C exp(ari) — Cyexp(bAi))| < |Cy exp(adi) — Cy exp(bAi)]. (3.5)

Therefore, it follows from Rouche’s theorem (see [16, Theorem 10.43; Exercise 24,
p.229]) and the estimates (3.3) and (3.5) that for |n| large enough there exists precisely
one root of x(A) in the strip

(2n—1)m < (b—a)RA\+ S In(C/Cy) < (2n + 1), (3.6)
and, furthermore, that there are 2|n| — 1 roots of the function x(\) in the strip
—2In| = )7 < (b—a)RX+ S In(Cy/Cy) < (2|n] — 1)7. (3.7)

Therefore the roots of x(\) except for, possibly, a finite number of them, are simple.
Moreover, the roots A, of Y(\) can be ordered as a bilateral sequence, so that for |n| > no,
An, belongs to the strip (3.6).

Let
iln(C1/Cs) + 2mn

Ao =
0 b—a

(3.8)
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be the root of the function
Xo(A) = Cy exp(aii) — Cyexp(bAi).

Consider a disk D(n, p) with the radius p and the center A, o. For A € D(n, p) it follows
from (3.3) that there exist K7, such that

IAIIXA) = Xo(W)] < K] exp(aSA)| + [exp(bSN)]) < K. (3.9)

Moreover, because A is independent of n, K7 is independent of n, too.
On the other hand, because the derivative of the function xo(A) at A, ¢ is nonzero, then,
for p small enough there exists K3, such that |xo(A\)| > K3|\ — gl

Therefore, if p > = |1/\‘ and |A — A\g| = p, then (3.9) implies that

O T 5 e e ROV B CT)

Hence, again by Rouche’s theorem, in this disk the functions y(A) and xo(A) have the
same number of roots, i.e., precisely one root.

Therefore, |\, — A o] < % Since A, = 2% + O(1), one has - = O(%)

Now, using the formula (3.8), the statement in (3.2) follows. O

Lemmas 3.2 and 3.3 are used to prove the following theorem.

Theorem 3.4. Let Py1(\) and Pia(\) be relatively prime polynomials with deg Pjy =
deg Pio = Ny and let Py (N) and Pao(N) be relatively prime polynomials with deg Py =
deg P22 = Nl.

Let @ be a set, which consists of N = Ny + Ny eigenfunctions and associate functions
of the problem (1.6), (3.1) and assume that the SEAF of this problem without the set ®
is complete in the space L*[0,1] & L*[0,1].

Then the SEAF of problem (1.6), (3.1) without the set ® is a Riesz basis in the space
L2[0,1] @ L2[0, 1].

Proof. By Lemma 3.3, it is possible to enumerate the eigenvalues \,, corresponding to
the eigenfunctions @, (z) which are not contained in the set ®, such that

A = iln(C1/Cy) 4 2mn Lo (L) |

b—a In|

Because @, () satisfies the first of the conditions in (3.1), it may be written in the form
—
On (1) = Pia(M) @0 (25 M) — Prii(An)vo(x; Ay) (up to a constant multiplier).
Then, by Lemma 2.2,

o) = (_(jéleg;‘g;;ziz)) + )\in(O(eXp(a)\nix)) + O(exp(bAiz))). (3.11)

Combining the estimates (3.2) in Lemma 3.3 with (3.11) one obtains

Ti(x) = ( 12 exp(a 22 ) ) N l(O(eXp(azln(C’l/C’z) +27mm_

Wnp b“n CI/C'Q)+27mZ-:L,) b—a ))

—CH exp( —a

1In(C1/C2)+27n

< Ci exp(qECH2m ;)
—Cn eXp(me)

a

+ O(exp(b” 1n(01£ Cjzzﬁ 2T ) =

) +0(%). (3.12)
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Now define the operator A : L0, 1] & Lo[0, 1] — Ls[a, b] via

(2 h <z <0
A(?/l) (z) = ClQiyl(a); where a < z (3.13)
Y2 _C_HyQ(E), where 0 < z < b.

Then A and A~ are bounded. Therefore, the system @, (z) is a Riesz basis in the space
Ly[0,1] @ L,[0, 1] if and only if the system A(,) is a Riesz basis in the space Lya, b].
From the estimate (3.12) and the definition of A in (3.13) one obtains

Zln(Cl/Cg> + 21 . 1

A(wy,) = exp( - i) + O(ﬁ) (3.14)

It is obvious, that the system

iIn(Cy/Cs) + 2mn

— i)

is an orthogonal basis in the space Ls|a, b] and that the norms of @, are given by

ol = [ exp(—a AL ) g,

for all n. From the estimate (3.14) one concludes that

On = exp(

> IAG) — ol < co.

n=—0oo

Therefore, by Lemma 3.2, A(lo,,) is a Riesz basis in Ly|a, b]. O
From Theorem 3.4 one obtains the following result.

Theorem 3.5. Let deg Pi; = deg Pjs = 0, i.e., Pi1 # 0 and Pis # 0 are constants. Let
Py (M) and Py (M) be relatively prime polynomials with deg Py = deg Py = N.

Let ® be a set, which consists of N eigenfunctions and associate functions, which sat-
isfies the following condition:

If ® contains either an eigenfunction or an associate function corresponding to an eigen-
value N\, then it also contains all the associate functions of higher order corresponding to
the same eigenvalue.

Then the SEAF of the problem (1.6), (3.1) without the set ® is a Riesz basis in the
space L*0,1] & L?[0,1].

Proof. In this case, by Theorem 2.5, the SEAF of the problem (1.6), (3.1) without the set
® is complete in the space L?[0, 1] & L?[0, 1].
Therefore, by Theorem 3.4 it is a Riesz basis. U

By taking N = 0 in Theorem 3.5 yields the following corollary for the system (1.6) with
boundary conditions not depending on a spectral parameter, see [21].

Corollary 3.6. ([21]) Let hy and hy be nonzero numbers. Then the SEAF of problem
(1.6) with the boundary conditions

y1(0) 4 h112(0) =
y1(1) + hoye(l) =

is a Riesz basis in the space L?[0,1] & L?[0,1].

8 (3.15)

b
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