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Abstract

An unbounded product 7 = AB of two nonnegative selfadjoint operators A and B,
where p(T) # ¥ and A is bounded, is proved to have the single valued extension
property (SVEP) and, more significantly, to be a C-generalized scalar operator. This
property plays a central role as, it not only implies the Dunford’s property for the
product AB, but it also allows any operator T that is quasi-affine to a nonnegative
selfadjoint operator S to satisfy o (7)) = o(S). These results have required a deeper
study of the spectral connection between operators S having SVEP and Dunford
properties and operators 7 that are quasi-affine to S.
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1 Introduction
The study of operator products of nonnegative selfadjoint operators on a complex

Hilbert space $) has always been a source of motivation for many mathematicians [9,
15]. In particular, the class

O”(ﬁ):[T:AB; A=A*anndB:B*zO} (1.1
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has been considered by P.Y.Wu [32], in 1988, in the finite-dimensional setting where
the following equivalence holds for a matrix M :

M € O*2(9)) < M is similar to a positive matrix. (1.2)

In 2020, M. Contino, M. A. Dritschel, A. Maestripieri, and S. Marcantognini [8]
considered this problem for infinite-dimensional spaces, notably, when the elements
A, B of (1.1) belong to the class BT () of bounded nonnegative operators on ).
Based on the following observation

T is similarto S € BT () < o(T) € R™ and T is a scalar operator, (1.3)

they proved that, although o(T) € R* for any T € O12($)), similarity to a
bounded nonnegative operator is no longer sufficient to cover the class O12($), as
in (1.2). Even weaker conditions than similarity such as quasi-affinity to nonnegative
operators are also shown to be insufficient to characterize that class. However, one has
the following implication:

T €O (H) and T is quasi-affine to S € BT () = o (T) = o (S), (1.4)

which shows that quasi-affinity behaves like similarity in O*2(§)). Motivated by (1.3),
instead of scalar operators, a larger class would be considered and shown to include the
class O12($), which is the class of generalized scalar operators. These operators play
a crucial role, specially in the unbounded case, since they will give rise to different
spectral properties of O2($)), already proved in [8].

On the other hand, the latter class was characterized via Sebestyén theorem [23] as
follows:

T e OF? ($) & T*T < XT has a bounded nonnegative solution X (1.5)
< T has an optimal pair, (1.6)

where a pair (A, B) € BT () x BT () is called optimal for T = AB, if
kerT =ker Bandran7T = ran A. (1.7)

In the present paper, the above results will be extended to the general setting of
closed unbounded operators. In particular, the emphasis will be on the following
subclass of closed operators of O0t2(9)

L) = {T — AB: Aec B*(§)and B = B* > 0}, (1.8)

where B is in general a closed unbounded operator on ). Note that this class has
already been introduced in [3] and characterized through an inequality similar to (1.5).
However, unlike (1.6), a further condition is needed to characterize the optimality as
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shown in the equivalence below:

T ¢ E;rlf(f)) & T*T < T*Y has asolution Y = Y* > 0 such that

dom 7 € domY € dom (T*Y)% and ker 7 = ker Y.

Here £jp2 (9) is the class of operators in £l+2 ($) with optimal pairs, which will be
considered in detail in Section 2.1. These operators are in fact needed to conclude
properties shared by normal operators, such as having finite ascent and possessing the
following description of the analytic spectral subspace of T € E;sz (H)atanyr € C:

ker(T* — A1) = H7+({1)).

This will be seen in Section 3.1, where an operator 7 € E;FZ(S')) with p(T) # 0
is shown to satisfy o (T) € R™, and this gives rise to the first local spectral property:
the single valued extension property (SVEP). More significantly, such an operator
is proved to be a C-generalized scalar operator, exactly as in the bounded case. The
latter property is the core of Section 3.2 and constitutes a useful key for the study of
further local spectral properties of 7 namely property (k) which is, by definition, a
combination of the SVEP and Dunford properties; cf [25]. This property appears to be
very important in the last part of this paper, which will be devoted to the quasi-affinity
to nonnegative selfadjoint operators.

Recall from [21, 22] that a linear operator 77 is said to be G-quasi-affine, shortly
quasi-affine, to some linear operator 75 if there exists a quasi-affinity G € B($)) such
that GT; € T»G. Here B($))denotes the class of bounded operators from $ to §) and
a quasi-affinity is a bounded injective operator with dense range. In Section 3.3, the
implication in (1.4) is improved and generalized not only for unbounded operators but
also for operators that are not necessarily in ﬁlﬂ (9). For this, one first establishes that
once a closed operator T is quasi-affine to an operator S with property (k) then

o(S) S o(T);

see Lemma 3.16. Note that this result is a generalization of [8, Lemma 3.7], where a
stronger condition than property (k) condition was considered for S, i.e. S € BT ().
This is a useful tool to finally conclude that any operator T’ such that T and 7™ have
property (k) satisfies the following implication

T is quasi-affineto S = $* > 0 = o(T) = o (S) C R™;

see Corollary 3.17. In this case, the Hilbert space ) can even be described via the local
analytic spectral subspace of both S and 7* as follows:

H=9Hs(0 (1) = Hr= (0 (5)). (1.9)

Note that in the general case where T is quasi-affine to a closed operator 73, only the
first equality in (1.9) is proved to hold for § = 7»; see Lemma 3.16.



205 Page4of22 Y. Barkaoui, S. Hassi

2 Preliminaries

In this section T € LO($, K) stands for a linear operator from §) to a complex
Hilbert space & with domain dom 7" and range ran 7. If § = R then LO($, R) =
LO($). In addition, one writes T € CO(H, K) if T is closed and T € CO(9) if
R = 9. In this case, the resolvent set p(T) of T is the set of all © € C for which
R(u, T):=(T — uI)~! € B(H). The set o (T) = C\ p(T) is called the spectrum of
T. The surjective spectrum of T € C O(9) is 0 (T):=C \ psur(T), where pg,(T)
is the set of all u € C for which ran (7' — ul) = 9.

An operator T € LO(%) is said to be symmetric if (Tx,y) = (x, Ty) for all
x,y €domT.If (Tx, x) > Oforallx € dom T, then T is nonnegative. Itis selfadjoint
when dom 7 = § and T* = T. Note that if T is nonnegative and selfadjoint, then it

admits a unique nonnegative selfadjoint square root which will be denoted by T %; cf.
[24,31].If0 < T = T* € B($) then one writes T € B1(9).

Similar to the bounded case, the class E;FZ(YJ) has been treated and characterized
in [3, Theorem 2.12] through Sebestyén inequality involving unbounded operators as
follows.

Theorem 2.1 Let T be a closed densely defined operator. Then, T € C?’z (9) if and
only if T*T < T*Y = YT admits a solution Y = Y* > 0 such that domT C

dom Y C dom (T*Y)?.

The following result appears in [3, Proposition 2.5] and shows that, exactly as in the
finite-dimensional case, any element 7' € £l+2 (9) has positive spectrum.It is revisited
here for its relevance and applicability.

Corollary2.2 If T € Efz (9) then there exists a nonnegative selfadjoint operator S
such that T is pre-similar to S, i.e., TG = GS for some G € B(%)). Moreover, if
p(T) £ O, then

o(T) CR™.

Lemma2.3 ([3],Lemma2.1)Let A € BT (R)and B € CO($, R), and leta € [0, 1].
If AB** is closed (closable), then A* B** is closed (closable) and

(B*A%)* = AYB**. @2.1)
Analogously, ifker A = {0} and B** A~ is closed, then B** A= is closed and
(A~ B*)* = B A9, 2.2)
2.1 Optimal pair

Recall that in the bounded case, an operator T € £l+2 ($) canbe factorizedas T = AB,
where A, B € B (), ker B =ker T andtan T = ran A. Such a pair (A, B) is called
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optimal; see [8]. In the case of bounded operators, 7" and 7* play a symmetric role
since A and B both are bounded. Hence one can conclude the following equivalences:

T has an optimal pair < T*T < T X admits a solution X € BT ()
& T el (2.3)

see [8, Theorem 4.5]. The objective of this section is to develop suitable approaches
for extending the equivalence (2.3) for unbounded operators; see Theorem 2.8.

Definition2.4 If T = AB € £l+2 (9), then the pair (A, B) is called optimal if
ranT =tan A and ker T = ker B. 2.4

The subclass of operators T = AB € £l+2 (9) consisting of optimal pairs (A, B),
where A € BY() and B = B* > 0, is denoted by E;"If(ﬁ).

Example 2.5 Let

T : I2(N*) — [>(N¥)
x = (x1,x2,...)— (0,2x2,0,4x4, ...,2nx2,, ...).

Then, for A(x,):=(0, x2, 0, x4, ..., X25, ...) and B(x,) := (nx;),cn*, ONe observes
that T = AB € £1+2(12(N*)) although (A, B) is not an optimal pair for 7', since
ker T g ker B = {0}. However, T = AT and T itself is also nonnegative and
selfadjoint, so (A, T) can be chosen to be an optimal pair for T. Here, o (T) =
0(AB) =0(BA) =2N C R™.

The first step towards the construction of an optimal pair in (2.4) relies on the
following theorem, where Sebestyén’s inequality is characterized in the framework
of unbounded operators. Note that the proof is already established in [3, Proposition
2.10] under the additional condition dom 7' = dom (T* B)% . Here, the latter condition
is omitted and one still get the same result. For a completeness, the proof of (i) = (ii)
is given.

Theorem 2.6 Let T, B : §§ — R be closed densely defined linear operators such that
T*B = B*T is selfadjoint. Then the following assertions are equivalent for some
O=<=x(=IXI):

(i) T*T < AT*B and dom B C dom (T*B)?;
(ii) XB C T has a solution X € BT ().

In this case B XB = T*B = B*T
and, moreover, X can be chosen such that ker T* = ker X with || X| < A.

Proof Assume that (i) holds and rewrite the operator inequality in terms of forms as
follows:

(TF.Tf) < »(T*B): f,(T*B)2 f) forall f € dom(T*B)2.  (2.5)
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On the other hand, since
dom 7*B C dom B € dom (T*B)% CdomT, (2.6)
(2.5) implies that

(Tf, Tf) < MT*Bf, f) =ABf,Tf)forall. 2.7)

Hence the form (T*Bf, g), f, g € dom T*B, is a restriction of the closable form
(Bf,Tg), f,g € dom B; see [2, Theorem 2.2]. In fact, (2.6) shows that dom B is
a core for the closed form on the righthand side on (2.5) as well as for the closure

(H%f, H%g), f.g8 € dom H? of the form (Bf,Tg), f,g € dom B, so that these
two closed forms coincide and, in particular, 7*B = H. The statement (ii) is now
clear from [2, Theorem 2.1]. O

A consequence of Theorem 2.6 yields immediately the first condition in (2.4). The
next proposition treats this even in a more general case, where T = AB ¢ £l+2 ).

Proposition2.7 Let T = AB be such that A € BT () and B € CO($). Then,
T*B = B*T is a nonnegative selfadjoint operator such that

dom (T*B)? = dom T = dom B. (2.8)

Moreover; there exists Ao € BT ($) such that T = AgB and tan Ay = tan T. For this
pair, tan Ag Nker B* = {0}.

Proof Let T = AB, where A € BT () and B € CO(%). Since AB = T is closed
1
and A € BT(9), it follows from Lemma 2.3 that A2 B is closed, and hence T*B =
1 1
B*AB = B*T = (A2 B)*(Az B) is a nonnegative selfadjoint operator such that

dom (T*B)% — dom A? B = dom B = dom T,
which completes the proof of (2.8). Now clearly
T*T = (AB)"(AB) < |A||B*AB = |A|IT*B.

Together with Theorem 2.6 this leads to the existence of Ay € B ($)) with the
property that 7 = AgB and ker T* = ker Ag. Thus,

fan T = (ker T*)* = (ker Ag)’ = 1an Ay.
Now, let x € ran Ag N ker B*. Then, there exists y € $ such that x = Apy and

0 = B*x = B*Agy = T*y. Thus, y € kerT* = ker Ag and x = Agy = 0.
Consequently, ran Ag N ker B* = {0}. O
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For the next step related to the second condition in (2.4), it is important to note that
Theorem 2.1 yields the following implication

T e£+2(.6)=> T*T < T*Y = YT has asolution Y = Y* > 0 such that
domT € domY C dom (T* Y)f.

Contrary to the bounded case, the reversed implication is not true in the unbounded
case. This is illustrated in the following theorem where the class £ (f_)) is character-
ized.

Theorem 2.8 Let T € C O($)) be adensely defined linear operator. Then, the following
statements are equivalent:

(i) T € LI} ($);
(ii) T*T < T*Y has a solution Y = Y* > 0 such that domT C domY C
1
dom (T*Y)2 andker T =KkerY.

Proof The implication (i) = (ii) follows from Theorem 2.1. Now, assume (ii). Then,
using Theorem 2.6, one constructs X € BT ($) such that T = XY and tanT =
ran X. Since ker Y = ker T', one concludes that (X, Y) is an optimal pair for 7 and

T € LI}(9). o

A different approach to construct optimal pairs is treated in the next proposition.
It addresses the general setting in which a closed product of closed operators Ag By
where Ay € B($)) gives rise to a new product A B which satisfies the second condition
of optimality stated in (2.4).

Proposition2.9 Let T = AB be a closed densely defined linear operator on §) such
that A € B($) and B € CO($). Then, there exist Ay € B($)) and B = B1* > 0
such that

T =A{By and kerT = ker B;.

In this case dom By = dom B. In particular, if A € Efz(,‘?)) and ker By = ker T then
By = Band A1 = A. In this case, T € L'*z(fj)

Proof Set Ly:=ker T € dom 7' = dom B. Then the closed subspace Ly decomposes
domB = domB N Ly~ & Lo, where & stands for the orthogonal sum of the
involved linear subspaces. Define B:=B | Lo*. Then, dom B = dom B N Lo* and
B = (§ B | Lg). Moreover, B and B i Lo are closed and smce L is closed,
B [ Lo is bounded by the closed graph theorem. Now, let B: —(B 0 [ Lo). Then,
dom B = dom B ® Lo = dom B and the following equalities hold:

T = AB and ii) ker B = ker T.
To see i), one observes that

T = A(B;B | Lo) = (AB;AB | Lo) = (AB:T | kerT) = (AB;0) =
A(B;0 [ Lo) =
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For the proof of ii), one concludes from i) that ker B CkerT, ~

and other inclusion follows immediately from the construction of B.

On the other hand, B is closed and dom B = dom B = $j. Hence, there exists a
partial isometry U : § — fan B, where U I ker B = 0and U : ker B- — ran B is
an isometry, such that B=U |§ |, which corresponds to the polar decomposition of
E; cf. [16]. As aresult, T = A B; with

A= AU € B(§) and B; = |B| > 0.

Furthermore, ker B; = ker B =kerT. O

Corollary2.10 Let T = A1 By € CO(9), where A1 € B($)) and By = By* > 0 with
ker T = ker By. Then, T € £;‘;,2 () if and only if

dom T C dom By € dom (T*By)? and T*T < T*By for some . > 0,

in which case T = AgBy for some Ay € BT ($) and one can assume that tan Ag =
ranT.
In this case, ker Ag Nran By = ker By Nran Ag = {0}, and hence

kerT NranT =ker T* Nran T* = {0}. 2.9)

3 Local Spectral Theory in £,+2 () and Quasi-AffinitytoS = S* > 0

In the framework of bounded operators, it is shown in [8, Proposition 7.2] that if
T € ﬁfz(f)) is quasi-affine to a bounded nonnegative operator, then their spectra
coincide. The objective of this section is to extend such a result not only to the general
case of unbounded operators 7 but also for T ¢ L,”(sa). This will be treated in
Section 3.3 which requires the study of some local spectral properties for T e El"'z ),
carried out in Section 3.1. A key idea in this approach is to deal with the class of
unbounded generalized scalar operators which will be proved to lie in E;’z (9) and
provide an important connection to local spectral theory; see Sect. 3.2.

3.1 Local Spectral Theory in [:;4.2 %)

The single valued extension property (SVEP) will be the first local spectral property
established for T € E;Lz(fj). This property was first introduced by J.Finch [13] in
the case of bounded operators and, in the present unbounded setting, the definition is
recalled from [1].

Definition 3.1 An operator T € CO(9) is said to have the single valued extension
property (abbreviated SVEP) at g € C if, for every neighborhood Uy, of o, the only
analytic fy, : Uy, — dom T, which satisfies

0= (T —pl) foy(n) forall u € Uy,
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is the function f,, = 0. The operator T is said to have the SVEP if it has the SVEP
at every ag € C.

Proposition3.2 Let T € £l+2(5§) be such that p(T) # @. Then T and T* have the
SVEP.

Proof Let T € E;FZ(S“)) be such that p(7') # ¢ and, suppose to the contrary that T
does not have the SVEP. Then there exist A9 € C, an open neighborhood Uy of X¢ in
C and a nonzero analytic function f : Uy — dom T such that

(T —puh)yf(u) =0 for all u € Uy. 3.1

Hence there exists 1 € Up and an open set U; € Up such that f(u1) # 0 and (3.1)
holds for all 4 € Uy. This implies that 11 € o, (T). Without loss of generality, one
may assume that Uy C 0, (T), which shows that u; € int(o,(T)), whereint(o p(T))
denotes the interior of o p(T).

On the other hand, by Corollary 2.2 ¢(T) € R™ and thus int(op(T)) = 0,
contradiction. A similar argument show that 7* has the SVEP, since o (T*) € R*. O

The upcoming results are devoted to outline the main substeps required to prove
the second local spectral property of an operator in £l+2(f)), which concerns the local
spectral subspaces defined below; cf. [1, 11].

Definition3.3 Let T € CO(9).

(1) The local resolvent set of T at a point x € $) is the set pr(x) of all A9 €
C for which there exist an open neighborhood Uy, of A¢ in C and fy;, €
$(Uyy, dom T), i.e., an analytic function fy , : Uy, — dom T which satisfies

x = (T — ) fro(n) forall u € Uy,.

The set C \ pr(x) is called the local spectrum of T at the point x and denoted
by o7 (x).
(i1) The analytic spectral subspace of T at a subset F of C is given by

Ar(F)={xe9H; or(x) C F}.

If H7(F) is closed for all closed F € C, then T has the Dunford’s property,
shortly property (C).

(iii) Hr (F) stands for the glocal spectral subspace of T at a closed set F € C and
it is defined as the set of all x € $ for which there exists an analytic function
£ : C\ — dom T such that

x = (T — pul)l(un) forall u € C\F.

It is easily seen that H7 (F) C $H7(F) for all closed sets F C C. Moreover, the
converse inclusion holds when T has the SVEP.
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Definition 3.4 ([25], Definition 2.2) The operator T is said to have property (k) if it
has both SVEP and (C).

Recall from [19] that the quasi-nilpotent part of an operator 7 € C O($)) is defined
by:
. 1
H0(T):={x € dom ®T ; lim |T"x|» = 0},
n—oo

+00
where dom *°T = m __dom T". In particular, ker T" C $o(T) for all n > 0.
The following lemma s a collection of some properties related to SVEP and local
spectrum and will be a quite useful key for the remaining parts. Item (i) and (ii) are
already studied in the general case of linear relations respectively in [20, Proposition
3.1] and [4] and, the proof of item (iv) follows immediately from [1, Corollary 4.9].

Lemma3.5 Let T € CO(9). Then, the following properties hold:

(1) o721 (x) S {0} if and only if or (x) S {Ao} for every Ao € C.

(i) If T has the SVEP, then T — Aol has the SVEP for every Ao € C.
(iii) If T has the SVEP, then H1({1}) = Ho(T — 1) for every A € C.
(iv) If T — Al has a finite ascent for every ) € C, then T has the SVEP.
(v) If T is normal, in particular selfadjoint, then T has the SVEP.

Proof To see (iii), assume that 7" has the SVEP and let A € C. Then T — Al

has the SVEP, by (ii) and [19, Proposition 1.3] ensures that Ho(T — AI) = {x €

dom*°T; lim |(T — )»I)”x||% =0} ={x € 9; or_ys(x) € {0}}. A direct appli-
n—oo

cation of (i) yields

Ho(T —AI) ={x € H; or(x) € {A}} =H7r{rD.

For the proof of (v), assume that T is normal. Then T — A7 is normal for all > € C,
and hence it has finite ascent by [14, Theorem 2.1]. One then concludes the result
using item (iv). O

Lemma3.6 Let T € CO(%)). Then the following statements hold:

() Ifx e, F S Cand (T — M)x € H7(F) for some % € F, then x € H7(F).
i) ker(T — AT) € §7 () forall » € C.

Proof The statement in (i) is proved by the same arguments as in the proof of [17,
Proposition 1.2.16] in the context of bounded operators. To see (ii), let x € ker(7T —
Al). Then (T — Al)x = 0 € H7({1}) and a direct application of item (i) yields that
x € Hr({A}). o

A particular case, where the reverse inclusion in item (ii) of Lemma 3.6 holds, is
the case of bounded normal operators; see [8, Lemma 5.1]. In order to extend such a
result to the unbounded setting, some notions of local spectral theory in the extended
complex plane Cy, are required. For more details see [11, 29, 30] for the unbounded
setting of operators and [5] for the multivalued one.

Definition 3.7 Let T € CO($)). Then,
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(i) The extended local resolvent set of T at a point x € §) is the set pr(x) of all
A € Cqo for which there exist an open neighborhood Wy, € Co of A and analytic
function fy 5 : Woo — dom T such that

(T — pl) fro(n) =x forall u € Woo NC.

The extended local spectrum of T is o7 (x):=Coo\ o7 (X). _

(ii) The extended local spectral subspace of T at a set F C Cyo is H7(F):={x €
$; or(x) € F

(iii) The extended glocal spectral subspace of T at a closed set F' € C is the set
Hr (F) of all x € $ for which there exists an analytic function f : Coo\F —
dom T such that f(co) = 0 and

x = (T —pl)f(u) forall p e (Co\ F)NC.

Lemma3.8 Let T € CO(%) be an operator with p(T) # O and let U be an open
neighborhood of 5 (T). Then, for a € p(T), the function

fo:U— C
1

— o

Z =

is non-constant in any connected component of U, belongs to At [11, 30] and admits
the following analytic functional calculus

1
Ja(T) = fa(00) + 2—/ fa(2)R(z, T)dz = R(e, T). (3.2
1 y

Here, y is a rectifiable curve surrounding o (T) in C and Ay is the class of complex
analytic functions on a neighborhood of o (T).

Corollary3.9 If T € CO(9) is a normal operator then
Hr(A) =ker(T —rl) forall h € C. (3.3)

Proof The direct inclusion in (3.3) is immediate from Lemma 3.6. For the converse,
fix @« € p(T) and observe from [8, Lemma 5.1] that

1 1
N R(.T) ({m}> Ndom T = ker(R(«, T) — ml) Ndom T

= ker(T — \I) 3.4)
for all A € o(T). On the other hand, [30, Theorem 2.1] yields that

fa(oT (X)) = 0801y (%), (3.5)
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which implies that !
~‘7JR(a,T)({ﬁ}) NdomT = {x € H; Ore1)(*) S {m}}

P fa(Ef(X))S{ﬁ}}

N

x€9H: Frx) C foﬂ({%}}
—

xeH: G7() S (AU {oo})

= Hr({}} U {o0)).

N

On the other hand, one obtains from a combination of [6, Lemma 2.6] and [6, Lemma
2.10] that e
Hr{a U {oo}) = Hr({A}),

and therefore f)R(a,T)({ﬁ}) Ndom T C H7({A}), as desired. m]

The second local spectral property of 7' € Efz(ﬁ) is described in the following
result, which also shows properties similar to normal operators.

Proposition3.10 Let T = AB € Ej‘;(ﬁ) be an operator such that p(T) # (. Then,
for all ) € C, one has
ker(T* — A1) = H7+({1)). (3.6)

In this case,
ﬂ fan(T —zI)? =tan(T —zI) forallz € C. (3.7)
peN

Proof The inclusionker(7*—X1I) € $Hr+({A}) holds by Lemma 3.6. To see the reverse
inclusion, fix x € H7+({1}), and observe from Proposition 3.2 that 7* has the SVEP.
Then, item (iii) of Lemma 3.5 ensures that

Hr+({A}) = Ho(T* — Al) = {y € dom *°T™; liH;O (7" — AI)")’H% =0}
n—
This implies that x € dom *°T* and

lim |[(T* — AD)"x||7 = 0. (3.8)
n—oo
Next, fix
1 1
C = A2 BA2. Then, C = C* > 0, by [3, Proposition 2.5]. Furthermore,
(C —AI)AZ = (A2BA? — AI)A? = (A2BA — »A?) = A2 (BA — AI)
— AX(T* — AD).
By induction, one concludes that (C — )J)"A% = A%(T* — A" foralln > 0. As
x € dom *°T*, it follows that x € dom A%(T* — A" and

1(C = AIY"AZx|[n = |AZ(T* — A1)"x|| < | AZ|[# [(T* — AD)"x|s
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for all n > 0. Using (3.8), one obtains

I(C —AD)' A2x|n == 0. and hence A2x € $0(C — AI). Combining this with
the fact that C = C* and with assertions (v) and (iii) of Lemma 3.5, one concludes
that A%x € Hc({r}). But Hc({A}) = ker(C — AT), in view of Lemma 3.9, so

0= (C—AA>x = AZ(T* — AD)x.

One then distinguishes the following two cases:
Case 1 : x € ker(T* — AI). This completes the proof of the desired inclusion.

Case2 : (T*—AI)x € ker A%. In this case, x € ker A = ker T*, by Proposition 2.7.
Consequently,
0=T*(T* = A)x = (T* — Al + AI)(T* — AD)x = (T* — AD)%x + M(T* — AD)x,
which shows that (T* —I)?x = —A(T* —AI)x. Proceeding by induction, one obtains
(T* = AD)"x = (=) "W N(T* = AD)x foralln > 0.
Using (3.8), one then concludes that
. 1 . n=1 1
lim ||(T* —AD"x|7 = lim |A|" [|(T* — AD)x|7 = 0.
n— o0 n—0oo

Again, two cases appear:
Case 2.1: If |(T* — AD)x|| # 0, then lim || [(T* — ADx|[n —> ||, so
n—o00o n—+00
A = 0. Thus,

T*x = (T* — A)x €ran(T*) Nker T* = {0},

in view of Corollary 2.10. As a consequence, x € ker 7% = ker(T* — A1I).
Case 2.2 : If |(T* — A1)x|| = 0, then x € ker(T* — AT).

Hence, the proof of (3.6) is completed.
To see (3.7), let t € C. Then, a combination of Proposition 3.2 with item (iii) of
Lemma 3.5 implies that 7* has the SVEP and

Hr-({th) = {x € dom=T%; Tim [|(T* — 71)"x||" =0} = Ho(T* — 7).

This shows, by (3.6) that ker(T* — 71)? C ker(T* — 1) for all p € N. Hence for all
p € None has ker(T* —7I)? = ker(T* — 11) or, equivalently,

fan (T — t1)? =rtan (T — tI).
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It will be shown that the Dunford’s property is also a necessary condition for an
operator to belong to the class £l+2 (9). This will be achieved throughout the study of
generalized scalar operators in the next subsection, which forms the core of this paper.

3.2 Unbounded Generalized Scalar Operators

Throughout this part, we refer to [27] and denote by $(€2) the set of all complex-valued
functions f defined on Cyo:=C U {o0} that satisfy:

(1) fis C* on Cy;
(ii) f is analytic on a neighbourhood of C, \ 2.

In particular, $(p(7)) is the set of all C* functions on C,, which are analytic in
a neighbourhood of o (7). Note that there exists a continuous homomorphism from
H(p(T)) to B($H) defined by Dunford and Schwartz [10] and which will be denoted
by dr.

Definition3.11 Let 7 € CO($) be a densely defined linear operator and let 2 be
an open subset of C, such that p(7) € . Then, a continuous homomorphism
® : H(RQ) — B(H) for which @ g(,(1)) = Pr is called an Q@ — C*> operational
calculus. Moreover, T is said to be

(i) an Q-generalized scalar operator, if T has an 2 — C* operational calculus;
(ii) a generalized scalar operator, if it is a Coo-generalized scalar operator.

The following Lemma is a particular case of [27, Theorem 12].

Lemma3.12 Let T € CO($) be a densely defined operator such that o (T) C R.
Then, T is C-generalized scalar if and only if , for every g € R one has

IR(u, Dl = O, R)™), p— poand p € C\R

for some n > 0. Here, d(ju, R) denotes the distance from u to R.

A general result of Lemma 2.3 for @ = 1 is worth mentioning separately and it will
be a useful tool for the proof of Theorem 3.14. A proof is given for completeness.

Lemma3.13 Let B € LO($H) and S € B($). If SS*B is closed, then S*B is closed.
Moreover, if domB = $) then (B*S)* = S*B.
Proof Let (x,, Vn)neNn S G(S*B) be such that (x,, y,) —> (x,y) in $. Then,

- n—+00

y € ran S* and (x,, SS*Bx,) —+> (x, Sy), since S is bounded. As SS*B is closed,
n—+00

it then follows that (x, Sy) € G(SS*B), and therefore S(S*Bx — y) = 0. Thus,
(S*Bx —y) € ker SNran $* = {0}. Consequently, y = S* Bx, which shows that S* B
is closed. O

Theorem3.14 Let T = AB € E?‘z(j’)) be a linear operator such that p(T) # 0.
Then T is a C-generalized scalar linear operator.
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Proof Without loss  of generality, one can assume that | A|| < k < 1 for a nonnegative
constant k and let Y) H D H. The proof w111 be glven m three steps. First it will
be established that O’(T) C R+ where T := AB and A B: 56 — jrf) are given by

A= A L A2(1 - A) and B = (B 0) . In the second step, it will be
(I—A)2AT [—A 00

shown that 7 is a C-generalized scalar operator in 5 and in the last one, it will be
proved that 7' is a C-generalized scalar operator in .

Step 1. By Lemma 2.3 A%B is closed, since A € B1($) and both B and AB are
closed. Moreover, as ||A| < 1, it follows that (I — A)% is invertible, and
therefore (1 — A)%A% B is closed. This shows by [28, Corollary 2.2.11] that

the operator
~ T 0
T = 11
(I —A)?2A2B0

is closed. Now, it will be established that 0(7"\) C RT. For this, consider
A € C\R*.As p(T) # 1, one then obtains from Corollary 2.2 that A € p(7),
which yields to the following factorization:

A I 0\ (T=20
fonl= ((1 — A)IAIBR(., T) 1) (0 —M>’ 69

where the block operator on the right-hand side of (3.9) is invertible. On the
other hand, 7»:=(I — A)%A% BR(A, T) is closed and dom 7> = §), so by the
graph theorem, one concludes that 75 € B($)). This means, by (3.9), that

p(T) = p(T) \ {0},

and therefore R
o(T) CR™. (3.10)

In this case, for alln € C\ R, one has n € p(T) N p(f) and it is claimed
that

Tt = (500 ) =R, (3.11)

In fact, Ro(n) € B(ﬁ) by construction and one has
(T —nDRo@) =I5 and  RoG)(T —nl) =I5 [ dom T,

so R(n, f) Ro(n), as claimed.
Step 2. To show that Tisa C- generalized scalar operator, observe first that T e

L+2(§§\). Indeed, one can see that A= SS* , Where § = ((1 A;). ) is
— A)2

an isometry on :‘5, and this implies that A= Pran s 18 a linear projector in
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B+(§). Furthermorg it follows from [18] that B= (§)*, and since B > 0,
one concludes that B > 0.
On the other hand, one has

S*TS = S*ABS = S*(SS*B)S = S*BS,

and hence (S*T $)* = (S*BS)* = (BS)*S = S*BS.But SS*B=AB =T
is closed, so using Lemma 3.13, one obtains S*B = S*B. Consequently,

(S*TS)* = S*BS = S*T'S. (3.12)

As B > 0, this implies that §*T'S > 0 and o' (S*TS) = o(S*BS) € R*.In
addition, (3.12) proves that S*T'S is a scalar linear operator, so a generalized
scalar one. Applying Lemma 3.12, one concludes that

IR(. S*TS)| = O (1. R)™), 1 — poand p € C\R (3.13)

for every i € R and for some n > 0.
(I - Az
_A?

the block operator

Denote R = ) . Then R is an isometry, R*R = I and, moreover,

1 1
U:(SR):<A2 l(I—lA)2>
I —-A)z —-A2

is unitary on 5 Furthermore, observe that

~ §* = S*BS S*BR

* — % _

U'TU = (R*) SS*B(SR) = < 0 0 ) (3.14)
and, for A € C\ R arbitrarily given, one has
. *DQ _ *
U*TU — I = (S BS=Al'S BR) (3.15)
0 —X
S*BS — 210 X

—<0 —A) (01)’ (3.16)

where X = (S*BS — AI)"'S*BR. Itis claimed that X € B(£)). Indeed,
X* = (S*BR)*(S*BS — AI)"' D R*BS(S*BS — AI)"! (3.17)
and since ran (S* BS — A~ = dom S*BS = dom §S, one concludes that

dom X* = g.AOn the other hand, ,Ehe block operator in (3.14) is densely
defined since T and thus also U*TU is densely defined, so that also the
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blocks S*BS and S*BR in (3.14) are densely defined operators. As S* BR
is a densely defined operator, its adjoint (S* BR)* is a closed and densely
defined operator since (S*BR)* 2 R*BS This implies, by (3.17), that X*
is also a closed operator with dom X* = Sﬁ Therefore, X* and X belong to
B($), which proves the claim.

Consequently, the block operator <I X) is invertible on §. This implies

0 I
that
err ot (I =X\ [((S*BS—aD7'0
ot = (L (¢ 0,
= U*R(., THU. (3.18)

Combining this formula with (3.13), one can conclude that
IR, 1) = 0@, R)™), pu— poand p € C\R (3.19)

for every 1o € R and for some n > 0. Hence, one concludes by Lemma 3.12
that 7 is a C-generalized scalar operator.

Step 3. To demonstrate that 7" is a C-generalized scalar operator, let 79 € R and
n € C\ R be such that  — ng. Then, one obtains from (3.11) that

10N = | R(.T) 0
(0 Ab )( =l - TRe, T ~ LA
0 0
- a2 LAz

R, T)0
i ( -l > ( >
which implies that

(T -0 I 0 I0
( 0 1) <<I—A>zl>[<0A>R("’T)
0 o
B %(1 A)2——A2—I }

Combining this with (3.19) one obtains the desired estimate

IR(, Tl = 0d(n,R)™),

which means that 7 is a C-generalized scalar operator by Lemma 3.12.

The third local spectral property of 7' € £l+2 (9) is stated below.
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Proposition 3.15 If T € CO(9) is a C-generalized scalar operator with o (T) € R
then T, respectively T*, has property (k). In particular, every operator in E;“z(f_))
with p(T) # @ has property (k).

Proof Since o (T) C R, it is clear from the proof of Proposition 3.2 that T the SVEP.
On the other hand, R(u, T) is a generalized scalar operator for all u € p(T), so it
has the property (C) by [17]. This means by [17, Proposition 3.3.4] that R(u, T') has
property (C). Itis claimed that also T has (C). To see this, let F € C, be a closed set
and let (x,),en € H7(F) such that x,, ;) xin $. Then, foralln € N,or(x,) C F

and hence f, (67 (x,)) € fo(or(xy) U{00}) C fo(F U {c0}). Combining this with
(3.2) and (3.5), one concludes that

OR@.7)(*n) C fo(FU{oo}) foralln € N,

and hence (x,)neN € R, 7)(fo(F U {00})). Since f, (F U {o0}) is closed, also
the set g, 1)(fa (F U {oo})) is closed and x, — x, it then follows that x €

n—-+00

AR 1) (fo (F U{00})) and therefore f, (67 (x)) = OR(a.1)(x) S fo(F U{oo}). Thus
or(x) € 67(x) € fo ' fu(G7(x)) C F. This proves that x € $7(F) and hence T
has (C), as claimed.

Now, assume that T € EIH(Y)) such that p(T) # @. Then, o(T) < R by Corol-
lary 2.2 and for all A € C\ R, one has

IRG., T = IRG, T)II. (3.20)

Moreover, Theorem 3.14 shows that T is a C-generalized scalar operator, so a com-
bination of (3.20) and Lemma 3.12 yields that T* is a C-generalized scalar operator.
Hence, the same reasoning as above shows that 7* has property (k). O

3.3 Quasi-Affinity to Nonnegative Selfadjoint Operators

Recall that in the bounded case, if T is quasi-affine to S € BT ($)) then o (S) C o (T);
see [8, Lemma 3.7] (see also [12, 26]). The next result extends this result not only to
the unbounded setting but also to operators satisfying property (k), which is a weaker
condition than the selfadjointness.

Lemma3.16 Let T € CO($) and let S be a an operator with the property (k). If T
is quasi-affine to S then
o(S) Co(T), (3.21)

In this case, $H = Hs(o (T)).

Proof Since T is quasi-affine to S, there exists a quasi-affinity G € B($)) such that
GT C SG. The proof is splitted in four steps.

Step 1. 05(Gx) Co(T) forall x € 9.
To see this, let x € H and A € p(T) C pr(x). Then, there exists an open
neighborhood U, of A and an analytic function f : U, — dom T such that
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x = (T — pl) f(w) for all u € Uy, and hence
Gx=G(T —ul)f(wx =S —ul)Gf(u)x forall u € U,.

As G € B(9), it follows that u +— Gf(u) in an analytic function on Uy,

which implies that A € ps(Gx). One then concludes that p (7)) C ps(Gx).
Step 2. $H = Hs(o(T)). For this, fix x € $H. Astan G = §, there exists (x;,) C 5 for

which Gx, —+>Oo x. On the other hand, Step 1 ensures thatos(Gx,,) € o (T)

n—
or, equivalently, Gx, € $Hs(o(T)). Since S has property (C) one concludes
that x € H5(o(T)) and $H = Hs(o (T)).
Step 3. 05, (T) € |Jor(x). Let x € $ be arbitrary and let A € pr(x). Then,

XEH
there exists an open neighborhood U, of A in C and analytic function f :

U, —> dom T such that x = (T — wl) f(w) for all © € U, in particular
x = (T —XxD)f(x) € ran(T — A). This proves that § = ran (T — 1), and
hence x € pg,(T).

Step 4. o(S) € o(T). First observe from Step 2 that oy, (x) C o(T) for all x € 9.
On the other hand, S has SVEP, so by [11, Corollary 2.5], 6 (S) = o, (S).
Applying Step 3 , one then concludes that o (S) € |J or(x) C o(T).

xXEN

O

In the bounded settings, equality holds in (3.21) for S € B¥ () and T € EIH (9);
see [8, Proposition 7.2]. This result has been ameliorated to cover the general case
where T ¢ £l+2 (9), which will be seen in the next corollary.

Corollary3.17 Let T € CO($)) be an operator such that T and T* have (k). If T is
quasi-affine to S = S* then

o(S) = o(T) = o (T (3.22)

and, in this case $H = Hs(0(T)) = H7r+(c(S)).

Proof Observe from Lemma 3.5 (vi) that S has the SVEP. Moreover, it is clear that S
is a scalar operator, and hence generalized scalar. This implies by Proposition 3.15 that
S has property (C), and hence property (k). Since T is quasi-affine to S, Lemma 3.16
shows that

o(S) Co(T). (3.23)

On the other hand, T* has property (k) and since S is quasi-affine to 7* one concludes
from Lemma 3.16 that
o(T*) Co(S) CR. (3.24)

Hence, (3.22) is obtained a combinations of (3.23) and (3.24). The last equalities
follow from (3.22) and from the fact that oy (x) € o (M) for every x € $ and
M e CO(H). O
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Recall from [22] that a linear operator T is said to be quasi-similar to a linear
operator S if there exist two quasi-affinities G1, G2 € B($)) such that

G\T € SG; and G125 C TGs.

Corollary3.18 Let T € Ll"rz(f)) be an operator such that p(T) # 0. If T is quasi-
affine, in particular, quasi-similar to a nonnegative selfadjoint operator S € C O($))
then

o(S) =o(T).

Proof The proof immediately follows from a combination of Theorem 3.14, Proposi-
tion 3.15 and Corollary 3.17 and, by definition. O

Itis important to note that, in the particular case whereran T = §), the quasi-affinity
of T* to a nonnegative selfadjoint operator is enough to prove all the above results.
This is based on the following remark stated in [3]:

Remark 3.19 Let T € CO($) be a densely defined operator with tan 7 = §. Then
the following statements are equivalent:

() T =AB e L7 (9);

(i) T* is G-quasi-affine to § = §* > 0 with dom 7" € dom S%(G*I)*.
Theorem 3.20 Let T € CO($)) be an operator withtan T = $) and p(T) # @D. If T*
is quasi-affine to S = S* > 0 so that dom T C dom S% (G=YY* then

o(T)=0(S).

Proof The results follows immediately from Remark 3.19 and Corollary 3.18. O
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