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Abstract

We examine the one-sided and two-sided (bilateral) projections of an element of fractional
Gaussian noise onto its neighboring elements. We establish several analytical results and
conduct a numerical study to analyze the behavior of the coefficients of these projections
as functions of the Hurst index and the number of neighboring elements used for the
projection. We derive recurrence relations for the coefficients of the two-sided projection.
Additionally, we explore the norms of both types of projections. Certain special cases are
investigated in greater detail, both theoretically and numerically.

Keywords: fractional Brownian motion; fractional Gaussian noise; coefficients of projection;
prediction coefficients; L2-norm; autocovariance function
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1. Introduction
Consider a fractional Brownian motion (fBm) BH = {BH

t , t ≥ 0} with Hurst index
H ∈ (0, 1). That is, BH is a centered Gaussian process with covariance function of the form

R(t, s) := EBH
t BH

s =
1
2

(
t2H + s2H − |t − s|2H

)
. (1)

Let
∆k = BH

k − BH
k−1, k ≥ 1,

be the kth increment of fBm taken in subsequent integer points k ≥ 1. Then, we obtain from
(1) that

ρk = E∆1∆k+1 =
1
2

(
|k + 1|2H − 2|k|2H + |k − 1|2H

)
, k ≥ 1, ρ0 = 1. (2)

Due to the stationarity of the increments,

E∆k∆l = ρ|k−l|, k, l ≥ 1.

These subsequent increments ∆k, k ≥ 1, create a process that is named fractional Gaussian
noise (fGn). The main properties of this relatively simple discrete-time Gaussian process
are stationarity and the presence of what we call memory. The length of memory is infinite;
however, its intensity depends on Hurst index H, which in turn should be the object of
statistical estimation. For the properties of fGn and statistical estimation, see, e.g., [1–9]
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(of course, any list of references is not exhaustive). These properties have made fractional
Gaussian noise extremely popular in applications, in particular, to physics [10,11], hydrol-
ogy [12], information theory [13], signal detection [14], related permutation entropy [15,16],
and many other fields. Additionally, fGn serves as a model for chain polymers exhibiting
long-range interactions among monomers along the chain, see, e.g., [17].

However, considerable analytical and computational difficulties arise in those prob-
lems in which the covariance matrices of fBm and fGn and their determinants are involved.
The reason for this is obvious, it lies in the huge number of various fractional powers
presented in covariance function and covariance matrices, and the source of this is the frac-
tional Hurst index, see (2). For a more in-depth description of related problems, see [18,19].

In particular, the paper [19] contains three open problems related to the covariance
matrices of fBm and fGn. To formulate these problems, let us define, for n ≥ 1, the triangular
array

{
dj,k, 1 ≤ j ≤ k ≤ n

}
by the following relation:

p∧r

∑
j=1

dj,pdj,r = R(p, r), p, r ∈ {1, . . . , n}. (3)

The sequence
{

dj,k, 1 ≤ j ≤ k ≤ n
}

exists and is unique, as (3) represents the Cholesky
decomposition of the covariance matrix of fBm. Similarly to (3), we can define the Cholesky
decomposition of the covariance matrix of fGn as follows

p∧r

∑
j=1

ℓj,pℓj,r = ρ|p−r|, p, r ∈ {1, . . . , n}.

The properties of the sequences
{

dj,k

}
and

{
ℓj,k

}
for H ∈ ( 1

2 , 1) were investigated in [19].
In particular, the positivity of both sequences was established, along with the monotonicity
of
{

dj,k

}
with respect to k for a fixed j. In their study of this problem, the authors of [19]

found a connection between the projection coefficients, that is, the coefficients of the
one-sided projection of any value of a stationary Gaussian process onto finitely many
subsequent elements, and the Cholesky decomposition of the covariance matrix of the
process. More precisely, according to the theorem of normal correlation, there exists a
real-valued sequence {Γk

n, 2 ≤ k ≤ n} such that

E(∆1 | ∆2, . . . , ∆n) =
n

∑
k=2

Γk
n∆k. (4)

Due to the stationarity of fractional Gaussian noise, we can consider the projection directed
both to the “past” and to the “future”, and in the first case, consider the result as a solution
to the prediction problem. For any n ≥ 1, the coefficients {Γk

n, 2 ≤ k ≤ n} can be computed
as a solution to the following linear system of equations

ρl−1 =
n

∑
k=2

Γk
nρ|l−k|, 2 ≤ l ≤ n. (5)

The properties of the coefficients Γk
n were further investigated in [18], where recurrence

relations for them were obtained, see (11) and (12) below.
Moreover, the following open problems were posed in [19] as conjectures.

Conjecture 1. For all r ≥ 1, d1,r > d2,r > · · · > dr,r.

Conjecture 2. For all 1 ≤ j ≤ k, ℓj,k > ℓj+1,k+1.
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Conjecture 3. The coefficients Γk
n for n = 2, 3, . . . , k = 2, 3, . . . , n, are strictly positive.

It was shown in [19] that Conjecture 3 implies Conjecture 2, which in turn implies
Conjecture 1. Also, Conjecture 3 was numerically confirmed in [18,19] for a wide range of
values of n. Note also that due to stationarity of fGn, coefficients of one-sided projection
can be considered as the prediction coefficients, because

E(∆n | ∆1, . . . , ∆n−1) =
n−1

∑
k=1

Γn−k+1
n ∆k.

It is worth noting that the aforementioned open problems initially arose in [19] during
the study of limit theorems for financial markets with memory. Specifically, the weak
convergence of a discrete-time multiplicative scheme to an asset price model with memory
was investigated. In this context, the pre-limit processes were constructed using the
Cholesky decomposition of the covariance function of fBm. The corresponding proofs
required an in-depth analysis of the properties of the Cholesky decomposition for the
covariance matrix of fBm, which subsequently led to the identification of the open problems
related to the coefficients Γk

n. Therefore, the further study of these coefficients is not only
of intrinsic mathematical interest but also essential for advancing the understanding of
financial markets with memory.

To better understand the properties of projection coefficients for other Gaussian–
Volterra noises, a very simple process of the form

Xt =
∫ t

0
(t − s) dWs,

where W is a Wiener process, was considered in [20].
It is established in [20] that X, like fBm, is self-similar, non-Markov, has a long memory,

and its increments over non-overlapping intervals are positively correlated. But, unlike fBm,
its increments are not stationary. The projection problem of the form (4) for the process X
was considered in [20]. Using a combinatorial approach, we obtained the explicit formulas
for the respective projection coefficients. Note that this is apparently one of the few cases
when the coefficients can be explicitly calculated. We established that the coefficients are
not all positive; moreover, they are alternating. Thus, we can assume that the stationarity
or non-stationarity of the increments is precisely the property that is determining the signs
of projection coefficients. But for now, this statement is still a hypothesis.

With all these previous results in mind, in this paper, we considered three main
tasks: to proceed analytically with the properties of the coefficients of one-sided projection,
to investigate the coefficients of the two-sided (bilateral) projection and to study the norms
of both kinds of projections as the functions of n and H. The motivation for considering a
two-sided projection comes mostly from physics, since we are interested in the influence of
the state of a physical system at a given point and at a given moment on the multilateral
environment with which it interacts. That is, in a sense, we are interested in the influence of
a given point on the two-sided surrounding space, and not just on one side of it. From this
point of view, one can also interpret the influence of the system’s position on both the past
and the future, which does not contradict modern physical theories about time loops, as can
be seen, for example, in recent research [21]. Along the way, we made a rather unexpected
observation: while all the coefficients of one-sided projection remain positive, at least
within the limits of our observations, with a two-sided projection, one of the coefficients
steadily becomes negative, but quite small in absolute value. We established this property
analytically for a small value of n, although this “exceptional” behavior seems somewhat
strange and inexplicable, from a logical point of view.
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The paper is organized as follows: Section 2 is devoted to some properties of the
coefficients of one-sided projections. More precisely, we establish that all coefficients of
one-sided projection (4) in the case n = 4 are strictly positive and at the same time we show
what technical difficulties will arise along the way and why we really limit ourselves to
small values of n in precise calculations. Then, we consider another form of projection that
contains orthogonal summands, calculate the coefficients of such projection, and give a
simple equality for the L2-norm of one-sided projection. In Sections 3 and 4, we calculate
the coefficients of bilateral projection and comment in detail their (somehow unexpected)
properties. Section 5 is devoted to the norms of projections. We see that the norms are
stabilized after some not very big value of n, and both of them do not tend towards 1.
This means that, from the point of view of the theory of stationary sequences, fractional
Gaussian noise is a purely nondeterministic sequence.

2. Some Results Concerning Coefficients of One-Sided Projection
As it was explained in the Introduction, Conjecture 3 about the sign of the coefficients

of one-sided projection (4) (namely the hypothesis that they are strictly positive) has not
been analytically proven yet. However, we can a bit proceed in this direction, and demon-
strate simultaneously what technical difficulties appear in the general case, in comparison
with [18].

2.1. Coefficients of One-Sided Projection (4) in the Case n = 4

Let n = 4. Then

E(∆1 | ∆2, ∆3, ∆4) = Γ2
4∆2 + Γ3

4∆3 + Γ4
4∆4.

It was proven in [18] that Γ2
n > 0 for any n ≥ 2, and it was established in [18]

(Proposition 3) that for any H ∈ (1/2, 1), Γ2
4 > Γ3

4 and Γ4
4 > 0.

The positivity of Γ3
4 was numerically established in [18]. Now, we go a step ahead and

supplement numerical calculations with analytic approach in the interval (1/2, H0), where
ρ3(H) = 1

2 , as well as with some neighborhood of 1. According to equality (20), from [18],

Γ3
4 =

ρ2
1ρ2 − ρ3

2 + ρ1ρ2ρ3 − ρ2
1 + ρ2 − ρ1ρ3

1 + 2ρ2
1ρ2 − ρ2

2 − 2ρ2
1

, (6)

and the denominator in the right-hand side of (6), being a determinant of non-degenerate
covariance matrix, is strictly positive. Therefore, our goal is to establish that

ρ2
1ρ2 − ρ3

2 + ρ1ρ2ρ3 − ρ2
1 + ρ2 − ρ1ρ3 > 0. (7)

It was mentioned in [18] (Remark 5) (and it is very easy to see by direct transformations)
that the left-hand side of (7) equals (1 − ρ2)(ρ2 + ρ2

2 − ρ2
1 − ρ1ρ3). Also, all coefficients ρk

are less than one. Therefore, it is sufficient to prove that

ρ̂ := ρ2 + ρ2
2 − ρ2

1 − ρ1ρ3 > 0.

Remark 1. It is known that ρ2 > ρ2
1 and ρ2

2 < ρ1ρ3 (established in Lemma 3 and Corollary 1
of [18], respectively). These inequalities imply that the sign of ρ̂ cannot be determined directly and
requires a more careful analysis.

Furthermore, substituting the explicit expressions for ρ1, ρ2, and ρ3 in terms of H, we obtain

ρ̂(H) =
1
4

(
92H − 82H − 2 · 62H + 4 · 42H − 2 · 22H − 1

)
. (8)
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It is straightforward to check that ρ̂(H) = 0 when H = 1/2 and H = 1.
Note that the expression (8) involves several distinct exponential functions, namely, 22H , 42H ,

62H , 82H , and 92H , which makes an analytic investigation of its sign and behavior particularly
challenging.

Proposition 1. ρ̂(H) > 0 for all H ∈ (1/2, 1).

Proof. Based on the observations in Remark 1, we provide a combined analytical and
numerical proof. Specifically, we analytically show that ρ̂(H) > 0 for H ∈

(
1
2 , H0

)
,

where H0 ≈ 0.874958 is such that ρ3(H) = 1
2 . Furthermore, we prove that ρ̂(H) > 0 in a

neighborhood of H = 1. Although we are unable to confirm analytically that H1 ≤ H0

(which would provide a complete analytical proof), we supplement the argument with a
numerical verification that clearly demonstrates ρ̂(H) > 0 throughout the entire interval(

1
2 , 1
)

.
Step 1. It was shown in [18] (Lemma 1) that

ρ2 − ρ2
1 =

1
2
(ρ1 − ρ3).

Therefore,

ρ̂ = ρ2 + ρ2
2 − ρ2

1 − ρ1ρ3 =
(

1
2 + ρ1

)
(ρ2 − ρ3) +

(
1
2 − ρ2

)
(ρ1 − ρ2). (9)

Moreover, according to [18] (Corollary 1),

ρ1 > ρ2 > ρ3.

Hence, if ρ2 ≤ 1
2 , it follows directly that ρ̂ > 0.

Now, suppose ρ2 > 1
2 . If ρ3 < 1

2 , then (9) yields:

ρ̂ >
(

1
2 + ρ1

)(
ρ2 − 1

2

)
+
(

1
2 − ρ2

)
(ρ1 − ρ2) =

(
ρ2 − 1

2

)(
1
2 + ρ2

)
> 0.

Note that the condition ρ3(H) < 1
2 is equivalent to H < H0, where H0 ∈

(
1
2 , 1
)

is the
solution of the equation

42H − 2 · 32H + 22H = 1.

We now show that this equation indeed admits a unique solution in the interval
(

1
2 , 1
)

.
Consider the function

f (H) := 42H − 2 · 32H + 22H = 22H
(

22H − 2 ·
( 3

2
)2H

+ 1
)
=: 22H g(H).

It is straightforward to verify that f
(

1
2

)
= 0 and f (1) = 1. Therefore, to establish the

existence and uniqueness of the solution in the given interval, it suffices to show that f is
strictly increasing on

(
1
2 , 1
)

. Evidently, it is enough to prove that g(H) is strictly increasing.
The derivative of g is given by

g′(H) = 2
(

22H log 2 − 2 ·
( 3

2
)2H

log 3
2

)
.

Hence, to show that g′(H) > 0, we need to verify the inequality

22H log 2 > 2 ·
( 3

2
)2H

log 3
2 ,
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which is equivalent to (
4
3

)2H
>

2 log 3
2

log 2
.

Since the left-hand side of this inequality is strictly increasing with respect to H, it suffices
to verify it at H = 1

2 . In this case, the inequality reduces to

4
3
>

2 log 3
2

log 2
.

This can be further rewritten as log 4 > log
( 27

8
)
, which clearly holds.

A numerical approximation of the solution yields H0 ≈ 0.874958.
Step 2. We now prove that ρ̂(H) > 0 in a neighborhood of H = 1. From (9), this is

equivalent to
1
2 + ρ1

ρ2 − 1
2
>

ρ1 − ρ2

ρ2 − ρ3
. (10)

As H → 1, both ρ1 → 1 and ρ2 → 1, and thus

1
2 + ρ1

ρ2 − 1
2
→ 3, H → 1.

We now apply l’Hôpital’s rule to the right-hand side of (10). First, observe that

ρ1 − ρ2 =
1
2
(22H − 2)− 1

2
(32H − 2 · 22H + 1) =

1
2
(3 · 22H − 3 − 32H),

and

ρ2 − ρ3 =
1
2
(32H − 2 · 22H + 1)− 1

2
(42H − 2 · 32H + 22H)

=
1
2
(3 · 32H − 3 · 22H + 1 − 42H).

Clearly, both ρ1 − ρ2 and ρ2 − ρ3 tend towards zero as H → 1. Therefore, by l’Hôpital’s
rule,

lim
H→1

ρ1 − ρ2

ρ2 − ρ3
= lim

H→1

3 · 22H − 3 − 32H

3 · 32H − 3 · 22H + 1 − 42H

= lim
H→1

6 · 22H log 2 − 2 · 32H log 3
6 · 32H log 3 − 6 · 22H log 2 − 2 · 42H log 4

=
12 log 2 − 9 log 3

27 log 3 − 44 log 2
≈ 1.882 ≪ 3.

Therefore, inequality (10) holds for H sufficiently close to 1, and thus ρ̂(H) > 0 in a
neighborhood of H = 1.

Step 3. Finally, we refer to the graph of the function ρ̂(H), shown in Figure 1, which
confirms that ρ̂(H) > 0 throughout the entire interval

(
1
2 , 1
)

.
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Figure 1. Graph of ρ̂(H) as a function of H.

Remark 2. It would be sufficient to show that the second derivative ρ̂′′(H) is negative; however,
this is not the case, as illustrated in Figure 2. Notably, the second derivative becomes positive for
H ≳ 0.96. This observation provides further evidence that the analytical investigation of ρ̂(H)

becomes increasingly challenging for large values of H.

0.6 0.7 0.8 0.9 1.0
H

-2

-1

1

2

(a) ρ̂′(H)

0.6 0.7 0.8 0.9 1.0
H

-10

-5

5

10

(b) ρ̂′′(H)

Figure 2. Graphs of derivatives ρ̂′(H) and ρ̂′′(H) as functions of H.

2.2. Some “Conditional” Relations

Now, our goal is to consider general value of n and construct some kind of recurrence
relations. According to [18] (Proposition 6), the first coefficient Γ2

n > 0 for all n ≥ 2. Now,
assume that we already proved that Γk

n > 0 for some n ≥ 2 and any 2 ≤ k ≤ n.

Proposition 2. If we know that Γk
n > 0 for some n ≥ 2 and any 2 ≤ k ≤ n, then the last coefficient

Γn+1
n+1 in the expansion (4) for n + 1 is positive: Γn+1

n+1 > 0.

Remark 3. The coefficients {Γk
n ∈ R, 2 ≤ k ≤ n} in the expansion (4) are determined recursively

in [18] (Proposition 5). Namely,

Γn+1
n+1 =

ρn − ∑n
k=2 Γk

nρn+1−k

1 − ∑n
k=2 Γk

nρk−1
, n ≥ 2, (11)

Γk
n+1 = Γk

n − Γn+1
n+1Γn−k+2

n , n ≥ 2, 2 ≤ k ≤ n. (12)

Proof. Note that the denominator in (11) is strictly positive as a determinant of covariance
matrix. Therefore, it is sufficient to prove that ρn − ∑n

k=2 Γk
nρn+1−k > 0, under assumption

that Γk
n > 0 for all 2 ≤ k ≤ n.

Multiplying both parts of (4) by ∆n and taking expectation, we get that

ρn−1 −
n

∑
k=2

Γk
nρn−k = 0.
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Therefore, it is sufficient to prove that

δn := ρn−1 − ρn −
n

∑
k=2

Γk
n(ρn−k − ρn+1−k) < 0.

However,

δn = ρn−1

(
1 − ρn

ρn−1

)
−

n

∑
k=2

Γk
nρn−k

(
1 − ρn+1−k

ρn−k

)
,

and taking to the account that Γk
n > 0 and also 0 < ρk < ρk−1 ≤ 1, k ≥ 1 (see [18]

(Corollary 1)), we see that it is sufficient to prove that

1 − ρn

ρn−1
< 1 − ρn+1−k

ρn−k
for 2 ≤ k ≤ n.

However, this relation is a direct consequence of inequality (13) from [18] which states
that the coefficients ρk are log-convex, and so

ρl
ρl−1

<
ρl+1

ρl
.

The proposition is proved.

Remark 4. Since we already proved that for n = 4, Γk
n > 0, 2 ≤ k ≤ 4, it means that Γ5

5 > 0.
However, to prove analytically that Γ4

5 > 0 is a much more tedious problem than to prove that
Γ3

4 > 0 (both coefficients are “penultimate”), therefore it is better to prove this fact numerically, see
Figure 6 in [18]. The situation with the next coefficients is even more involved. This explains why
to get the general result Γk

n > 0, n ≥ 2, 2 ≤ k ≤ n, is indeed problematic.

2.3. “Martingale” Approach to the Calculation of Coefficients

Obviously, the following conditional expectations are equal:

E(∆1 | ∆2, . . . , ∆n)

= E(∆1 | ∆2, ∆3 − E(∆3 | ∆2), . . . , ∆k − E(∆k | ∆2, . . . , ∆k−1), . . . ,

∆n − E(∆n | ∆2, . . . , ∆n−1)),

all random variables in both conditions are Gaussian, and in the right-hand side, they
are non-correlated (orthogonal), therefore create a martingale according to the filtration
Fk = σ{∆2, . . . , ∆k}, and they are even independent. Consequently,

E(∆1 | ∆2, . . . , ∆n) =
n

∑
k=3

Rk
n(∆k − E(∆k | ∆2, . . . , ∆k−1)) + R2

n∆2,

for some coefficients Rk
n ∈ R, n ≥ 2, 2 ≤ k ≤ n.

Proposition 3. Coefficients Rk
n do not depend on n and equal

Rk
n = Rk =

ρk−1 − ∑k−1
i=2 Γi

k−1ρk−i

1 − ∑k−1
i=2 Γi

k−1ρi−1
, 3 ≤ k ≤ n, (13)

R2
n = R2 = ρ1. (14)
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Proof. It follows from the pairwise orthogonality of the terms ∆k −E(∆k | ∆2, . . . , ∆k−1) that

Rk
n =

E(E(∆1 | ∆2, . . . , ∆n)(∆k − E(∆k | ∆2, . . . , ∆k−1)))

E(∆k − E(∆k | ∆2, . . . , ∆k−1))2 .

Recall also that E(∆1 | ∆2, . . . , ∆k−1) = ∑k−1
i=2 Γi

k−1∆i. Taking into account the stationar-
ity of fGn, we can rewrite the latter equality “symmetrically”:

E(∆k | ∆2, . . . , ∆k−1) =
k−1

∑
i=2

Γi
k−1∆k−i+1,

and consequently, for any k ≥ 3,

E
(
E(∆1 | ∆2, . . . , ∆n)(∆k − E(∆k | ∆2, . . . , ∆k−1))

)
= E

(
∆1

(
∆k −

k−1

∑
i=2

Γi
k−1∆k−i+1

))

= ρk−1 −
k−1

∑
i=2

Γi
k−1ρk−i. (15)

Furthermore,

E(∆k − E(∆k | ∆2, . . . , ∆k−1))
2 = 1 − E∆kE(∆k | ∆2, . . . , ∆k−1) = 1 −

k−1

∑
i=2

Γi
k−1ρi−1. (16)

Equalities (15) and (16) imply (13). Equality (14) is obvious.

Corollary 1. Again, it immediately follows from the orthogonality of summands that the L2-norm
of one-sided projection equals

R1(n) := E|E(∆1 | ∆2, . . . , ∆n)|2 =
n

∑
k=2

R2
k .

Despite the simplicity of the form, this equality implicitly contains the coefficients Γk
n, so again it is

not so unambiguous for calculations.

Remark 5. By comparing (11) and (13), we observe that Rk
n = Γk

k for 3 ≤ k ≤ n.

3. Formulas for Calculating Coefficients of Bilateral Projection
In this section, we proceed with two-sided (bilateral) projections of fractional Gaussian

noise. Let us consider the following family of random variables, where each of them
symbolizes the bilateral projection of one element of fGn on the symmetric two-sided
family of its elements:

H j
n = E(∆n | ∆n−j, . . . , ∆n−1, ∆n+1, . . . , ∆n+j), n ≥ 2, 1 ≤ j ≤ n − 1.

Due to the stationarity of fractional Gaussian noise and the theorem of normal correla-
tion (see, e.g., [22] (Theorem 13.1) or [23] (Proposition 1.2)), we obtain the presentation

H j
n =

n+j

∑
k=n−j,k ̸=n

Q|n−k|
j ∆k =

j

∑
k=1

Qk
j (∆n−k + ∆n+k), (17)

where Qk
j ∈ R, 1 ≤ k ≤ j ≤ n − 1 are the respective projection coefficients.
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Note that stationarity of fractional Gaussian noise also implies that Qk
j = Q̂k

j , for all
1 ≤ k ≤ j ≤ min{n − 1, m − 1}, where

H j
m =

m+j

∑
k=m−j,k ̸=m

Q̂|m−k|
j ∆k =

j

∑
k=1

Q̂k
j (∆m−k + ∆m+k).

Let any n ≥ 2 be fixed. Our aim is to find the coefficients Qk
n−1 ∈ R, 1 ≤ k ≤ n − 1,

of the decomposition

Hn−1
n = E(∆n | ∆1, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1) =

2n−1

∑
k=1,k ̸=n

Q|n−k|
n−1 ∆k. (18)

In order to realize this plan, we multiply both sides of (18) by ∆l , for all 1 ≤ l ≤
2n − 1, l ̸= n, and take the expectations. Obviously,

E(E(∆n | ∆1, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1)∆l) = ρ|n−l|.

As a result, we obtain the following system of linear equations:

ρ|n−l| =
2n−1

∑
k=1,k ̸=n

Q|n−k|
n−1 ρ|k−l|, 1 ≤ l ≤ 2n − 1, l ̸= n,

or the following equivalent system of linear equations:

ρn−l =
n−1

∑
k=1

Qn−k
n−1

(
ρ|k−l| + ρ|2n−k−l|

)
, 1 ≤ l ≤ n − 1. (19)

We can rewrite these systems in matrix form. Accordingly, they will take the form

ρ2n−2 = A2n−2Q2n−2, ρ∗n−1 = A∗
n−1Q∗

n−1, (20)

where

ρ2n−2 =



ρn−1

ρn−2
...

ρ1

ρ1
...

ρn−2

ρn−1


, Q2n−2 =



Qn−1
n−1

Qn−2
n−1
...

Q1
n−1

Q1
n−1
...

Qn−2
n−1

Qn−1
n−1


, ρ∗n−1 =


ρn−1

ρn−2
...

ρ1

, Q∗
n−1 =


Qn−1

n−1
Qn−2

n−1
...

Q1
n−1

,

A2n−2 =


1 ρ1 · · · ρn−2 ρn ρn+1 · · · ρ2n−3 ρ2n−2

ρ1 1 · · · ρn−3 ρn−1 ρn · · · ρ2n−4 ρ2n−3
...

...
. . .

...
...

...
. . .

...
...

ρ2n−3 ρ2n−4 · · · ρn−1 ρn−2 ρn−3 · · · 1 ρ1

ρ2n−2 ρ2n−3 · · · ρn ρn−1 ρn−2 · · · ρ1 1

,
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A∗
n−1 =


1 + ρ2n−2 ρ1 + ρ2n−3 · · · ρn−3 + ρn+1 ρn−2 + ρn

ρ1 + ρ2n−3 1 + ρ2n−4 · · · ρn−4 + ρn ρn−3 + ρn−1
...

...
. . .

...
...

ρn−3 + ρn+1 ρn−4 + ρn · · · 1 + ρ4 ρ1 + ρ3

ρn−2 + ρn ρn−3 + ρn−1 · · · ρ1 + ρ3 1 + ρ2

. (21)

Theorem 1. Coefficients {Qk
n−1 ∈ R, 1 ≤ k ≤ n − 1} can be calculated using the following

formulas:
(1) For n = 2, the unique respective coefficient equals

Q1
1 =

ρ1

1 + ρ2
> 0. (22)

(2) For n ≥ 3, the respective coefficients equal

Qn−1
n−1 =

ρn−1 − ∑2n−1
k=2,k ̸=n Gk

2n−1ρ|n−k|

1 − ∑2n−1
k=2,k ̸=n Gk

2n−1ρk−1
, (23)

Qk
n−1 = Qk

n−2 − Qn−1
n−1

(
Tn−k

n−2 + Tn+k
n−2

)
, 1 ≤ k ≤ n − 2, (24)

where

Gk
2n−1 = Γk

2n−1 + Γn
2n−1Sk

2n−1, 2 ≤ k ≤ 2n − 1, k ̸= n, (25)

S2n−1
2n−1 =

ρn−1 − ∑2n−2
k=2,k ̸=n T2n−k

n−2 ρ|n−k|

1 − ∑2n−2
k=2,k ̸=n T2n−k

n−2 ρ|2n−1−k|
, (26)

Sk
2n−1 = Q|n−k|

n−2 − S2n−1
2n−1T2n−k

n−2 , 2 ≤ k ≤ 2n − 2, k ̸= n, (27)

Tk
n−2 = Γk

2n−2 + Γn
2n−2Q|n−k|

n−2 , 2 ≤ k ≤ 2n − 2, k ̸= n, (28)

and the coefficients Γk
n, n ≥ 2, 2 ≤ k ≤ n, are determined recursively by Formulas (11) and (12)

(see Remark 3).

Proof. (1) Let n = 2. In this case, the system (19) is reduced to one equation, namely to

ρ1 = Q1
1(1 + ρ2),

and we immediately get (22).
Moreover, Q1

1 > 0 because it was stated, e.g., in [18] inequalities (11), that for H > 1/2
coefficients ρk are strictly decreasing, i.e.,

ρk−1 > ρk > 0, ∀k ∈ N. (29)

(2) Let n ≥ 3. On the one hand, it follows from equality (17) that

Hn−2
n =

2n−2

∑
k=2,k ̸=n

Q|n−k|
n−2 ∆k. (30)

On the other hand, it follows from the tower property of conditional expectations and the
inclusion of the corresponding σ-algebras that

Hn−2
n = E(∆n | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2)

= E(Hn−1
n | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2)
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(18)
=

2n−2

∑
k=2,k ̸=n

Q|n−k|
n−1 ∆k + Qn−1

n−1(M1
n−2 + M2n−1

n−2 ), (31)

where

M1
n−2 = E(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2) =

2n−2

∑
k=2,k ̸=n

Tk
n−2∆k,

M2n−1
n−2 = E(∆2n−1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2) =

2n−2

∑
k=2,k ̸=n

T̃k
n−2∆k, (32)

for some coefficients Tk
n−2, T̃k

n−2 ∈ R (we will define them during the proof). Due to
stationarity of the increments, T̃k

n−2 = T2n−k
n−2 , 2 ≤ k ≤ 2n − 2.

Again, due to tower property of conditional expectations,

M1
n−2 = E(E(∆1 | ∆2, . . . , ∆n−1, ∆n, ∆n+1, . . . , ∆2n−2) | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2)

(4)
= E

(
2n−2

∑
k=2

Γk
2n−2∆k

∣∣∣∣ ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2

)

=
2n−2

∑
k=2,k ̸=n

Γk
2n−2∆k + Γn

2n−2Hn−2
n

=
2n−2

∑
k=2,k ̸=n

Γk
2n−2∆k + Γn

2n−2

2n−2

∑
k=2,k ̸=n

Q|n−k|
n−2 ∆k =

2n−2

∑
k=2,k ̸=n

Tk
n−2∆k.

(33)

Equating the coefficients at ∆k in the last equality in (33), we get (28). Thus, taking to
account (30) and (31), we can conclude that

Q|n−k|
n−2 = Q|n−k|

n−1 + Qn−1
n−1

(
Tk

n−2 + T2n−k
n−2

)
, 2 ≤ k ≤ 2n − 2, k ̸= n,

which leads to (24) via the relations

|n − k| = |n − (2n − k)|, 1 ≤ |n − k| ≤ n − 2, for 2 ≤ k ≤ 2n − 2, k ̸= n.

Now, we shall calculate Qn−1
n−1. For this purpose, let us present the projection Hn−1

n in
the following form:

Hn−1
n = Qn−1

n−1∆1 + . . . + Q1
n−1∆n−1 + Q1

n−1∆n+1 + . . . + Qn−1
n−1∆2n−1

= Qn−1
n−1 I1 +

2n−1

∑
k=2,k ̸=n

Q̃k
n−1∆k. (34)

Here, Q̃k
n−1 ∈ R, 2 ≤ k ≤ 2n − 1, k ̸= n are some coefficients, and the random variable

I1 equals
I1 = ∆1 − E(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1).

Multiply both sides of (34) by I1 and take the expectations. Since

Cov (I1, ∆k) = E∆1∆k − E(∆kE(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1)) = 0, (35)

for all 2 ≤ k ≤ 2n − 1, k ̸= n, we get

E

(
I1

2n−1

∑
k=2,k ̸=n

Q̃k
n−1∆k

)
= 0.
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Moreover, due to the fact that

E(Hn−1
n I1) = E(E(∆n I1 | ∆1, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1)) = E(∆n I1),

we obtain from (34):

E(∆n I1) = Qn−1
n−1E(I1)

2. (36)

Thus,

Qn−1
n−1 =

E(∆n∆1 − ∆nE(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1))

E(∆1 − E(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1))2 , (37)

and our next step is to determine E(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1).
By (4),

E(∆1 | ∆2, . . . , ∆n−1, ∆n, ∆n+1, . . . , ∆2n−1) =
2n−1

∑
k=2

Γk
2n−1∆k.

Hence, similarly to the calculation of M1
n−2 in (33), we obtain

E(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1)

=
2n−1

∑
k=2,k ̸=n

Γk
2n−1∆k + Γn

2n−1E(∆n | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1), (38)

and now we need to determine the last conditional expectation in (38).
Using the same reasoning as in (34), we get

E(∆n | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1) =
2n−1

∑
k=2,k ̸=n

Sk
2n−1∆k

= S2n−1
2n−1 J2n−1 +

2n−2

∑
k=2,k ̸=n

S̃k
2n−1∆k, (39)

where S̃k
2n−1 ∈ R, 2 ≤ k ≤ 2n − 2, k ̸= n are some coefficients, and

J2n−1 = ∆2n−1 − E(∆2n−1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2) = ∆2n−1 − M2n−1
n−2 .

Multiplying both sides of (39) by J2n−1 and taking the expectations, we arrive at

E(∆n J2n−1) = S2n−1
2n−1E(J2n−1)

2. (40)

To continue, we substitute (32) in (40) and obtain the equalities

S2n−1
2n−1 =

E(∆n∆2n−1 − ∆n ∑2n−2
k=2,k ̸=n T2n−k

n−2 ∆k)

E(J2n−1)2 =
ρn−1 − ∑2n−2

k=2,k ̸=n T2n−k
n−2 ρ|n−k|

1 − ∑2n−2
k=2,k ̸=n T2n−k

n−2 ρ|2n−1−k|
.

With the same reasonings that allowed us to get (36), we can use the orthogonality of the
random variables ∆k and J2n−1 for all 2 ≤ k ≤ 2n − 1, k ̸= n. With this at hand, we get that

E(J2n−1)
2 = E

[(
∆2n−1 −

2n−2

∑
k=2,k ̸=n

T2n−k
n−2 ∆k

)2
]
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= E

[
∆2n−1

(
∆2n−1 −

2n−2

∑
k=2,k ̸=n

T2n−k
n−2 ∆k

)]

−
2n−2

∑
k=2,k ̸=n

T2n−k
n−2 E

[
∆k

(
∆2n−1 −

2n−2

∑
k=2,k ̸=n

T2n−k
n−2 ∆k

)]
,

where the last term equals 0. Thus, we have proved equality (26).
Further, let us determine coefficients Sk

2n−1, 2 ≤ k ≤ 2n − 2 from (39). It follows from
the tower property of conditional expectations and the first equality of (39) that

Hn−2
n = E(E(∆n | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1) | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2)

= E

(
2n−1

∑
k=2,k ̸=n

Sk
2n−1∆k

∣∣∣∣ ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−2

)

=
2n−2

∑
k=2,k ̸=n

Sk
2n−1∆k + S2n−1

2n−1 M2n−1
n−2

(32)
=

2n−2

∑
k=2,k ̸=n

Sk
2n−1∆k +

2n−2

∑
k=2,k ̸=n

S2n−1
2n−1T2n−k

n−2 ∆k
(30)
=

2n−2

∑
k=2,k ̸=n

Q|n−k|
n−2 ∆k.

Equating the coefficients associated with ∆k, 2 ≤ k ≤ 2n − 2, k ̸= n, in the last relation,
we establish (27).

Consequently, we have that

E(∆1 | ∆2, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1)

=
2n−1

∑
k=2,k ̸=n

Γk
2n−1∆k + Γn

2n−1

2n−1

∑
k=2,k ̸=n

Sk
2n−1∆k =

2n−1

∑
k=2,k ̸=n

Gk
2n−1∆k, (41)

where coefficients Gk
2n−1 are defined by (25).

Substituting (41) into (37) and applying of (35) leads us to (23), which completes the
proof of the theorem.

4. Calculation of Bilateral Projection Coefficients for n = 2, 3, 4
It is obvious that, in the general case, Theorem 1 gives formulas for calculating pro-

jection coefficients in a rather complicated form, and the possibility of simplifying them
does not seem realistic. Therefore, it is interesting to consider particular cases when the
formulas for the projection coefficients have a comparatively simple and observable form.
So, let us look at some special cases, namely to subsequently consider the values n = 2, 3, 4,
and calculate projection coefficients Qk

n−1 from (18), using system (19) and respective matrix
Equation (20). To understand the behavior of coefficients as functions of H, we recall that in
the ultimate case H = 1 fractional Brownian motion B1

t = ξt, t ≥ 0, where ξ is a standard
normal variable, whence all ∆k equals ξ and consequently all ρk equal 1.

To solve (19) we use Cramer’s rule, namely

Qk
n−1 =

D∗
n−1,k

D∗
n−1

, (42)

where D∗
n−1,k = det(A∗

n−1,k), D∗
n−1 = det(A∗

n−1), matrix A∗
n−1 is defined by (21) and A∗

n−1,k
is the matrix A∗

n−1 with its (n − k)th column vector replaced by ρ∗n−1 from Equation (20).
We illustrate each case with the corresponding graphs.
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4.1. Case n = 2

Recall that, according to item (1) from Theorem 1, in this case, we have the unique
coefficient Q1

1, and it equals

Q1
1 =

ρ1

1 + ρ2
.

As expected, we see on Figure 3 that the coefficient Q1
1 increases from zero to 1

2 as H
increases from 1

2 to 1. Moreover, it is a concave function of H.

0.6 0.7 0.8 0.9 1.0
H

0.1

0.2

0.3

0.4

0.5

Q1
1

Figure 3. Graph of Q1
1 as a function of H.

4.2. Case n = 3

In this case, the determinants of the system (19) equal

D∗
2 = (1 + ρ2)(1 + ρ4)− (ρ1 + ρ3)

2,

D∗
2,1 = ρ1(1 + ρ4)− ρ2(ρ1 + ρ3), D∗

2,2 = ρ2(1 + ρ2)− ρ1(ρ1 + ρ3),

and we obtain the following values of the coefficients:

Q1
2 =

ρ1(1 + ρ4)− ρ2(ρ1 + ρ3)

(1 + ρ2)(1 + ρ4)− (ρ1 + ρ3)2 , Q2
2 =

ρ2(1 + ρ2)− ρ1(ρ1 + ρ3)

(1 + ρ2)(1 + ρ4)− (ρ1 + ρ3)2 .

Let us show that coefficients Q1
2, Q2

2 are strictly positive for all H ∈ (1/2, 1).
By (29), 1 > ρ1 > ρ2 > ρ3. Thus,

1 + ρ2 > ρ1 + ρ3. (43)

Also, due to inequality (12) from [18], ρk−1 − ρk > ρk − ρk+1, whence

1 − ρ1 > ρ3 − ρ4 ⇔ 1 + ρ4 > ρ1 + ρ3. (44)

Taking (43) and the right-hand side of (44) into account, we immediately get that
D∗

2 > 0. Moreover, taking again the right-hand side of inequality (44) and relation ρ1 > ρ2

into account, we obtain that

ρ1(1 + ρ4) > ρ2(ρ1 + ρ3),
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i.e., D∗
2,1 > 0 and consequently Q1

2 > 0. Furthermore, by inequality (24) from [18],
ρ2(1 + ρ2) > ρ1(ρ1 + ρ3). Hence, D∗

2,2 > 0, and Q2
2 > 0. As we can see from Figure 4,

coefficient Q1
2 is strictly increasing and concave function of H, while Q2

2 is also concave but
changes its monotonicity. The maximum value of Q2

2 is attained at the point H ≈ 0.7807
and equals 0.0733648. The limits of Q1

2 and Q2
2 as H ↑ 1 are equal to 0.459546 and 0.040454,

respectively, and the sum of the limits equals 1
2 .

0.6 0.7 0.8 0.9 1.0
H

0.1

0.2

0.3

0.4

Q2
1 Q2

2

Figure 4. Graphs of Q1
2 and Q2

2 as functions of H.

4.3. Case n = 4

In this case, the covariance matrix has the form

A∗
3 =

 1 + ρ6 ρ1 + ρ5 ρ2 + ρ4

ρ1 + ρ5 1 + ρ4 ρ1 + ρ3

ρ2 + ρ4 ρ1 + ρ3 1 + ρ2

.

Thus,

D∗
3 = (1 + ρ6)(1 + ρ4)(1 + ρ2)− (1 + ρ6)(ρ1 + ρ3)

2 − (1 + ρ4)(ρ2 + ρ4)
2

− (1 + ρ2)(ρ1 + ρ5)
2 + 2(ρ1 + ρ3)(ρ2 + ρ4)(ρ1 + ρ5),

D∗
3,1 = (1 + ρ6)

(
ρ1(1 + ρ4)− ρ2(ρ1 + ρ3)

)
− (ρ1 + ρ5)

(
ρ1(ρ1 + ρ5)− ρ3(ρ1 + ρ3)

)
+ (ρ2 + ρ4)

(
ρ2(ρ1 + ρ5)− ρ3(1 + ρ4)

)
,

D∗
3,2 = (1 + ρ6)

(
ρ2(1 + ρ2)− ρ1(ρ1 + ρ3)

)
− (ρ1 + ρ5)

(
ρ3(1 + ρ2)− ρ1(ρ2 + ρ4)

)
+ (ρ2 + ρ4)

(
ρ3(ρ1 + ρ3)− ρ2(ρ2 + ρ4)

)
,

D∗
3,3 = ρ3

(
(1 + ρ4)(1 + ρ2)− (ρ1 + ρ3)

2)− (ρ1 + ρ5)
(
ρ2(1 + ρ2)− ρ1(ρ1 + ρ3)

)
+ (ρ2 + ρ4)

(
ρ2(ρ1 + ρ3)− ρ1(1 + ρ4)

)
,

and coefficients Qk
3, 1 ≤ k ≤ 3, can be calculated by Formula (42).

It was proven in [24] (Theorem 1.1) that the covariance matrices of fractional Brownian
motion and fractional Gaussian noise are non-degenerate. Therefore, D∗

3 > 0. Let us
try to investigate the sign of D∗

3,1. Obviously, D∗
3,1 starts and finishes with zero values.

Furthermore, while the analysis of the determinant D∗
3,1 is difficult, and simple comparisons

of the coefficients, as was done for n = 2, seems to be impossible, it is very easy to
numerically analyze it, and the result is presented in Figure 5a. We see that D∗

3,1 is strictly
positive between H = 1

2 and H = 1. The determinant D∗
3,3 can be analyzed numerically in

a similar manner. We mention that it also remains positive for 1
2 < H < 1, see Figure 5b.
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H

0.05

0.10

0.15
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D3,1
*

(a) D∗
3,1

0.6 0.7 0.8 0.9 1.0
H

0.01

0.02

0.03

0.04

0.05

D3,3
*

(b) D∗
3,3

Figure 5. Graphs of D∗
3,1 and D∗

3,3 as functions of H.

Now, let us investigate the determinant D∗
3,2. Surprisingly, Figure 6 shows that D∗

3,2
becomes negative for values of H close to one, starting from approximately 0.99300. How-
ever, the corresponding negative values of D∗

3,2 have extremely small absolute values: the
minimum value is −4.844 · 10−7. To ensure this phenomenon is not caused by numerical
calculation errors, we will analyze the behavior of D∗

3,2 as a function of H in more detail.
The next proposition analytically shows that D∗

3,2 is indeed negative in a left neighborhood
of 1.

0.6 0.7 0.8 0.9 1.0
H0.00

0.01

0.02

0.03

0.04

0.05

(a) graph of D∗
3,2 as a function of H ∈ (0.5, 1)

0.992 0.994 0.996 0.998 1.000
H

-1×10-6

1×10-6
2×10-6
3×10-6
4×10-6
5×10-6

(b) enlargement near H = 1

Figure 6. Graph of D∗
3,2 as a function of H.

Proposition 4. There exists some δ ∈ (0, 1) such that D∗
3,2 < 0 for all H ∈ (δ, 1).

Proof. The proof is based on analyzing the first and second derivatives of D∗
3,2 at H = 1.

We shall show that

lim
H↑1

D∗
3,2 = 0, lim

H↑1
∂H D∗

3,2 = 0, lim
H↑1

∂HH D∗
3,2 < 0. (45)

as illustrated in Figures 6–8, which shows the graphs of D∗
3,2 and its derivatives. These

results collectively imply the desired conclusion. Specifically, the final inequality indicates
that the first derivative ∂H D∗

3,2 strictly decreases as H approaches 1. Given that ∂H D∗
3,2 is

continuous and equals zero at H = 1, it follows that ∂H D∗
3,2 is positive on some interval

(δ, 1). Consequently, the determinant D∗
3,2 itself strictly increases on (δ, 1). Since D∗

3,2 = 0
at H = 1, we can conclude that D∗

3,2 < 0 for H ∈ (δ, 1).
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Figure 7. The derivative ∂H D∗
3,2 as a function of H.

0.6 0.7 0.8 0.9 1.0
H

-4
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2

0.992 0.994 0.996 0.998 1.000
-0.2
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0.4

0.6

0.8

Figure 8. The second derivative ∂HH D∗
3,2 as a function of H.

The first equality in (45) follows from the fact that if H = 1, then ρk = 1 for any k.
Therefore,

D∗
3,2 =

∣∣∣∣∣∣∣
1 + ρ6 ρ3 ρ2 + ρ4

ρ1 + ρ5 ρ2 ρ1 + ρ3

ρ2 + ρ4 ρ1 1 + ρ2

∣∣∣∣∣∣∣ −−→H↑1

∣∣∣∣∣∣∣
2 1 2
2 1 2
2 1 2

∣∣∣∣∣∣∣ = 0.

Similarly, for the first derivative, we have (denoting by ρ̂′k the values of ρ′k at H = 1)

∂H D∗
3,2 =

∣∣∣∣∣∣∣
ρ′6 ρ3 ρ2 + ρ4

ρ′1 + ρ′5 ρ2 ρ1 + ρ3

ρ′2 + ρ′4 ρ1 1 + ρ2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣

1 + ρ6 ρ′3 ρ2 + ρ4

ρ1 + ρ5 ρ′2 ρ1 + ρ3

ρ2 + ρ4 ρ′1 1 + ρ2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣

1 + ρ6 ρ3 ρ′2 + ρ′4
ρ1 + ρ5 ρ2 ρ′1 + ρ′3
ρ2 + ρ4 ρ1 ρ′2

∣∣∣∣∣∣∣
−−→
H↑1

∣∣∣∣∣∣∣
ρ̂′6 1 2

ρ̂′1 + ρ̂′5 1 2
ρ̂′2 + ρ̂′4 1 2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
2 ρ̂′3 2
2 ρ̂′2 2
2 ρ̂′1 2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
2 1 ρ̂′2 + ρ̂′4
2 1 ρ̂′1 + ρ̂′3
2 1 ρ̂′2

∣∣∣∣∣∣∣ = 0,

because all matrices in the limit have two linearly dependent columns.
Finally, let us calculate the second derivative. We have

∂HH D∗
3,2 =

∣∣∣∣∣∣∣
ρ′′6 ρ3 ρ2 + ρ4

ρ′′1 + ρ′5 ρ2 ρ1 + ρ3

ρ′′2 + ρ′4 ρ1 1 + ρ2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣

1 + ρ6 ρ′′3 ρ2 + ρ4

ρ1 + ρ5 ρ′′2 ρ1 + ρ3

ρ2 + ρ4 ρ′′1 1 + ρ2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣

1 + ρ6 ρ3 ρ′′2 + ρ′′4
ρ1 + ρ5 ρ2 ρ′′1 + ρ′′3
ρ2 + ρ4 ρ1 ρ′′2

∣∣∣∣∣∣∣
+ 2

∣∣∣∣∣∣∣
ρ′6 ρ′3 ρ2 + ρ4

ρ′1 + ρ′5 ρ′2 ρ1 + ρ3

ρ′2 + ρ′4 ρ′1 1 + ρ2

∣∣∣∣∣∣∣+ 2

∣∣∣∣∣∣∣
ρ′6 ρ3 ρ′2 + ρ′4

ρ′1 + ρ′5 ρ2 ρ′1 + ρ′3
ρ′2 + ρ′4 ρ1 ρ′2

∣∣∣∣∣∣∣+ 2

∣∣∣∣∣∣∣
1 + ρ6 ρ′3 ρ′2 + ρ′4
ρ1 + ρ5 ρ′2 ρ′1 + ρ′3
ρ2 + ρ4 ρ′1 ρ′2

∣∣∣∣∣∣∣
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−−→
H↑1

2

∣∣∣∣∣∣∣
ρ̂′6 ρ̂′3 2

ρ̂′1 + ρ̂′5 ρ̂′2 2
ρ̂′2 + ρ̂′4 ρ̂′1 2

∣∣∣∣∣∣∣+ 2

∣∣∣∣∣∣∣
ρ̂′6 1 ρ̂′2 + ρ̂′4

ρ̂′1 + ρ̂′5 1 ρ̂′1 + ρ̂′3
ρ̂′2 + ρ̂′4 1 ρ̂′2

∣∣∣∣∣∣∣+ 2

∣∣∣∣∣∣∣
2 ρ̂′3 ρ̂′2 + ρ̂′4
2 ρ̂′2 ρ̂′1 + ρ̂′3
2 ρ̂′1 ρ̂′2

∣∣∣∣∣∣∣.
Expanding the determinants and rearranging terms, we arrive at

lim
H↑1

∂HH D∗
3,2 = 6ρ̂′1ρ̂′2 − 4ρ̂′1ρ̂′3 + 8ρ̂′1ρ̂′4 + 4ρ̂′1ρ̂′5 − 6ρ̂′1ρ̂′6 − 6(ρ̂′2)

2 + 2ρ̂′2ρ̂′3 − 12ρ̂′2ρ̂′4

+ 6ρ̂′2ρ̂′6 + 4(ρ̂′3)
2 + 6ρ̂′3ρ̂′4 − 4ρ̂′3ρ̂′5 − 2ρ̂′3ρ̂′6 − 2(ρ̂′4)

2 + 2ρ̂′4ρ̂′5.
(46)

Next, we calculate the values of ρ̂′1, . . . , ρ̂′6:

ρ̂′1 = 4 log 2, ρ̂′2 = 9 log 3 − 8 log 2,

ρ̂′3 = 36 log 2 − 18 log 3, ρ̂′4 = −64 log 2 + 9 log 3 + 25 log 5,

ρ̂′5 = 32 log 2 − 50 log 5 + 72 log 6, ρ̂′6 = 25 log 5 − 72 log 6 + 49 log 7.

After substituting these values into (46) and computing the numerical value, we find that

lim
H↑1

∂HH D∗
3,2 ≈ −0.277226.

Thus, (45) holds, and the proof follows.

Concerning the projection coefficients, they are presented in Figure 9. The maximum
value of Q2

3 is attained at H ≈ 0.7152 and equals 0.0530381. The maximum value of Q3
3 is

attained at H ≈ 0.8729 and equals 0.0554454. The limits of Q1
3, Q2

3, and Q3
3 as H ↑ 1 are

0.449901, −0.002201, and 0.052300, respectively. Note that the sum of the coefficients still
converges to 0.5.

0.6 0.7 0.8 0.9 1.0
H0.0

0.1

0.2

0.3

0.4

0.992 0.994 0.996 0.998 1.000

-0.0025
-0.0020
-0.0015
-0.0010
-0.0005
0.0000
0.0005
0.0010 Q3

1

Q3
2

Q3
3

Figure 9. Graphs of Q1
3, Q2

3 and Q3
3 as functions of H.

4.4. Further Numerical Results

For the cases n = 5 and n = 6, we provide the graphs in Figures 10 and 11. In both
cases, all coefficients except the second ones (i.e., Q2

4 and Q2
5) are positive for all H ∈ (0.5, 1).

The second coefficients become negative as H approaches 1.
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0.6 0.7 0.8 0.9 1.0
H0.0

0.1

0.2

0.3

0.4

0.985 0.990 0.995 1.000

-0.005

-0.004

-0.003

-0.002

-0.001

0.001

0.002
Q4
1

Q4
2

Q4
3

Q4
4

Figure 10. Graphs of Qk
4, k = 1, 2, 3, 4, as functions of H.

0.6 0.7 0.8 0.9 1.0
H

0.05

0.10

0.15

Q5
1

Q5
2

Q5
3

Q5
4

Q5
5

Figure 11. Graphs of Qk
5, k = 1, . . . , 5, as functions of H.

Figure 12 illustrates the behavior of the second coefficient Q2
n for various n = 2, . . . , 6

as a function of H ∈ (0.5, 1). All graphs start at zero, increase to a maximum point, and then
decrease. Except for Q2

2, all of them eventually become negative.

0.6 0.7 0.8 0.9 1.0
H

0.02

0.04

0.06

Q2
2 Q3

2 Q4
2 Q5

2 Q6
2

n Root of Q2
n

3 0.99300
4 0.98491
5 0.97742
6 0.97375
7 0.97143
8 0.96991
9 0.96885

10 0.96807

Figure 12. Graphs of Q2
n, n = 2, . . . , 6, as functions of H. Points of intersection with H axis.
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We also compute the coefficients Qk
n for various values of H numerically. Tables 1–6

list the results for H = 0.51, 0.6, 0.7, 0.8, 0.9, and 0.99 for 1 ≤ n ≤ 10. Mention that the
coefficients Qk

n in these tables where computed by the recursive algorithm presented in
Theorem 1.

Table 1. Coefficients Qk
n for H = 0.51.

n\k 1 2 3 4 5 6 7 8 9 10

1 0.013884
2 0.013795 0.005149
3 0.013769 0.005096 0.003342
4 0.013756 0.005079 0.003304 0.002480
5 0.013747 0.005070 0.003292 0.002451 0.001973
6 0.013742 0.005064 0.003284 0.002441 0.001949 0.001638
7 0.013738 0.005059 0.003279 0.002435 0.001940 0.001617 0.001400
8 0.013735 0.005056 0.003276 0.002431 0.001935 0.001610 0.001383 0.001223
9 0.013732 0.005054 0.003273 0.002428 0.001932 0.001606 0.001376 0.001207 0.001085
10 0.013730 0.005052 0.003271 0.002425 0.001929 0.001603 0.001372 0.001202 0.001071 0.000975

Table 2. Coefficients Qk
n for H = 0.6.

n\k 1 2 3 4 5 6 7 8 9 10

1 0.138815
2 0.130739 0.043422
3 0.128648 0.038862 0.028344
4 0.127592 0.037639 0.025192 0.020583
5 0.126965 0.036969 0.024314 0.018184 0.016087
6 0.126552 0.036549 0.023814 0.017503 0.014158 0.013157
7 0.126260 0.036261 0.023490 0.017104 0.013603 0.011548 0.011103
8 0.126044 0.036051 0.023262 0.016841 0.013272 0.011081 0.009725 0.009585
9 0.125878 0.035892 0.023092 0.016653 0.013051 0.010799 0.009322 0.008382 0.008419
10 0.125746 0.035767 0.022962 0.016511 0.012891 0.010609 0.009077 0.008029 0.007354 0.007498

Table 3. Coefficients Qk
n for H = 0.7.

n\k 1 2 3 4 5 6 7 8 9 10

1 0.268776
2 0.242278 0.067642
3 0.236101 0.052812 0.045780
4 0.233065 0.049661 0.035927 0.032171
5 0.231346 0.047932 0.033750 0.024852 0.024639
6 0.230255 0.046897 0.032493 0.023212 0.018868 0.019801
7 0.229509 0.046210 0.031715 0.022234 0.017561 0.015065 0.016460
8 0.228971 0.045725 0.031184 0.021615 0.016765 0.013985 0.012463 0.014025
9 0.228567 0.045365 0.030800 0.021185 0.016254 0.013317 0.011546 0.010579 0.012178
10 0.228255 0.045089 0.030510 0.020869 0.015894 0.012883 0.010973 0.009785 0.009158 0.010733

Table 4. Coefficients Qk
n for H = 0.8.

n\k 1 2 3 4 5 6 7 8 9 10

1 0.376892
2 0.332755 0.073057
3 0.323218 0.046763 0.053946
4 0.318643 0.042641 0.037340 0.036154
5 0.316190 0.040274 0.034583 0.024079 0.027185
6 0.314689 0.038939 0.032895 0.022066 0.017849 0.021453
7 0.313695 0.038083 0.031908 0.020780 0.016283 0.013915 0.017566
8 0.312999 0.037495 0.031255 0.020011 0.015254 0.012646 0.011291 0.014771
9 0.312489 0.037071 0.030796 0.019492 0.014628 0.011794 0.010232 0.009428 0.012677
10 0.312103 0.036753 0.030457 0.019121 0.014200 0.011271 0.009510 0.008524 0.008045 0.011056
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Table 5. Coefficients Qk
n for H = 0.9.

n\k 1 2 3 4 5 6 7 8 9 10

1 0.454626
2 0.403922 0.062598
3 0.393175 0.026612 0.055279
4 0.388117 0.022914 0.034159 0.034475
5 0.385560 0.020488 0.031750 0.019333 0.025609
6 0.384053 0.019229 0.030042 0.017646 0.014144 0.019817
7 0.383088 0.018445 0.029120 0.016370 0.012869 0.010706 0.015985
8 0.382430 0.017924 0.028526 0.015666 0.011862 0.009697 0.008507 0.013264
9 0.381961 0.017557 0.028120 0.015202 0.011298 0.008875 0.007682 0.006973 0.011252
10 0.381613 0.017289 0.027828 0.014879 0.010921 0.008409 0.006992 0.006281 0.005857 0.009711

Table 6. Coefficients Qk
n for H = 0.99.

n\k 1 2 3 4 5 6 7 8 9 10

1 0.496847
2 0.454561 0.043067
3 0.444715 0.000938 0.052726
4 0.440112 −0.001495 0.030379 0.029737
5 0.437912 −0.003621 0.028833 0.013718 0.022123
6 0.436656 −0.004607 0.027350 0.012702 0.010257 0.016765
7 0.435877 −0.005212 0.026630 0.011610 0.009520 0.007463 0.013351
8 0.435359 −0.005601 0.026173 0.011071 0.008669 0.006900 0.005813 0.010945
9 0.434998 −0.005868 0.025869 0.010719 0.008243 0.006212 0.005366 0.004673 0.009187
10 0.434735 −0.006059 0.025656 0.010482 0.007961 0.005865 0.004794 0.004307 0.003862 0.007854

Let us summarize our findings from the graphical and numerical results. The following
patterns can be observed:

(i) All coefficients are positive except Q2
n for n ≥ 3.

(ii) The first coefficient in each row is the largest, i.e., Q1
n > Qk

n for any 2 ≤ k ≤ n. Often,
it is substantially larger than any other coefficient in the row.

(iii) Monotonicity along each column holds, i.e., Qk
n > Qk

n+1 for fixed k.
(iv) As a function of H, the first coefficient in each row, i.e., Q1

n for n ≥ 1, increases as H
increases from 0.5 to 1. Other coefficients (Qk

n for 2 ≤ k ≤ n) increase to a maximum
point and then decrease.

(v) All coefficients are concave functions of H ∈ (0.5, 1).
(vi) For each fixed n, the sum of the coefficients Q1

n + · · ·+ Qn
n converges to 0.5 as H ↑ 1.

Note that properties (ii) and (iii) are similar to those of the coefficients Γk
n, as studied

in [18]. Unlike Qk
n, all Γk

n are positive for 0.5 < H < 1; the sum of Γk
n for any fixed n tends

to 1 as H ↑ 1.

5. Asymptotic Behavior of the Projection Norm
In this section, we investigate the asymptotic behavior of the norms of projections (4)

and (18) with the growth of H and n, i.e.,

R1(n) = E|E(∆1 | ∆2, . . . , ∆n)|2,

R2(n) = E|E(∆n|∆1, . . . , ∆n−1, ∆n+1, . . . , ∆2n−1)|2.

We can represent these norms as follows.

Proposition 5. The norms R1(n) and R2(n) admit the following representations:

R1(n) =
n

∑
k=2

Γk
nρk−1, R2(n) = 2

n−1

∑
k=1

Qk
n−1ρk. (47)
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Proof. By the definition of the norm R1(n) and the representation (4), we have

R1(n) = E

∣∣∣∣∣ n

∑
k=2

Γk
n∆k

∣∣∣∣∣
2

=
n

∑
k,l=2

Γk
nΓl

nρ|k−l|.

Now taking into account (5), we obtain the first identity in (47).
The identity for R2(n) can be proved similarly. By (17),

R2(n) = E

∣∣∣∣∣n−1

∑
k=1

Qk
n−1(∆n−k + ∆n+k)

∣∣∣∣∣
2

=
n−1

∑
k,l=1

Qk
n−1Ql

n−1E(∆n−k + ∆n+k)(∆n−l + ∆n+l)

= 2
n−1

∑
k=1

Qk
n−1

n−1

∑
l=1

Ql
n−1

(
ρ|k−l| + ρk+l

)
,

(48)

Observe that by (19)

ρk =
n−1

∑
j=1

Qn−j
n−1

(
ρ|j−n+k| + ρ|n−j+k|

)
=

n−1

∑
l=1

Ql
n−1

(
ρ|k−l| + ρk+l

)
, 1 ≤ k ≤ n − 1.

We now substitute this identity into the right-hand side of (48) and arrive to the desired
formula for R2(n).

We numerically study the behavior of the norms R1(n) and R2(n). Figure 13 illustrates
their behavior as functions of n. It is observed that both norms increase with increasing n
or H. Additionally, as n → ∞, R1(n) and R2(n) approach certain limits that depend on H
and can be calculated numerically.
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0 20 40 60 80 100
0.040

0.042

0.044

0.046

0.048

0.050

R2(n) for H = 0.6

0 20 40 60 80 100
0.100

0.105

0.110

0.115

0.120

0.125
R1(n) for H = 0.7

0 20 40 60 80 100
0.170

0.175

0.180

0.185

0.190

R2(n) for H = 0.7

0 20 40 60 80 100
0.26

0.27

0.28

0.29

0.30

0.31
R1(n) for H = 0.8

0 20 40 60 80 100

0.390

0.395

0.400

0.405

R2(n) for H = 0.8

Figure 13. Cont.
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Figure 13. Norms R1(n) (left) and R2(n) (right) as functions of n for H = 0.6, 0.7, 0.8, 0.9.

Table 7 presents the values of the norms for various n and H. For fixed n and H, it is
evident that R2(n) is greater than R1(n).

Table 7. Norms R1(n) and R2(n) for various n.

n 2 50 100 200 300 400

H = 0.6 R1(n) 0.022111 0.028281 0.028380 0.028429 0.028445 0.028453
R2(n) 0.041283 0.049737 0.049813 0.049846 0.049856 0.049860

H = 0.7 R1(n) 0.102085 0.124071 0.124427 0.124604 0.124662 0.124692
R2(n) 0.171752 0.190355 0.190451 0.190487 0.190496 0.190500

H = 0.8 R1(n) 0.265964 0.305413 0.306050 0.306365 0.306469 0.306521
R2(n) 0.388739 0.407076 0.407131 0.407149 0.407154 0.407155

H = 0.9 R1(n) 0.549231 0.591406 0.592072 0.592402 0.592511 0.592565
R2(n) 0.673847 0.683218 0.683235 0.68324 0.683241 0.683242

H = 0.99 R1(n) 0.945689 0.953188 0.953302 0.953359 0.953378 0.953387
R2(n) 0.966334 0.967078 0.967079 0.967079 0.967079 0.967079

Figure 14 contains the graphs of the norms R1(n) and R2(n) as functions of H for
n = 500.

0.6 0.7 0.8 0.9 1.0
H

0.2

0.4

0.6

0.8

1.0

R1(n) R2(n)

Figure 14. Norms R1(n) and R2(n) for n = 500.

6. Discussion and Conclusions
In this work, we studied the projections of subsequent increments ∆k = BH

k − BH
k−1

of a fractional Brownian motion onto neighboring elements. Several properties of the
coefficients arising in both one-sided and two-sided projections have been established.

In particular, for the case n = 4, we thoroughly investigated the coefficient Γ3
4 of the

one-sided projection and proved its positivity on a specific subinterval
(

1
2 , H0

)
and in a
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neighborhood of 1. These findings complement the results of [18], where other coefficients
of the one-sided projection for n = 4 were analyzed.

For the two-sided (bilateral) projection, we derived recurrence relations for the coeffi-
cients. These formulas are notably complex, especially for projections involving distant
neighbors, and significant simplification appears unlikely. Therefore, we focused on specific
cases with n = 2, 3, 4, where the projection coefficient formulas are relatively tractable.
For n = 2 and n = 3, we obtained explicit expressions for the coefficients, established
their strict positivity for all H ∈ (1/2, 1), and showed that they are concave functions
of H. In the case n = 4, a numerical analysis revealed that the coefficients Q1

3 and Q3
3

remain strictly positive for all H ∈ (1/2, 1). However, we also provided an analytical proof
demonstrating that there exists some δ > 0 such that for any H ∈ (δ, 1), the coefficient Q2

3
becomes negative.

Furthermore, we computed the coefficients Qk
n numerically for various values of H

and 1 ≤ n ≤ 10, obtaining results consistent with the case n = 4.
In addition, we analyzed the asymptotic behavior of the projection norm. Recurrence

formulas for the norms of both one-sided and two-sided projections were derived, and their
behavior was investigated numerically.

As a natural continuation of this work, it would be worthwhile to explore similar
projection procedures applied to integrated fractional Brownian motion and the fractional
Ornstein–Uhlenbeck process (see [25,26]). These processes are increasingly employed in
applications as models of relatively smooth systems with memory.
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