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BOUNDARY RELATIONS AND THEIR WEYL FAMILIES
VLADIMIR DERKACH, SEPPO HASSI, MARK MALAMUD, AND HENK DE SNOO

ABSTRACT. The concepts of boundary relations and the corresponding Weyl families are
introduced. Let S be a closed symmetric linear operator or, more generally, a closed sym-
metric relation in a Hilbert space 9, let 7 be an auxiliary Hilbert space, let

(0 —ilg
Jf"_<usa 0)’

and let Jy; be defined analogously. A unitary relation I' from the Krein space (£2,Jg) to
the Krein space (H2, Jy) is called a boundary relation for the adjoint S* if kerI' = S. The
corresponding Weyl family M()) is defined as the family of images of the defect subspaces
‘5\’0\, A € C\R, under I'. Here I" need not be surjective and is allowed to be even mul-
tivalued. While this leads to fruitful connections between certain classes of holomorphic
families of linear relations on the complex Hilbert space H and the class of unitary relations
I': (9% J5) = (H? Jy), it also generalizes the notion of so-called boundary value space
and extends essentially the applicability of abstract boundary mappings in the connection
of boundary value problems. Moreover, these new notions yield, for instance, the follow-
ing realization theorem: every H-valued maximal dissipative (for A € C,) holomorphic
family of linear relations is the Weyl family of a boundary relation, which is unique up
to unitary equivalence if certain minimality conditions are satisfied. Further connections
between analytic properties of Weyl families and geometric properties of boundary relations
are investigated and some applications are given.

1. INTRODUCTION

Up till the seventies most papers about the extension theory of symmetric operators
in a Hilbert space were mainly based on von Neumann’s formula or a simplified version
of it when the symmetric operator has points of regular type on the real line. Later an
alternative approach was proposed by V.M. Bruck and A.N. Kochubei (see [17] and the
references therein), which is based on an abstract version of Green’s identity. The basic
object that arises here is the notion of a boundary triplet, also called a boundary value
space, see [17, 12, 13, 9.

Definition 1.1. ([17]) Let S be a closed densely defined symmetric operator in a Hilbert
space $). A triplet {#, Ty, 1}, where H is a Hilbert space and I';, i = 0,1, are operators
from dom S* to H, is said to be an (ordinary) boundary triplet for S*, if:

(BT1) the abstract Green’s identity

(1.1) (5*f,9) = (f,8%9) = Tif, Tog)n — (Lo f, Tr9)n
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holds for all f, g € dom S*;
(BT2) the linear mapping I' := {I', "1} : dom S* — H x H is surjective.

Here and in the following [$), &] stands for the set of all bounded linear operators between
the Banach spaces $ and &; when K = § this is abbreviated to [$)]. For the present paper
it is useful to interpret the mapping I' in a different manner. Identify the operator S* with
its graph in the Cartesian product $? = § x $ and provide the Hilbert spaces $* and
H? = H x H with the inner products induced by the operators Jg and Jy of the form

0 —uI
(8

Then ($?2, Ji) and (H?, Jx) are Krein spaces and Definition 1.1 is equivalent to the fact that
the mapping I is a partial isometry from the subspace S* of the Krein space (2, J) onto
the Krein space (H?, Jx).

In [11, 12] the concept of a Weyl function was associated to an ordinary boundary triplet as
an abstract version of the m-function appearing in boundary value problems for differential
operators.

Definition 1.2. ([11, 12]) Let II = {#,T'y,I'1} be a boundary triplet for S*. The operator-
valued function M () defined by

(1.2) Lifa=MN)ofy, freMii=ker(S*—A), AeC\R,

is called the Weyl function, corresponding to the triplet II.

The mappings I'y and I'; induce two selfadjoint extensions A, and A; of S, given by
dom A; := kerT;, i € {0,1}. By definition the Weyl function M(-) is an operator-valued
function with values in [#], which is holomorphic on p(Ap), while the inverse M(-)~! is
holomorphic on p(A4;).

The motivation for the introduction of Weyl functions goes back to the theory of singular
Sturm-Liouville operators. Let —d?/dz? + q be a Sturm-Liouville operator in the Hilbert
space L%(0,00) with a real potential ¢, which is assumed to be in the limit-point case at co.
The corresponding minimal operator S is densely defined, closed, and symmetric; its defect
numbers are (1,1). For y in the domain of the corresponding maximal operator S* one can
define T'yy = y(0) and I'yy = ¥/(0). Then {C,I'(,I"1} is a boundary triplet for S* and the
corresponding Weyl function M(-) coincides with the m-function introduced originally by
H. Weyl [33] and E.C. Titchmarsh [32].

The Weyl function M(-) plays an important role in the spectral theory of the selfadjoint
extension Ay (where dom Ay = kerI'y) of S. The selfadjoint extension Aj of S generates the
so-called ~-field defined by v(\) := (T 911(S*))~!. Then v(-) is an operator function with
values in [H,,], which is holomorphic on p(Ap) and satisfies

(1.3) YA =1+ A=) (Ao =N (), A p € p(Ao),
cf. [22]. It was shown in [12], [24] that the Weyl function M (-) satisfies the identity
(1.4) M(A) = M(p)" = (A= p)y(p)v(A), A p € p(A).

The condition in Definition 1.1 that the operator S is densely defined can be relaxed. How-
ever, if S is nondensely defined, then the adjoint S* of S is a linear relation and the mappings
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I'; now belong to [S*, H|, where S* is considered as a subspace of $? equipped with the graph
norm. In this case the condition (BT1) is replaced by

(L5)  (f.9) = (f:9) = O f. Tod)n — Cof . Tigw. fi={f. 1}, :={9.9}€5",
and the condition (BT2) requires the closed linear mapping I' := {I'y,I'1} : S* - H S H to
be surjective. Moreover, the definition of the Weyl function takes the form

(1.6) Difi = MNTofx,  foi={fu AN ES,
and, similarly, one modifies the definition of the ~-field, cf. [13], [24].

Recall that the class R[H] of Nevanlinna functions (also called Pick or Herglotz functions,
see [15], [16], [18]) is the set of all operator functions M(:) with values in [H] which are
holomorphic on C\ R, and satisfy M(A\) = M(A)* and ImAIm M (\) > 0, A € C\ R. The
subclass R*[H] of strict Nevanlinna functions in R[#] is the set of all functions M (-) € R[H]
for which 0 ¢ o,(Im M (¢))). The subclass R*[H] of uniformly strict Nevanlinna functions
in R°[H] is the set of all functions M(-) € R[H] for which 0 € p(Im M(7))). The identity
(1.4) means that M(-) is a Q-function of the pair {S, Ap} in the sense of M.G. Krein and
H. Langer, see [22, 23], and hence it belongs to the subclass R“[#H] (whether S is densely
defined or not). As a Q-function it determines the pair {S, Ag} up to unitary equivalence.
It was shown in [11, 13] that for each Nevanlinna function in R"[H] there exists a boundary
triplet in the above sense for which it is the Weyl function. In [13] the concept of boundary
triplet in Definition 1.1 has been extended to the case where the corresponding Weyl function
belongs to the subclass R*[#H] and the inverse result for this subclass has been established.

Now the natural problem arises, whether every Nevanlinna function in the class R[H] can
be interpreted as a Weyl function of some generalized boundary triplet. In fact, the same
question can be asked for the more general notion of an arbitrary Nevanlinna family (see
the definition below). This last problem is also inspired by the Krein-Naimark formula for
generalized resolvents of a symmetric operator S:

(L7)  Py(A=X)"g = (Ao =N =y (NMA) +7(A) (N, AeC\R,

which establishes a bijective correspondence between the set of all selfadjoint (canonical and
exit space) extensions A of A and the set of all Nevanlinna families 7(-). Here P is the
orthogonal projection from the exit space onto $. While M(-) in (1.7) appears as a Weyl
function of an (ordinary) boundary triplet (or as a @-function of the pair {S, Ag}), there is
in general no analogous interpretation for the family 7(-) in (1.7).

The class of all Nevanlinna families M(-) in ‘H is denoted by E(’H), it is the set of families
of linear relations M(\) : H — H, A € C\ R, (i.e. M(\) is a linear subspace of H x H),
which satisfy

(NF1) for every A € C,(C_) the relation M ()) is maximal dissipative (resp. accumulative);
(NF2) M(\)* = M(\), A € C\R;
(NF3) for some, and hence for all, 4 € C,(C_) the operator family (M(X\) + u)~t(€ [H]) is

holomorphic for all A € C,(C_).

When M(-) is a Nevanlinna function in R[H] it is clear that the property (NF3) is auto-
matically satisfied. In the present paper the new concepts of a boundary relation and the
corresponding Weyl family are introduced. These new concepts make it possible to realize
every Nevanlinna family (possibly unbounded and even multivalued) as the Weyl family
of a boundary relation. In a forthcoming paper the usefulness of these new concepts will
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be demonstrated for the Krein-Naimark theory of generalized resolvents. In particular, it
will be shown that 7(-) is the Weyl family of the symmetric relation S, which is given by
Sy := AN(HSH)?, where A is associated to an appropriate boundary relation. In the special
case when 7(-) € R*[H] this fact has been established by the authors in [9], see also [8].

In order to explain these new notions assume for the moment that S is densely defined
and rewrite Green’s identity (1.1) in assumption (BT1) of Definition 1.1 as

(18) (S*fvg)_(rlfarﬂg)H: (f?S*g)_(FOfarlg)’Ha f,gEdOHlS*
The interpretation of (1.8) is that the operator A defined by

~ ([ S*f .
(1.9) A: (Fof) — (_Flf), f € dom S,

is symmetric in $@® H. Moreover, the assumption (BT2) of Definition 1.1 guarantees that A
is selfadjoint in $ & H. If S is not densely defined, similar observations can be made when
(1.9) is appropriately interpreted. The precise definition of a boundary relation will be given
in Section 3, but in an equivalent form it can be reformulated as follows. A pair {H,T'},
where ' : §% — H? is a closed linear relation (i.e. a linear subspace of $? & H?) is said to
be a boundary relation for S* if domI" is dense in S* and if the transform A = J(I') of I’
determined by

w0 aao- (DG}

is a selfadjoint relation in ) @ H. The linear relation I' from the Krein space ($2, Jg) to
the Krein space (H?, Jy) turns out to be unitary in the sense of relations, cf. [27]. In this
definition S is not necessarily densely defined and S is allowed to have infinite and unequal
defect numbers. The corresponding Weyl family is now defined by

(1.11) M) =T ({{f, f'} € domD': f'=Af})
as an extension of Definition 1.2. The given assumptions are enough to guarantee that the
Weyl family M (-) is a Nevanlinna family in the sense of Definition (NF1)—-(NF3). Moreover,
one of the main results in this paper shows that every Nevanlinna family can be realized
as a Weyl family of some boundary relation which is unique, up to unitary equivalence,
when a certain minimality condition is satisfied; see Theorem 3.9. The proof is based on
the generalized Naimark theorem and does not use any operator model as was done in the
case of a uniformly strict Nevanlinna function (see [22], [23], [13]). Note in this connection
that a simple proof of the Naimark dilation theorem is recently presented in [25]. Observe
that the definition of boundary relation allows I' to be multivalued in which case it may
happen that the range of I' is indecomposable into the orthogonal sum ranl'y ¢ ranl'y,
where T'; : 92 — H, j = 0,1 (see (3.6)). When such a decomposition makes sense, the
new concept of the boundary relation reduces to a natural generalization of the notion of an
ordinary boundary triplet in Definition 1.1 as well as of the notion of a generalized boundary
triplet in [13]; in this case the notation “boundary triplet” will still be kept for I" in the
present paper.

The connection (1.10) between the boundary relation I" and the selfadjoint operator or,
in general, relation A plays a fundamental role in the sequel. The interpretation of A is that
of a selfadjoint exit space extension of S determined by the boundary relation I'. The given
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procedure can be applied, for instance, in the linearization of boundary value problems with
eigenvalue parameters in the boundary conditions; here arbitrary (finite or infinite and equal
or unequal) defect numbers for the underlying operators are allowed. This will be further
investigated in the forthcoming paper as well as the extension of the notions of boundary
relations and the corresponding Weyl families to the case where S is defined on a space with
an indefinite inner product. The appearance of unbounded Weyl functions is not excluded
here either; this makes it unnecessary to find regularizations for boundary mappings for
treating boundary value problems involving partial differential operators, cf. [17], [13]. The
present paper establishes for the first time on a general level the link between the abstract
boundary triplets (here the mapping I') and the exit space extensions A (via the transform
J which connects I" and A). In what follows, this connection is effectively used in building
up the general theory of boundary relations and their Weyl families and it plays a key role
in proving some of the central theorems of the present paper. Some of the main results of
the paper have been announced in [10].

In Section 2 some preparatory material is presented, including results on linear relations
in Krein spaces. Here the main transform J acting between two Krein spaces is introduced
and its properties are investigated. In Section 3 the concepts of boundary relation and the
corresponding Weyl family are introduced. The main result of this section is the following
inverse theorem: every Nevalinna family can be realized as the Weyl function of a boundary
relation. In Section 4 the investigation of geometrical properties of boundary relations and
the analytical properties of the corresponding Weyl families is continued. Several known
results on @-functions or, equivalently, Weyl functions of ordinary boundary triplets are
extended to wider subclasses of Nevanlinna families. In particular, geometrical properties
of boundary relations whose Weyl families M (\) are domain invariant are studied in detail.
In Section 5 the connection between the new concepts and the earlier concepts of boundary
triplets and the corresponding Weyl functions is investigated. Section 6 contains several
examples, which demonstrate the applicability of the new concepts and sharpness of several
statements in the earlier sections of the paper, as well as some new unexpected effects.

2. PRELIMINARIES

2.1. Linear relations in linear spaces. This paper is concerned with (graphs of) linear
operators and linear relations in linear spaces. The following notation will be used system-
atically. The Cartesian product $ x $' of linear spaces $ and $)’ is the set of all ordered
pairs (of 1 x 2 matrices) {f, f'} with f € $ and f’ € §’. Frequently it will be convenient to
denote the Cartesian product ) x $' and the elements of it (as 2 x 1 matrices) by

(}i) S (g) fesn fesn.

If £C $H and £ C $’ are linear subspaces then £ x £’ denotes the Cartesian product of the
subspaces; in agreement with the ordered pairs this product will also be denoted by {£, £'},
or by £2if £ = ¢/

A linear relation T from $) to £’ is a linear subspace of ) x . Often a linear operator
T will be identified with its graph. It is convenient to write T : $§ — $’ and interpret the
linear relation 7' as a multivalued linear mapping from $ into $’. If ' = § one speaks of a
linear relation 7' in 9.
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If T is a linear relation from $? to $’2, then an element of 7" will denoted by {f, /ﬁ} with

the understanding that f = {f,f'} € 9% and h= {h, W'} € $". However, in this case it will
also be convenient to think of such a general element as

- {(2)- () e 7~ () <@). 5 () <)

according to the interpretation explained above. This interpretation will be assumed when-
ever needed without explicit mention.

For a linear relation T : ) — $’ the symbols dom T, ker T', ran T, and mul 7" stand for the
domain, kernel, range, and the multivalued part, respectively. The inverse 7! is a relation
from 9’ to $ defined by {{f’, f}: {f, f'} € T }. The sum 7 + T and the componentwise
sum Ty F Ty of two linear relations 73 and Ty are defined by

T1+T2:{{f’g+h} {fﬂg}ETla{fvh}eTQ}v

2.1 ~

(21) T+ T={{f+hg+k}:{f,gt €1, {hk} eTr}.
Clearly,

(2.2) ker (T} — T) = dom (T} N'Ty), ker (T, — Ty ') =ran (T3 N T3).

The null spaces of T'— A\, A € C, are defined by
(2.3) MA(T) =ker (T — ), MNT)={{f,AfYeT: feM@}

If  and $' are Banach spaces then [$), $'] stands for the set of all bounded linear operators
from 9 to $)'; [$] is the set of all bounded linear operators in $). Moreover, p(T') (p(T')) is the
set of regular (regular type) points of 7. The closure of a linear relation 7" will be denoted
by closT'. Note that domT" C domclosT and ranT" C ranclosT', with equality when dom T’
or ran T’ are closed, respectively.

Recall the following simple result (cf. [13, Lemma 2.1]), which will be used in the analysis
of linear relations.

Lemma 2.1. ([13]) Let X and Q) be Banach spaces, let M be a closed linear subspace of X,
and let P € [X,9)] be surjective. Then the range PO is closed in Y if and only if the sum
of the linear subspaces M + N s closed in X, where N := ker P.

2.2. Linear relations in Hilbert spaces. Let $; and $2 be separable Hilbert spaces and
provide the Cartesian product $; x $o with the usual inner product so that $; x $, is a
Hilbert space. Let T : $§; — $o be a linear relation from $; to $,. The adjoint T™ is the
closed linear relation from $9 to $; defined by

(24) " = {{h’> k} € N2 X H1: (k7f)~61 = (h’ag)f)z? {f> g} S T}a
(see [4], [6]).

Proposition 2.2. Let T be a closed linear relation from a Hilbert space $1 to a Hilbert space
$o. Then:

(i) dom T is closed if and only if domT™ is closed;
(ii) ranT s closed if and only if ranT™* is closed.
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Proof. The statement (i) is equivalent to the statement (ii) (by inversion of 7'). So it suffices
to prove the last statement. Let P be the orthoprojection from £; x $5 onto $o, so that
ker P = $; x{0}. Assume that ranT = PT is closed. Then by Lemma 2.1 also T F ($; x{0})
is closed. By a theorem of Kato [19, Chapter 4, Theorem 4.8] the corresponding sum of the
orthogonal complements in ; X $9

(2.5) T+ F ({0} x 95)

is also closed. The operator J : 1 X $3 — Hy X H; given by J{h, '} = {—h', h} is unitary,
and it follows from (2.4) that T* = JT*. Hence, (2.5) implies that

T F (%12 x {0}),

is also closed. In other words, T* ¥ ker Q is closed. Here @ is the orthoprojection from
o X $H1 onto H1, so that ker Q@ = $Hy x {0}. Another application of Lemma 2.1 shows that
QT* =ranT™ is closed. O

Recall that a linear relation 7" in ) is called symmetric (dissipative or accumulative) if
Im (h';h) = 0 (> 0 or < 0, respectively) for all {h,h'} € T. These properties remain
invariant under closures. By polarization it follows that a linear relation 7" in ) is symmetric
if and only if 7" C T*. A linear relation 7" in §) is called selfadjoint if T = T*, and it is
called essentially selfadjoint if closT = T*. A dissipative (accumulative) linear relation 7'
in 9 is called maximal dissipative (maximal accumulative) if it has no proper dissipative
(accumulative) extensions. Clearly, a linear relation 7 is selfadjoint if and only if it is both
maximal dissipative and maximal accumulative.

Assume that T is closed. If T is dissipative or accumulative, then mul7 C mul 7*.
In this case the orthogonal decomposition $ = (mulT’)* @ mul7T induces an orthogonal
decomposition of T" as

T=T0Tw, Too={0}xmulT, T,={{f,9}eT:gLlmulTl},

where T, is a selfadjoint relation in mul7 and 7§ is an operator in $ © mulT with
domT, = domT = (mul 7%)*, which is dissipative or accumulative. Moreover, if the re-
lation 7' is maximal dissipative or accumulative, then mul7 = mul7™. In this case the
orthogonal decomposition (domT')* = mul T* shows that T} is a densely defined dissipative
or accumulative operator in (mul7")*, which is maximal (as an operator). In particular, if T
is a selfadjoint relation, then there is such a decomposition where T is a selfadjoint operator
(densely defined in (mulT')*).

Let S be a closed symmetric linear relation in a Hilbert spaces $). Then the adjoint relation
S* can be decomposed via the von Neumann formula:

(2.6) S*=87F ‘S\IA(S*) F ‘3\1;\(5’*), A€ C\R, direct sums,
where ‘ft,\(S*) is defined as in (2.3). When A = £i the decomposition (2.6) is orthogonal:
(2.7) S* =5 ®M(S*) ®N_i(SY),

where the orthogonality is with respect to the inner product topology in S*, cf. [4], [6]. A
symmetric linear relation S is called simple if there is no nontrivial orthogonal decomposition
of the Hilbert space $ = $H; ® H, and no corresponding orthogonal decomposition S =
S1 @ Sy with S a symmetric relation in $; and Sy a selfadjoint relation in $);. The above
decomposition S = S @ S, shows that a simple closed symmetric relation is necessarily an
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operator. Recall that (cf. [23]) a closed symmetric linear relation S in a Hilbert space ) is
simple if and only if

$ =span { M(S*): Ae C\RY.

2.3. Linear relations in Krein spaces. Now let $ and H be Hilbert spaces and let jg
and jy be signature operators in them. Recall that a bounded linear operator j in a Hilbert
space is a signature operator if j = j* = j~!. Interpret the spaces $ and H as Krein spaces
whose inner products are determined by the fundamental symmetries jg and jy. Then the
adjoint T of a linear relation T from the Krein space ($), j) to the Krein space (H, jx) is
given by TU = joT*jy. It satisfies the following equalities familiar from the Hilbert space
case

(2.8) (dom 7)™ = mul T, (ran )" = ker T,

Here the orthogonal complements, denoted by [L], are with respect to the Krein space
structures. The inner products in (), jg), (H, j») will be denoted by

[QO, ¢]’H - (j.6<P7¢)H, [<P/a ¢l]ﬁ = (jﬁ@,7¢,)ﬁ 2 ¢ S Ha <P/7,¢}/ € ,S;_’)
A linear relation T" from the Krein space (9, jg) to the Krein space (#, jy) is called isometric
if
(2.9) [, &l =lp,0ls, {0, ¢} eT,

and contractive or expanding if equality in (2.9) is replaced by < or by >, respectively. These
properties are invariant under closures. By polarization it follows that a linear relation 7" is
isometric if and only if 77' < TM. A linear relation T is called unitary if T~ = TP it is
called essentially unitary if (closT)~* = TP,

The first statement in the next proposition is due to Yu.L. Shmul’jan, see [27], who
obtained it by combining [27, Theorem 3] with a result of I.M. Spitkovskii in [28]. A simple
and essentially different proof of this statement is presented below. The second statement is
proved in [27, Theorem 2| by using a result of R. Arens [2].

Proposition 2.3. Let T be a unitary relation from the Krein space (9, jg) to the Krein
space (H, ju). Then:

(i) domT is closed if and only if ranT is closed;

(ii) the following equalities hold:

(2.10) ker T = (dom 7)Y, mulT = (ran 7).

Proof. By definition T satisfies the identity 7' = T, where the Krein space adjoint T
of T is connected to the Hilbert space adjoint 7* via T = jT*jy. It is clear that dom T'*
(ranT™) is closed if and only if dom 7™ (resp. ranT*) is closed. Therefore, for a unitary
relation 7' the equivalence dom 7T is closed if and only if ran7T" is closed now follows from
Proposition 2.2.

To get the identities (2.10) it is enough to apply (2.8) and the equality 7' = T, O

In the present generality it is useful to give criteria for a unitary relation 7" : (), js) —
(H, j%) to be an operator (not necessarily densely defined).

Corollary 2.4. Let T be a unitary relation from the Krein space (9, js) to the Krein space
(H, j). Then:

(i) T is single-valued if and only if Tan T = H;



BOUNDARY RELATIONS AND WEYL FAMILIES 9

(ii) T is a densely defined operator if and only if TanT = H and ker T' = {0},
(iii) T is bounded and single-valued if and only if ranT = H;
(iv) T € [9,H] if and only if ranT = H and ker T = {0}.

Proof. The second identity in (2.10) is mulT = (ranT)M and this gives (i). Moreover,
according to Proposition 2.3 ran7 is closed if and only if dom7 is closed, and thus (iii)
follows from the closed graph theorem. To get (ii) and (iv) it remains to apply the first
identity in (2.10) ker T = (dom T O

Using Krein space terminology, Proposition 2.3 shows that for a unitary relation 7', the
isotropic part of dom 7" is equal to ker T" and the isotropic part of ran T is equal to mul7T". For
an isometric relation 7" from the Krein space (£, jg) to the Krein space (#, j3) the situation
is different. It follows from 7~ C T and the identities (2.8) that

(2.11) ker T C (domT)™, mulT c (ranT)H),

so that kerT is contained in the isotropic part of dom7 and mulT is contained in the
isotropic part of ran7. It turns out that isometric relations whose domain satisfies the
additional property

(2.12) (domT)H < dom T

play a central role in the construction of boundary mappings. The following results give
sufficient conditions for such an isometric relation 7' to be unitary. The connection to
ordinary boundary triplets becomes clear in Section 5.

Proposition 2.5. Let T' be an isometric linear relation from the Krein space (9, jg) to the
Krein space (H, jy ). If the conditions

(i) (domT)H C dom T';

(ii) (ranT)H € mul T,
are satisfied, then T also satisfies

(2.13) ker T = (dom T)H.
Moreover, if the condition (2.13) and the condition
(2.14) dom T C ranT

are satisfied, then T is a unitary relation.

Proof. Assume that f € (dom 7)™ so that [f, h]s = 0 for all h € domT. By assumption (i)
there exists an element f' € H so that {f, f'} € T. Hence for all {h,h'} € T

[f,’ hl]H = [fa h]ﬁ =0,
so that f’ € (ranT)M. Hence, assumption (ii) implies that f' € mulT. Therefore f € ker T,
so that (dom 7)™ C ker T. Hence, (2.11) implies that (2.13) is satisfied.

Now assume that (2.13) and (2.14) hold. Let {f, f'} € T™ so that [f’, hlg = [f, F']3 for
all {h,h'} € T. The condition (2.14) implies the existence of an element ¢ € §) such that
{@, f} € T. Since T is isometric it follows that [f, h']y = [, hls, so that [f', hlg = [, h]g
for all h € dom 7. This implies that f' = ¢ + v with v € (dom T)*). The condition (2.13)
shows that v € ker T'. Hence

Ly ={e+vf={e f} +{1,0} T,
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which implies that 70 ¢ T-1. O

Corollary 2.6. Condition (ii) in Proposition 2.5 is automatically satisfied when ranT is
dense in H, in which case T is single-valued. In particular, if (i) holds and ranT = H, then
dom T is closed and T is a single-valued unitary relation, which is bounded.

Proof. Assume that ran T is dense in . Since (ran 7)) = {0}, clearly (ii) is satisfied. Since
T is isometric it follows from the second inclusion in (2.11) that T is single-valued.

Now assume ran7T = . Hence, ranT is dense in H, so that (ii) follows and (2.13)
automatically follows. Moreover, (2.14) is also automatically satisfied, so that (ii) implies
that 7" is unitary. It follows from Proposition 2.3 that dom 7T is closed. The boundedness of
T follows from the closed graph theorem. 0

Clearly, with T also the inverse 7! is isometric. Hence, a formal inversion in Proposition
2.5 gives the following equivalent version.
Proposition 2.7. Let T' be an isometric linear relation from the Krein space (9, jg) to the
Krein space (H, jy ). If the conditions
(i) (ranT)H C ran T;
(ii) (domT)H C ker T,
are satisfied, then T also satisfies

(2.15) mul 7 = (ran 7).
Moreover, if the condition (2.15) and the condition
(2.16) ran T < dom T,

are satisfied, then T is a unitary relation.

Corollary 2.8. Condition (ii) in Proposition 2.7 is automatically satisfied when domT is
dense in H, in which case T~ is single-valued. In particular, if (i) holds and domT = H,
then ranT is closed and T~ is a single-valued unitary relation, which is bounded.

Since with T" also the closure of T is isometric, it is possible to replace in Propositions 2.5,
2.7, and their corollaries the relation 7' by its closure to conclude that 7' is an essentially
unitary relation.

Let T be an isometric operator from the Krein space (), jg) to the Krein space (H, jx)
such that dom7 = $ and TanT = H. If either (2.14) or (2.16) holds, then T and 7%
are single-valued unitary relations, which are in general unbounded, see Example 6.5. In
particular, if either dom7 = § and ranT = H, or dom7T = $) and TanT = H, then by
Corollary 2.6 or 2.8 both T and T~! are unitary operators, which are bounded (cf. [3,
Chapter 2, Definition 5.1 and Corollary 5.8]).

In what follows it is convenient to interpret the Hilbert space $? = § x § as a Krein space
(9%, J) whose inner product is determined by the fundamental symmetry Jg:

(0 —ilg
(2.17) Jg 1= (Uﬁ 0 ) .
The adjoint 7% in (2.4) of a linear relation 7" in the Hilbert space $) can be written in terms
of Jg as:

(2.18) T = JsT+ = (JT)*.
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The following connections between linear relations in the Hilbert space $) and subspaces in
the Krein space ()2, J) will be useful.

Proposition 2.9 ([3]). Let T be a linear relation in the Hilbert space $). Then

(i) T is symmetric (selfadjoint) if and only if T is a neutral (hypermazimal neutral)
subspace of (9%, Jg);
(ii) T is dissipative (mazimal dissipative) if and only if T is a nonnegative (maximal
nonnegative) subspace of (92, Jg);
(iii) T is a accumulative (maximal accumulative) if and only if T is a nonpositive (mazi-
mal nonpositive) subspace of (2, Jg).

2.4. The main transform. Let ) and H be Hilbert spaces and let their Cartesian product
be denoted by ) = ) x H. Let the linear mapping J from $H? x H? to ($ x H)? be defined

T (O O)AO () o nen

This mapping establishes a one-to-one correspondence between the (closed) linear relations
[': 9% — H? and the (closed) linear relations A in $ = § x H via

o voan-({(0.(3)) () (e}

The mapping J plays a principal role in the whole paper and it is refered to as the main
transform. Some basic properties of this transform are stated in the following proposition.

Proposition 2.10. Let the linear relation T from (9%, Jy) to (H?, Ju) and the linear relation
A in $ x H be connected by A = J(T'). Then

(2.20) A = J((rH)~1),

Moreover, the transform J establishes a one-to-one correspondence between the isometric
(contractive, expanding, unitary) relations T' from (9%, Jg) to (H?, Jy) and the symmetric
(dissipative, accumulative, selfadjoint) relations in ) x H.

Proof. 1t is straightforward to check that for all elements of the form

1) ))AG) ()= () < (R):

the following identity is satisfied:

) ()),.,-(G)-(),..)
=(4 (1) ()~ () ()0

This identity implies the equivalence:

' ~
W) G e =) () =
which leads to the identity (2.20). Hence it follows that
AcA el 'tcrM, A=A*eT7 =M,

(2.21)
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Observe that (2.21) in particular leads to the following identity:

o ((5)-()),..= (o () (), ((2)- ().,

This implies the connection between the contractive (expanding) relations T’ from ($?, J5)
to (H?, Jx) and the dissipative (accumulative) relations A in § x H. O

Remark 2.11. Let C be a Cayley transform of A
C:Am U= {{u'+iu,u'—iu} Hu,u'} € Z}

Then the transform CoJ is a kind of Potapov-Ginzburg transform (see [27]) which establishes
a one-to-one correspondence between isometric (contractive, expanding, unitary) relations
from (92, Jg) to (H?, Jy) and isometric (contractive, expanding, unitary) operators in ) x H.

With the Hilbert spaces $ and H the Cartesian product 5 = £ x H has been defined.
The following identifications will be used:

(2:22) 9, = (“3) 92 = (;?[) 5= 9@ M= (f[)

Let P; be the orthogonal projection from 9 onto 9,7 =1,2.

Proposition 2.12. Let the linear relations I' and A be related by (2.19), i.e. A= J(T).
Then the linear relations

(2.23) Sy =kerI', —Sy;=mull', T;=domI, —T;=ranl,
are given by
(2.24) S; = Zﬂj’)?, T, = {{Pjgo, P’} {o, ¢’} € Z} )

Moreover, if Aisa symmetric linear relation in 5, then T; C S} and in particular S; is a
symmetric linear relation in 9;, j = 1,2. If, in addition, A is selfadjoint, then

(2.25) closTj=S; j=1,2.

Proof. The equalities (2.24) are immediate from (2.19). The inclusions T; C S} with A

symmetric (I' isometric) and the equalities (2.25) with A selfadjoint (I unitary) are implied
by Proposition 2.3 in view of (2.23) and (2.18). O

If for j = 1 or j = 2, the relation S; is densely defined, then it follows from (2.25) that
closT; = S} is an operator, and (2.24) shows that Pjmul A = {0}.

The next result gives some mapping properties of isometric relations in product spaces.
Proposition 2.13. Let T' be an isometric relation from (9% Jg) to (H?, Jy) and let A C
domT be a linear relation in $2. Then:

(i) A is symmetric (dissipative, accumulative) in $* if and only if T(A) is symmetric
(dissipative, accumulative) in H?;
(i) of A* C domT then I'(A*) C T'(A)*;

(iii) of A* C domT and T'(A) is essentially selfadjoint in H?, then A is essentially selfad-

joint in $°.
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Proof. (i) By definition ['(A) = {h: {f,h} €T for some f € A} and the statement follows

" )= (0 (1) (7)), = (i) (), = mtem

(i) Let § € A* and let {g,k} € T'. Then for every h € I'(A) one obtains

o~ (0 (2)- (1), - (+()-(2)..

since here f € A. This means that k € ['(A)* and hence I'(A*) C T'(A)*.

(iii) If T'(A) is essentially selfadjoint, then by part (i) A is symmetric. Now part (ii)
shows that I'(4) C I'(4*) C T'(A)*. Hence, closT'(A) = closI'(A*) and I"(A*) is essentially
selfadjoint. Therefore, A* must be symmetric by part (i) and consequently A* = A™ =
closA. O

2.5. Orthogonal couplings. Let $; and £ be arbitrary Hilbert spaces (not necessarily
the same as in (2.22)) and let A be a selfadjoint linear relation in the orthogonal sum
5 = 91 ® H2. Then the formula (2.24) defines closed symmetric linear relations S; and Ss,
and not necessarily closed linear relations 7 and 75, in $; and £, respectively. The relation
A can be interpreted as a selfadjoint extension of the orthogonal sum S; @ S5. It is called
the orthogonal coupling of Sy and Ty (or of Ty and S,), see [30]. The selfadjoint relation A
is said to be minimal with respect to the Hilbert space $); (j is fixed, j=1,2) if

(2.26) 91 ® 9 = pan { 8, + (A— X719, A€ p(d) }.

The null spaces associated to T" as in (2.3) are said to be “defect spaces” of the linear relations
T}, ie.,

(2.27) MA(Ty) = ker (T; = A),  M\(Ty) = {{f,Af} €Ty« f € M(Ty)}.

Eor notational convenience the usual defect spaces of S; are denoted here by 91,(S7) and
A (ST)

Lemma 2.14. Let A be a selfadjoint linear relation in ,% = 91 D Ho, and let the linear
relations S; and T, j = 1,2, be defined by (2.24). Then:

(i) MA(T1) = Pr(A = X) ' 55, MA(T2) = Po(A = N) 7' 9y
(ii) MA(Ty) is dense in Ny\(S7) for all \ € C\ R, j =1,2;
(iii) The defect numbers of S1 and —S; coincide: ni(S1) = ng(S2);
)

(iv) A is minimal with respect to $1 (resp. $2) if and only if Sy (resp. Si) is simple.

Proof. First observe that

s (320)- () {)-(4) s

(i) Note in (2.28) that f € 9,(77) if and only if f* = A\f. This gives the first assertion.
The proof of the second assertion is similar.
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(ii) Since ran (S; —A) = { f'—Af : f € dom S, } the following identities follow easily from
(2.28):
(2.29) ker Py(A—A) 1191 =ran (S; — A), ker PL(A — \)"' 9, = ran (S, — \).

Note that Tan X* = (ker X)* for any bounded linear operator X. Thus the identities in
(2.29) imply that the ranges of

AA-NT19:= (RA-D19:) RA-NT190= (AA-X)719)

are dense subsets of 9, (S7) and MM, (S;5) for all A € C; U C_, respectively.
(iii) In view of (2.29) the statements (i) and (ii) can be rewritten in the form

(2.30) clos PL(A — X)7I05(55) = MA(S)),  clos Po(A — A)7'05(ST) = MA(S3),

respectively. These identities imply the equality of the defect numbers.
(iv) If A is minimal with respect to $)1, then it follows from (i), (ii), and (2.26) that

9y = 5pan{ Po(A— N1 1 A€ p(A) } = Spam { M (Sy) : A € p(A) },

so that Sy is simple. Conversely, if S is simple, then clearly (2.26) is satisfied and Ais
minimal with respect to $;. U

Proposition 2.15. Let Abea selfadjoint relation in 5 = 91D N2 and let the linear relations
Ty and T; be given by (2.24). Then T is closed if and only if T is closed.

Proof. Let T' be defined by A=Jg (T"), so that I" is a unitary relation. By definition 7} =
domTI and 75 = ranI'. Hence, the statement follows from Proposition 2.3. 0

2.6. Nevanlinna families. A family of linear relations M (), A € C\ R, in a Hilbert space
‘H is called a Nevanlinna family if:

(i) for every A € C(C_) the relation M (\) is maximal dissipative (resp. accumulative);

(ii) M(A)* = M()\), A € C\ R;
(iii) for some, and hence for all, 4 € C,(C_) the operator family (M(X\) + u)~t(€ [H]) is
holomorphic for all A € C(C_).
By the maximality condition, each relation M(\), A € C\ R, is necessarily closed. The

class of all Nevanlinna families in a Hilbert space is denoted by E(’H) Nevanlinna families
were considered in [21], [14], and [23], where the following orthogonal decomposition can be
found.

Proposition 2.16. If M(-) € E(H), then the multivalued part mul M () is independent of
A e C\R, so that
(2.31) M) = My(\) ® My, My ={0} xmulM()), XeC\R,
where Mg(\) is a Nevanlinna family of densely defined operators in H © mul M(X).
Clearly, if M(-) € R(H), then My, € M(X) N M(X\)* for all A € C\ R. The following

subclasses of the class R(H) will be useful:
R(H) is the set of all M(-) € ]E(H) for which mul M () = {0};
R*(H) is the set of all M(-) € R(H) for which M(A)NM(A)* = {0} for all A € C\ R;
R“(H) is the set of all M(-) € R(H) for which M(\) F M(\)* = H?forall A € C\ R.



BOUNDARY RELATIONS AND WEYL FAMILIES 15

Hence, M(-) € R*(H) or M(-) € R*(H), if M(X) and M (X)* are disjoint or transversal, re-

spectively, for every A € C\ R. With the classes R(H), R(H), R*(H), and R"(#) correspond
the classes Ry, (H), Riny(H), RS, (H), and RY, (#H) of Nevanlinna families M (-) whose do-

muv muv

main dom M (A) does not depend on A € C\ R. Furthermore, the following subclasses of
R(H) will be important:

R[] is the set of all M(-) € R(H) for which dom M () is closed for all A € C \ R;
R[] is the set of all M(-) € R[H] for which dom M ()\) = A for all A € C \ R;
R*[H] is the set of all M(-) € R[H] for which ker Im M (\) = {0} for all A € C\ R;
RY“[H] is the set of all M(-) € R*[H] for which 0 € p(Im M())) for all A € C\ R.

Remark 2.17. In Section 4 (cf. also the Appendix) it will be shown that various properties
which were used above to define the different subclasses of Nevanlinna families do not depend
on A € C\ R. This means that the corresponding subclasses of R(#) can be equivalently
defined by assuming the corresponding property of M(\) only at a single point A € C\ R.

For each M(-) in R[H] (or in its subclasses) the operator M,(\) is necessarily bounded.
In what follows, the Nevanlinna functions in R*[H]| and R"“[#| will be called strict and
uniformly strict, respectively.

Proposition 2.18. Let M(-) € E(’H) Then the following statements are equivalent:

(i) M(-) € R*(H);
(ii) M(\) € [H] and 0 € p(Im M (X)) for some, and hence for all, A € C\ R.

The result in Proposition 2.18 is a consequence of Propositions 4.5 and 5.3, see also
Theorem 4.13 and Proposition 4.22; one further independent proof is given in the Appendix,
Proposition A.8.

The definitions and Proposition 2.18 give rise to the inclusions and the equalities in the
following array:

| u U U
(2.32) Rp,(H) < Rj,(H) C Rin(H) C Rino(H)
I u U

RH] C RH < RH c RH

In the infinite-dimensional situation each of the inclusions is strict. However, in the finite-
dimensional situation the vertical inclusions in this array reduce to equalities
(2.33)

R*(H) = R},,(H) = R°*[H], R(H)= Rin(H) = R[H], R(H)= Rin(H)= R[H].

If M(-) € R[H], then it admits the following integral representation

(2.34) M(A):A+B>\+/R( = ! )dZ(t), /Rdz(t) € [#),

t—X 241 £2+1

where A = A* € [H], 0 < B = B* € [H], the [H]-valued family X(-) is nondecreasing, and
the integral is uniformly convergent in the strong topology, cf. [5], [18].
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3. BOUNDARY RELATIONS AND WEYL FAMILIES

3.1. Definition of a boundary relation and its Weyl family. Let S be a closed sym-
metric linear relation in the Hilbert space $). It is not assumed that the defect numbers of
S are equal or finite. A boundary relation for S* is defined as follows.

Definition 3.1. Let S be a closed symmetric linear relation in a Hilbert space $ and let H
be an auxiliary Hilbert space. A linear relation I' : $? — H? is called a boundary relation

for 5™, if:
(G1) domT is dense in S* and the identity
(31) (flv g)ﬁ - (fa gl)ﬁ - (hlv k)?‘[ - (h7 kl)’Ha
holds for every {f,h}, {j,k} € T;
(G2) T is maximal in the sense that if {g, k} € %D H? satisfies (3.1) for every {f,h} € T,
then {g,k} € I.
Here f = {f, '}, 5={g,¢'} € domT(C $2), h = {h, K}, k = {k, K’} € ranT(C H2)).

The condition (3.1) in (G1) can be interpreted as an abstract Green’s identity. Using the
terminology of Krein spaces (3.1) means that I" is an isometric relation from the Krein space
(9%, Js) to the Krein space (H?, Jy), since
(32) (Jﬁf,§)52 = (J?-lha k)?—[za {fa h}a {§> k} el
The maximality condition (G2) and Proposition 2.3 now imply the following result.

Proposition 3.2. Let I' : $? — H? be a boundary relation for S*. Then T is a unitary
relation from the Krein space (9%, Jg) to the Krein space (H?, Jy). Moreover, S = kerT.

Proof. In view of (3.2) T is isometric, i.e., I"' € T*. Now assume that {k,§} € T/ Then
(Jf)§> f)f)z - (JHka h)?—ﬂ =0,

holds for every {J?, ﬁ} € I'and hence (3.1) is satisfied. By assumption (G2) one concludes that
{G,k} €T, or equivalently, that {k,g} € I'"'. This proves the reverse inclusion I'¥l ¢ I'!.
Since domI" = S*, the identity S = ker I' is implied by Proposition 2.3 and (2.18):

kerI' = (dom )Y = (§")H = 5.
This completes the proof. O

Note that the boundary relation I' is automatically closed and linear, since it is a unitary
relation from the Krein space ($)?,Jg) to the Krein space (H?, Jy). However, it can be
multivalued, nondensely defined, or unbounded.

Let I be a boundary relation for S* and let 7' = domI'. According to Proposition 2.12
(see (2.25)) the linear relation 7" in $) satisfies
(3.3) ScTcS* closT=5".
The defect spaces M (T') and N, (T) for T are defined as in (2.27). For all { fy, h}, {9, k} el
with fy € M\(T) and g, € N,(T') one has
(3.4) (A= m)(fxs9u)s = (W, k) — (h K )y, A pe C\R,
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which follows from the identity (3.1). Hence, the subspace ‘ftA(T) is positive in the Krein
space ()2, Jg) for A € C, and negative for A € C_.

Definition 3.3. The Weyl family M(-) of S corresponding to the boundary relation I" :

92+ H? is defined by
(3.5)

M) = D((T)) := {Ee%?: {f\,h} €T for some fr = {f,\f} eff}, AeC\R.

In the case where M(+) is operator-valued it is called the Weyl function of S corresponding
to the boundary relation I'.

It will be shown that each Weyl family is a Nevanlinna family, and conversely, that each
Nevanlinna family can be realized as the Weyl family of a minimal boundary relation.

Definition 3.4. The boundary relation I' : $§2 — H? is called minimal, if
H = min 1= Span{‘ﬁ)\(T) A E (C+ uC_ }

Since My (T) is dense in My (S*) (cf. Lemma 2.14) the boundary relation I : $2 — H? is
minimal if and only if S is simple. In general, if S,,;, is the simple part of S the restriction
Conin @ $2,:, — H? of the linear relation I' to $,,, is a boundary relation for S . . Clearly,
the Weyl families corresponding to the linear relations I' and I',,;, coincide.

Associate with I' the following linear relations which are not necessarily closed:

(3.6)
15:{{ﬁhy{ﬁﬁ}enﬁ:{mh}},Iy:{{ﬁwy{ﬁﬁ}enﬁ:{mw}}

It is clear that

(3.7) dom M(\) = To(MA(T)) C ranTy, ran M(A) = Iy(My(T)) C ranTy.

If the boundary relation I is single-valued the triplet {#, IT'g,I';} will be called a boundary
triplet associated with the boundary relation I' : $§2 — H2 In this case the Weyl family
corresponding to the boundary triplet {#, o, I'1} can be also defined via the equality

(3.8) Di({fn AN)) = MOOTo({ s Af)), {fuAAYeT.

Finally, observe the following useful fact. Let I' : §2 — H? be a boundary relation for S*.
Then

(3.9) rTz(ﬂ @r

is a unitary relation from $2 to H2. Clearly, I'" is also a boundary relation for S* (so that,
in particular, ker I'" = S). Consequently, if M(-) is the Weyl family for ', then —M (-)~! is
the Weyl family for I'".

3.2. Orthogonal coupling associated with a boundary relation. In this subsection
the linear transform [J introduced in Subsection 2.4 will be used in order to obtain some
criteria for a linear relation I' : 3:92 — H? to be a boundary relation. For a boundary relation
[ from H? to H? the relation A = J(T') is defined by (2.19). In the following proposition
some results of Subsection 2.4 are reformulated in terms of boundary relations.
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Proposition 3.5. Let I' be a subspace in $> ® H? and let S = ker . Then T is a boundary
relation for S* if and only if A= J(I') is a selfadjoint linear relation in $ & H. In this
case the boundary relation I' is minimal if and only if A= J(T) is a minimal selfadjoint
extension of So = mull.

Proof. The first statement is immediate from Propositions 2.10 and 2.12 and Definition 3.1.
By Definition 3.4 the minimality of the linear relation I' is equivalent to the simplicity of S
which, in turn, is equivalent to the minimality of A = J(I") as a selfadjoint extension of Sy
(see Lemma 2.14). O

Proposition 3.6. The linear relation I : $? — H? is a boundary relation for S* if and only
if:
(i) dom T is dense in S*;
(ii) T is closed and isometric from the Krein space (9%, Jg) to the Krein space (H?, Jx);
(iii) ran (C(MA(T)) + A) = H for some (and, hence, for all) A € C.. and for some (and,
hence, for all) A € C_.

Proof. Let T" be a boundary relation for S*. Then (i) is satisfied by definition. Furthermore,
by Proposition 3.2, T is a unitary relation from the Krein space (£2, Jg) to the Krein space

(H?, Jy). Hence, (ii) is also satisfied. The transform A = J(I) is selfadjoint, which implies
that ran (A — A\) = H @ H for all A € C\ R. In particular,

(3.10) 9y 1= (,f[) C ran (A — \).

It follows from (2.19) that

s i (O GG @) )

which together with (3.5) and (3.10) gives (iii).

Conversely, assume that the linear relation I' satisfies (i), (ii), and (iii). By (ii) and
Proposition 2.10 it follows that A = 7 (T') is closed and symmetric. In order to prove that
A is selfadjoint it suffices to show that ran (;f — ) is dense for some A € C; and for some
A € C_. It follows from (iii) and (3.11) that > C ran (A — ). To complete the argument,

assume that ¢ € $); is orthogonal to ran (4 — X). This implies that {¢, A} € T*, where
T = domT. By (i) T is dense in S* and hence S = T* and {¢, Ap} € S. Since S is symmetric
this yields ¢ = 0. 0

Next it will be shown that for every closed symmetric linear relation S there exists a
boundary relation for S*; in the case of equal defect numbers this fact is well known.

Proposition 3.7. Let S be any closed symmetric linear relation with arbitrary defect num-
bers in a Hilbert space $. Then there exists a boundary relation T : $% — H? for S*.

Proof. Let A be any selfadjoint exit space extension of S with the property ANnH =5
Then by Proposition 2.12 the transform I' = J!(A) of A satisfies ker' = S and hence by
Proposition 3.5 I' defines a boundary relation for S*. A particular construction of such an
extension A can be given as follows.
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In the orthogonal sum $ @ § the relation S @ (—S5) is closed and symmetric with equal
defect numbers. Define the relation A in $ & $ by

12 A= {7={(0).(A)}: Bt = thmy e s mfi= il ).

where Py is the orthogonal projection from S* onto 9 = {Y\IZ(S*) ® ‘ft_i(S*), cf. (2.7). The
elements f; € S*, 7 = 1,2, in (3.12) have the representations

{f;, 11} = {h;, B} F{oiiei} F {o-i, —ip_i},
where {h;, h’;} € S, {@i,ipi} € S*, {p_i, —ip_;} € S*. With this notation a typical element
of the Cayley transform U of A

U={{v—iuu +iu}: {u,u'} €A},

This shows immediately that U is isometric and that domU = ranU = $ @ 9, so that U
is unitary. Hence A is a selfadjoint relation which extends S & (—S). Moreover, clearly
S c AN H% In order to prove the reverse inclusion, assume that

r_ fi fi A 2
P={(5) (F)f =i

Then f = f; = 0, and by the definition (3.12) of the relation Z, it follows that mel =0,
so that {fi, fi} € S. Hence AN $H? C S, and consequently, AN $H? = S. O

is of the form

Remark 3.8. One can simplify the construction of the extension A in the previous proposi-
tion when S is a closed symmetric relation with equal defect numbers. Let V' be an isometric
mapping from 91_;(S*) onto 91;(S*) and let H = 91;(S*). Define the linear relation A by

A= f f/ . F / % . ~
(b Co L)) e

where P,; are the orthoprojections onto 4;(S*) in the decomposition (2.7). Then Ais a
selfadjoint extention of S such that AN$H?=S.

The transform I' = J ! (ﬁ) defines a boundary relation for S* with the additional property
ranI’ = H? (so that domT' = S*, mull’ = {0,0}, which imply that T is a bounded linear
operator), cf. Corollary 2.6. It corresponds to an ordinary boundary triplet {#, g, 1 } with

the boundary operators I'y, I'; given by
(3.13) Tof = Pf+VP.,f, Tif=iBf—iVP,f,

cf. [24]. In the case of a densely defined operator S with equal defect numbers, the state-
ment of Proposition 3.7 and the formulas (3.13) go back to V.M. Bruck and A.N. Kochubei
(see [17]).
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3.3. A characterization of Weyl families: the main realization theorem. It was
shown in [13] that for every Nevanlinna function M(-) € R"[H] there exist a symmetric
operator S in a Hilbert space ) and an ordinary boundary triplet {#,,I'1} such that
the corresponding Weyl function is M(-). Since such a Weyl function is also a @-function
of the pair {5, Ap} (see [13]) this gives a realization for every uniformly strict Nevanlinna
function as a Q-function of the pair {S, Ap}. The latter problem has been originally solved
by M.G. Krein and H. Langer in [22] for the case dom S = § and extended to the case
dom S # $ in [23]. In [13] it was shown that every function M (-) from R*[#H] can be realized
as the Weyl function of an appropriate generalized boundary triplet. In this subsection this
realization theorem is extended to the class R(#) of all Nevanlinna families and arbitrary
boundary relations. The present approach is based on the generalized Naimark theorem and
hence it differs from those used in [22], [23], [13].

Two boundary relations T') : (fj(j))2 — H2, j = 1,2, are said to be unitarily equivalent if
there is a unitary operator U : $) — $ such that

oo e ({EOIE)-E) )

If the boundary relations '™ and I'® satisfy (3.14) and S; = kerI'), T; = domT'V),
j = 1,2, then S2 = USlU_l and T2 = UTlU_l.

Theorem 3.9. Let I' : §2 — H? be a boundary relation for S*. Then the corresponding
Weyl family M (-) belongs to the class R(H).

Conversely, if M(-) belongs to the class R(H) then there ezists (up to unitary equivalence)
a unique minimal boundary relation whose Weyl function coincides with M(-).

Proof. Necessity. If ' : §2 — H? is a boundary relation, so that Ais selfadjoint, it follows
from the (2.19), (3.11) that

s (500 () @)
which implies

(3.15) R(\) = Py(A=)N)"H=—MHXN+N", AeC\R.
The latter equality can be rewritten as
M) ={{RM\)h,—(I +AR(N\))h}: he H}.

Since the kernel

Ko~ BO—F

BB iy RO) = =) (1= POE -2
is nonnegative (see [29]) it follows that M(-) is a Nevanlinna family. Indeed, for every

{£, 1} = {H{RWh, —(I + AR(N)h} € M(N), heH,

one obtains

(flaf)_(faf,) _
S (KO, WA, h) 2 0.

Sufficiency. Assume that M(-) belongs to R(H). Then My(A) :== —(M(X) + A)~* be-
longs to R[H| and therefore it admits an integral representation of the form (2.34). The
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estimate ||[M;(iy)|| < 1/y and the monotonicity of yIm M;(iy) show that the strong limit
s — lim,_,o yIm M, (iy) exists and defines a bounded operator in # such that

0 <s— lim yIlm M, (iy) < Iy.
Y—00

Moreover, s — lim,_,o, M;(iy) = 0. Hence, the integral representation of M;(\) takes the
form

(3.16) M,(\) = /RZET(?, 0< /R d¥(t) = s — lim ylm M, (iy) < Iy.

Yy—00

Without loss of generality one may assume that ¥(—o0) = 0, in which case 0 < 3(400) :=
s — limy_,oo X(t) < Iy. It follows from the generalized Naimark theorem (cf. [1, 26, 29])
that there is an orthogonal dilation E(t) of ¥(¢) (i.e. a spectral family of a selfadjoint linear
relation A in some Hilbert space $§ D H with $(t) = Py E(t)] 4 for all t € R. Note that
E(00) is an orthogonal projection in 5, which is equal to I if and only if Ais an operator.
The linear relation A can be chosen minimal in the sence that

(3.17) S =span{H,Et)H: teR},

which, of course, is equivalent to the minimality of the selfadjoint extension A with respect
to H. The multivalued part of a minimal selfadjoint extension A is trivial if and only if

It follows from (3.16) that M;()) takes the form
(3.18) My(\) = Py(A—X)""1,, XeC\R,

where A is a minimal selfadjoint relation with the above properties. Let $§ = :6 o H.
Decompose the graph of A as in (2.19) according to the decomposition H=9dH and
letI' =J _1(11). Due to Proposition 3.5 I' defines a boundary relation for S* where S :=
kerI' = AN (.% 6 H)% By Lemma 2.14 T' is minimal by the minimality of the selfadjoint
extension A with respect to H, see (3.17). Now the first part of the present proof shows

that the Weyl family associated with I' satisfies (3.15) with the compressed resolvent of A
in H given by (3.18). Therefore, the Weyl family associated with I" coincides with the given

family M(-) € R(H).

Uniqueness. To prove the uniqueness assume that T'V) : ()2 — H2 j = 1,2, are two
minimal boundary relations with the same Weyl family M ()). Then AW = F(I'D)), j = 1,2,
are two selfadjoint linear relations in Hilbert spaces 5(”(3 ) minimal with respect to H
and such that

(3.19) Py(AD — N H = (M) + M), AeC\R.
Then the corresponding resolutions of identities £V)(¢) also have the minimality properties
9D =clos Y, LY =span{H,EVt)H: t R},

and by the Stieltjes inversion formula they satisfy the equality Py EM (t)] 4, = PyE@ ()] 4
for all ¢t € R. Define the mapping Uy : £V — £ by the equalities

(3.20) Uh=h, UEYt)h=E®P{t)h, heH, teR.
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It follows from

IED )R, = /( A B
—o00,t
— [ aBO R = IEP O, b e
(o4

that Up is a well-defined isometric mapping from LM onto £, Its closure Uis a unitary
operator from 5’J~(1) onto $H® and according to the decompositions H) = H) & H it can be

represented as U = U & I, where U : Y — $@ is unitary. It follows from (3.20) that
UE,(t) = Ey(t)U for all t € R and, therefore, the selfadjoint linear relations AY) are unitary

equivalent; . { { <U}; f> | ([i £>} | {<£> | < _fh>} e AW }

This leads to the unitary equivalence (3.14) of the boundary relations I'™ and I'®), O

4. WEYL FAMILIES OF SYMMETRIC OPERATORS

4.1. Subclasses of Weyl families. The main theorem in the previous section gives a
one-to-one correspondence between Nevanlinna families and boundary relations. In this
subsection geometric characterizations of subclasses of Nevanlinna families or functions are
given in terms of the boundary relation. The following preliminary result is important.
Lemma 4.1. Let I' : §2 — H? be a boundary relation for S* with the Weyl family M(\) =
LNA(T)). Then the following equalities hold for every A € C\ R:

(i) MA) N M) =mull' and clos(M(\) ¥ M(\)*) =Tanl;

(i) {ker M(N),0} = mull' N (H x {0}) and {0,mul M(\)} = mull' N ({0} x H);

(iii) ker (M(X) — M(N)*) = mulTy and ker (M(A)™' — M(A\)™*) = mulT}.

Proof. (i) Let {0, h} €T, h = {h,i'}. Then (3.1) and (3.4) show that for every A € C\R
and {k,k'} € T(OM\(T)) the identity (W', k) — (h, k') = 0 holds. Hence, h € M(A)* for
all A € C\ R, which proves that mull’ C M(X\) N M(A)*, A € C\R. Conversely, if he
M) N M), A € C\R, then {f,,h} €T for some fy € 9M\(T) and, moreover, according
0 (3.4) (A = A)||Ifrl|2 = 0, which implies that f, = {0,0}. Therefore, {0,h} € T and this
proves the reverse inclusion M(A) N M(A\)* C mull’, A € C\ R. Hence the first statement
of (i) has been shown.

The second statement in (i) follows from the first one by taking adjoints. Then use the
symmetry property M (A)* = M(\) and apply Proposition 2.12.

(i) Let h = {h,0} € mull’, h € H. Then h e M()) for all A € C\R, so that h €
ker M(A), A € C\R. Conversely, assume that h € ker M(A), i.e., that h={h,0} € M(})
for some A € C\R. Then {fy,h} € T for some fy = {1 AN} € NMA(T) and (3.4) gives
(A = N|IAl2 = (0,h) = (h,0) = 0. Hence, fy = 0 and fy = 0, which shows that h €
mul ' N (H x {0}). This proves the first equality in (i). The proof of the second equality is
similar.

(iii) These identities follow immediately from (i) and (2.2), and the definition in (3.6). O
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Remark 4.2. Lemma 4.1 combined with the realization theorem proved in the previous
section (see Theorem 3.9) yields immediately the following invariance results for an arbitrary

Nevanlinna family M(-) € R(H):
(4.1) MA)NMN)*, ker M()\), mul M(\), ker (M(\)—M(N\)*), ker (M(\)™t—M(\)™)

do not depend on A € C\ R.

This indicates that via Theorem 3.9 boundary relations in fact offer a new method for
studying function- and spectral-theoretical properties of Nevanlinna families by means of
geometric properties of boundary relations, and vice versa. Observe, that direct function-
theoretical proofs for the invariance properties of Nevanlinna families formulated in (4.1)
may be based e.g. on an application of the maximality principle. By using so-called Nevan-
linna pairs some operator theoretical proofs for the corresponding invariance properties are
presented in the Appendix (see Proposition A.6).

Lemma 4.1 gives also the following result.
Corollary 4.3. Let I : 92 — H? be a boundary relation for S* with the Weyl family
M) =T(MA\(T)). Then the following equalities hold for every A\ € C\ R:
(4.2) dom M(\) =tanly, TanM(\) =tanl}.

Proof. The definition of the Weyl family M (), the symmetry property M(A)* = M()), and
part (i) of Lemma 4.1 imply that

(4.3) M) F M(N) CranT Cclos(M(\) & M()), AeC\R.
Since mul M ()) is independent from A € C\ R, the equality dom M (\) = dom M () holds.
Now the identities (4.2) follow from (4.3). O

In general, the first inclusion in (4.3) need not be an equality, cf. Example 6.5. However,
sufficient conditions for the equality to hold can be found in the next lemma.
Lemma 4.4. Let ' : §% — H? be a boundary relation for S* with corresponding Weyl family
M) = F(‘ft,\(T)) Then the following statements are equivalent:
(i) ranI is closed;
(ii) M(X) & M(N)* is closed for some (or, equivalently, for every) A € C\ R;
(iii) 7= S*.

If any one of these conditions is satisfied, then
(4.4) M) F M(\)* =ranl, XeC\R.

Proof. (i) < (iii) This is clear from Proposition 2.3 since 7' = domI" dense in S*.
(ii) = (i) If (ii) holds for some A € C\ R, then part (i) of Lemma 4.1 and the inclusion
(4.3) yield
ranl' CTanl' = M(\) + M()\)* C ranT.
(iii) = (ii) Von Neumann’s formula (2.6) implies that for every A € C\ R

D(MA(T)) F T(N3(T)) = ranT,

which is closed since ranT" is closed by the equivalence of (i) and (iii).
If one of the conditions (i), (ii), or (iii) is satisfied, then the identity (4.4) is clear from
the above arguments. O
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Proposition 4.5. Let I': 92 — H? be a boundary relation for S* with corresponding Weyl
family M(X\) = T(MA\(T)). Then:
(i) M(-) € R(H) if and only if mull' N ({0} x H) = {0};
(i) M(-) € R*(H) if and only if ranT is dense in H?;
(iii) M(-) € R“(H) if and only if ranT = H2.

Proof. (i) Observe that M(-) € R(H) if and only if mul M (\) = {0}. Hence, the statement
follows from part (ii) of Lemma 4.1.

(ii) By definition M (-) € R*(H) if and only if M(X) N M(A)* = {0}. The statement now
follows from part (i) of Lemma 4.1 and Proposition 2.3.

(iii) By definition M(-) € R%(H) if and only if M(\) + M(\)* = H2. Hence, if M(-) €
R“(H), then clearly ranT" = H?2, cf. the inclusion (4.3). Conversely, if ranI' = H?, then
ranT is closed, so that by Lemma 4.1 and Lemma 4.4, M(\) T M(\)* = ranT' = H2, and
thus M(-) € R*(H). O

The class éim)(?-l) is the set of all M(-) € é(?—[) such that FO(‘j\IA(T)) = H, for some linear
subspace Ho C H with closHy = (mul M()\))*.

Corollary 4.6. The invariant subclasses R, (H) and R;

mv

(i) M() € Rino(H) if and only if mulT N ({0} x H) = {0} and To(MA(T)) = Ho for
some dense linear subspace Ho C H; R
(ii) M(-) € RE,,(H) if and only if mull' = {0} and To(M\(T)) = Ho for some dense

muv

linear subspace Ho C H.

(H) are characterized by:

Proposition 4.7. Let ' : §2 — H? be a boundary relation for S* with corresponding Weyl
family M(\) = T(MA(T)). Then:
(i) M(-) € R[H] if and only if To(MA(T)) = Ho, A € C\ R, where Hy C H is a closed
linear subspace; R
(il) M(-) € R[H] if and only if To(M\(T)) = H, A € C\ R;
(i) M(:) € R*[H] if and only if mulTy = {0} and Fo(‘ftA(T)) =H, e C\R.

Proof. For any M(-) € R(H) the following orthogonal decomposition holds:
H = dom M () & mul M()),

and the multivalued part mul M (A) does not depend on A € C\ R. Define Hy = H S
mul M(}). Since To(Mx(T)) = dom M(X), parts (i) and (i) follow from the definitions of
R[M] and R[H]. As to (iii): M(-) € R*[H] if and only if M(\) € R[H] and kerIm M(\) =
{0}. Hence, the assertion follows from Lemma 4.1. O

4.2. Boundary relations and their v-fields. The identity (3.4) implies that for all A\ €
C\R,

ker (To[ M\ (T)) = {0}, ker Ty [M(T)) = {0}, ker (C]9(T)) = {0}

In particular, the inverse of Fof‘ft)\(T) is a single-valued linear mapping from FO(‘/I\IA(T)) =
dom M (X) onto Ny(T); it is denoted by () := (Lo NA(T))~!. The ~-field v(-) associated
with the boundary relation I' : $? — H? is defined by

45) v\ = {{h, i} {fuhYeT, h={f AN} ET, h={nH}eH>}, AcC\R,
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so that 7(\) corresponds to the first component of the mapping 7(A). It maps FO(AA(T))
onto Ny (7') and satisfies y(A) o fr = fi for all f € M\(T). With () the relation I'f 9,(T)
can be rewritten as follows
(46)  TIMND) = {{{yWR Ay NRY, (1Y) < {h Wy € M(A)}, A€ C\R.

In the case that I' is single-valued one can decompose I' = I'g x I';. Then by part (ii) of
Lemma 4.1 the corresponding Weyl family M(-) is operator-valued. In this case the identity
(4.6) takes the form

(4.7) Foy(AMh=h, Ty3(ANh=M(A)h, hedomM(A), AeC\R.
These formulas are typically used in the case of ordinary boundary triplets for defining the
corresponding Weyl function.
Proposition 4.8. Let I': H? — ?—g be a boundary relation for S* with corresponding Weyl
family M(X) =T(MA\(T)) and let A= J(I') be as in (2.19). Then the corresponding ~y-field
v(+) in (4.5) and the Weyl family M (-) are connected by

T yy-1(0 YN QLX) + A)%)
4.8 A—XN1 = — - , cH, AeC\R.
(4.8) ( ) (@) ( (M(X) + ) Lo ¥ \
Furthermore, the y-field y(-) satisfies with A\, u € C\ R the identity

(4.9)

S Lh’ BB _ () (k). € dom MOV, & € dom M(s),
and, in particular,
(4.10) ker y(A\) = mul T’y = ker (M (X) — M(N\)").

Proof. Tt follows from (2.19) and (4.5) that
~ _ 0 Ah =
(A— ) <_h, ) Ah) _ <7(h) > . heD(M(T)),

which gives (4.8) immediately. The identity (4.9) follows from (3.4) and the description (4.6).
Finally, the identities in (4.10) are obtained from the definition (4.5) and Lemma 4.1. [

The identity (4.8) shows the sense in which the mapping () : FO(‘ﬁ,\(T)) — IM\(T') can
be seen to be holomorphic. In general, the closure of the mapping () is not single-valued,
cf. Example 6.7. However, there is a useful sufficient condition which guarantees that the
closure of () is single-valued.

Proposition 4.9. Assume that for some A € C\ R the inclusion
(4.11) Fo(MA(T)) € Lo(M5(T))
is satisfied. Then () admits a single-valued closure.
Proof. 1t follows from (4.9) that for all h € dom M (\)
(A = NN, v (Nh)g = (Ms(MNh, h)a = (h, My(M)h)a,
and the assumption dom M () C dom M (A)* implies then that

(4.12) (R = (BT h)
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Now, for each A € C\ R, the operator
M(X) — My(N)*

N(A) = =
is a nonnegative densely defined operator in H S mul M (A). Therefore, both quadratic forms
in (4.12) are closable (see [19]). Hence, v()\) admits a single-valued closure. O

It follows from the identity (N(A)h, h) = (v(A)h,v(A)h), h € dom M ()), that the operator
N(X) is nonnegative. Hence, it has a Friedrichs extension Ng(A). According to the Second
Representation Theorem (see [19]) the single-valued closure of 7(\), denoted by ~v**(\),
satisfies dom y**()\) = dom Nx(\)'/2. Observe that the original mapping is onto 9 (T) and
its closure is into 91, (S*). In general the closure does not map onto ,(S*), cf. Example 6.8.
In the case when (4.11) fails to hold it may happen that the closure of (\) is multivalued,
see Example 6.7.

4.3. Characterization of domain invariance. The boundary relation for S* and the
associated mappings I'g and I'; in (3.6) induce two linear relations:
(413) Ao = ker FQ, Al = ker Fl,
in the Hilbert space §). Clearly, these relations are symmetric and satisfy
SCcAy,CcT, SCcACT.

The relations Ay and A; need not be closed and their defect numbers may be unequal, cf.
Example 6.3. The following lemma is useful in the further study of these relations.
Lemma 4.10. Let I' : H? — $2 be a boundary relation for S*. Then for j =1,2:

(i) T;(MA(T)) C ranT; C clos (T;(MA(T))) for all A € C\ R;

(ii) ran I’g.*] = ker T';, where I'; is understood as a linear subspace of $H ® H?;

(iii) if ranT; is closed, then A; is closed.
The condition in (iii) is satisfied if Fj(sj\t)\(T)) is closed for some A\ € C\ R.

Proof. (i) The first inclusion is obvious. Since by definition Po(‘ft,\(T )) = dom M(\) and
Ly (MA(T)) = ran M(N), the second inclusion is immediate from Corollary 4.3.
(ii) Identifying T’y as a linear subspace of I' C $? @ H? it takes the form

FO = {{fa{hao}} : {fa{h'ah'/}} € F}
Assume that g € ran F[O*], ie. {kg}e F([)*] for some k = {k, k'}. Then for all {f, {,0}} € Ty,
0= (s, f)ﬁQ = (I, '} 1, 0} = (s f)ﬁz (0 K W )
This means that {{0,%'},3} € T = I'"! or equivalently that {7, {0,%k'}} € T, ie., g€ Ay =
ker I'y. Therefore, ran F([)*] = kerI'y. Similarly one proves the identity ran F[l*} = kerI'y.
(iii) Let ranI'; be closed, so that also ran ['7* is closed. By Proposition 2.2, or, more

precisely, by its Krein space version, it follows that ran I’Eﬂ is closed. The equalities in (ii)
now imply that A; is closed.
The last statement is clear from the inclusions in (i). O

The condition in (iii) is sufficient, but not necessary. In fact, in Example 6.6 ran Ty is not
closed, while Ay is selfadjoint.
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Proposition 4.11. The following statements are equivalent:

(i) Ho := To(MA(T)) is independent from A € C (resp. from A € C_);

(ii) 9, (T) Cran(Ag — A) for all \,p € Cy (resp. for all \,pp € C_), X # p.
If one of these conditions is satisfied, then the y-field ~(-) satisfies

(4.14) YN =T+ A=) (Ao = N7 y(p), A p € Cy(Co).

Proof. (i) = (ii) Let Ho = I’o(‘ft,\(T)) for all A € C,. It follows from (4.6) that for every
h € H, there exist ', h” € H such that

(4‘15) {{’7(>‘)h7 )"V(A)h}v {h’ h/}} S FT AA(T) C F,
{{v(w)h, py(p)h}, {h, h"}} € TIN,(T) C T.
Hence,
{6V = v()h, (M (A) — py(p)h}, {0, = 1"}} € T,
and therefore
(4.16) L) = v()hy My(A) = py(p))h} € Ao.
It follows from (4.16) that

{(yA) = v(w)h, (A = p)y(w)h} € Ao — A,
so that y(u)h € ran (Ag — A) for every h € Hy. Therefore (ii) follows.

~

(i) = (i) Let h € T'o(M,(T)). By definition there is an element i’ € H so that

(4.17) {{v(wh, py(uw)h}, {h, K’} } € T.

The assumption in (ii) shows that y(u)h € ran (Ag — A), so that there is an element k € 9
such that {k,v(u)h + Ak} € Ay. Hence, there exists ¢ € H such that

(4.18) {H{A =k, (A = p)y(h +AA — )k}, {00} } €T
It follows from (4.17) and (4.18) that

{{Ir(wh+ A =Wk A(y(wh+ A= wk)}, {h,h + ¢} } €T

In other words, b € To(9M(T)). Hence FO(‘ftu(T)) C To(MA(T)), and equality follows by
symmetry.

Now assume that one of the equivalent conditions (i) or (ii) is satisfied. The assumption
(i) implies the identity (4.16), which may be rewritten as

{v(wh,y (MR} € T+ (A= p) (A=),
where (Ag— \)~! is a bounded linear operator on ran (Ag — \), since Ay is symmetric. Hence
(4.14) is valid. O

Corollary 4.12. If (i) or, equivalently, (ii) in Proposition 4.11 holds for all A\,n € C\ R,
then Agy is essentially selfadjoint and (4.14) holds for all A\,u € C\ R,

Proof. Assume that S is simple. Then part (ii) of Proposition 4.11 implies that Tan (Ag—\) =
5, A € C\ R, so that Ay is essentially selfadjoint.

If S is not simple, decompose S = S’ @& S” where S” is selfadjoint. The symmetric
extension Ay of S decomposes accordingly: Ay = A @ S”. The earlier argument shows that
Aj is essentially selfadjoint, so that A itself is also essentially selfadjoint. O
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The case of equality in the first inclusion of (i) in Lemma 4.10 is characterized in the
following theorem.

Theorem 4.13. The following statements are equivalent for every fized A € C(C_):
(i) ran (Ag — A\) = 9 (i.e. Ap is mazimal symmetric);
(i) 7= Ao F M(T);
(iii) To(MA(T")) = ran .
If (i), (i1), or (iii) holds for some A € C,(C_), then (i), (ii), and (iii) hold for every
A € C,(C) and, moreover, S satisfies
(419) S ={{f,g} € A7+ (9= Af,7(Wh)s =0, heHy=To(M(T))}, A€C,(C.).
Proof. (i) = (ii) If ran (Ag — A) = 9 for A € C,, it follows that
S* = Ay T M(SY).
Now observe that T C S*, Ay C T, and T NN, (S*) = Ny (T), which gives (ii).
(ii) = (i) The identity in (ii) shows that
ran (T — \) =ran (4p — A), A eCy.
Since A is selfadjoint, it follows from (2.19) and (2.24) that ran (I' — ) = § for every
A € C\ R. Hence, in particular ran (A4g — \) = $ for A € C, which gives (i).

(ii) = (iii) Let h € ranT, so that {f,{h,h'}} € T for some b’ € H, f € T. Decompose
f = fo+ fr, where {fo,{0,k}} € T" and {f\,{h,h — k}} € D\ (T). This shows that
h € To(MA(T)), and (iii) follows.

(iii) = (ii) Since clearly Ay F 9M\(T) C T, it suffices to prove the reverse inclusion.
Let f € T, so that {f,{h,h'}} € T for some h,h' € H. According to (iii) there exists
fr € MA(T), such that {fr,h} € Ty, ie., {fr,{h,h"}} € T for some h"” € H. This implies
that {f — f1,{0,”' — h"}} € T, and therefore fy := f — fn € Ay, which shows that f =
fo+ fr € Ay F MA(T). Hence, (ii) follows.

If any of the equivalent statements (i), (ii), or (iii) holds for some A € C,(C_) then
symmetry of Ay forces that these statements hold for every A € C,(C_). Moreover, it
follows from (ii) that

T = A* N (&A(T)) ,
which leads to the identity (4.19). O

As a consequence of Theorem 4.13 one obtains criteria for Ay to be selfadjoint.

Corollary 4.14. The relation Ay is selfadjoint if and only if one (and hence all) of the
statements (i), (ii), or (iii) in Theorem 4.13 holds for some A € C, and for some A\ € C_.
Moreover, in this case

(4.20) S={{f,g}€Ao: (g—Af,i7(Mh)g =0, h € Ho :=To(M\(T))}, AeC\R.
The case of equality in the second inclusion of (i) in Lemma 4.10 is characterized in the
next proposition.

Proposition 4.15. The following statements are equivalent for every fized A € C(C_):
(i) To(MA(T)) is closed;
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(ii) Tan (A9 — A\) = $ and ran Ty is closed.

In this case Ay is closed and ran (Ag — \) = §) for every A € C(C_), so that Ay is mazimal
symmetric.

Proof. (i) = (ii) Assume that I’o(‘ﬁ,\(T)) is closed for some A\ € C(C_). Then it follows
from Lemma 4.10 ranT'y is closed and Theorem 4.13 implies that ran (4 — \) = 9 for
AeCi(C).

(ii) = (i) If ranTy is closed, then Ay is closed by Lemma 4.10. Therefore the assumption
ran(Ag — A) = 9 for A € C(C_) leads to ran(Ag — \) = H, A € C,(C_). Then by
Theorem 4.13 ranT'y = Po(‘ft,\(T )), and this subspace is closed by the second assumption in
(ii).

The last statement follows from Lemma 4.10. O

As a consequence of Proposition 4.15 one obtains some further invariance results known
for an arbitrary Nevanlinna family M(-) € R(#). This in turn leads to a more precise
statement concerning A, in the previous proposition.

Proposition 4.16. Let the Nevanlinna family M(-) € R(H) be the Weyl family associated
to the boundary relation I : $° — H? via Theorem 8.9. Then:

(i) if dom M(Ng) (ran M(No)) is closed for some A\g € C\ R, then ranTy (resp. ranl')
is closed and the operator part of M(X) (of M(X)™!) is bounded for every A € C\ R;

(i) ¢f ranTy (ranT) is not closed, then dom M (X) (resp. ran M (X)) is not closed and
the operator part of M(X) (of M(X)™!) is unbounded for every A € C\ R.

Proof. Tt is sufficient to prove (i). Since M()\g)* = M()o) it follows from Proposition 2.2
that dom M (\o) is closed if and only if dom M(),) is closed. In this case dom M()\g) =
dom M ()g) = ranTy by Corollary 4.3. Now it is clear that the properties in part (ii) of
Proposition 4.15 are satisfied for every A € C \ R and consequently dom M (\) = FO(‘ﬁ,\(T))
is closed for every A € C\ R. By the closed graph theorem this means that the operator
part of M(A), A € C\R, is bounded (see (2.31)). Similarly one proves the assertion for
ran M()). O

Corollary 4.17. If one of the equivalent statements (i) or (ii) in Proposition 4.15 holds at
a single point A\g € C\ R, then Ay is selfadjoint.

Proof. Tt was shown in the proof of Proposition 4.16 that dom M ()\g) = dom M ()\g) = ran T
and consequently the equality ran (Ag — A) = $ holds in fact for every A € C\ R. O

Further invariance results concerning the spectra of an arbitrary Nevanlinna family M(-) €
R(H) are now easily established.

Proposition 4.18. Let M(-) € R(H) be a Nevanlinna family, let o € R, and let Ay € C \ R.
Then:

(i) if M(Xo) € [H], then M(\) € [H] for all A € C\ R;

(ii) if @ € p(M(No)), then a € p(M (X)) for all A € C\ R;
(iii) if @ € 0,(M(No)), then a € o,(M (X)) for all X € C\ R;
(iv) if a € 0.(M (X)), then o € a.(M (X)) for all X € C\ R.
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Proof. To prove the statements let M(:) € E(’H) be the Weyl family associated to the
boundary relation I' : % — H? via Theorem 3.9.

(i) By Lemma 4.1 dom M()\) = (mul M (\))* does not depend on A € C\ R and hence
the statement follows from part (i) of Proposition 4.16.

(ii) The condition a € p(M(A)) means that (M(X\) — aly)™ € [H]. Since —(M()\) —
aly)~t € R(H) the assertion is obtained immediately from (i).

(ili) For every o € R is clear that M()\) — aly € R(H). Therefore, by Lemma 4.1
ker (M (M) — aly;) does not depend on A € C\ R.

(iv) Observe that o(M(N)) = o0,(M(X)) U o.(M(X)). Hence the statement follows by
combining (ii) and (iii). O

Remark 4.19. The proof of Proposition 4.18 shows that the eigenspaces ker (M () — aly),
a € R, actually do not depend on A € C\ R.

Independent operator theoretical proofs for the invariance results in Proposition 4.18 are
presented in the Appendix (see Proposition A.6).

According to Corollary 4.14 the assumption that Ao is selfadjoint is equivalent to the
decomposition T = Ay T 9M\(T), A € C\ R. Clearly, this decomposition is direct: 9t\(T) N
Ag ={0,0}. In this case the intersection 91,(7") N dom Ay can be described as follows.

Proposition 4.20. Assume that Ay is selfadjoint. Then for A € C\ R,
(4.21) M\ (T) Ndom Ay = (Ag — \) " (mul 7).
Moreover, h € To{0, —w}, w € mul T, if and only if y(A\)h = (Ag — ) "'w for A € C\ R.
Proof. The identity in (4.21) is equivalent to
(4.22)  {{f,Af}eT: fedomAy}={{(4g— N ""w, A4y —N) 'w}: wemuT}.
Let {f,A\f} € T have the property that f € dom Ay. Then there is an element w € $ for
which f = (4p — A)"'w. Hence
(4.23) {£, A} ={(Ao = N7 w, (T + A(Ag = X)) Hw} = {0, ~w}.
Since the elements in the lefthand side belong to T, it follows that w € mul7. Hence the

lefthand side of (4.22) is contained in the righthand side.
Conversely, observe that for w € $

{(Ag — N)tw, MAp — )7 tw} = {(Ag — N)tw, (T + M(Ag — ) Hw} F{0, —w}.

Thus, if w € mul 7', then the elements in the righthand side belong to Ay F ({0}@&mul T) C T.
Hence the righthand side of (4.22) is contained in the lefthand side.

It follows from (4.23) that h € T'o{0, —w} if and only if h € T'o{f, \f} and, by definition
of () this is equivalent to f = y(\)h. O

Remark 4.21. The assumption that Ay is selfadjoint is essential for the inclusion mul 7" C

ran (Ag — \). If Ay is not selfadjoint, the identity (4.21) need not be valid, cf. Example 6.5.
The next result is a strengthening of Lemma 4.10.

Proposition 4.22. Let I" be a boundary relation for S* and let ranTy be closed. Then:

(i) T'(Ap) is essentially selfadjoint in H and the defect numbers of S are equal;
(ii) of A5 C domT' then Ay = ker Iy is selfadjoint and the linear relation Iy is closed;
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(iii) ¢f ranD is closed, and in particular if the defect numbers of S are finite, then Ay =
ker 'y is selfadjoint and the linear relation Ty is closed.

Proof. (i) By assumption dom7, = ranl'y is closed. Then also dom (closTy) = dom S5 is
closed and hence by Proposition 2.2 dom S, is closed. Decompose Sy = Sy & ({0} x mul Sy),
where Sy is the operator part of Sy in H © (mul Sy) = dom S5 = dom 75 (D dom ;) and
{0} x mulS; is a selfadjoint relation in mul Sy. Since dom Sy = dom Sy is closed, S is a
bounded symmetric operator in dom75. It is well known that Sy has bounded selfadjoint
extensions in dom 75, cf. e.g. [1]. Let By be a bounded selfadjoint extension of Sy in dom 75.
Then S; = By x ({0} @ mul S%), since clearly (By F ({0} x mul S%))* = Sy and moreover,
By F ({0} x mulS}) is closed, which follows from the fact that By is a closed bounded
operator in dom 75. Consequently,

(4.24) closTy = S5 = S; @ ({0} x mul Sy) = By F ({0} x mul Sj).
To prove essential selfadjointness of I'(Ag) first observe that
I'(Ag) = mulT F ({0} x mulTy) = S, F ({0} x mulTy).

Since Ay is symmetric, ['(A4p) is symmetric by Proposition 2.13. Moreover, mul T is dense
in mul S}, which follows from (4.24) and the boundedness of By. Since dom Sy = dom S is
closed this together with (4.24) implies that

['(A)* = SN (mulTy)* x H) = S N (dom Sy x H)
= Sy F ({0} x mulS3) C closT'(Ap) C T'(Ap)*.

Hence, I'(Ay) is essentially selfadjoint and the defect numbers of Sy, and therefore also of
S =54, are equal.

(ii) According to Proposition 2.13 A, is essentially selfadjoint and by Lemma 4.10 it is
closed. Thus, A is selfadjoint. The closedness of 'y follows from the general implication

Ap=A;, ranlyisclosed = T is closed .

(iii) If ranT" is closed then equivalently 7" = domI is closed; i.e., T = S*. Consequently,
A} C domT and the statement is obtained from part (ii). Observe, that if the defect numbers
of S are finite then T is closed as a finite-dimensional extension of S. 0

Remark 4.23. Proposition 4.22 gives rise to the following observations:

(i) mul M()\) = mul S, and the operator part M,(A) of M()) acts on dom Tb;

(ii) If ranTy is closed, then I'(Ay) is selfadjoint if and only if mul T is closed;

(iii) If ranT; is closed, then I'(A;) is selfadjoint if and only if ker T is closed,;

(iv) If ranT'y and ranT'; both are closed and I'(Ag) or I'(4;) is selfadjoint, then Ay and
Aj both are selfadjoint. Moreover, A TA=T , so that Ay and A; are disjoint with
respect to S,

(v) Part (iii) of Proposition 4.22 applies in particular to the case ran ' = H?; this implies

for instance the equality R*(#H) = R“[H], cf. Theorem 4.13.
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4.4. Domain invariance and operator representations of Weyl families. A Weyl
family M(-) € R(H) belongs to the subclass Ry, (#) when there exists a linear (not neces-
sarily closed) subspace Hy C H such that

(4.25) dom M(\) = To(MA(T)) = Ho, A€ C\R.

In this case Proposition 4.9 may be applied to show that the closure of the ~-field ~(-) is
single-valued. Note that in this proposition the notations [Hg, Mx(7")] and [Ho] refer to the
bounded linear operators in the respective spaces, even when H, is not complete.

Proposition 4.24. Let T : % — H? be a boundary relation with the corresponding Weyl
family M(-) € R(H). Assume that To(MA(T )) = Ho holds for all A € C\ R. Then:

(i) v(A) admits a single-valued closure for all A € C\ R;

i) Ho C domy(A)** = dom~y(u)** C closHy, A pe€C\R;
) Ho C dom~y(A)*™y(p), A,p € C\R;

) Y(A) € [Ho, MA(T)] if and only if Tm M () € [H,.

(i
(iii

(iv

Proof. (i) This is a direct consequence of Proposition 4.9.
(ii) It follows from (4.14) that there exists ¢ > 0, such that

%HV(#)Hfj < lvNlls < ellv(w)lls,

which shows that the topology induced on Hy by the form (y(A)h,v(A)k)g does not depend
on A € C\R. Therefore, the domain of the closure of this form is also independent of
A € C\ R and clearly the closure is given by (v(A\)**h,y(A\)*k)g, h, k € dom~y(A)**, where
Y(A)™ : H — $ is the closure of y(A), A € C\ R.

(iii) It follows from (4.9) that for all h, k € H,

Hence, for k € dom~y(u) = Ho and \ # [,
(4.27)

o 10O @R)S] _ (5 (MO = Mol _ OO = Ml _

heHo 17l heHo (A=l Al A — il
which means that y(u)k € dom~y(A\)*. Hence, Ho C dom y(A)*y(u).

(iv) This follows immediately from the identity
(Im Ms()\)h, h)ﬁ . (MS(A)h, h)H - (MS(A)*}Z, h)’H .
(4.28) Lo = — (AR Y(R)s, B E Ho.
U

Proposition 4.25. Assume that the Weyl family M (-) belongs to the subclass Emv(H), S0
that (4.25) holds with a linear subspace Hy C H. Then the operator part of the Weyl family
M(N\) = My(\) ® My, has the operator representation

(4.29)  M,(\) = My(w)" + (A = @)y() [ + (A = ) (Ao = )7 y(p), A peC\R,
where y(u)* : $ — closH,.
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Proof. This follows immediately from the identity
(Ms()‘)ha k)?—[ _ (Ms(,u)*hv k)’H

A—p
the identity (4.14), and part (iii) of Proposition 4.24. O

= (Y(Mh,v(Wk)g,  h k€ Ho,

Under the assumption of domain invariance the symmetric relation Ag = ker Iy is essen-
tially selfadjoint (cf. Corollary 4.12), so that its closure A5* = A} is a selfadjoint extension of
S. Recall that under these circumstances the identity (4.14) now holds for all A,y € C\ R:

(4.30) YWh = [T+ (A= p)(Ao = N) (wh,  heTo(M(T)), ApeC\R
Denote by A the (orthogonal) operator part of Aj*, so that A§* admits the decomposition
A=A, 0 A, A ={0} x mul A7".

Let P be the orthogonal projection onto $); = dom Aj*, so that I — P is the orthogonal
projection onto mul Aj*. Let F(t) be the spectral family (of orthogonal projections) of Ag*,
so that in particular ker F(co) = ran (I — P). Then the operator A, in $); satisfies

A=A /—”dE

In view of (4.31) the identity (4.30) may now be rewritten as follows (with A, u € C\ R):
(432)  y(Vh = (I = Py(wh + Iy, + (A = )(As = ) IPY(h, k€ To(MA(T)),

which is an orthogonal decomposition.
The next result is an extension of the integral representation (2.34) from the subclass R[H]
to the subclass R;,,(#H) of Nevanlinna families.

Proposition 4.26. Assume that the Weyl family M (-) belongs to the subclass Emv(H), S0
that (4.25) holds with a linear subspace Hy C H. Then the operator part of the Weyl family
M(X\) = My()\) & My, has the integral representation

1 t
4.33)  (M.(\)h Ry = an, + b\ _
(433 (L= a0+ [ (-

where ap, = (Re My(i)h, h)y, doy(t) = (t* + 1)d(E(t)Py(i)h, Py(i)h)g,
(4.34) b = (I = P)y(i)Al[5,
P is the orthogonal projection onto dom A§*, and E(t) is the spectral family of AS*.
Proof. 1t follows from (4.29), (4.31), and (4.32) that for all h € Hy and pu =i
(My(Mh, h)a = (M(i)*h, h)a + (A +9)[(T = P)y(0)Al[§
+ A+ (I + (A=) (A = N)TPy(i)h, y(9)h)g
t—1

= (M;(i)"h, h)3 + (A + 1) (bh + /R rom )\d(E(t)P'y(i)h, Pv(i)h)sa) .

(4.31) I

) don(t), h € Ho(=dom M(N)),

Since

T (M, (i)h, By — by + /R d(E()P(i)h, PA(i)h)s — by + /R

one obtains (4.33). O
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The coefficient (4.34) of the linear term in the integral representation (4.33) may be
obtained by a limiting procedure.

Proposition 4.27. Assume that the Weyl family M(-) belongs to the subclass ﬁmv(?—[), 50
that (4.25) holds with a linear subspace Ho C H. Then for all p € C\ R and h € H,,

(4.35) lim M) R

y—o0 1y

= |(I = Py(i)h|ls = (I = P)y(w)hl
In particular, with h € H,,
(4.36) lim (M) R

y—00 1y

Proof. The first equality in (4.35) is implied by (4.33) and (4.34). To obtain the second
equality in (4.35) observe that as a consequence of (4.32) the following limiting result holds:

Tim (y(iy)h, y(1)h)s = (I = Pyl

Now the statement is implied by (4.29). O

=0 if and only if ~y(u)h € dom AF*.

Corollary 4.28. Assume that the Weyl family M(-) belongs to the subclass EW(H) and let
S be an operator, i.e., mulS = {0}. Then A§* is an operator if and only if

M, (iy)h, h
(4.37) tim M@ W)

y—0o0 1y

=0 for every h € Ho = dom M (\).

Proof. Assume that A§* is an operator. Then it follows from Proposition 4.27 that (4.37)
holds.

Conversely, assume that (4.37) holds. If S is simple, it follows from Proposition 4.27 that
M\(T), A € C\ R, are orthogonal to mul A5*. Since $§ = span{I\(T) : A € C\ R}, this
implies that mul A5* = {0}. In the general case, when S is not necessarily simple, decompose
the operator S as an orthogonal sum Sy @ S; with a simple symmetric operator Sy and a
selfadjoint operator S;. Then the result follows from the fact that M (-) is the Weyl family
of the simple part Sy of S. 0

As a direct consequence of (4.31) and (4.32) one obtains

439 O == Pronts + [ |5 las@pns.

It also follows from (4.32) that if y(A\)h € dom A§* for some A € C \ R, then the same is true
for all A € C\ R.

Proposition 4.29. Assume that the Weyl family M(-) belongs to the subclass EW(H) and
let h € Ho=To(MA(T)), A€ C\R. Then

(4.39) sup y (Im M;(iy)h, h)H <00 < y(u)h € dom Ay, peC\R.
y>0

Proof. 1t follows from (4.9) that
M (1y) — Ms(iy)*
(4'40) y ( S(Zy) S(Zy)

> h,h) = y*|[7(iy)hl3.
5 H
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Combining (4.40) with (4.38) leads to

(4.41) ylm (M, (iy)h, h),, = y*|[(I — P)y()hll% +y /; + deEth( )hl3.

An application of Lebesgue’s monotone convergence theorem gives

241

(1.42) supy? [ S ZdIEPIOME = [ (2 -+ Dl B P
y>0

Now (4.41) and (4.42) show that the lefthand side of (4.41) is uniformly bounded for y > 0

if and only if (I — P)y(i)h =0 and Py(:)h € dom Aj*. O

Define the subclass R, (H) as the set of all Nevanlinna families M () € Rino(H) for which

ker (Im M;(X\)) = {0} for all A € C\ R.
Corollary 4.30. Assume that the Weyl family M(-) belongs to the subclass Rmv(’H). More-
over, assume that Ag is selfadjoint and mul S = {0}. Then mulT = {0} if and only if

(4.43)
MG
lim M =0, and lim y(Im M(iy)h,h)y = oo for every h € H \ {0}.
Yy—r00 ’Ly Yy—00
Proof. If (4.43) holds then A, is an operator and M,(7") N dom Ay = {0}, A € C\ R. Now
Proposition 4.20 shows that mul 7" = {0}.
Conversely, assume that mul 7" = {0}. Then by Proposition 4.20 9,(7") N dom Ay = {0}

for every A € C\ R and this implies (4.43), since () is injective (see (4.28)). O

Remark 4.31. The results in this subsection are generalizations of similar statements which
are well known for Q-functions of symmetric operators and Weyl functions of ordinary bound-
ary triplets, i.e., for the subclass R"[#] of Nevanlinna functions, see e.g. [23], [24].

4.5. Forbidden lineals. The concept of a forbidden (isometric) operator V' in the frame-
work of von Neumann’s theory has originally been introduced by M.A. Krasnosel’skii in
[20]. The connection between the operator V' and limit values of the characteristic function
was discovered by A.V. Straus [31]. In the case of ordinary boundary triplets the so-called
forbidden lineal has been introduced and studied in [24], cf. also [13].

Definition 4.32. Let ' : $? — H? be a boundary linear relation and let T = domI'. The
forbidden lineal of I" is defined by

Fr=T({0} x mulT).

In this subsection the forbidden lineal of I" will be characterized by using the asymptotic
properties of the corresponding Weyl family M (-), under the assumptions that Ay is a self-
adjoint and the operator part M(-) of M(-) has a bounded imaginary part for A € C\ R.
The approach given below is rather straightforward and the proof of the main statement
in Proposition 4.34 is essentially simpler than the one used earlier in the case of ordinary
boundary triplets.

Proposition 4.33. Let Ay = A} and let P be the orthogonal projection onto dom Ay. Let
h € T'o{0, —w} for some w € mulT and let Im Ms(\) be a bounded operator for A € C\ R.
Then:

(i) y(A)h — 0 strongly in H as A\ = iy — oo;

(ii) My(A)h — —Pw strongly in $ as X\ = iy — oo;
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(iii) the following strong limit exists

(4.44) M;(ico)h := lim M,(iy)h = M(@)h — y(n)* Pw.
Yy—00
Proof. 1t follows from Proposition 4.20 that h € dom () and
(4.45) YAh = (4o —N)"'w, AeC\R.
The statements (i) and (ii) are immediate from the representation (4.45). Moreover, (iii) is
implied by (4.29) since y(u)* is bounded due to Proposition 4.24. O

Proposition 4.34. Let ' : §2 — H? be a boundary linear relation such that Ay = Aj and
Im M,()) is a bounded operator for A € C\ R. Then

(4.46) dom Fr = {h € H : supy(Im M(iy)h,h) < oo },

y>0

and the forbidden lineal Fr admits the representation

(4.47) Fr = {{h, M,(ic0)h} : h € dom Fr} F T({0} x mul Ap).

Proof. The following characterization concerning dom Fr is implied by Proposition 4.20
(4.48) h € dom Fr if and only if v(A)h € dom Ay.

Combining (4.48) with the equivalence (4.39) in Proposition 4.29 gives the description of
dom F in (4.46).
Next assume that {h, '} € I'{0, —w}, where w € mulT. Then

()

Consider also the elements

- (0. (5 €A reern

It follows from Proposition 4.33 that with A = iy — oo these elements converge to

(4.51) {(2) : (_M_ﬁg’o)hﬂ €A

Now subtract from this element the element in (4.49), so that

() Canton) - 1G) Ci)) =0 (e Pt <2
This shows that {0, h’ — M;(ico)h} € I'({0} x mul Ap). Hence,
{h,n'} = {h, M,(ico)h} F{0,h — M,(ico)h},

proving one inclusion in (4.47). The reverse inclusion is obvious from (4.46), (4.51), and
mul Ag C mulT. O

Corollary 4.35. LetT' : $° — H? be a boundary relation, which is single-valued and satisfies
the assumptions of Proposition 4.34. Then

mul Fr = I'({0} x mul Ay).



BOUNDARY RELATIONS AND WEYL FAMILIES 37

5. SPECIAL BOUNDARY RELATIONS AND THEIR WEYL FAMILIES

5.1. Ordinary boundary triplets. A combination of Definition 1.1 of an ordinary bound-
ary triplet for the case of a densely defined symmetric operator from [17] (see also [12],
[24]) and the adaptation for the case of a nondensely defined symmetric operator leads to
the following definition. The adjoint S* of a symmetric operator S in ) is a closed linear
relation in §; it can be considered as a Hilbert space with the graph norm.
Definition 5.1. ([17]) Let S be a closed symmetric operator in a Hilbert space $) with equal
defect numbers. A triplet IT = {H, Ty, 1}, where H is a Hilbert space with dim H = n.(5)
and I'; € [S*, H], is said to be an ordinary boundary triplet for S*, if:

(A1) the abstract Green’s identity (1.5) holds;

(A2) the mapping I' := {To, 1} : S* — H? is surjective.
Lemma 5.2. Let I': (92, J5) — (H?, Jx) be isometric and let T = domT satisfy S C T C
S*. If T is dense in S* and ranT' = H?, then S = kerI' has equal defect numbers, T = S*,
and I' s a bounded single-valued unitary relation.

Proof. By assumptions (dom ')l = T = S C domT. Hence, Corollary 2.6 shows that I
is a unitary single-valued relation which is bounded with T" = domI' = S§*. In particular,
kerI' =T* = S and in view of Lemma 2.14 mulI" = {0} implies that the defect numbers of
S are equal. O

Proposition 5.3. A triplet {#H,T0,I'1} is an ordinary boundary triplet for S* if and only if
['={To,T1}: 9% — H? is a boundary relation for S* such that

(5.1) ran " = H°.

Proof. Let {#,I'o,I'1} be an ordinary boundary triplet for S*. Note that (Al) and (A2)
mean that T' : $? — H? is an isometric operator from the Krein space (2, J5) into the
Krein space (H?, Jy) with domT' = S* and ranI’ = H2 By Lemma 5.2 ' is unitary and
(G1) and (G2) are satisfied.

Conversely, if I' : $? — H? is a boundary relation for S* such that ranT" = H?2, then I is
unitary and domI' = S*. It remains to apply Lemma 5.2 to see that I' = {T'g,I'; } satisfies
all the assumptions in Definition 5.1. 0

The kernels A; := kerI';, i = 0, 1, define two selfadjoint extensions of S. Associated with
IT are two functions, which are holomorphic on p(Ay).

Definition 5.4. ([12], [13]) Let II = {#,I,,I'1} be an ordinary boundary triplet for S*.
Then the 7-field () and the Weyl function M (-) corresponding to IT are defined by

(-
(5:2) A= ol Y =m(Tol M), M) =TFR), A€ p(4y).
")

Here ‘ﬁ,\ = ‘ﬁ,\(

In this case the corresponding Weyl function M(-) belongs to the class R“[H]. In fact,
M(-) determines the pair {S, Ao} up to unitary equivalence, cf. [23], and, conversely, for
every such function M(-) € RY“[H] there exist a symmetric operator S and an ordinary
boundary triplet for S* whose Weyl function is equal to M(-).

It was shown in [12], [24] that +(-) and M (-) satisfy (4.14) and the following identity

(5.3) M) = M(p)* = (A= @)y()y(A), A p € p(Ag).

and 7, stands for the projection onto the first component of H x H.
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This means that the v-field v(-) of S in Definition 5.4 is generated by Ay and that M(-) is
a @Q-function of the pair {5, Ag}.

5.2. Generalized boundary triplets. A more general definition of a boundary triplet for
a symmetric operator S with equal defect numbers was given in [13]. This motivates the
statement in the next lemma.

Lemma 5.5. Let H and §) be Hilbert spaces and let T’ be an isometric relation from ($2, J5)
to (H?, Jy) with the properties

(i) ranTy = H;

(il) Ag := ker Ty is essentially selfadjoint in 9,
where Ty is as defined in (3.6). Then T is a unitary relation from (9%, Jg5) to (H?, Jy).

Proof. Let {k,g} € T with k = {k, &'} and § = {g,¢'}. By assumption (i) {3, {k,t'}} €T
for some 5= {s,s'} € $% and ¢’ € H. Since I'"! € T, one concludes that

(5.4) {0,k —t'},5 -3} = {k, 5} — {{k,¢'},5} e 1.

Moreover, the assumption (i) and Lemma 4.10 imply that Ay is closed. Thus, by the assump-
tion (ii) Ao is a selfadjoint relation in §. The condition f € Ay means that {f,{0,h'}} € T
for some b’ € H. Now it follows from (5.4) that for all f € A,

(T, 3= 5)e2 = (Ju{0. W'} {0.K — '}y = 0.
Therefore, g —§ € Aj = Ay by assumption (ii). Hence, {g —5,{0,v'}} € I for some v’ € H
and (5.4) implies that {{0,k' — ¢ — v'},{0,0}} € I'™. This means that for all {f,h} €T,

0= (JﬁJ?a {0,0})g2 = (JH/I\% {0,k —t' —v'})ge =i(h, K —t' —v)y,

and now the assumption (i) yields &' — ' — v’ = 0. This shows that {g, k} = {g—3, {0,v'}} +
{5, {k,t'}} € T. Thus, ' c 1. O

Now recall the definition of a generalized boundary triplet as given in [13].

Definition 5.6. ([13]) Let S be a closed symmetric operator in a Hilbert space $) with equal
defect numbers and let T be a linear relation in §) such that S C T C closT = S*. Then
the triplet {H, Ty, "1}, where H is a Hilbert space and I' = {I'g, I'; } is a single-valued linear
mapping from T to H?2, is said to be a generalized boundary triplet for S*, if:

(S1) the abstract Green’s identity (1.5) holds for all f = {f, f'}, §={g,¢'} € T;
(S2) ranT'y = H;
(S3) Ay :=kerT is a selfadjoint linear relation in $.

By definition Ay C domI" = T, which implies that Ay is a selfadjoint extension of S.
Proposition 5.7. A triplet {#H,Ty,'1} is a generalized boundary triplet for S* if and only
if T = {00, 1} : % — H? is a boundary relation for S* such that
(5.5) mull = {0}, To(OL(T))=H, AeC\R

In this case the corresponding Weyl family M(X) belongs to the class R*[H]|. Conversely,
every R*[H]-function is the Weyl function of some generalized boundary triplet {#H,To, 1 }.
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Proof. Let {H,Ty,I'1} be a generalized boundary triplet for S*. Then I' = {I'g, I'; } is unitary
by Lemma 5.5 and hence it is a boundary relation for S* with mulI" = {0}. It follows from

the assumption (S3) that $* = Ay F M (S*), A € C\ R, and since Ay C T, also the equality

(5.6) T =Ay F M(T), AeC\R,
holds. This together with (S2) gives
(5.7) To(Ma(T)) =To(T) =H, AeC\R.

The statement M () € R*[H] is obtained from Proposition 4.7.

Conversely, let I' be a boundary relation for S* with the properties (5.5). Then H =
Fo(‘ﬁA(T)) C ranT, so that ranTy = H, i.e., (S2) is satisfied. Also the property (S3) is
obtained from I'g(M(7")) = H by using Proposition 4.15, cf. Corollary 4.17. The remaining
conditions for generalized boundary triplets are clearly satisfied.

It follows from Theorem 3.9 and Propositions 4.5, 4.7 that every R*[H]-function is the
Weyl function of some generalized boundary triplet. 0

The converse part of Proposition 5.7 was first proved in [13]. The next result collects some
further properties of generalized boundary triplets.

Proposition 5.8. ([13]) Let {H,T'0,T'1} be a generalized boundary triplet for S*. Then:

1) T=A4A F ‘/X\IA(T) for every A € C\ R;

(i) closTy(Ag) = H andtanT = H?;

(iii) the restriction Ty : ‘ﬁ,\(T) — H is a closed mapping for every A € C\ R;

(iv) the equalities (5.2) define an [H,M,]-valued function 5(-), an [H, My]-valued function
(), and an [H]-valued function M(-), which are holomorphic on C\ R and satisfy
the identities (4.14) and (5.3).

Proof. (i) This was shown in the proof of Proposition 5.7, cf. (5.6).

(ii) By Proposition 2.3 ranT is dense in H2. Now assume that i | T';(Ag). Then {k,h} L
['(Ap) in H? for every k € H. Since {—M(\)*h,h} L I’(‘ﬁ,\) in H?, it follows from (i) that
{—=M(X)*h,h} L ranT and, therefore, h = 0.

(iii) By Proposition 4.9 the mapping Iy : ‘ft)\(T) — H, A € C\ R, is closable. Moreover,
it is closed since To(M\(T)) = .

(iv) The operators (\), A € C\ R, are bounded by the closed graph theorem and thus
also the operators y(A), A € C \ R, are bounded. The corresponding statement for M () was
shown in Proposition 5.9. The remaining statements are immediate from Proposition 4.11
and the operator representation (4.29). O

5.3. Boundary relations with Weyl functions in R[$)]. In this subsection the class of
boundary relations whose Weyl functions belong to the class R[#] is considered.

Proposition 5.9. Let H and $) be Hilbert spaces and let T : $? — H? be a (possibly
multivalued) linear relation such that:

(B1) Green’s identity (3.1) holds;
(B2) ranTg = H;
(B3) Ap :=kerIy is a selfadjoint linear relation in $).
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Then T : $% — H? is a boundary relation for S* := (kerI')* such that
(5.8) To(MA(T)) =H, AeC\R.

Conwversely, every boundary relation T : $§% — H? satisfying (5.8) satisfies also the conditions
(B1)-(B3). In this case the corresponding Weyl function belongs to the class R[H], and
moreover, every R[H]-function is the Weyl function of some boundary relation T : $? — H?>
with the properties (B1)-(B3).

Proof. The proof is completely analogous to that of Proposition 5.7 and hence it will be
omitted. U

Proposition 5.10. Let ' : $? — H? be a boundary relation satisfying the conditions (B1)-
(B3). Then:

1) T=A4 F ‘/X\IA(T) for every A € C\ R;
(ii) (Fof‘ﬁ,\(T))_l tH— ‘ﬁ,\(T) is closed bounded and single-valued for every A € C\ R;
(iii) the equalities (5.2) define [H,My]-valued, [H,My]-valued, and [H)-valued functions
¥(), v(+), and M(-), respectively, which are holomorphic on C\ R and satisfy the
identities (4.14) and (5.3).

Proof. The proof is analogous to that of Proposition 5.8. The main difference is that the
mapping Io[ N\ (7)) : NMA(T) — H, may be multivalued, but it has still a trivial kernel and
its inverse is a closed bounded single-valued mapping for every A € C \ R by Proposition 4.9.

The identity (5.3) is implied by (4.29). O

The next proposition gives a reduction of a multivalued boundary relation I" : $2 — H?
with the properties (B1)—(B3) to a generalized boundary triplet satisfying (S1)—(S3).
Proposition 5.11. Let ' : $? — H? be a boundary relation satisfying the conditions (B1)-
(B3) and let Hy = mymull’, Hy = H S Ho. Then there is a selfadjoint operator K € [H],
such that the linear relation

o0 e ({0 () () @) er) oo

is a single-valued boundary relation for S* and the boundary triplet {H,, F(()l),Fgl)} satisfies
the assumptions (S1)-(S3). The Weyl functions M(X), Mi(X) corresponding to the boundary
relations T, TM are connected by

(510) M()\) =K+ dlag {O’HO,Ml()\)}, AE (C_|_.

Proof. Since ranT'y = H one derives from Lemma 2.1 that ran'F({0} @ H) is closed. By a
theorem of Kato [19, Theorem 4.8] and Proposition 2.3

(5.11) mulT F ({0} @ H) is closed.

Using Lemma 2.1 again one obtains that Hy = 7 mull' is a closed subspace of ‘H and it
follows from (5.11) that mulI" is the graph of a bounded operator Ky : Ho — H. Due to
Proposition 2.9 Kj is a symmetric operator since mulT" is a neutral subspace in {H?, Jy}.
Let K be a bounded selfadjoint operator extension of K. Since mulI" = ran '™ one obtains
from

0= (I, ho) — (h, Koho) = (K — Kh,ho) ho € Ho, {h,h'} €ranl,
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that ' — Kh is orthogonal to H,. This proves that ran['™ C 2. The mapping T is single-

valued since for h = {h,'} € mull one has Py, h = h' — Kh = 0. Now, the properties
(S1)-(S3) for '™ are implied by the properties (B1)-(B3) for I. The equality 5.10 follows
from (5.9). O

The following corollary is immediate from Proposition 4.30.

Corollary 5.12. Let S be a symmetric operator in $) and let T' : % — H? be a boundary
relation for S* satisfying the conditions (B1)-(B3), Ho = my mull', Ag =kerI'y, T'=domT,
and let M(-) be the corresponding Weyl function. Then:

(i) mul Ay = {0} if and only if

(Miy)h. )

(5.12) lim L _0, he#H;

y—o0 iy
(ii) mulT = {0} if and only if M(-) satisfies the condition (5.12) and
liTm ylm (M(iy)h, h) =00, heHSHy, h#0.
yToo

6. EXAMPLES

In this section a number of illustrative examples are presented. Each example by itself
shows some characteristic behaviour of boundary relations.
Example 6.1. Let A be a selfadjoint relation in a Hilbert space §) and let B be a selfadjoint
relation in a Hilbert space H. Define the linear relation A in H G H by A= Ad (—B), i.e.,

= {{( (2} ren mnea).

It is clear that A is selfadjoint. The transform

o= {{(2) ()} wren mires)

defines a boundary relation I' : $? — H? for S* = A with
T=domI'=A4, S=ker'=A, ran'=B, mull =B.

In particular, this implie/g that Ag = A; = S = S§* are selfadjoint. The corresponding
Weyl family M(\) = I'(M\(T")) is given by M(A) = B. Since ranT'y = dom B it is seen
that M(X\) € R[H] if and only if dom B is closed (in which case B is the orthogonal sum
of a bounded selfadjoint operator and a closed multivalued part). Furthermore, note that
MA(S*) = M\(A) = {0,0}, so that the y-field satisfies y(A\)h = 0 for all h € dom B and
hence its closure is single-valued.

Example 6.1 gives a realization for a constant Nevanlinna family M(A\) = B as a Weyl
family of a boundary relation I'. Observe, that the symmetry property M (\)* = M () forces
that B = B*. In Example 6.1 the boundary relation I' is not minimal. The following result

expresses this situation more explicitly.

Corollary 6.2. Let I' : $52 — H? be an arbitrary boundary relation whose Weyl function
satisfies M(X) = B, A € C\ R. IfT' is minimal then $ = {0} and in particular S =T = S*.
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Proof. Consider {f;,ﬁ} € I' with A € C\ R. The identity (3.4) with A = u shows that
A =ML = (W k) = (b, ) = 0.

since B is selfadjoint. This implies that J?,\ = {0,0}. Now the assumption that " : 92 — H? is
minimal yields $ =span {M\(7): A€ C\R} ={0}. Inthiscase S =T = 5*={0,0}. O

In Proposition 3.7 a boundary relation for an arbitrary closed symmetric relation S in a
Hilbert space $ is constructed. In the next example some further properties of the corre-
sponding boundary relation are considered.

Example 6.3. Let A be the linear relation in § & § given by (3.12) and let I’ = ‘7*1(11)

be the corresponding boundary relation for S*. Then I' satisfies the following equalities
kerI' =mull’ =S, domI'=ranl = S*.

Moreover, the corresponding Weyl family M ()) is given by

(6.1) M) =8 F NM\(S*), AeC\R.

To see this assume { fa, f3} € M(X). Then it follows from (3.5) that

{H{AAA{fo, 5} €T for some {fr,A\fi} € S™.
By (3.12) this shows Pn({ f2, f3}—{/fx, Af}) = 0, which implies that { fo, f5} —{fx, A\fa} € S,

A~

so that {fs, f}} € S F MA(S*). Hence M(A) C S F My(S*), and the reverse inclusion can
be seen immediately. Furthermore,

(6.2) mul M(\) =mulS, XeC\R.
To see this, consider an arbitrary element in M (\) with A € C\ R:

(Y FLAAAYEMO) with {hR} €S, {fr, AL} € Ma(S),

so that (W, fy) = Ah, fr). If h+ fA = 0, then {—f\,h'} € S and (I, fy) € R. Hence,
it follows that f, = 0, and consequently, &~ = 0. Thus mul M (\) C mul S and the reverse
inclusion is obvious. _

In this example M(-) € R($). According to Proposition 3.5 the boundary relation T is
minimal if and only if the selfadjoint relation A= J (') in H & $H is minimal with respect to
£, which is equivalent to S being simple. Hence, if S is simple, in which case S is an operator,
this model provides a minimal realization for the Weyl family M ()) in (6.1). Moreover, its
multivalued part is trivial due to (6.2). Therefore, if S is simple, M (-) € R(9).

Recall that the symmetric relations Ay and A; in (4.13) are given by

Ao={{fi, fi} €S Pufr = Pu{0, f3}, {0, i} € §"}
and

Av={{fi, fi} € S*: Pnfi = Pu{f2,0}, {fo,0} € S*}.
This implies, in a similar way as above, that
(6.3) Ag =S F{0,mulS*}, A, =5 F {kerS*,0}.

Moreover, ranI'g = dom S* and ranI'; = ran S*. The extension Ag of S is symmetric and,
in general, not selfadjoint. The defect numbers of A, are called semi-defect numbers of S,
see [20].
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Remark 6.4. If in Example 6.3 S is a densely defined symmetric operator, then (6.3) shows
that Aq = ker I'y coincides with S. Therefore, Ay need not be selfadjoint and, in general, it
can have arbitrary (equal or unequal) defect numbers.

The next example gives a boundary relation whose Weyl function belongs to Ry, (H)\R[H].

Example 6.5. Let B be a closed densely defined linear operator in $ and let A be the
operator determined by the block form

= 0 B
)

By definition Aisa selfadjoint operator in $ @ $ whose graph is given by

A= { {(i)’ (gf})} : h € dom B, fEdomB*}.
Moreover,

G (§) = (50 @ (0) - (BEE).

The transform

r=J"44) = { {(1;}) <_g’*f>} . h € dom B, fedomB*}

defines a boundary relation for S* = dran B in $H & H with
T =domI' =dom B* xran B, S =kerI'=ker B* x {0},
ranl' = dom B x ran B*, mull' = ker B x {0}.
Hence, T is single-valued if and only if ker B = {0} and since mulI' N {0,9} = {0} the
corresponding Weyl family M (\) is operator-valued. Moreover,
ranl'y = dom B, ranl'; =ran B*.
Observe, that {f, A\f} € T if and only if

1
f= 3 Bh, h € domB*B.
Hence, R R
Fo(MA(T)) =dom B*B, T'1(M\(T')) =ran B*B,
and the corresponding v-field and the Weyl family are given by
1 1
AN)==—B, M(\N=--B'B
YA =3B, MO =—+
on dom B*B. In particular, Fo(‘ﬁA(T)) and Fl(‘j\IA(T)) are independent of A € C\ R, and
in general they do not coincide with ran 'y and ranI';, respectively. The formulas

Ay =kerT'yg = dom B* x {0}, A; =ker['y =ker B* x ran B,
show that Ay and A; are essentially selfadjoint in £).
In this case also the equality M(\) — M (u)* = (A — )y(u)*y(X) is satisfied.

The next example gives a boundary relation whose Weyl function M(-) typically appears
in the case of bounded perturbations of a selfadjoint operator. Observe, that in this example
—M(-)~! need not belong to the class Ry, (H).
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Example 6.6. Let B be bounded and let D and F be selfadjoint operators in . Define A

by the block form
~ D B
(2 2)

Then A is a selfadjoint operator in $) @ $ whose graph is given by

Z:{{(z)’(é)*];tBE};)} : fEdomD,hEdomE}.

~ . B(E4+)N)'B*+ D — )\
(A=X) <(g> B <(E - )\[)‘SB*[B()E +A)LB* +]D : )\]_1@)

Note that

and
~ {0\ [((D=X"'B[BY(D—-X"'B+E+A\W
(A=) (¢> = < —[B*(D—-N"'B+ E+ A\ > '

Here the Schur complements B(E +))"'B*+D— X and B*(D —))"'B+ E+ X are invertible
for each A € C\ R since A is selfadjoint. The transform

Iy f h .
r=J 1(A)—{{<Df+Bh>,<Eh_B*f>}.fedomD,hEdomE}

defines a boundary relation in $ ® $ with
T =domI = D F ({0} x B(domE)), S =kerl' = D|ker B*,
ranl = E T ({0} x B*(dom D)), mull = E|ker B,

so that S* = clos (D ¥ ({0} @ Tan B)). Since mulT' N {0,H} = {0}, the corresponding Weyl
family M (\) is operator-valued. Moreover,

(6.4) ran[g =dom E, ranT; = B*(dom D) +ranFE.
Observe, that {f,\f} € T if and only if
f=—(D—\"'Bh.
Hence, R R
Lo(MA(T)) =dom E, T1(M\(T)) =ran (B*(D—A)"'B+E),
and the corresponding v-field and the Weyl family are given by
YA =—=(D=XN"'B, MQ\)=B*(D-X\"'B+E,
on dom M()). In particular, [o(9\(T)) = ranT for every A € C\ R, while I';(9M,(T)) in
general depends on A € C\ R and need not coincide with ranI';. The formulas
Ag=%kerT'y=D, Ay =%kerI'y ={{f,Df +Bh}: fedomD, hedomE, B f=FEh}
show that Ay is selfadjoint while A; need not be essentially selfadjoint in $).
However, if for instance £ = 0 then A; takes the form
A ={{f,fyeT: B f=0}=S5 T ({0} xran B).

By Theorem 4.13 the equality Fl(‘ftA(T)) = ranI’; holds for every A € C \ R if and only if 4,
is selfadjoint: this holds if, for instance, £ = 0 and ran B is finite-dimensional, in which case
A is in fact the generalized Friedrichs extension of S. Since Ay is a selfadjoint extension of
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S, S has equal defect numbers. Observe, that Ay = S if and only if B = 0, so that when
B # 0 then S is not selfadjoint.
On the other hand, A; = S if and only if the following implication holds:

B*f=FEh, fedomD = h=0and B*"f=0,
or equivalently,
(6.5) B*(domD)Nran E = {0} and ker E = 0.

In this case A; cannot be essentially selfadjoint (unless B = 0) and thus Fl(‘ftA(T)) must
depend on A € C\ R. Observe, that there exist bounded selfadjoint operators B = B* and
E = E* with the properties

ran BNran £ = {0}, ker E =ker B = {0},

so that also the conditions in (6.5) can be satisfied.

In the next example the Weyl function takes a constant value in the lower halfplane which
is a symmetric operator with defect numbers (1,0). In fact, this example can be seen as a
special case of Example 6.3. It involves some first order differential operators on the halflines.

Example 6.7. Let S, and S_ be the minimal differential operator generated in § =
Ly(0,00) and H = Lo(—00,0), respectively, by the expression iD. Let A be the selfad-
joint operator in $) @ H given by

A= L) (T2} e e Wi0.00, o e Who0.0) ma(00) =9-0) |

Clearly, the operator A is minimal with respect to the space H in the sense of (2.26) since the
symmetric operator S, is simple, see Lemma 2.14. Then the linear relation ' = J1(A) :
$? — H? is a minimal boundary relation with

domI'= -8, kerI'=-S5,, ranI'=S5", mull'=5_.

The symmetric extensions Ay = kerI'y and A; = kerI'; are equal and coincide with S =
kerI' = —S, , which is a maximal symmetric operator. Furthermore, observe that

ranl'g = dom S*, ranl'; =ranS*.
The defect subspaces 91, (S*) are given by
M\(S*) =span{e™}, AeCy, M(S)={0}, reC.,
and the corresponding Weyl family M ()\) = F(‘YI,\(S *)) has the form
MM =S5, xeC,, MMN=S, XxeC_.

Clearly, M () belongs to the class R(#) and has the domain invariance property in each
halfplane, but not on C\ R, cf. Proposition 4.11. In fact, each halfplane gives different
behaviour. For A\ € C, the corresponding v-field is given by

Y(A)h = h(0) e, h € dom S*,

so that

oIm\ A=A ’

IYVR|* = h € dom S*.
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Clearly (4.11) is not satisfied for A € C,, since S* ¢ S_. In fact, the closure of the -
field v(\) is not single-valued for A € C,. To see this, define a sequence of smooth functions
h,, € H such that h,(0) = 1 and h,, — 0in H = L*(—o0,0), in which case y(A\)h,, = e** #£ 0.
For A € C_ the corresponding v-field is given by

y(A)h =0, héedomS._,

and S_h,h h,S_h

Iy(A\)R||? = (5P, A)_(A i >, h e domS._.
Clearly (4.11) is satisfied for A € C_, since S_ C S*. Therefore, the closure of y()\) is
single-valued for A € C_ and, in fact, y(A\)h =0 for all h € H.

The last example demonstrates the applicability of boundary relations (as defined in the
present paper) for treating boundary value problems involving partial differential operators.
Example 6.8. Let A = A*(> I) be a semibounded operator in a Hilbert space H and let S
be a minimal selfadjoint operator in Ly((0, 00), H) associated with the differential expression

lly] = —y" + A%.

It is known that the domain of the maximal operator S* consists of the vectors

—~ 1 0
y=-ef + 5/ e~ A=l A7 (s)ds,
0

where fi € $_152, h = Sy € L*([0,00),H), cf. [17]. Here A denotes the continuation
of the operator A acting from H,(A) to Har1(A), where {#H,(A)} is the scale of Hilbert
spaces generated by the operator A (H,(A) = dom A%), see [17]. The boundary values y(0)
and 3/(0) of y € dom S* belong to H_1/2(A) and H_5/2(A), respectively. The regularized
boundary values y(0) and y'(0) + Ey(O) of y € dom S* belong to H_1/2(A) and H;/2(A),
respectively. Moreover, the mapping y — {y(0),1/(0) + Ay(0)} from dom S* to H_1/2(A)
and H1/2(A) is surjective (see [17, Chapter 4]).

Define the operator T' as a restriction of S* to the domain dom7 = {y € dom S* :
4(0),/(0) € H} and two mappings I : dom S* — H2 and " : dom T — H?2 by

Ly = Gi) - (Alﬂé_(;/;i((gy(o)))’ e (?Z) - (3(8))

It is shown in [17] (see also [12]) that the triplet {#,T,,T';} is an ordinary boundary triplet
for 5* and the following equality

(66) (S*’y, Z) — (’y, S*Z) = (fly, foZ)'H — (foy,flz)ﬂ

holds for all y, 2 € dom S*. Since y(0),y'(0) € H and y'(0) + Ay(0) € Hi; for all y € dom T,
one obtains y(0) € #H; for all y € dom 7. Therefore, for all y, z € dom T the equality (6.6)
can be rewritten as

(6.7) (S™y,2) — (y,5"2) = (T'1y, Toz)n — (Toy, T12)%.
To show that {H,To,I'1} is a boundary triplet for S*, suppose that for some 2,z € H,
h, h € H the following equality

(6.8) (5"y,2) = (y,2) = (C1y, h)n — (Coy, h)n
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holds for all y € dom S*. With the choice y € dom S it follows that z € dom S* and z = S*z.
Next, the choice y € kerI' gives

Ty, M) = (T1y, Doz)u
for all y € dom S*. Since I''dom Ay = Hi/2 is dense in H one obtains from (6.7), (6.8)
h = Tyz. Similarly, the equality h = I';z is derived from (6.7), (6.8) by choosing y = kerI'y,
since I'ydom A; = Hs/o.

The defect subspace M\(T") consists of the vectors fy := e~ VAT f, f € Hy. Since
Lofyn = f the y-field and the Weyl function M () of the boundary triplet {#, Ty, I";} are
given by

YA = MA)f=-VA =X, [eH.
Clearly, M € R;n(H) \ Ry, since the function —v/s2 — X is unbounded on [1, co0) for every
A€ C\[1,00) and dom M(\) = H; for all A\ € C\ R.

APPENDIX A. NEVANLINNA PAIRS

In abstract eigenvalue-depending boundary value problems Nevanlinna family is often
represented via its counterpart - Nevanlinna pair, see e.g. [13], [7], [9]. In this Appendix
connections between Nevanlinna families and Nevanlinna pairs are investigated in the general
Hilbert space setting.

Every closed linear relation 7" in a separable Hilbert space H can be represented as

(A1) T = {{Oh,Th}: he L},

where L is a parameter Hilbert space and the operators ®, ¥ belong to [£,H]. To show
this it is enough to take T" as £ and the projections 7, m onto the first and the second
components of 7' C ‘H x H as ® and V. Clearly, each pair {®, U} of operators in [L, H]
gives rise to a linear relation 7" in H via (A.1). In the infinite-dimensional case (dim H = oo)
the parameter Hilbert space £ can be taken to be equal to H. Note that when p(7') is not
empty and g € p(T) then

T ={{(T = Xo)"h, (I + (T = Xo) A} : he H},
so that £ = # and there is a natural choice for the pair {®, U} in [#]. For linear relations

given by the equation (A.1) the properties stated in Proposition 2.9 can be characterized in
terms of the pair {®, ¥}.

Proposition A.1 ([9]). Let T be a linear relation T in H, defined by (A.1). Then:
(i) the adjoint T* is a linear relation given by

(A.2) T ={{h,h'} € H*: U*h—d*h' =0}.
(ii) T is a dissipative (accumulative) relation if and only if
(A.3) —i(P*V —U*P) >0, (<0);
(iii) T is symmetric if and only if
(A.4) ' — TP = 0;

If, additionally, ker ® Nker U = {0}, than
(iv) A € p(T) if and only if the operator ¥ — A® has a bounded inverse;
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(v) T is mazimal dissipative (accumulative) if and only if (A.3) holds and the operator
U +i® (U —i®) has a bounded inverse;

(vi) T is selfadjoint if and only if (A.4) holds and the operators ¥ + i® have bounded
inuerses.

Proof. (i) For {g,¢'} € T* and arbitrary h € H one has the equality
0= (¢',®h) — (9,%h) = (®*¢' — U*g, h),

which implies U*g — ®*¢' = 0.
(i), (iii) If T is symmetric then for {®h, Uh} € T one obtains

0 = —i[(Uh, ®R) — (Bh, Uh)] = —i((®*V — U*®)h, k), heH,

and conversely. Similarly, one obtains the conditions (A.3) for dissipative and accumulative
linear relations.

(iv) It follows from(A.1) that
(A.5) T— A= {{®h, (T - )} : he L},

Assume that A € p(T) and (Vv — A®)h = 0. Then Vh = ®h = 0 and, hence, h = 0 (by
the assumption ker ® Nker ¥ = {0}). Since ran (¥ — A®) = ran (T — \) = H, it follows
0 € p(¥ — A®). Similarly, if 0 € p(¥ — A®) one obtains from (A.5) that A € p(T") and
(T =\ = ®(¥ — &) L.

(v), (vi) are immediate from (ii), (iii) and (iv). O

Now let a family of linear relations 7(-) be represented in the form
(A.6) T(A) = {2(A), ¥(N)} := {{&W)h, ¥(Mh} : heH

where ®(-), U(-) is a pair of holomorphic operator functions on C, UC_. In the case when
7(-) is a Nevanlinna family the corresponding pair {®(-), U(-)} in the representation (A.6)
is called the Nevanlinna pair.

Definition A.2. A pair {®, ¥} of [#]-valued functions ®(-), ¥(-) holomorphic on C\ R is
said to be a Nevanlinna pair if:

(NP1) Tm ®(A)*T(\)/Im A > 0, A € C, UC_;

(NP2) U(A)*®(\) — @(A)*¥(\) =0, A € C\ R;

(NP3) 0 € p(T(N) £i®(N)), A € C4.

Two Nevanlinna pairs {®, ¥} and {®;, ¥} are said to be equivalent, if &1(N) = &(A)x ()
and ¥1(A) = U(A)x(A) for some operator function x(-) € [H], which is holomorphic and
invertible on C, UC_, cf. (iii) in Proposition A.5.

As follows from Proposition A.1 the property (NF1) for the family 7(-) corresponding
to the Nevanlinna pair {®, ¥} is equivalent to the property (NP1) for the pair {®, U}.
Moreover, the formula (A.6) establishes a one-to-one correspondence {®, ¥} — M between
the equivalence classes of Nevanlinna pairs and Nevanlinna families 7(-) € R(H).

Proposition A.3 ([9]). Let {®, ¥} be a Nevanlinna pair of [H]-valued functions on C,UC_,
and let 7(-) be defined by (A.6). Then 7(-) is a Nevanlinna family.

Conversely, if 7(-) € R(H) then there exists a Nevanlinna pair {®, ¥} of [H]-valued func-
tions on C, UC_, such that (A.6) holds.

Every two Nevanlinna pairs {®, ¥}, {®q, ¥1} satisfying (A.6) are equivalent.
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Proof. Let {®, ¥} be a Nevanlinna pair. Then it follows from (NP1), (NP3) and Proposi-
tion A.1 that the linear relation 7()\) is maximal dissipative (maximal accumulative) for all
A € C; (A € C_). The assumption (NP2) concerning {®, ¥} means that 7(\) C 7(\)*. Now
it follows from the (A.2) that

(A.7) T = {{h, W} € HZ: T(N\)h— BON)*H =01,

and, hence
TN —i={{h, g} : (W(A)" —i®(N)")h = B(A)"g} -
Using the hypothesis (NP3) one obtains ker (7(A\)* — i) = {0}, ran(7(\)* —1i) = H for
A € C4. Since 7(A) satisfies the same relations and 7(\) C 7(\)* this implies 7(\) = ( )*
for A € C\ R. B
Conversely, assume that 7(-) € R(#). Define ®(-) and ¥(-) by

(A.8) PN =(r(\) £i)H, YN =TFi(r(\)£4)', MeCuy.

Then 7(-) has the representation (A.6). The property (NF3) implies that ®(-), ¥(-) are
holomorphic on C; UC_ with the values in [H]. Clearly, ¥(\) +i®(\) = I and hence (NP3)
holds. Moreover, the symmetry condition (NP2) is obvious and the positivity condition
(NP1) follows from (NF1) in view of

(PA)*T(N) — T(A)*P(N))h, h) _ Im (¥(A)h, @(A)h)
Im A Im A\

> 0.
0J

Proposition A.4. Let {®, ¥} be a Nevanlinna pair. Then the following kernel is nonnega-
tive on CL UC_:

(p) W(A) — U(p)"2(N)
A—fi ’

(A.9) No.o(\, 1) = A peC,UC._.

Proof. Let 7(+) be a family of linear relations associated to the Nevanlinna pair {®, ¥'}. The

Cayley transform C(A\), A € C\ R, of 7()\) is given by

(A.10) C(\) = (T(N) —i®(\))(T(\) +iP(N))*

It is a holomorphic on C, U C_ and contractive for A € C,. It follows from the equality
1-c(uren)

“i0-7)
that the kernel Ng ¢ (A, 1) is nonnegative on C,, cf. [29]. Moreover, the nonnegativity of the
kernel Ng ¢ (A, 1) on C U C_ is implied by Ginzburg inequality (see [5, Section 1.6]). O

= 2(9 () + 9P (1)) Now (X, 1) (T(A) +i®(N)) ™

As follows from Proposition A.5 the conditions (NP3) and (NF3) can be replaced, for
instance, by

0€p(P(A)+pP(AN) and 0€ p(r(A)+ pl),

respectively, for some (equivalently for every) u € C. and for all A in the same halfplane as
1. Moreover, the following more general statement holds.
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Proposition A.5. Let {®(-),V(:)} be a Nevanlinna pair, let W be a unitary operator in the
Krein space (H?, Jy), and let

Then {®(-),¥(-)} is also a Nevanlinna pair. In particular, if X = X* € [H], Y is an
invertible operator in [H] and M(-) € R*[H], each of the following pairs is also a Nevanlinna
pair:
(A.11)

[B(), U() + XO()}, (Y 1B(), Y U()}, {~U(), 800}, {B(), () + MO)B()}.

Proof. Consider 7(\) and 7(\) as the ranges of the block operators

-G8 - G8)

Then the kernel Ng ¢ (), 1) can be represented as follows:
() JuT(\)
—i(A—p)
The properties (NP1), (NP2) for {®(-), ¥(-)} are implied by the equalities

T(p) JuT(A) _ T(u) JuT(N)
(A.13) Ng.g(\ 1) = s W e s w R Ne,w (A, p).
Due to Proposition 2.9 7()) is a maximal nonnegative subspace of the Krein space (H?, Jy)
for A\ € C,. Since 7(\) is the range of T(\) it has the same property and, therefore,
7(-) € Ry. By Proposition (A.3) {®, ¥} is a Nevanlinna pair.
Applying this statement to the pair {®, U} and the matrices

I 0 Y=t 0 0 —I
() (o) we(9)
one shows that the first three pair in (A.11) are Nevanlinna pairs. The properties (NP1),
(NP2) for the pair {®(-),¥(-)} = {®(-), ¥(-) + M(-)®(-)} are implied by the identity
M(A) — M(p)*
Ng 5 (A 1) = Ng 5 (A, 1) + (k) 2\_ Z ( ().

To show that the operator W(\) + i®()) is invertible for some A € C,, set X = Re M (),
Y = Im M()) and apply the previous statement to the pairs:

{21(N), Ui (N} ={(Y + D'2e(N), (Y + 1)"2U ()},
{®y(N), Ta(M)} = {D1(N), U () + (Y + D) 7YV2X (Y + 1) Y2, ()}

Since these pairs are maximal dissipative it follows that the operator
T(A) +i®D(N) = (V + D)Y2(Wa(\) +i®s(N))

is also invertible. O

(A.12) Now(A, 1) =
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Proposition A.6. Let {®(-), U(-)} be a Nevanlinna pair and let 7(-) € R(H) be the cor-
responding Nevanlinna family. Let A\g € Cy and let « € R. Then the following statements
hold:

-~
—

—

R I N N

if 0 € 0,(No (Ao, Ao)), then 0 € 0,(Now (A, A)) for all X € C\ R;
if 0 € p(Ng,w(Xo, X)), then 0 € p(Ng,w (A, A)) for all X € C\ R;
7(A\) N 7(A) does not depend on X € C\ R;

if @ € 0p(7(No)), then a =€ a,(T(N)) for all X € C\ R;

if a € 0.(T(N)), then a € a.(T(N)) for all A € C\ R;

if @ € p(1(No)), then a € p(T(X)) for all X € C\ R;

mul (7(X)) does not depend on X € C\ R.

if T(Xo) € [H], then 7(X\) € [H] for all A € C\ R;

Proof. (i) Due to Proposition 2.9 7()\¢) is a nonnegative subspace of the Krein space (H?, J3).
Let 0 € Up(N@’\IJ(AO,AO)) and denote Hy = ker Nq>7\1/()\0,>\0), Ao € C+. In view of (A12),
T(X\o)Ho is equal to the isotropic part 7(Ag) N 7(Xg)* of 7(X\g) in (H?, Jy). By Proposition

A.4 the matrix

(Na,w(Xo; Ao)ho, ho)  (Na,w (Ao, A)ho, h)

(No.w(A, Ao)h,ho)  (New(A A)h,R) )7
is nonnegative, which implies that (Ng g (Ao, A)ho,h) = 0 for all h € H, hy € Hy, and
A€ C\R. Now (A.12) shows that

(JT(Xo)Ho, T(A)R) = 0

for all h € H and A € C\ R. Therefore, the subspace T'(Ag)H, is orthogonal to the max-
imal nonnegative subspace 7(\) in (H?, Jy) and consequently T'(A\g)H, is contained in the
isotropic part of 7(\). This shows that 0 € 0,(Ng ¢ (A, A)).

(ii) Let now 0 € p(Ng,w(Ao, Ao)). Then it follows from (i) that Ng ¢ (A, A) has a trivial
kernel for every A € C\ R. Assume that 0 € 0.(Ng ¢ (A, A\)) and let {h,,}5°; be a sequence of
H such that ||k, || = 1 and Ng g (A, A)h, — 0 as n — oo. Since T'(Ag)H is a maximal positive
subspace of the Krein space (H?,J3) its orthogonal complement (T'(\g)H)" is a negative
subspace in (H#?, Jy). Decompose T'(\)h,, as follows

(A.14) T(Nhy =T (N, + gn, (B, € H, g, € (T(No)H)T).

Since the matrix

(i

(iv
(

~—~

v
(vi
(vii
(vii

(No.w(Xo, Xo)hy,s hy)  (Naw (o, ARy, hn)
(N@,\P()‘ﬂ )‘O)hna h;L) (Nq),\IJ(A7 )‘)hn; hn)

is nonnegative and (Ng (A, A)hy, hy,) — 0 one obtains
(No.w (Ao, M) An, hy) = (JT (No)hiy, T(AN)hy) = (JT'(Xo)hi,, T (No)h;,) — 0, n — oo,
and, therefore, T'(A\o)h,, — 0 as n — oco. Next, it follows from
(Na.w (A, A b, b)) = (T (No) by, T(Xo)hz,) + (J2Gns Gn)

that (Jxgn, gn) — 0. Since (T'(A\o)H)  is a negative subspace this implies g,, — 0 and, hence,
T(A)h, — 0. This contradicts (NP3) and, therefore, 0 € p(Ng,u(A, A)).

(iii) The arguments in (i) show that 7(\g) N 7(Ag)* C 7(A) N 7(A)*. The roles of X and A
can be interchanged and, hence the equality in (iii) follows.

(iv) Let a = @ € 0,(7(Ao)) and ¥(Ag)ho = aP(Ag)ho for some hy # 0. This implies that
(Na,w (Ao, Ao)ho, ho) = 0 and the vector T'(Ag)ho is neutral and belongs to the isotropic part
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T(XAo) N7 (Xo)* of 7(Ag). Now, it follows from (iii) that {®(\)hg, a®(Xg)ho} € (), and hence
a € o,(7(X)) for all A € C\ R.

The proofs of (v), (vi), (vii), (viii) are analogous, but the further details will be omitted
here. U

Proposition A.7. Let {®, U} be a Nevanlinna pair and let 7(-) € R(H) be the corresponding
Nevanlinna family. Let A € C.. Then:

(i) 7(-) € B*(H) if and only if 0 & o,(Ne,w (A, A));

(ii) 7(-) € R“(cH) if and only if 0 € p(Ng,u (X, N)).
Proof. (i) Let h € ker Ng w(A, A), that is (P(N)*T(A ) U(A)*®(A))h = 0. Than it follows
from (A.7) that {®(A\)h, ¥(A\)h} € 7(A) N 7(A\)* and therefore h = 0 if and only if 7(A) N
T(A)" = {0}.

(i) Let f, f' € H and let h, g satisfy the equations
(A.15) e(Nh+2(Ng=f, T(Nh+TN)g=f,
Then it follows from (NP2) that
(A.16) No.o (A, Ak =TA)*f — DN F, Nog(\A)g=TN\)*f—DN)*f.

Assume that 0 € p(Ng,w (A, A)). Then it follows from (A.16) and Proposition A.6 that the
system (A.15) has a unique solution for all f, ' € H and therefore 7(\) T 7(\)* = H>.
Conversely, let 7(-) € R*(#) and thus the system (A.15) has a unique solution for all f,
f' € H. Then it follows from the first equation in (A.16) and the hypothesis (NP3) that
ran Ng ¢ (A, A) = H? This implies that 0 € p(Ng ¢ (A, ). O

Proposition A.8. Let 7(-) € RY(H). Then 7(\) € [H] and 77Y(\) € [H] for every \ €
C\ R. In particular, the following equality holds R*(H) = R"[H].

Proof. Let {®, ¥} be a Nevanlinna pair associated to M. It is enough to prove that ®(\)
and ¥(A) are invertible. Now assume, for instance, that ®(\)h, — 0 for some sequence
hyn, € H, ||hy|| = 1. This together with 0 € p(Ng w(A, A)) shows that for some a > 0 one has

o< (Ncp’\p()\, )\)hn, hn)g.[ — 0,

a contradiction. Since ran ®(\) = dom7(A) (ran ¥(A) = ran7(\)) is dense in H, one con-
cludes that ®(\) must be invertible. A similar argument shows that ¥(\) is invertible. [J
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