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ABSTRACT: 
 
Smart cities increasingly rely on large-scale Internet of Things (IoT) networks to monitor critical 

infrastructure (such as bridges) and support data-driven decision making. Monitoring the health 

of bridges requires accurate information on the structural responses - such as tilt and deflection 

-  at critical locations. This information is usually gathered through distributed sensing systems 

or discrete point sensors. Distributed sensors provide spatially high-resolution information but 

also generate large volumes of data, increase communication and maintenance costs, and create 

scalability challenges for long-term monitoring systems. In contrast, discrete sensors can only 

provide information at their installation positions.  

This thesis presents a framework that uses only one discrete sensor per span to reconstruct 

the longitudinal tilt and deflection of a continuous prestressed concrete girder at uninstru-

mented positions. The proposed framework integrates autoregressive forecasting and Physics-

Constrained Neural Networks (PCNNs) based on Euler–Bernoulli beam theory to address inverse 

problems associated with uncertain loads and material properties arising from construction 

imperfections.  

Four interconnected models are developed: (i) an Autoregressive (AR) model for multi-day 

sensor signal forecasting, (ii) a PCNN model that combines sensor measurements with 

environmental features to reconstruct full-span tilt and deflection responses, (iii) an integrated 

AR-PCNN pipeline for predictive full-span reconstruction, and (iv) a Finite Element Method (FEM) 

model used as a baseline for validating the physics-constrained framework. The models are 

evaluated using real-world data from the IDA-KI OpenLab research bridge. Results show that the 

AR-PCNN framework achieved an R2 of up to 0.9 while maintaining PDE residual below 4.9x10−4, 

demonstrating strong accuracy and physical consistency.  

KEYWORDS: Structural Health Monitoring; Physics-Constrained Neural Networks; Euler–
Bernoulli Beam Theory; Inverse Problems; Finite Element Method; Autoregression, Sparse 
Sensor Networks; Prestressed Concrete Girder 
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1 Introduction 

Smart bridge monitoring systems increasingly rely on sensor technologies to support 

safe, efficient, and data-driven infrastructure management. However, balancing the 

need for detailed structural information with the practical challenges of sensor 

deployment and data management remains an important research challenge. This 

chapter introduces the context of the study and presents the background, motivation, 

aim, objectives, scope, limitations, contributions to knowledge, and the thesis structure. 

1.1 Background 

Bridge infrastructure forms the backbone of modern transportation systems, supporting 

urban mobility, economic activity, and resilient operations within smart cities and 

communities. However, these structures are subject to constant environmental and 

operational stresses that gradually degrade their material properties and can lead to 

catastrophic failures if not properly monitored and maintained (Sonbul & Rashid, 2023). 

Consequently, Structural Health Monitoring (SHM) has become an important 

component of intelligent infrastructure management. SHM is the process of 

implementing a damage identification strategy for aerospace, civil, and mechanical 

engineering infrastructure (Farrar & Worden, 2007). This process may include modal 

testing, signal processing, probabilistic analysis, numerical modeling, damage detection, 

damage diagnosis, damage reconstruction, and damage prediction (Mammeri et al., 

2025). The traditional method of SHM relies on periodic visual assessments by trained 

engineers, but it is labour-intensive, time-consuming, and often fails to detect incipient 

damage before it becomes critical (Deng et al., 2023).  

Recent advances in smart city technologies, the Internet of Things (IoT), and data-

driven infrastructure systems have transformed bridge monitoring from periodic 

inspection to continuous and intelligent sensing. Modern bridge monitoring systems can 

now utilize sensor networks and real-time analytics to detect abnormal structural 

responses and provide early warning of potential problems (Sonbul & Rashid, 2023).  
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Among the structural responses commonly monitored are tilt and deflection, 

which are important indicators of structural behaviour under traffic loads, thermal 

actions, environmental effects, construction imperfections, and possible structural 

damage. Since these responses vary spatially along a bridge, measurements are typically 

required at multiple locations across the structure. 

 

 

Figure 1: Importance of Structural Health Monitoring 

Although, advanced sensing technologies such as distributed fiber-optic sensors (DFOS) 

can provide high spatial-resolution measurements along bridge structures, they 

generate large volumes of data that require substantial computational resources for 

transmission, storage, and real-time processing. Such large-scale deployment of dense 

sensing systems across urban infrastructure networks may be economically impractical 

for many smart-city applications. In contrast, discrete sensors (such as tiltmeters) can 

only take measurements at the exact location they are installed, leaving the structural 

response at every other location to be inferred. This creates a significant challenge for 

scalable and cost-effective bridge monitoring within smart infrastructure systems. 

1.2 Motivation 

The motivation for this thesis arises from a fundamental recognition that the challenges 

of “over-generated data” and “insufficient data” by the deployed sensors of smart city 

infrastructure monitoring are not insurmountable through technological advancement 

alone but rather require a paradigm shift in how we approach structural health 
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monitoring. Rather than deploying increasingly dense sensor networks to measure 

structural response, an alternative strategy is to deploy optimally located sparse sensors 

and use advanced physics-based computational techniques to infer the complete spatial 

distributions of structural responses from these limited measurements.  

 

1.3 Aim and Objectives 

The overarching aim of this thesis is to explore a Physics-Constrained Neural Network 

framework to predict and reconstruct the longitudinal tilt and deflection of a real-world 

bridge at every critical position where there are no sensors, as an attempt to close the 

gap between “over-generated data” from high spatial-resolution sensors and 

“inadequate data provision” from discrete sensors. To achieve this aim, the research is 

organized around the following specific objectives: 

Obj 1 Identify the structural properties, material characteristics, and loading 

phases of the IDA-KI OpenLab bridge from the in-house documentation. 

Obj 2 Develop an Autoregressive ML model to predict days-ahead, the signals of 

sensors. 

Obj 3 Formulate the governing equations for the longitudinal tilt and vertical 

deflection. 

Obj 4 Reconstruct the full-field tilt and deflection with PCNN under known physics 

conditions. 

Obj 5 Develop an FEM numerical baseline model by reverse-engineering the net 

load and forward-engineering the spatial tilt/deflection fields using beam 

theory and known boundary conditions. 

These objectives translate into the following research questions that will guide the 

investigation: 

• RQ1: How can a physics-constrained neural network be configured to accurately 

reconstruct complete spatial distributions of bridge tilt from discrete sensors? 
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• RQ2: What is the minimum number of sensors required to achieve a specified 

reconstruction accuracy, and how does optimal sensor placement affect 

performance? 

• RQ3: How do the reconstructions from the PCNNs compare in accuracy and 

computational efficiency to alternative methods such as FEM? 

 

1.4 Research Scope 

The analysis is limited to longitudinal tilt and vertical deflection of a two-span girder. 

While bridges experience multiple types of deformation, including lateral tilt, cracks, 

vibration, and foundation settlement, this thesis focuses exclusively on longitudinal tilt 

and vertical deflection.   

 

1.5 Limitation 

The validation of the Physics-Constrained Neural Network framework was initially 

intended to be performed using measurements from a held-out sensor on the bridge. 

However, the held-out accelerometer was damaged and unavailable during the study. 

Consequently, the reconstructed tilt and deflection responses were validated against a 

Finite Element Method (FEM) model instead of independent field measurements. 

 

1.6 Contribution to Knowledge 

Existing studies on inverse problems in structural health monitoring (SHM) of bridges 

typically rely on multiple sensors to reconstruct structural responses at uninstrumented 

locations.  However, the hybrid AR-PCNN model utilizes the measurements from only 

one sensor per span of a continuous girder. To the best of the author’s knowledge, no 

prior study has applied a physics‑constrained neural network to achieve full‑field 

reconstruction of both slope and deflection for a continuous girder under such sparse 

sensing conditions. Additionally, AR-PCNN is a predictive and reconstructive model, in 

which its predictive capability can be implemented for sensor anomaly detection by 
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flagging discrepancies between the forecasted and measured signals when they exceed 

a defined threshold.  

 

1.7 Structure of Thesis 

This thesis is organized into seven chapters, structured as follows: 

• Chapter 1 establishes the background and motivation of the thesis, the specific aims 

and objectives, research scope, limitations, and knowledge contributions of the work. 

• Chapter 2 reviews literature on the previous works across the domain of structural 

health monitoring systems, bridge responses, and physics-based computations.  

• Chapter 3 introduces the case study of the IDA-KI bridge. Discussions on the 

measured quantities, the wind load data, and the boundary conditions of the bridge.  

• Chapter 4 establishes the data preprocessing analysis, including data cleaning, fea-

ture transformation, correlation analysis, and information theory. 

• Chapter 5 details the mathematical framework of the study, including the governing 

differential equations for tilt and deflection; the design of the architecture of the 

interconnected models; and the training and optimization procedures. 

• Chapter 6 presents the empirical results from the models in Chapter 5 with detailed 

applicable discussions. 

• Chapter 7 summarizes the key findings and contributions and concludes with 

reflections on the implications for smart bridge monitoring and infrastructure 

management in smart cities. 
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2 Literature Review 

Several bridges across the world have experienced catastrophic failure associated with 

uncontrolled tilting, manifesting as a consequence of underlying mechanisms such as 

foundation scour, structural degradation, or impact-induced misalignment (Faulkner et 

al., 2020; Millar et al., 2024). Between 1980 and 2012, a total of 1062 bridge failures 

were reported in the United States, causing huge losses to the nation (Lee et al., 2013), 

many of which could have been avoided with the implementation of a structural health 

monitoring system. Bridge failures not only cause casualties and loss of lives, but they 

also result in economic crisis as a result of services that would need to come to a halt 

(Cook et al., 2015; Diaz et al., 2009; SMITH, 1976).  

According to Lee et al. (2013) and Wardhana & Hadipriono (2003), bridge failures can 

be categorized into three: Distress, partial collapse, and total collapse. Distress is a failure 

that doesn’t necessarily affect the usability of the bridge, but it may or may not result in 

a collapse (Lee et al., 2013; Wardhana & Hadipriono, 2003). Examples of such failure are 

deflection and tilt, which are the focus of this thesis.  

 

2.1 Bridge Response 

When a bridge is subjected to mechanical or environmental loading, they give responses 

in the form of deflection, tilt, crack, vibration, expansion, twisting, etc. These responses 

are then interpreted by structural engineers to ascertain if they are within the allowable 

limits or not. If one or a combination of these responses exceeds the allowable limits, 

there is a risk of partial or total collapse.  

 

2.1.1 Tilt 

In simple terms, tilt is the change in the angle of a structure relative to a perfectly level 

horizontal or vertical line (the gravity vector)(Charles & Skinner, 2004). Traditionally, 

tiltmeters and inclinometers (sometimes used interchangeably) are used to measure the 

angular tilt or rotation of a structural member because of their sensitivity for tracking 
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very small and precise measurements. Tiltmeters work by measuring the responses of 

the “pendulum behaviours” caused by gravity (Ha et al., 2013). A biaxial tiltmeter 

measures tilt in two distinct axes - the longitudinal and transverse axes. For each axis, 

the gravity vector is projected on the axis of the acceleration. The Sisgeo 0S542HD0502 

D-tiltmeter used for this thesis uses a MEMS technology with an enclosed design to 

ensure high accuracy and low dependence on thermal factors and dynamic movements.  

 

 

Figure 2: (a) Sisgeo 0S542HD0502 D-tiltmeter  (b)  Degree of freedom in space  

Sources: (Jansen et al., 2025) and (Danielle Collins, n.d.) 

 

The girder of a bridge can tilt about the X, Y, and Z directions. The rotation of the girder 

about the X-direction is called “roll”, about the Y-direction is called “pitch”, and about 

the Z-direction is called “yaw”. The kind of tilt measured by the Sisgeo 0S542HD0502 is 

pitch and roll (Srl, n.d.). 

Pitch is primarily caused by the bending moment and flexural stress (Amaral & 

Mazzilli, 2017), emanating from self-weight, live loads from vehicular traffic, 

temperature variations, creep, and shrinkage – all of which self-weight is the 

dominant forcing (Mozumder et al., 2026). This form of tilt is also called slope 

(symbolized as θ), and the unit could be mm/m, radians, or degrees. The scope of this 

thesis is limited to pitch. Hence, roll and yaw will not be discussed further.  
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2.1.2 Deflection 

Deflection is the temporary bending or displacement of a structural member (like a 

girder) from its original position when subjected to an external load, force, or gravity 

(Tang et al., 2024). Unlike pitch, which can simply be monitored with a 

tiltmeter/inclinometer, the monitoring of deflection is quite cumbersome. Traditionally, 

deflection can be monitored directly with Linear Variable Displacement Transducers 

(LVDTs), Laser Deflectometers, or Radar Interferometers. However, all these techniques 

require a reference position for the measurement because the sensors are not directly 

installed on the bridge. Because of this reference position, deflection measurement with 

the aforementioned techniques becomes impractical, especially when the bridge is 

constructed over a lake, river, muddy regions, or a major highway, where a reference 

point cannot simply be made (Hou et al., 2005; Sanli et al., 2000).  

Many researchers have postulated that rotation measurement sensors 

(tiltmeters/inclometers that measure pitch) can be indirectly used to measure deflection 

of a bridge. We can infer deflection from pitch since there is a mathematical relationship 

between them. Hence, this creates an opportunity to monitor both tilt and deflection 

with a single sensor. 

 
𝜃 =

𝑑δ

𝑑𝑥
 (eqn  1) 

Where δ is deflection and θ is pitch (might be referred to as slope or tilt in this thesis) 

 

Figure 3: Deflection Diagram of a Cantilever Beam 

Figure 3 shows the deflection diagram of a cantilever beam that is fixed supported at A 

and free at B. The line AB represents the original shape of the beam, and with the effect 

of external forcing, the deflected shape AB’ is obtained. The deflection at point B can be 
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computed as the vertical distance between B and B’, while the slope at B (θB) is simply 

the angle between the tangent to the deflected curve at point B′ and the original beam 

axis AB.    

 

2.2 Forms of Analysis 

For spatio-temporal analysis of bridge behavior, structural engineers employ three 

primary forms of analysis, namely, deterministic methods, data-driven approaches, and 

physics-based methods. Each approach addresses specific challenges in real-time 

monitoring, prediction accuracy, and computational efficiency.  

 

Figure 4: Forms of Analysis in Structural Health Monitoring 

The selection of an analysis method depends on factors such as data availability, required 

accuracy, computational resources, and interpretability requirements. Figure 4 shows 

the breakdown of the analysis methods.  

 

2.2.1 Data-Driven Analysis 

Data-driven analysis relies primarily on learning patterns and relationships directly from 

observed data without explicitly enforcing the governing physical laws of the system. In 

a standard Feedforward Neural Network (FFN), inputs are passed through intercon-

nected layers, where the network learns by adjusting weights and biases to minimize a 
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loss function through backpropagation and gradient-based optimization. According to 

the Universal Approximation Theorem, a sufficiently large neural network can approxi-

mate any continuous nonlinear function: 

 𝑓(𝑥) ≈ 𝑓(𝑥; θ) (eqn  2) 

where 𝑓(𝑥)is the target function and 𝑓(𝑥; 𝜃) is the neural network approximation pa-

rameterized by 𝜃.  

This capability has made FFNs widely applicable in prediction and pattern recognition 

problems. However, purely data-driven models become problematic for engineering sys-

tems governed by physical laws because a data-driven model can fit available data while 

violating the underlying physics, especially when data are sparse or noisy. In real-world 

SHM applications, where complete field measurements are often unavailable, relying 

solely on data-driven analysis may therefore produce physically unrealistic predictions 

despite achieving low numerical error. 

 

2.2.1.1 Autoregressive (AR) Model 

The Auto-Regressive (AR) model is a classical data-driven time-series forecasting method 

that predicts future values using previously observed measurements. Unlike deep learn-

ing models, AR models do not rely on neurons or hidden layers. Instead, they model 

temporal relationships directly through statistical dependencies between past and pre-

sent observations. Due to their simplicity and relatively small number of trainable pa-

rameters, AR models are particularly effective for small datasets. To reduce overfitting in 

AR, regularization techniques are commonly introduced into the learning algorithm. Two 

widely used approaches are Ridge and Lasso regularization. Ridge regression penalizes 

the squared magnitude of model coefficients, preventing excessively large coefficients: 

 
𝐿 = ∑ (

𝑁

𝑖=1
𝑦𝑖 − 𝑦̂𝑖)

2 + 𝜆 ∑ 𝑎𝑗
2 

𝑝

𝑗=1
 (eqn  3) 

while Lasso regression penalizes the absolute magnitude of the coefficients: 

𝐿 = ∑ (
𝑁

𝑖=1
𝑦𝑖 − 𝑦̂𝑖)

2 + 𝜆 ∑ ∣
𝑝

𝑗=1
𝑎𝑗 ∣ (eqn  4) 

λ is the regularization coefficient that controls the penalty.  
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2.2.1.2 Neural Networks 

Unlike traditional machine learning models that often rely on predefined features or 

simpler statistical relationships, neural networks automatically learn hierarchical repre-

sentations through interconnected layers of neurons. A typical neural network architec-

ture consists of an input layer, hidden layers, and an output layer. Each layer is com-

posed of neurons that receive weighted inputs, apply an activation function, and pass 

the result to the next layer. The output of a neuron is given by: 

𝑦 = 𝜎(∑ 𝑤𝑖
𝑛
𝑖=1 𝑥𝑖+𝑏) (eqn  5) 

where 𝑥𝑖  are the inputs, 𝑤𝑖are the weights, 𝑏is the bias term, and 𝜎(⋅)is the activation 

function. During training, the network adjusts its parameters to minimize prediction er-

ror using backpropagation and gradient-based optimization. Depending on the network 

architecture, neural networks may contain hundreds, thousands, or even millions of 

trainable parameters and therefore require substantial amounts of data to generalize 

effectively and avoid overfitting.  

 

Figure 5: Neural Network Architecture 

Source: Neutelings, I. (2021). Neural networks. Retrieved from https://tikz.net/neural_networks/  

 

When datasets are limited, simpler machine learning models such as Auto-Regressive 

(AR) models may outperform deep learning architectures such as Long Short-Term 

Memory (LSTM) or Gated Recurrent Unit (GRU) networks, whose large number of 

https://tikz.net/neural_networks/
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parameters can cause them to memorize training data rather than learn the true 

underlying temporal behaviour. 

 

2.2.1.3 Fourier Cyclic Encoding 

Fourier cyclic encoding is a feature engineering technique used to represent periodic 

behaviour in time-series data. Instead of using raw numerical values directly, cyclic vari-

ables are transformed into sine and cosine components so that their periodic relation-

ships are preserved: 

𝑥𝑠𝑖𝑛 = si n(2𝜋𝑓𝑥) 𝑎𝑛𝑑 𝑥𝑐𝑜𝑠 = co s(2𝜋𝑓𝑥) (eqn  6) 

where 𝑥 is the variable and f is its frequency. This means that a single feature can be 

expanded into multiple sine and cosine features at different frequencies.  

In bridge monitoring, cyclic encoding is useful because many structural responses 

follow periodic trends. Time-related features may contain daily or seasonal patterns, 

spatial coordinates may exhibit repeating structural behaviour, and environmental vari-

ables such as temperature may introduce cyclic thermal effects on the bridge response. 

Fourier cyclic encoding helps the model to learn periodic relationships that may not be 

obvious from the raw data alone. 

 

2.2.2 Finite Element Method  

The Finite Element Method (FEM) is a numerical analysis technique used to approxi-

mate the behaviour of engineering structures by dividing them into smaller intercon-

nected elements. In structural engineering, FEM is widely used to compute deflection, 

slope, strain, and stress responses under different loading conditions. The discretized 

structural equilibrium equation is generally written as: 

[𝐾]𝑢 = 𝐹 (eqn  7) 

  



23 

where [𝐾] is the global stiffness matrix of the structure, {𝑢} is the nodal response vec-

tor, and {𝐹} is the external load vector. Once the stiffness matrix and boundary condi-

tions are defined, the structural response can be solved numerically. 

In a reverse-engineering problem, measured structural responses are used to esti-

mate unknown loads, stiffness properties, or boundary conditions through FEM calibra-

tion. One important property that makes this possible is the principle of FEM linearity. 

For a linear elastic system, the structural response is proportional to the applied load. 

This means that if a unit load produces a unit response {𝑢1}, doubling the load will 

double the response as well. Similarly, the response from multiple loads can be ob-

tained by superposing the individual responses: 

{𝑢} = 𝑞1{𝑢1} + 𝑞2{𝑢2} + ⋯+ 𝑞𝑛{𝑢𝑛} (eqn  8) 

Since the measured structural response can be represented as a linear combination of 

unit-load responses, unknown loads can be reconstructed by solving for the scaling co-

efficients 𝑞𝑖.  

2.2.3 Physics – Informed Neural Network 

Physics-Informed Neural Network (PINN) is a framework that integrates physical laws 

into the training of neural networks for solving forward and inverse problems governed 

by ordinary differential equations (ODEs) or partial differential equations (PDEs) (Raissi 

et al., 2018). Instead of modifying the neural network architecture, PINNs incorporate 

the governing physical equations into the loss function. The PINN governing equation to 

approximate an unknown solution 𝑢(𝑥, 𝑡) can be expressed as a nonlinear differential 

operator: 

𝒩[𝑢(𝑥, 𝑡)] = 0  (eqn  9) 

where 𝒩  represents the physics of the system. The neural network approximation 

𝑢𝜃(𝑥, 𝑡)is then substituted into this operator to form a residual: 

𝑟(𝑥, 𝑡) = 𝒩[𝑢𝜃(𝑥, 𝑡)] (eqn  10) 
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This residual is evaluated at a set of collocation points sampled within the spatio-

temporal domain. The residual is typically expressed using a mean squared error (MSE) 

formulation and is referred to as the physics loss: 

𝐿𝑝ℎ𝑦𝑠𝑖𝑐𝑠 =
1

𝑁
∑‖𝑟(𝑥𝑖, 𝑡𝑖)‖

2

𝑁

𝑖=1

 
(eqn  11) 

This physics loss is then incorporated as a key component of the total loss function of 

the model. Additional loss terms can be introduced to enforce the boundary and initial 

conditions of the system. Furthermore, when measurement data are available, a data-

driven loss term is included to penalize the discrepancy between the predicted and 

observed values. The overall loss function can therefore be expressed as: 

ℒ𝑡𝑜𝑡𝑎𝑙 = 𝜆𝑑𝑎𝑡𝑎 ⋅ ℒ𝑑𝑎𝑡𝑎 + 𝜆𝑃𝐷𝐸 ⋅ ℒ𝑃𝐷𝐸 + 𝜆𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 ⋅ ℒ𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦

+ 𝜆𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ⋅ ℒ𝑖𝑛𝑖𝑡𝑖𝑎𝑙  

(eqn  
12) 

 

Figure 6: Physics-Informed Neural Network Architecture 
Source: (Đạt et al., 2023) 

 

The procedure for training a PINN model can be summarized as follows:  

1. Define the governing differential equation(s) along with the domain of interest.  

2. Specify boundary and/or initial conditions associated with the problem.  

3. Construct a neural network approximation 𝑢𝜃(𝑥, 𝑡)for the unknown solution.  

4. Formulate the residual of the governing equation by substituting the neural 

network into the differential operator: 𝑟(𝑥, 𝑡) = 𝒩[𝑢𝜃(𝑥, 𝑡)] 

5. Sample collocation points in the domain and compute the physics loss as the 

mean squared error of the residual.  
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6. Define additional loss terms for boundary conditions, initial conditions, and (if 

available) observational data.  

7. Minimize the total loss function using gradient-based optimization (e.g., 

backpropagation), thereby updating the network parameters 𝜃. 

 

2.2.3.1 Collocation Points 

Collocation points are selected discrete locations in space, time, or both, where a 

mathematical model is forced to satisfy a governing equation or physical condition 

(Bauduin et al., 2025). They are “checkpoints” used to test whether a numerical or 

machine learning solution obeys the physics of a problem. In a PINN solution, the 

residual of a differential equation is computed at the carefully selected collocated points. 

The idea is that if the solution behaves correctly at these points, then it will approximate 

the true physical behaviour of the entire system. 

 

2.2.4 Physics – Constrained Neural Network 

Some of the challenges associated with PINN have led to the development of Physics- 

Constrained Neural Network (PCNN). The challenges include: 

Challenge 1: The summation of all the loss components in (eqn  12) results in an 

unstable and imbalanced magnitude of the gradient during backpropagation (Wang et al., 

2020).  

Challenge 2: PINN treats physical constraints purely as soft penalties added to the 

loss function. This ensures the model is informed of the physics but doesn’t strictly 

ensure it respects the physics at all times.  

Wang et al  (2020) proposed an adaptive learning rate annealing algorithm that balances 

the magnitudes of different loss terms as an attempt to solve challenge 1. Challenge 2 

birthed the advent of PCNN, where physical constraints are rather treated as a hard pen-

alty (Geneva & Zabaras, 2019; Lu et al., 2021; Wang et al., 2020).  

The advantages of PCNN over PINNs include: 

1. Guaranteed physical consistency by construction, not by optimization 
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2. Simplified loss function. 

3. Faster convergence during training. 

PCNN enforces hard constraints via trial functions, Signed Distance Functions (SDF), 

Mixed Formulations, or Constraint Projections.  Trial functions are best used for simple 

and regular domains (Lagaris et al., 1998). SDFs are most suitable for irregular and non-

convex geometries (Kraus & Tatsis, 2024). Mixed formulations are best for higher-order 

PDEs (Rezaei et al., 2022), and Constraint projections are best for conservation law 

problems (Baez et al., 2024). This thesis utilizes a trial function approach because it has 

little computational overhead, and the geometry of our girder (T-section) is simple and 

regular throughout the spans. 

 

2.2.4.1 Governing Equation 

A governing equation is a mathematical expression of a theory that describes the physi-

cal behaviour of a system. In structural mechanics, governing equations are used to re-

late quantities such as load, displacement, stress, strain, slope, and vibration. One of the 

most widely used governing equations in bridge analysis is the Euler–Bernoulli beam 

equation. The theory assumes that plane sections remain plane after deformation and 

is commonly applied to slender beams undergoing small deflections. The dynamic form 

of the Euler–Bernoulli beam equation is given as: 

𝐸𝐼
∂4𝑤(𝑥, 𝑡)

∂𝑥4
+ 𝑚

∂2𝑤(𝑥, 𝑡)

∂𝑡2
= 𝑞(𝑥, 𝑡) (eqn  13) 

where 𝐸 is the Young’s modulus, 𝐼 is the second moment of area, 𝑤(𝑥, 𝑡)is the beam 

deflection, 𝑚 is the mass per unit length, and 𝑞(𝑥, 𝑡) is the distributed load. The second 

term at LHS represents inertial effects associated with vibration and dynamic motion. 

For static problems where inertial effects are negligible, the equation reduces to: 

𝐸𝐼
𝑑4𝑤(𝑥, 𝑡)

𝑑𝑥4
= 𝑞(𝑥) (eqn  14) 
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In this study, the static form is adopted because the objective is to reconstruct quasi-

static bridge responses dominated primarily by slowly varying environmental and oper-

ational loading rather than high-frequency dynamic vibration effects. 

2.2.4.2 Nondimensionalization of Governing Equation 

Non-dimensionalization is the process of removing units of measurement from a 

mathematical equation or physical model by scaling the variables against intrinsic or 

characteristic properties. PINNs perform badly on dimensional equations when 

coefficients span many orders of magnitude (Kapoor et al., 2024). The idea of nondimen-

sionalizing PDEs for PINN application was first postulated by Kapoor et al. (2024) where 

the model’s spatial coordinate x, time t, displacement u, and force f were nondimension-

alized as: 

𝑥̅ = ξ1(𝑥);   𝑡̅ = ξ2(𝑡);   𝑢̅ = ξ3(𝑢);   𝑓̅ = ξ4(𝑓) 

where ξ1, ξ2, ξ3, and ξ4 are suitable functions that map the dimensional quantities 

𝑥̅, 𝑡̅, 𝑢̅, 𝑎𝑛𝑑 𝑓 ̅to the corresponding nondimensional quantities and then substituted into 

the governing PDE.  

Using the static Bernoulli equation, (eqn  14), in its original form could cause a 

gradient imbalance due to differences in feature magnitude. We could nondimensional-

ize the PDE itself by dividing (eqn  14) by EI. Hence, the nondimensionalized Euler-

Bernoulli ODE becomes: 

𝑑4𝑤

𝑑𝑥4
+

𝑞

𝐸𝐼
= 0 (eqn  15) 

 

2.2.4.3 Boundary Conditions  

Boundary conditions define the physical constraints imposed on a structure at its 

boundaries or supports. They describe how the structure is allowed to move or rotate 

under loading. For example, a fixed support prevents both displacement and rotation: 

𝑤(0) = 0, 𝜃(0) = 0 
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while a simply supported beam prevents displacement but allows rotation: 

𝑤(0) = 0 

2.2.4.4 Trial Function 

Trial functions, also called auxiliary functions or ansatz, are mathematical functions used 

to hard-code boundary conditions (BCs) directly into the solution of a neural network 

(Manavi et al., 2024). In the narrative of modern PINNs, trial functions move boundary 

conditions (BCs) from the loss function directly into the architecture of the solution. By 

"hard-coding" these constraints, the model ensures that no matter how the weights 

change during training, the boundaries remain mathematically perfect (Chung et al., 

2026). For instance, in a standard PINN framework, the governing physics of a hidden 

solution u(X,t) can be defined by a general linear or nonlinear operator F within a domain 

Ω, subject to boundary conditions B[u](X,t)=0 on ∂Ω and initial conditions u(X,0)=S(X). 

The training will have to utilize a composite loss function of the form 

𝐿𝑜𝑠𝑠𝑡𝑜𝑡𝑎𝑙 = 𝐿𝑜𝑠𝑠𝑓 + 𝐿𝑜𝑠𝑠𝑏 + 𝐿𝑜𝑠𝑠𝑖 (eqn  16) 

This composite loss function seeks to minimize the residuals of the PDE (Lossf), boundary 

(Lossb), and initial conditions (Lossi) simultaneously. However, this multi-objective 

optimization often suffers from unstable gradient pathologies and requires meticulous 

tuning of penalty weights to achieve convergence. To eliminate the sensitivities of soft 

enforcement, the structure of the solution can be transformed via a trial function 

(Manavi et al., 2024). A multiplicative trial solution can be given by: 

𝑢∗(𝑋, 𝑡) = 𝐺(𝑋, 𝑡) + 𝐷(𝑋, 𝑡) × 𝑢̂(𝑋, 𝑡, 𝐺, 𝐷) (eqn  17) 

Where 𝑢∗(𝑋, 𝑡) is the trial solution, G(X,t) is a pre-trained network representing the 

boundary/initial state, D(X,t) is a distance function that splits the boundary from the 

collocation points, and 𝑢̂(𝑋, 𝑡, 𝐺, 𝐷) is a neural network with adjustable parameters 

(Manavi et al., 2024). Because the D(X,t) vanishes at the boundaries, the trial solution 

𝑢∗(𝑋, 𝑡) is forced to equal 𝐺(𝑋, 𝑡) regardless of the parameters of the main network. 

Consequently, Lossb and Lossi become zero by design, allowing the total loss function, 

(eqn  16), to simplify into a single-objective PDE residual:  
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𝑙𝑜𝑠𝑠𝑡𝑜𝑡𝑎𝑙 =  𝑙𝑜𝑠𝑠𝑓(θ) =
1

𝑁𝑓
∑‖𝑓θ̂(𝑋, 𝑡)‖

2

𝑁𝑓

𝑖=1

 
(eqn  18) 

Rather than having a pre-trained network and distance function to enforce boundary 

and/or initial conditions into the output of a NN, a simpler way to go about this is with 

a polynomial function. In the physical system of the girder analysed in this thesis, the 

support at A, B, and C is fixed, fixed, and pinned, respectively (refer to Figure 10 or Fig-

ure 13). We are required to enforce six boundary conditions, two per support: 

w(0) = 0; 
𝑑𝑤

𝑑𝑥
(0) = 0, w(L) = 0; 

𝑑𝑤

𝑑𝑥
(L) = 0, w(2L) = 0; and  

𝑑2𝑤

𝑑𝑥2
 (2L) = 0 

x is any position on the girder, including the collocation points, i.e., 

0 ≤ x ≥ L in span AB and L ≤ x ≥ 2L in span BC. 

These boundary conditions can be enforced by hard constraints by expressing the 

deflection as the product of a polynomial trial function φ(x) and a neural network 

output: 

𝑤(𝑥, 𝑡) = φ(x) x NN(x, t, T, phase) (eqn  19) 

A typical polynomial trial function that will enforce the above boundary conditions can 

be given as follows: 

𝜑(𝑥) =
𝑥2(𝑥 − 15)2(𝑥 − 30)

𝜑_𝑠𝑐𝑎𝑙𝑒
 (eqn  20) 

Where its first and second derivatives are:     

𝑑𝜑(𝑥) 

𝑑𝑥
=

5𝑥(𝑥 − 15)(𝑥2 − 33𝑥 + 180)

𝜑_𝑠𝑐𝑎𝑙𝑒
 (eqn  21) 

𝑑2𝜑(𝑥) 

𝑑𝑥2
=

4𝑥3 − 144𝑥2 + 1350𝑥 − 2700

𝜑_𝑠𝑐𝑎𝑙𝑒
 (eqn  22) 

𝜑_𝑠𝑐𝑎𝑙𝑒 is a scaling factor that normalizes the function. It can be expressed as a 

function of the collocation points: 

𝜑_𝑠𝑐𝑎𝑙𝑒 = max(|𝑥𝑐𝑜𝑙
2 (𝑥𝑐𝑜𝑙 − 15)2(𝑥𝑐𝑜𝑙 − 30)|) (eqn  23) 

However, choosing a single polynomial trial function for the whole spatial domain 

becomes difficult for a continuous girder because of the difference in support types. An 

alternative solution might be to use a piecewise polynomial trial function across the 

spans. 
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2.3 Notable Reviewed Literature 

The use of rotational measurements (tiltmeters/inclinometers) for full-field deflection 

estimation of bridges has gained increasing attention in Structural Health Monitoring 

due to the limitations of conventional displacement measurement techniques, 

particularly for bridges spanning rivers, highways, and inaccessible terrain. The 

underlying principle is based on classical beam theory, where beam tilt is related to the 

spatial derivative of deflection, as in (eqn  1) 

A.K Sanli et al (2000) developed one of the earliest reconstruction frameworks for 

deflection from a tiltmeter that is based on cubic spline interpolation for representing 

the bridge elastic curve. The spline formulation enforced continuity and compatibility 

conditions across adjacent beam segments using the spline equation depicted in the first 

row of Table 1. Their study demonstrated that tiltmeter-based reconstruction could 

effectively replace conventional displacement transducers for inaccessible bridges. 

However, the methodology is fundamentally dependent on multiple distributed slope 

measurements to preserve spline continuity and reconstruction stability.  

X. Hou et al (2005) also proposed an inclinometer-based bridge deflection 

reconstruction method using assumed shape functions and least-squares estimation. 

The bridge deflection field was represented with the equation in the second row of Table 

1. Multiple inclinometers were placed along a simply supported and a continuous span 

to measure tilt. Although they found good accuracy in their reconstruction, the authors 

concluded that at least 5 inclinometers/tiltmeters are required per span to get good 

accuracy because their reconstruction depended on solving multiple unknown shape-

function coefficients through least-squares estimation.  

Similarly, H. Shenton (2015) implemented a long-term SHM system on the Indian 

River Inlet cable-stayed bridge using nine fiber-optic tiltmeters distributed along the 

bridge deck. Their reconstruction approach relied on integrating measured rotations to 

obtain deck deflections according to: 

𝑤(𝑥) = ∫𝜃(𝑥) 𝑑𝑥 (eqn  24) 
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The reconstructed deformation profiles were validated against a calibrated finite 

element model under controlled truck loading. Their findings confirmed the feasibility 

of tilt-based monitoring for full-scale bridges and further highlighted the critical role of 

sensor placement in reconstruction accuracy. In particular, the authors reported 

underestimation of peak deflections because maximum rotation regions were not 

directly instrumented.  

P. Ni et al (2022) implemented a physics-informed convolutional neural network to 

reconstruct bridge displacement from sparse measurements, whereby a CNN with two 

parallel branches was designed to output the quasi-static and dynamic displacement 

components. They validated their model with a laboratory beam test that used one 

tiltmeter at a support and one accelerometer at midspan to train the network. Unlike 

other papers that used dense sensors, this paper utilized two sensors per span coupled 

with a physics-informed computation to reconstruct deflection.   

More recently, A.I.F Al-Adly & Kripakaran (2025) introduced a PINN framework for 

virtual sensing in beams subjected to moving loads. They embedded the governing Euler-

Bernoulli beam equation directly into the neural network training process: 

𝐸𝐼
∂4𝑢(𝑥, 𝑡)

∂𝑥4
+ 𝜇

∂2𝑢(𝑥, 𝑡)

∂𝑡2
= 𝑃𝛿(𝑥 − 𝑣𝑡) (eqn  25) 

They started with a 1D PINN (input = spatial coordinate x) and extended it to 3D (inputs 

x, time t, and load magnitude) to capture the moving axle. Training data came from a 

real girder under known vehicle crossings.  The PINN accurately predicted deflection, 

strain, and bending moment at locations without sensors. However, their study used a 

single-span girder under a single moving load and relied on existing monitoring data at 

many locations.  It does not address multiple spans or fixed mid supports, nor the 

challenge of only one tilt input. 
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Table 1: Summary Table of Notable Reviewed Literature 

Authors Governing Principle Sensor Count Support  

(Sanli et al., 2000) Cubic spline fit 

𝑆(𝑥) =
𝑀𝑖−1(𝑎𝑖 − 𝑥)3

6ℎ𝑖
+

𝑀𝑖(𝑥 − 𝑎𝑖−1)
3

6ℎ𝑖
 + 

(𝑦𝑖−1 −
𝑀𝑖−1ℎ𝑖

2

6
)

𝑎𝑖 − 𝑥

ℎ𝑖
+ (𝑦𝑖 −

𝑀𝑖ℎ𝑖
2

6
)

𝑥 − 𝑎𝑖−1

ℎ𝑖
 

 

13 tiltmeters + 

2LVDT 

 

Continuous 

(Hou et al., 2005)         Beam shape function: 

𝑦(𝑥, 𝑡) = 𝐴(𝑥) ∑ 𝑋𝑗(𝑡)𝑔𝑗(𝑥)

𝑛−1

𝑗=1

 

 

≥5 

 

Continuous 

 (Shenton et al., 2015)             Tilt integration:  

𝑤(𝑥) = ∫ 𝜃(𝑥) 𝑑𝑥 

9 Continuous 

(Ni et al., 2022)          CNN-based PINN 1 tiltmeter + 1 

accelerometer 

Simply  

supported 

(Al-Adly & Kripakaran, 

2025) 

Euler-Bernoulli-based PINN: 

𝐸𝐼
∂4𝑢(𝑥, 𝑡)

∂𝑥4
+ 𝜇

∂2𝑢(𝑥, 𝑡)

∂𝑡2
= 𝑃𝛿(𝑥 − 𝑣𝑡) 

Distributed  

response info 

Simply  

supported 
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3 Case Study 

This section describes in detail the kind of bridge that is monitored, the condition of the 

site, the sensors that take the measurements, the layout of the sensors, the measure-

ments being taken, the frequency of the measurements being taken, explanations of the 

various quantities, and the schema of the data.  

 

3.1 Site Description and Research Context 

The Infrastructure Data Analysis with Artificial Intelligence (IDA-KI) OpenLab Research 

Bridge is a full-scale prestressed concrete bridge located on the campus of Technische 

Universität Dresden (TU Dresden), Dresden, Saxony, Germany. Specifically, the 

coordinates are 51º 12’04.56” N and 14º 24’23.78” E. The structure functions as a 

permanent experimental platform for SHM research. Unlike operational bridges, where 

access is restricted and loading histories are often uncertain, the OpenLab bridge 

provides a controlled and realistic environment in which instrumentation strategies, data 

acquisition systems, and data-driven structural assessment methods can be developed 

and validated under known boundary and loading conditions. The bridge is 45m long 

with three spans, each 15m long, and has a width of 4.5m. Each span is built with 

different construction methods to provide a wide range of research focus. The first and 

second spans are built with a similar construction method, only that the prestressed 

elements of span 2 are embedded with a network of distributed fiber optic sensors to 

facilitate the distributed measurement of physical changes such as strain and 

temperature (OpenLAB — Institute of Concrete Structures — TU Dresden, 2023).  

The collected data of the bridge are in two stages: 

1. Reference Phase: This is the period between February 1, 2024, and October 31, 

2024. This phase is the period after completion of the construction, whereby the 

bridge is only under the influence of climatic conditions and traffic loading. To 

simulate the effects of traffic, a rail-guided load vehicle is driven over the bridge 

several times a month. Our study uses the data from this phase. 

https://www.google.com/maps/place/51%C2%B012'04.6%22N+14%C2%B024'23.8%22E/@51.2012811,14.4040362,496m/data=!3m2!1e3!4b1!4m4!3m3!8m2!3d51.2012778!4d14.4066111!5m1!1e2?entry=ttu&g_ep=EgoyMDI2MDUxMS4wIKXMDSoASAFQAw%3D%3D
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2. Static and Dynamic Load Test Phase: This is the period after the reference phase 

in which the bridge is put to static and dynamic test via hydraulic pressure and a 

load traverse. This phase also includes additional excitation of the structure with 

a directed exciter so that the dynamic structural behavior can be investigated in 

different frequency ranges (OpenLAB — Institute of Concrete Structures — TU 

Dresden, 2023) 

 

Figure 7: IDA-KI OpenLab Bridge During Load Test Phase. 
Source: (Herbers et al., 2024; Richter et al., 2024) 

 

3.2 Structural Geometry and Material Properties 

As illustrated above, the bridge is composed of three spans. However, the third span is 

left out of the scope of this thesis due to the difference in its construction method, the 

prestressed element (PE) configuration, and the sensor installations on the bridge. There 

are three girders, each in spans AB and BC, of which the cross section is a T-beam. The 

single rail track is centralized on the deck. The cross-section of the girder and deck is 

shown in Figure 8.  

 

Figure 8: Cross-section of the girders and deck  
Source: (Herbers et al., 2024; Richter et al., 2024) 
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Table 2: Material Properties of the mid girder 

Property Value Description 

Young’s modulus, E 37.0 GPa C40/50 concrete 

Moment of Inertia, I 5.208 × 10⁻³ m⁴ Izz 

Section Area, Agirder 0.25 m2 Area of the T-section girder 

Concrete Unit weight, γPC & γRC  25kNm-3 Reinforced/Prestressed concrete 

Deck thickness, tdeck 0.1m - 

Deck/Bridge width, bdeck 4.5m - 

Span length, L 15.0 m Each span 

 

3.3 Support and Boundary Conditions 

The static system of the bridge evolved through several stages during erection.  

I. Stage 1 - Assembling of the prestressing elements (PEs): The system behaved as 

a series of simply supported girders with a short cantilever segment. As shown in 

Figure 10(a). 

II. Stage 2 - Casting of the in-situ concrete deck: As shown in Figure 10(b), the system 

gradually transitioned into a frame-like system at this stage. The prestressing 

elements in axes 10 and 20 became monolithically connected to the 

substructures, while in axis 30. 

III. Stage 3 - Removal of the temporary scaffolding: This stage represents the final 

static system of the bridge as shown in Figure 10(c). Owing to the significantly 

higher stiffness of the abutment wall at axes 10 and 20, a fixed support condition 

can reasonably be assumed at both axes. 
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Figure 9: Movable and Non-movable Joints on the Bridge  
Source: (OpenLAB — Institute of Concrete Structures — TU Dresden, 2023) 

 

 

Figure 10: Evolution of the Static System of Span AB and BC  
Source: (Jansen et al., 2025) 

 

3.4 Sensor Layout 

One Sisgeo OS542HD0502 digital tiltmeter is installed on each girder – 6 in total. Each 

tiltmeter is positioned 4 m from axis 20 (i.e., at x=11m and x=19m), approximately at the 

location of zero bending moment under self-weight, where the highest tilt is expected 

for Span AB. This is optimal for Span AB but not Span BC. 
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Figure 11: Sensor Layout for Tiltmeters (TIL) and Accelerometers (ACC) 
Source: (Jansen et al., 2025) 

 

 

3.5 Loading System 

The bridge carries a single railway track made up of steel rails supported by prestressed 

concrete sleepers. When the test vehicle passes over the bridge, the load is first 

transferred to the rails and then distributed through the sleepers at equidistance onto 

the girders. These girders subsequently carry and distribute the load through the bridge 

structure. For this study, the primary interest is the load transmitted to the girder, since 

this directly influences the structural response measured by the tiltmeters. 

 

Figure 12: Sleepers, Rail-tracks, and the Test Vehicle (Jansen et al., 2025) 
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The bridge loading process was carried out sequentially throughout 2024. The girders 

were installed on February 22, followed by the railway tracks on March 18. On April 22, 

a 4.1-ton test vehicle load was introduced, and by June 28, the applied vehicle load had 

increased to 9.0 tons. 

 

Figure 13: Loading Phases of the Girder 

3.6 Measured Data 

Each installed tiltmeter simultaneously provides, in real-time, the tilt along the 

transverse and longitudinal direction of the bridge relative to the installed position in 

mm/m, the surface temperature in °C, and the relative humidity in % at a sample rate of 

1/600Hz i.e 10mins.  

All measurements were obtained directly at the test site except for the wind data. 

Since wind speed and direction are important for analyzing bridge tilt behaviour, 

secondary data were obtained from the nearest weather station due to the absence of 

on-site wind measurements. Wind speed and direction measured at 10 m above ground 

level were obtained from the Deutscher Wetterdienst (DWD) Climate Data Center from 

Station 15911, located approximately 5 km from the test site. The data were sampled at 

the same frequency as the bridge measurements and had undergone DWD quality 

control procedures. 
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4 Data Preprocessing 

This chapter presents the walkthrough of how the raw data is transformed into clean 

feature-rich data suitable for physics-constrained and autoregression modelling. This 

stage is critical because the performance of the models depends not only on the 

architecture but also on the fidelity and representativeness of the input data. 

 

4.1 Data Cleaning 

As shown in panel (a) of  

Figure 14, the measured raw data includes several spikes that possibly result from a 

power outage. Several duplicate samples are also present in the data. The duplicate 

samples are simply dropped, while the missing samples and the anomaly spikes are 

being imputed using linear interpolation, given by: 

𝑦𝑡 = |
𝑦𝑡−1 + 𝑦𝑡+1

2
| (eqn  26) 

 

(a) Raw data with spikes and duplicates   

 

(b) Daily averaged data 
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Figure 14: Daily Averaging 

It is important to resample the noisy 10-minute raw data to identify the data trend.  Since 

the measurements are temperature-dependent, the ideal resampling method is to 

average the data by 24 hours to filter out the diurnal noise by approximately √144 and 

to standardize the data. The resampled data is shown in panel (b) of  

Figure 14. 

 

4.2 Linear Relationship 

Correlation analysis helps us establish linear and/or monotonic relationships among 

variables. Pearson correlation coefficient (r) is used to measure the strength and 

direction of the linear relationship between two variables (features and/or target) and 

represents that relationship as a value between -1.0 and 1.0. The closer r is to |-1|, the 

stronger the strength. Pearson correlation coefficient is given by: 

𝑟 =
𝑛 ∑𝑥𝑦 − (∑𝑥)(∑𝑦)

√[𝑛 ∑𝑥2 − (∑𝑥)2][𝑛 ∑𝑦2 − (∑𝑦)2]
 (eqn  27) 
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Figure 15: Correlation Matrix 

It can be interpreted from  

Figure 15 that there is a moderate linear relationship between the daily tilt and the daily 

temperature. The temperature-tilt correlation is negative in span AB and positive in span 

BC, suggesting that temperature variations are associated with opposite tilt trends in the 

two spans. In contrast, wind speed shows a weak linear relationship with the measured 

tilt. Wind primarily acts as a lateral load, but the measured tilt corresponds to the 

rotation of the girder about a horizontal axis that lies in the plane of the girder and 

perpendicular to the direction of traffic. The forcing directions do not coincide; hence, 

both features do not influence each other.  

 

4.3 Feature Engineering and Transformation 

The only available measured variables that can be used to derive information about tilt 

are temperature, wind speed, and time. However, as shown in  

Figure 15, wind speed and time exhibit very weak linear relationships with tilt, leaving 

temperature as the dominant variable. To extract additional information, new features 

are engineered from time and temperature through Fourier cyclic transformations, while 

wind speed is ignored in the analysis. The engineered features are: 

A. Temperature-based features 

• Standardized temperature:  𝑇𝑛𝑜𝑟𝑚 =
𝑇−𝜇𝑇

𝜎𝑇
 

• Fourier-based features: Transforms Tnorm to sine and cos features as per (eqn  6)  

• Mean Temperature: dTx = 
Temp. at the front of girder + Temp. at the back of girder

2
 

• Temperature Change: ΔT= Temp. at the front of girder − Temp. at the back 

B. Time-based Fourier features (cyclic encoding) 

• Normalized time:  𝑡𝑛𝑜𝑟𝑚 =
day of the year

total days in the dataset−1
 

• Fourier-based features: Transforms tnorm to sine and cos features as per (eqn  6) 

Where frequency f = [1,2,4,8,16], 𝜇𝑇 is the mean temperature, and 𝜎𝑇  is the standard 

deviation of temperature. Temperature is being standardised to ensure the Fourier-
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based features operate on a comparable scale to the temporal features, preventing the 

neural network from being dominated by one input scale over another. 

Table 3: Frequency Breakdown 

Frequency, f 1 2 4 8 16 

What it cap-

tures 

Full seasonal 

cycle 

Half-year 

variation 

Bi-monthly 

patterns 

Monthly 

fluctua-

tions 

Bi-weekly 

variation 

 

Figure 16 shows the periodic progression of the engineered features at two frequencies: 

f = [4,16] 

 

Figure 16: Fourier-based Features for Frequency 4 & 16 

 

4.4 Mutual Information 

Unlike Pearson correlation, which only captures linear relationships, mutual information 

(MI) captures any statistical dependency, including nonlinear ones. We compute MI 

between each feature and both tiltx targets to identify features with nonlinear predictive 

value that linear correlation might miss.  
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Figure 17: Mutual Information on the Measured Feature 

The MI analysis confirms time as the dominant predictor. MI of t_norm is high because 

the time index encodes both the loading phase (step changes) and the seasonal 

temperature trend. However, we do not use t_norm directly; instead, we use its Fourier 

encoding, which provides the same information in a form that the neural network can 

process without spectral bias. 

The Fourier features sin_1_t and cos_1_t (one full seasonal cycle) also carry 

substantial information. Interestingly, the higher-frequency Fourier features (f=8, 16) 

have lower MI, suggesting that most of the tilt variation is explained by slow (seasonal) 

trends rather than rapid oscillations. However, these high-frequency features may still 

be important for the PCNN's ability to capture day-to-day fluctuations within each phase.  

 

4.5 Transfer Entropy 

Transfer entropy measures directional information flow. It answers, “Does knowing past 

values of X help predict future values of Y better than knowing past Y alone?” This tells 

us whether temperature drives tilt (or vice versa), which has implications for the causal 

structure of our model. We approximate it as: 

𝑇𝐸(𝑇 → 𝑡𝑖𝑙𝑡) = 𝑀𝐼(𝑇𝑡, 𝑡𝑖𝑙𝑡𝑡+𝑙𝑎𝑔) − 𝑀𝐼(𝑡𝑖𝑙𝑡𝑡, 𝑡𝑖𝑙𝑡𝑡+𝑙𝑎𝑔) (eqn  28) 
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Figure 18: Transfer Entropy 

Because transfer entropy is negative at all lags for both sensors, we can interpret it that 

tilt's own past is always more informative about its future than temperature is. Similarly, 

Self-MI decays slowly with lag, reflecting the high autocorrelation of the tilt signal.  
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5 Modelling 

The central question of this thesis is twofold:  

1.  Can we predict future full-field responses before measurements are taken? 

2. Can we reconstruct the full-field slope and deflection along the entire 30 m beam 

from only two tiltmeter measurements?  

We address these through four interconnected models: 

A. AR Predictive Model: an autoregressive model that forecasts the next day tiltx 

from historical measurements and weather data 

B. PCNN: a physics-constrained neural network that reconstructs full-field slope and 

deflection from measured tiltx. 

C. AR-PCNN: a hybrid architecture coupling the AR model with the PCNN for end-

to-end prediction and reconstruction. 

D. FEM Baseline: a deterministic finite element model that serves as the validation 

target (in place of actual measured responses, which do not exist on this bridge) 

 

 

Figure 19: Model Chart 
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5.1 Autoregressive Model 

The Autoregression has an order of 1, i.e., AR (1). The mathematical formulation uses a 

cross-sensor modelling such that there are two separate models– one per sensor 

location, and each one carries some information about the other by using the other's 

past measurements as input. This is the concept of cross-sensor modelling. The 

motivation for cross-sensor modelling is driven by the fact that both sensors are on the 

same continuous girder and exposed to the same ambient temperature. So, when one 

sensor's tilt changes due to thermal loading, the other changes too. The two models are 

given by: 

 
Sensor in Span AB Model: 
𝑡𝑖𝑙𝑡𝑥_11𝑚(𝑡) = 𝑎1 ⋅ 𝑡𝑖𝑙𝑡𝑥_11𝑚(𝑡 − 1) + 𝑎2 ⋅ 𝑡𝑖𝑙𝑡𝑥_19𝑚(𝑡 − 1) + 𝑏1 ⋅ 𝑇(𝑡)

+ 𝑏2 ⋅ 𝑇𝑑𝑖𝑓𝑓 (𝑡) + 𝑐1 ⋅ 𝑑𝑇11(𝑡) + 𝑐2 ⋅ 𝑑𝑇19(𝑡) + 𝑑2

⋅ 𝑝ℎ𝑎𝑠𝑒2 + 𝑑3 ⋅ 𝑝ℎ𝑎𝑠𝑒3 + 𝑑4 ⋅ 𝑝ℎ𝑎𝑠𝑒4 + 𝑓 ⋅ 𝑇(𝑡)

⋅ 𝑝ℎ𝑎𝑠𝑒4 + 𝑑0 

Sensor in Span BC Model: 

(eqn  
29) 

𝑡𝑖𝑙𝑡𝑥_19𝑚(𝑡) = 𝑎1
′ ⋅ 𝑡𝑖𝑙𝑡𝑥_11𝑚(𝑡 − 1) + 𝑎2

′ ⋅ 𝑡𝑖𝑙𝑡𝑥_19𝑚(𝑡 − 1) + 𝑏1
′ ⋅ 𝑇(𝑡)

+ 𝑏2
′ ⋅ 𝑇𝑑𝑖𝑓𝑓 (𝑡) + 𝑐1

′ ⋅ 𝑑𝑇11(𝑡) + 𝑐2
′ ⋅ 𝑑𝑇19(𝑡) + 𝑑2

′

⋅ 𝑝ℎ𝑎𝑠𝑒2 + 𝑑3
′ ⋅ 𝑝ℎ𝑎𝑠𝑒3 + 𝑑4

′ ⋅ 𝑝ℎ𝑎𝑠𝑒4 + 𝑓′ ⋅ 𝑇(𝑡)
⋅ 𝑝ℎ𝑎𝑠𝑒4 + 𝑑0

′  

(eqn  
30) 

 
 
Table 4: AR Feature Table 

Feature Description Category 

𝒕𝒊𝒍𝒕𝒙_𝟏𝟏𝒎(𝒕 − 𝟏) measured tilts at x=11m on 
day t-1 

Self-coupling for Span AB, but 
Cross-coupling for Span BC 

𝒕𝒊𝒍𝒕𝒙_𝟏𝟗𝒎(𝒕 − 𝟏) measured tilts at x=19m on 
day t-1 

Self-coupling for Span BC, but 
Cross-coupling for Span AB 

𝑻(𝒕) mean surface temperature 
on day t 

Thermal feature 

𝑻𝒅𝒊𝒇𝒇 (𝒕) the day-to-day temperature 
change i.e. T(t) − T(t−1) 

Thermal feature 

𝒅𝑻𝟏𝟏(𝒕) mean front-back tempera-
ture difference at x = 11 on 
day t 

Self-coupling for Span AB, but 
Cross-coupling for Span BC 

𝒅𝑻𝟏𝟗(𝒕) mean front-back tempera-
ture difference at x = 19 on 
day t 

Self-coupling for Span BC, but 
Cross-coupling for Span AB 
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𝒑𝒉𝒂𝒔𝒆𝟐, 
𝒑𝒉𝒂𝒔𝒆𝟑, and 
𝒑𝒉𝒂𝒔𝒆𝟒 

one-hot encoded loading 
phases 

Loading phase features 

𝑻(𝒕) ⋅ 𝒑𝒉𝒂𝒔𝒆𝟒 Multiple of T(t) and 𝑝ℎ𝑎𝑠𝑒4 Thermal and Loading phase fea-
tures 

 
The coefficients a to f, and the intercept terms 𝑑0 are learned during model training. 

Even though both models share the same features, they have independently fitted 

coefficients (denoted with primes for the 19m model).  Each AR (1) model is fitted 

separately using Ridge regression (L2 regularization). The closed-form regularized least 

squares, from which the coefficients are obtained, is given by: 

min
β

(‖𝑦 − 𝑋β‖2 + α‖β‖2) (eqn  31) 

Where y is the measured value, X is the feature matrix, β is the coefficient matrix, and α 

is the regularization parameter. α is a hyperparameter and chosen as 0.1 to provide mild 

L2 regularisation.  

 

5.1.1 Train/Test Split and Validation 

The splitting is as follows: 

• Training: 213 observations (February 22 – September 21) 

• Testing: 40 observations (September 22 – October 31) 

All test observations are in Phase 4 (vehicle 9 t), so the model must generalise within a 

single loading phase to unseen temperature patterns. The model is validated using four 

accuracy metrics: RMSE, R2, MAE, and Relative L2 error.  The validation analysis includes 

residual analysis and error distribution analysis.  

 

5.2 Physics – Constrained Neural Network 

The PCNN aims to learn a function w(x, t) that represents the beam deflection at any 

position x ∈ [0, 30] and any observation t ∈ {1, ..., 253}, subject to four constraints: 

a) Data constraint: The slope dw/dx at x = 11 m and x = 19 m must match the 

measured tiltx values. 
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[
 
 
 
𝑑𝑤

𝑑𝑥
|
𝑥=11 m

𝑑𝑤

𝑑𝑥
|
𝑥=19 m]

 
 
 

= [
𝑡𝑖𝑙𝑡𝑥11

𝑡𝑖𝑙𝑡𝑥19
] 

b) Physics constraint: The beam equation w'''' + q/EI = 0 must be approximately 

satisfied at interior collocation points. 

𝑑4𝑤

𝑑𝑥4
(𝑥𝑐

(𝑖)) +
𝑞

𝐸𝐼
(𝑥𝑐

(𝑖)) ≈ 0,   𝑖 = 1,2, … ,𝑁𝑐 

c) Boundary constraints: The deflection and slope must satisfy the support conditions. 

𝑤(0) =
𝑑𝑤

𝑑𝑥
(0) = 0,   𝑤(15) =

𝑑𝑤

𝑑𝑥
(15) = 0,   𝑤(30) = 0,   

𝑑2𝑤

𝑑𝑥2
(30) ≈ 0 

d) Continuity Constraint: The bending moment and shear force must be continuous 

across the interior support. 

𝑑2𝑤

𝑑𝑥2
|
𝑥=14.7

=
𝑑2𝑤

𝑑𝑥2
|
𝑥=15.3

,   
𝑑3𝑤

𝑑𝑥3
|
𝑥=14.7

=
𝑑3𝑤

𝑑𝑥3
|
𝑥=15.3

 

The PCNN uses a neural network to parameterise w(x, t) and trains it by minimising a 

composite loss function that balances data fidelity against physical consistency. To 

improve numerical stability, the governing equation is nondimensionalised as described 

in (eqn  15). This balances the residual terms and improves training convergence. The 

load parameters 𝑞𝐴𝐵(𝑡)  and 𝑞𝐵𝐶(𝑡)  are treated as trainable variables rather than 

learned with a separate NN. They are jointly optimized with the main neural network 

parameters. Three PCNN architectures are compared:  

1. The Single Polynomial Trial Function (SPTF) Architecture 

2. The Piecewise Polynomial Trial Function (PPTF) Architecture, and  

3. The Pretrained EnvelopeNet Trial Function (PETF) Architecture.  

The distinction in the three architectures is in how the trial function is implemented. 

Everything else, such as the size of the neural network, input features, activation func-

tions, etc., remains the same. Each architecture addresses a specific limitation 

discovered in the previous one.  
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Table 5: PCNNs Feature 

Feature Description Models Count 

x Position on the bridge ranging from 0-30m SPTF, PPTF, 

and PETF 

1 

t_fourier Temporal Fourier features transformed with 

equation 6 using the five frequencies high-

lighted in Table 3. 

SPTF, PPTF, 

and PETF 

10 

T_fourier Thermal Fourier features transformed with 

equation 6 using the five frequencies high-

lighted in Table 3. 

SPTF, PPTF, 

and PETF 

10 

Phase_oh One hot encoder for the loading phase SPTF, PPTF, 

and PETF 

4 

 

5.2.1 Single Polynomial Trial Function Architecture 

The SPTF model uses a polynomial trial function φ(x) that exactly satisfies all boundary 

conditions, which then multiplies the output of the neural network. The trial solution 

takes the form: 

𝑤(𝑥, 𝑡) = ϕ(𝑥) ⋅ 𝑁𝑁(𝑥, 𝑡_𝑓𝑜𝑢𝑟𝑖𝑒𝑟, 𝑇_𝑓𝑜𝑢𝑟𝑖𝑒𝑟, 𝑝ℎ𝑎𝑠𝑒_𝑜𝑛𝑒_ℎ𝑜𝑡) (eqn  32) 

where NN is a feedforward neural network with 4 hidden layers of 64 neurons each and 

tanh activation functions. The Fourier features (t_fourier and T_fourier) are used instead 

of the ordinary normalized features (t_norm and T_norm) because they save the neural 

network the stress of learning arbitrary functions of t and T. The Fourier variant hands 

the network the pre-computed multi-scale features, so it can focus on learning the 

coefficients. The trial function φ(x) is constructed by multiplying factors that produce 

zeros at each boundary condition: 

• w(0) = 0 and w'(0) = 0: require a double root at x = 0 → factor x² 

• w(15) = 0 and w'(15) = 0: require a double root at x = 15 → factor (x − 15)² 

• w(30) = 0: require a single root at x = 30 → factor (x − 30) 
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These three factors are coupled together to give a degree-5 polynomial that is ex-

pressed in (eqn  20). This equation satisfies all boundary conditions except  
𝑑2𝑤

𝑑𝑥2
(30)  =

 0 which is added as a loss component (moment loss) in the loss function. The other five 

boundary conditions are satisfied by the polynomial regardless of the NN output. The 

loss components in the loss function are simply the data loss, PDE loss, continuity loss, 

and moment loss.  

𝐿𝑜𝑠𝑠 = λ𝐷 ⋅ 𝐿𝐷𝑎𝑡𝑎 + λ𝑃𝐷𝐸 ⋅ 𝐿𝑃𝐷𝐸 + λ𝐶𝑜𝑛𝑡 ⋅ 𝐿𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 

+λ𝑀𝑜𝑚 ⋅ 𝐿𝑀𝑜𝑚𝑒𝑛𝑡  

(eqn  33) 

Where; 

𝜆𝐷=20,    λ𝑃𝐷𝐸 = min (0.1 +
current epoch

total number of epochs
,  1.0), and 

λ𝐶𝑜𝑛𝑡 = λ𝑀𝑜𝑚 = min (1 +
20 ⋅ current epoch

total number of epochs
,  20.0) 

 

Below is the detailed step-by-step procedure of the training 

1. Define the trial function φ(x) = x²(x−15)²(x−30) / PHI_SCALE 

2. Prepare the 25 input features as described in Table 5.  

3. Initialise the neural network with four hidden layers of 64 neurons each with tanh 

activation, and one output neuron with Xavier initialisation of gain 0.3  

4. Initialise the load parameters q_AB(t) and q_BC(t) as trainable scalars with 5.0 kN/m. 

5. Train for 5000 epochs of Adam optimisation with phase-balanced mini-batches of 32 

observations. In each epoch:  

a) Feed the 25 input features through the network to obtain the NN output 

b) Multiply the trial function by the NN output to obtain the deflection w(x,t) 

c) Compute the first spatial derivative w'(x,t) to obtain the slope 

d) Compute the data loss L_data as the MSE between −w'×1000 and the measured 

tiltx at x = 11 m and x = 19  

e) Compute the second spatial derivative w''(x,t) to obtain the bending moment 

f) Compute the third spatial derivative w'''(x,t) to obtain the shear force 
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g) Compute the continuity loss L_cont by comparing w'' and w''' at x = 14.7 m and 

x = 15.3 m (across the interior support) 

h) Compute the moment loss L_mom as the MSE of w''(29.9), enforcing zero 

moment at the pinned support 

i) Compute the fourth spatial derivative w''''(x,t) at collocation points in both spans 

j) Compute the PDE loss L_pde as the MSE of (w'''' + q/EI), using the current load 

parameter q and the known flexural rigidity EI 

k) Combine the losses, L_total as given in equation 12c 

l)  Backpropagate L_total to update both the NN weights and the load parameters 

q_AB(t), q_BC(t) simultaneously 

6. Refine with 80 steps of L-BFGS quasi-Newton optimisation using the same loss for-

mulation, with strong Wolfe line search for fine convergence. 

7. Predict the full field i.e evaluate w(x,t) and w'(x,t) at all spatial positions (0.5 m inter-

vals, 0–30 m) for all 253 observations. 

8. Evaluate statistical and physical accuracy by comparing reconstructed slopes and de-

flections against the FEM baseline at x = [5, 10, 20, 25 m]. 

This is pictorially shown in Figure 20 and in a more detailed tabular form in APPENDIX 3  

 

Figure 20: Single Trial Function PCNN 
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5.2.2 Piecewise Polynomial Trial Function Architecture 

SPTF helps enforce hardly constrained boundary conditions through (eqn  20) trial func-

tion, but it does not satisfy all boundary conditions simultaneously. Only 5 out of the 6 

boundary conditions were enforced directly through the trial function. The remaining 

condition (the zero moment at the pinned support) was imposed as a soft constraint in 

the loss function. In addition, using one global trial function tends to bias the solution 

toward satisfying one span more accurately than the other. 

PPTF addresses these limitations by defining a separate trial function for each span with 

an algorithm that switches the function relative to the span of interest. This allows all 

boundary conditions to be enforced directly through the trial functions, eliminating the 

need for the additional moment loss term in the loss function. The training procedure is 

similar to SPTF, only that the trial function is switched across spans. The detailed work-

flow of the algorithm is presented in  

 

APPENDIX 4.  The trial function of each span is given by: 

Span 𝐴𝐵 (Fixed-Fixed) ϕ𝐴𝐵 = 𝑥2(𝑥 − 15)2 (eqn  34) 

Span 𝐵𝐶 (Fixed-Pinned) ϕ𝐵𝐶 = ξ2(15 − ξ)(22.5 − ξ) (eqn  35) 

where 𝑥 ∈ [0,30] 𝑎𝑛𝑑 ξ = 𝑥 − 15. The loss function is then reduced to: 

𝐿𝑜𝑠𝑠 = λ𝐷 ⋅ 𝐿𝐷𝑎𝑡𝑎 + λ𝑃𝐷𝐸 ⋅ 𝐿𝑃𝐷𝐸 + λ𝐶𝑜𝑛𝑡 ⋅ 𝐿𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 (eqn  36) 

 

5.2.3 Pretrained EnvelopeNet Trial Function Architecture 

PPTF uses two separate polynomials with a hard if/else switch, but their higher 

derivatives don't match at the mid support. This creates discontinuities that a smooth 

tanh network cannot represent. PETF addresses this limitation by using a single C∞ func-

tion on [0, 30] that transitions smoothly between the two shapes. The smoothness of 

the function is learnt by a separate pretrained NN, not enforced. This pretrained NN 

termed “env(x)”, uses low-frequency spatial Fourier features [1, 2, 3] to predict the solu-

tion's shape. Env(x) is fed to the main NN as an input to give it distance-to-boundary 
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information. Similarly, env(x) also multiplies the output of the main NN in a similar way 

as done with SPTF and PPTF. The final trial solution of PETF architecture is given by: 

𝑤(𝑥, 𝑡) = 𝑒𝑛𝑣(𝑥) ⋅ 𝑀𝑎𝑖𝑛𝑁𝑁(𝑥, 𝑒𝑛𝑣(𝑥), 𝑡, 𝑇, 𝑝ℎ𝑎𝑠𝑒) (eqn  37) 

where env(x) is the pretrained NN that approximates the analytical beam deflection 

shapes expressed in (eqn  34) and (eqn  35). The algorithm table of PETF is shown in 

APPENDIX 5 

PETF uses a d4 constancy penalty that pushes the envelope's 4th derivative toward 

a constant within each span during pretraining to overcome spectral bias while avoiding 

the derivative oscillation caused by high frequencies (amplified by (2πf/L)⁴ in the 4th 

derivative).  

The step-by-step procedure of the pretrained env(x) is as follows: 

1. Define the analytical target shapes: φ_AB(x) and φ_BC(ξ)  

2. Initialise EnvelopeNet with a 3-hidden-layer, 64-neuron tanh network with 7 spatial 

Fourier inputs: [x/L, sin/cos(2πfx/L)] at f = [1, 2, 3].  

3. Train for 10,000 epochs of Adam optimisation. In each epoch:  

a) Evaluate E(x) at 2000 uniformly spaced points along [0, 30] m 

b) Compute the shape loss as the MSE between E(x) and the analytical target 

c) Enforce boundary values: E(0) = E(15) = E(30) = 0 

d) Enforce boundary slopes: E'(0) = E'(15) = 0 

e) Enforce zero moment at pin: E''(30) = 0 

f) After epoch 2000, compute E''''(x) at 15 interior points per span and penalise its 

variance  

g) Combine losses and backpropagate 

4. Freeze all EnvelopeNet parameters. 

 

5.3 Autoregressive-PCNN Hybrid 

The Autoregressive - PCNN (AR-PCNN) couples the AR predictive model and the PCNN 

reconstructive model into a single end-to-end pipeline. The pipeline flow as detailed in 

APPENDIX 6 is as follows: 
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(Past measured tiltx + forecast  T + known phase) → AR model → predicted tiltx 

(predicted tiltx) → 𝑃𝐶𝑁𝑁 →  {full-field slope(x)& deflection(x) prediction} 

 

5.4 Finite Element Method 

The beam is discretised using Hermite cubic beam elements with 2 DOFs per node 

(deflection w and slope θ = dw/dx). The element stiffness matrix for length Lₑ is: 

𝐾𝑒 =
𝐸𝐼

𝐿𝑒
3

[
 
 
 

12 6𝐿𝑒 −12 6𝐿𝑒

6𝐿𝑒 4𝐿𝑒
2 −6𝐿𝑒 2𝐿𝑒

2

−12 −6𝐿𝑒 12 −6𝐿𝑒

6𝐿𝑒 2𝐿𝑒
2 −6𝐿𝑒 4𝐿𝑒

2 ]
 
 
 

 

The consistent load vector for downward UDL q is: 

𝑓𝑒 = [−
𝑞𝐿𝑒

2
−

𝑞𝐿𝑒
2

12
−

𝑞𝐿𝑒

2

𝑞𝐿𝑒
2

12
]
𝑇

 

The mesh has 0.5 m spacing with sensor positions both on grid nodes, totalling 61 nodes 

and 122 DOFs. The global system [𝐾]{𝑢} = {𝐹}  is assembled by the direct stiffness 

method. The five DOFs are prescribed: 

• Support A (x = 0): w = 0, θ = 0 (fixed) → eliminates DOFs 1, 2 

• Support B (x = 15): w = 0, θ = 0 (fixed) → eliminates DOFs 61, 62 

• Support C (x = 30): w = 0 (pinned), θ free → eliminates DOF 121 

This leaves 117 free DOFs. The reduced system [𝐾𝑓𝑓]{𝑢𝑓} = {𝐹𝑓}  is solved by direct 

factorisation. The slope is converted from rad to mm/m via: 

𝑡𝑖𝑙𝑡𝑥 = −(
𝑑𝑤

𝑑𝑥
) × 1000 [mm/m] 

Positive tilt corresponds to clockwise rotation, and positive deflection is reported as 

downward (defl_mm = −w × 1000).  

 

5.4.1 Inverse Analysis for Mean Phase Load Identification 

Two load cases are present across all four loading phases: Dead load (gravity load) and 

prestressed upward tendon force. Dead load is simply the weight of the girder and the 

weight distributed from the deck. 
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Dead load = (𝐴𝑔𝑖𝑟𝑑𝑒𝑟 ⋅ γ𝑃𝐶) + (γ𝑅𝐶 ⋅ 𝑡𝑑𝑒𝑐𝑘 ⋅ 𝑏𝑑𝑒𝑐𝑘) ⋅
1

2
 =  11.875𝑘𝑁/𝑚 

The factor 
1

2
 accounts for the middle girder carrying half of the deck load. 

 

5.4.1.1 Loading Phase 1 

The only mechanical load present in loading phase 1 is the dead load and tendon load. 

Since dead load is known, the only unknown load to be discovered is the tendon load. 

The tendon load can be determined by unit load calibration based on the principle of 

Finite Linearity. The equation to discover an unknown can be expressed as: 

𝑞𝑑𝑖𝑠𝑐𝑜𝑣𝑒𝑟𝑒𝑑 =
mean(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑_𝑠𝑙𝑜𝑝𝑒(𝑥𝑠)) − 𝑠𝑙𝑜𝑝𝑒(𝑥𝑠) 𝑓𝑟𝑜𝑚 𝑞𝑘𝑛𝑜𝑤𝑛

𝑠𝑙𝑜𝑝𝑒𝑢𝑛𝑖𝑡 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑥𝑠)
 (eqn  38) 

Hence, the equivalent distributed tendon load in span AB and BC is: 

𝑡𝑒𝑛𝑑𝑜𝑛𝐴𝐵 =
𝑚𝑒𝑎𝑛(𝑡𝑖𝑙𝑡𝑥11

𝑃ℎ1) − 𝑠𝑔11

𝑠𝑢11
= 9.3454 kN/m (78.7% of gravity) 

𝑡𝑒𝑛𝑑𝑜𝑛𝐵𝐶 =
𝑚𝑒𝑎𝑛(𝑡𝑖𝑙𝑡𝑥19

𝑃ℎ1) − 𝑠𝑔19

𝑠𝑢19
= 4.6530 kN/m (39.2% of gravity) 

where 𝑚𝑒𝑎𝑛(𝑡𝑖𝑙𝑡𝑥11
𝑃ℎ1) is the mean measured tilt at

= 11 m during loading phase 1 in mm/m,  

𝑠𝑔11 is the calculated slope due to gravity load in mm/m, and 𝑠𝑢11 is the calculated unit-load slope in mm/m per kN/m. 

Consequently, the equivalent load in each phase can be expressed as: 

𝑞𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
(𝑃)

= 𝑞𝑘𝑛𝑜𝑤𝑛 + 𝑞𝑑𝑖𝑠𝑐𝑜𝑣𝑒𝑟𝑒𝑑 (eqn  39) 

For instance, the equivalent load in phase 1 is: 

𝑞𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
(1)

= Dead load + Tendon load 

 

5.4.1.2 Loading Phase 2,3, and 4 

In each phase, there is usually one known load and one unknown load. The known load 

is the equivalent load of the previous phase, while the unknown load is the extra load 

added in the phase(to be calculated with (eqn  40)). For instance, the known load in 

phase 2 is the 𝑞𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
(1)

  while the unknown is the track load. The algebraic sum of 
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𝑞𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
(1)

 and track load will result in 𝑞𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
(2)

  which will become the known load 

for phase 3. This strategy is employed to determine the equivalent load of each loading 

phase of the girder.   

 

5.4.2 Inverse Identification of Observation-Specific Phase Loads 

From (eqn  40), we can compute the expected slope per observation by substituting 

mean(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑_𝑠𝑙𝑜𝑝𝑒(𝑥𝑠)): 

𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑_𝑠𝑙𝑜𝑝𝑒𝑖

= 𝑞𝑑𝑖𝑠𝑐𝑜𝑣𝑒𝑟𝑒𝑑 ⋅ 𝑠𝑙𝑜𝑝𝑒𝑢𝑛𝑖𝑡 𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑥𝑠) + 𝑠𝑙𝑜𝑝𝑒𝑞𝑘𝑛𝑜𝑤𝑛
𝑥𝑠 

(eqn  40) 

The difference in the measured slope and the expected slope is termed slope residual, 

which can be represented as: 

𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙_𝑠𝑙𝑜𝑝𝑒𝑖 = 𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑_𝑠𝑙𝑜𝑝𝑒𝑖 − 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑_𝑠𝑙𝑜𝑝𝑒𝑖 (eqn  41) 

Similarly, the residual equivalent observation-specific load, which is as a result of other 

loads such as thermal, is expressed as: 

𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑈𝐷𝐿 =
𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑠𝑙𝑜𝑝𝑒,𝑖

𝑈𝑛𝑖𝑡𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒
 (eqn  42) 

Finally, the equivalent observation-specific phase load can be expressed as the algebraic 

sum of the equivalent phase load and the residual equivalent observation-specific load 

 𝑞𝑖(𝑡) = 𝑞𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
(𝑃)

+ 𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑈𝐷𝐿 (eqn  43) 

 

5.4.3 Forward Analysis 

The equivalent observation-specific phase load (as in (eqn  43)) is used to perform a 

forward analysis to estimate the slope and deflection of the girder at the discretized 

node positions using a superposition method given by: 

𝑠𝑙𝑜𝑝𝑒(𝑥, 𝑡) = −[θ𝑑𝑒𝑎𝑑 𝑙𝑜𝑎𝑑(𝑥) + (𝐷𝑒𝑎𝑑 𝑙𝑜𝑎𝑑 − 𝑞𝑖(𝑡)) ⋅ θ𝑢𝑛𝑖𝑡 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑥)]

× 1000 

(eqn  44) 

𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛(𝑥, 𝑡)

= −[𝑤𝑑𝑒𝑎𝑑 𝑙𝑜𝑎𝑑(𝑥) + (𝐷𝑒𝑎𝑑 𝑙𝑜𝑎𝑑 − 𝑞𝑖(𝑡)) ⋅ 𝑤𝑢𝑛𝑖𝑡 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑥)]

× 1000 

(eqn  45) 



57 

6 Result and Discussions 

6.1 FEM  

Reconstruction Accuracy 

As observed in Figure 21, The reconstruction of the FEM has a machine precision accu-

racy at the instrumented positions with a max error of 2.78 × 10⁻¹⁶ at 11 m and 4.44 × 

10⁻¹⁶ at 19 m. The FEM forward curve (red) lies directly on top of the measured curve 

(blue) with zero visible deviation. This machine-precision agreement is expected by con-

struction because the calibration and forward formulae are algebraic inverses. 

 

Figure 21: FEM Reconstruction Accuracy 

 

Load Discovery and Tendon Balancing 

The stacked bar chart in  

Figure 22 reveals the load composition at each phase.  
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Figure 22: FEM Load Discovery Per-Phase 

The tendon provides 9.35 kN/m and 4.65 kN/m uplift in span AB and BC, respectively. 

This is equivalent to a load balancing of 78.7% in Span AB and 39.2% in Span BC for phase 

1. The consequence of this 2:1 ratio is that Span BC will have more deflection and tilt 

than Span AB, which is evident in the 2D and 3D heatmaps in Figure 28.  

 

Figure 23: 2D & 3D Heatmap of Full-field Slope and Deflection 

As observed in  

Figure 22, the load progression increases across phases, which means the deflection and 

slope at any day in a specific phase will certainly be greater than that of the previous 

phase regardless of the season. This is evident in  

Figure 24. 
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Figure 24: Daily Slope Profile Across all Phases 

Seasonal Dependence 

As much as the tilt and deflection is dependent on mechanical forces, it is likewise de-

pendent on thermal forcing across seasons. For example, in Phase 4, selected days from 

summer and autumn show that the magnitude of tilt and deflection is generally higher 

during autumn under the same loading condition. This occurs because summer warming 

induces upward thermal bowing that partially counteracts the dead-load deflection, 

thereby reducing the overall deflection response. In autumn, cooling reduces this 

thermal uplift, making the mechanical deflection more pronounced. 
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Figure 25: Seasonal Effect on Tilt and Deflection 

 

6.2 PCNN 

Model Training Convergence 

The convergence plot, Figure 26, shows different behaviours for the three trial functions. 

In SPTF, all loss components except moment loss reduce to about 10−4 , while the 

moment loss remains around 10−2, indicating difficulty in satisfying the zero-moment 

condition at the pin support. The PPTF achieves similar data convergence, although the 

continuity loss remains higher and oscillatory due to the transition at 𝑥 = 15. The PETF 

gives the most consistent convergence, with all loss terms reaching similar magnitudes 

between 10−3and 10−4. In particular, the moment loss reduces significantly compared 

to SPTF, showing that PETF improves satisfaction of the boundary condition. 
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Figure 26: Model Convergence of the PCNNs 

Sensor Fit 

All three PCNNs achieve a strong sensor fit, confirming the NN's temporal learning is 

effective regardless of the trial function. Although this is not a guarantee that the model 

will generalize well at the uninstrumented positions. The generalization of the solution 

is highly dependent on how the trial function transforms the NN output. 

 

Figure 27: Sensor Fit at Instrumented locations for the PCNN Models 

 

 

Reconstruction Validation 

The generalisation of the three PCNN models is validated against the FEM at four unin-

strumented positions x = [5m, 10m, 20m, 25m]. All three models achieve a high Pearson 

r at most positions, indicating they correctly capture the temporal pattern of the solution. 

However, each model behaves differently in their ability to capture the correct magni-

tude. 
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From  

Figure 28, SPTF generalises well in Span AB (5 m, 10 m) with close tracking of the true 

solution, but it develops a growing positive bias in Span BC (20 m, 25 m). At 25 m, it even 

predicts a positive slope where the FEM solution is negative. PPTF performs worse in 

Span AB due to a symmetric trial function that cannot capture continuous-beam 

coupling, though Span BC improves slightly. PETF maintains strong correlation across 

both spans, with a small, uniform offset that does not grow with distance from the 

sensors and preserves phase transitions and seasonal trends. 

 

Figure 28: Time series of the PCNNs at Uninstrumented locations. 

As observed in Figure 29, SPTF achieves the best span AB performance, but its span BC 

failure is catastrophic. PETF  is the only model with bounded worst-case R² (−0.369). At 

x = 25 m, PETF’s slope R² is negative, while deflection R² is strongly positive. The slope 

bias exceeds the local slope variance, pushing R² negative.  
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Figure 29: Validation of the PCNNs at the Uninstrumented locations 

Meanwhile, the same absolute bias is small relative to the deflection magnitude, so de-

flection R² remains high. This demonstrates that a negative R² does not necessarily indi-

cate a failed model; it can indicate a good model applied to a low-variance quantity 

where even small biases dominate. This is better visualized with the mean profile shown 

in Figure 30. 

 

Figure 30: Mean Profile across full span for all PCNNs 

Physics Compliance  

All three PCNNs have a machine precision boundary condition compliance, especially the 

polynomial models (SPTF & PPTF), because they enforce the boundary conditions by 

construction. However, there is a bit of violation for the pinned support moment owing 

to the fact that it was enforced as a soft loss.  
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Figure 31: Physics Compliance for all PCNNs 

PPTF has the largest continuity violation inherent to the if/else trial function switch. The 

two polynomials of PPTF have different higher-order derivatives at x = 15, creating jumps 

that the single smooth NN cannot bridge, regardless of loss weighting. PETF recovers 

better than PPTF because the C∞ envelope transitions smoothly, but still 2–24× worse 

than SPTF, whose single smooth polynomial naturally produces continuous derivatives. 

The PDE residual shows a span-specific pattern. SPTF achieves the best PDE in span AB 

where its polynomial shape is correct, while PPTF achieves the best in span BC where 

φ_BC is the exact fixed-pinned polynomial. PETF's residuals are marginally higher in both 

spans because the envelope's fourth derivative is not exactly constant. 

 

Load Discovery 

All three models show the same qualitative load discovery behaviour, confirming the 

limitation is structural (one sensor per span) rather than trial-function-dependent. In 

span AB, the PCNN's q follows the FEM's phase transitions in the correct direction but 

with compressed amplitudes, which means the NN captures relative load changes but 

attenuates absolute levels. In span BC, q is essentially flat at ~5 kN/m regardless of the 

model or phase, while the FEM ranges 7–10 kN/m. The NN absorbs the phase-to-phase 

load variation into its spatial modulation, leaving q as a nearly constant offset.  
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Figure 32: Load Discovery of the PCNNs 

 

Why learn the load q(t) as a parameter instead of a neural network? 

An alternative to the per-day scalar parameterisation of q(t) is a dedicated load network 

q_NN(t, T, phase) → (q_AB, q_BC) that would impose smoothness and reduce the 506 

free parameters to a compact architecture. However, a load NN is not ideal because: 

1. Optimization degeneracy: Two coupled NNs in the PDE loss w'''' + q_NN/EI = 0 can 

shift blame for the residual, whereby both NNs adjust simultaneously and produce 

degenerate solutions in which neither the load nor the deflection is physically correct.  

2. Signal structure: The true net UDL is not a smooth deterministic function of t, T, and 

phase. A load NN would impose incorrect smoothness. 

 

6.3 AR 

Both sensor models achieve a positive R² and an RMSE below the mean daily tilt change. 
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Figure 33: AR Validation Plots 

The sensor prediction at 19m has lower RMSE and lower Relative L² despite lower R². 

This is because R² normalises by variance (which is low in the quiet autumn test period 

at 19 m), while Relative L² normalises by signal magnitude (which is large at 19 m). When 

the signal-to-noise ratio is evaluated by magnitude rather than variance, the 19 m 

prediction is actually more accurate. 

 

Coefficient Analysis 

Self-coupling dominates both sensors: The tiltx_11m(t−1) and tiltx_19m(t−1) coefficients 

dominate the Span AB and Span BC models, respectively. This quantifies that yesterday's 

tilt explains 66–81% of today's. Aside T(t), all other coefficients are sign-flipped between 

the two models. Phase coefficients are negative at Span AB and positive at Span BC. This 

is not coincidental — the two sensors sit on opposite sides of the interior support, so 

every physical effect, such as dead load, thermal curvature, and gradient heating 
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produces opposite slope signs. The magnitudes differ because the spans have different 

boundary conditions and stiffness. 

 

Figure 34: AR Model Coefficients 

T(t) and T_diff(t) have near-zero coefficients because the autoregressive term already 

encodes the thermal state. The explicit T coefficient only captures the incremental effect 

beyond what persistence already provides. Similarly, phase_4×T has a near-zero coeffi-

cient but is critical for performance. Removing it drops the R² of the Span BC model from 

+0.521 to −0.689. The paradox resolves because the coefficient doesn't need to be large. 

 

Error Structure 

The residual-temperature at 11 m shows a correlation of r = −0414. The model overpre-

dicts at high temperatures and underpredicts at low temperatures, indicating remaining 

nonlinear thermal effects the linear model cannot capture. At 19 m, the correlation is 

weaker with one outlier near T = 18°C, which is likely a day with anomalous vehicle po-

sitioning. 
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Figure 35: AR Residual Analysis 

6.4 AR-PCNN 

Comparing the AR-PCNN against PETF reveals a trade-off. Span AB benefits substantially: 

x = 5 m slope R² rises from 0.622 to 0.912, RMSE halves from 0.135 to 0.065 mm/m. At 

x = 25 m, slope R² flips from −0.369 to +0.070 (positive). But span BC partially degrades: 

at x = 20 m, slope R² drops from 0.430 to 0.157, and at x = 25 m, deflection R² falls from 

0.768 to 0.436.  

 

Figure 36: AR-PCNN vs PETF Performance Analysis 
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Figure 37: AR-PCNN vs PETF Result 

The mechanism for this is attributed to the AR's smoothing effect. The AR predictions 

have lower day-to-day variance than the measured data. Training on 213 high-variance 

days + 40 smoothed days biases the optimiser toward a spatial solution with less ex-

treme modulation. This shifts the PETF’s spatial bias in a way that favours span AB at 

span BC's expense. 



71 

7 Conclusions and Recommendations 

7.1 Conclusions 

This thesis developed a hybrid AR–PCNN framework for next-day tilt prediction at instru-

mented locations and full-field reconstruction of tilt and deflection at uninstrumented 

positions on the IDA-KI OpenLab Research Bridge. Three trial functions were evaluated 

for the PCNN reconstruction task: a single polynomial trial function (SPTF), a piecewise 

polynomial trial function (PPTF), and a pretrained EnvelopeNet trial function (PETF).  

Among them, PETF was the only approach that consistently achieved stable recon-

struction across both spans, overcoming the span-dependent failures observed in SPTF 

and PPTF. For forecasting, a simple AR(1) model with 10 features and a 14-day bias cor-

rection outperformed more complex deep learning models, achieving R² values of 0.730 

and 0.521 at the two sensor locations. When integrated with the PCNN, the resulting 

AR–PCNN framework enabled next-day full-field prediction of bridge responses, achiev-

ing deflection reconstruction accuracy of up to R² = 0.912. 

 

7.1.1 Specific Conclusions 

The following are the specific conclusions of the thesis. 

A. Fourier Cyclic Encoding 

1. The Fourier temporal encoding was essential for the PCNN's ability to capture 

smooth seasonal and phase-dependent variation without overfitting. Without it, 

the NN would need to learn periodicity from raw inputs, requiring a deeper 

network and more data. More information is presented in APPENDIX 9.  

B. Trial Function 

1. The PCNNs use the same neural network size and tanh activation function but 

differ in trial functions. Hence, the accuracy of PCNN as an inverse solver for full-

field reconstruction from sparse sensors is governed by the trial function shape, 

not the NN's temporal capacity.  
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2. High sensor fit does not guarantee spatial quality. The three PCNNs fit the 

sensors well but differ by orders of magnitude at non-sensor positions. 

3. A single polynomial satisfying all displacement/slope BCs cannot simultaneously 

encode the correct shape for both a fixed-fixed and a fixed-pinned span.  

4. The polynomial trial functions, especially SPTF, would likely perform better if the 

span BC sensor were positioned at the optimal slope or deflection position. This 

would’ve avoided the implementation of PETF, which is more computationally 

expensive because of the additional pretrained trial function neural network. 

C. Physics Constraint 

1. The physics constraints (BCs, PDE, and continuity) are necessary but not sufficient. 

They restrict the solution to plausible beam responses but cannot select the 

correct one. To do that, accurate sensor data is required. 

2. The continuity condition is as important as the boundary condition. PPTF fixes 

the per-span shape but introduces derivative discontinuities at the mid support. 

D. AR & AR-PCNN 

1. The Ridge AR(1) outperforms LSTM (hidden_size = 32, ~13,000 parameters) and 

GRU (hidden_size = 16, ~3,500 parameters) at x = 11 m because the deep models 

have 100–1000× more parameters than the training samples. Thereby, making 

overfitting inevitable regardless of regularisation.  

2. The AR's smoothing effect (lower day-to-day variance in predictions) acts as 

implicit regularisation in AR-PCNN. It shifts the solution on the physically 

compliant manifold rather than finding a universally better point on it. 
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7.2 Recommendations 

1. Repositioning the span BC tiltmeter to the optimal position or adding a second 

sensor would address the primary cause of span asymmetry and improve 

reconstruction more than any algorithmic change.  

2. For multi-span beams with mixed BCs, pretrained neural network trial functions 

are recommended over polynomials. Use spatial Fourier frequencies f ≤ 3 to 

avoid 4th-derivative amplification. 

3. For balanced full-field monitoring, the standalone PETF is preferable to the AR-

PCNN due to its more uniform accuracy across spans. The AR-PCNN should be 

deployed only when next-day prediction is specifically required.  
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Appendices 

APPENDIX 1 The full code of the framework is available on Ridwantican GitHub 

APPENDIX 2 Autoregressive Algorithm Table 

AR(1) Cross-Sensor with Ridge Regression 

Input:  s₁₁(t), s₁₉(t) ∈ ℝᴺ (daily tilt, N=253 days), T(t), 

dT₁₁(t), dT₁₉(t), phase(t) ∈ {1,2,3,4}, α = 0.1 
Output: ŝ₁₁(t), ŝ₁₉(t) for test days t = [214..253], Coefficients 
β₁₁, β₁₉ ∈ ℝ¹⁰, metrics on test set 
Feature Engineering 

  For each target day t = 2..N: 

        Split: X_train = x(2..214), X_test = x(215..253) and 

y_train = s(2..214),   y_test = s(215..253) 

Model Training (per sensor k ∈ {11m, 19m}) 
   β_k = argmin_β {||y_train - X_train·β||²₂ + α·||β||²₂} 
   Closed-form solution: β_k = (XᵀX + αI)⁻¹ Xᵀ y_train 
Prediction 

   For test days t = 215..253: 

        ŝ_k(t) = β_k,₀ + Σⱼ β_k,ⱼ · xⱼ(t) 
Evaluation 

   For k ∈ {11m, 19m}: 
       R² = 1 - Σ(y-ŷ)²/Σ(y-ȳ)²; RMSE = √(mean((y-ŷ)²)); MAE = 

mean(|y-ŷ|); L2 = √Σ(y-ŷ)²/√Σy² 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://github.com/Ridwantician/Physics-Constrained-Neural-Network-for-Bridges-Tilt-and-Deflection-Reconstruction/tree/main
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APPENDIX 3 SPTF Algorithm 

Single Polynomial Trial Function PCNN 

Input:  s₁₁(t), s₁₉(t) ∈ ℝᴺ (tilt at sensors, N=253), t,  T(t), 
phase(t) ∈ {1,2,4,8,16}, EI, L=30m. 
Output: Neural field u(x,t), θ(x,t) ∀x∈[0,30]m, Discovered loads 
q_AB(t), q_BC(t) ∈ ℝᴺ 
Architecture 

   Trial function:  û(x,t) = φ(x) · NN(ξ(x,t)) 

     φ(x) = x²(x-15)²(x-30) / φ_max        (hard BCs: w=w'=0 at 

0,15,30) 

   Input ξ(x,t) ∈ ℝ²⁵: 

     x, sin(2πf·t_norm), cos(2πf·t_norm) for f ∈{1,2,4,8,16}, 
[×2 for T], one-hot phase ∈ ℝ⁴ 
   NN: 4 hidden layers × 64 neurons, Tanh activation 

    Learnable: θ_NN (weights), q_AB(t), q_BC(t) (per-observa-

tion loads) 

Loss Function (Minibatch Size B=32) 

L = 20·L_data + λ_p·L_pde + λ_c·(L_continuity + L_moment) 

L_data = MSE(-∂û/∂x·1000, s_measured) at x∈{11,19}m 
L_pde = MSE(∂⁴û/∂x⁴ + q/EI, 0)    // evaluated at 20 collocation 
pts per span 

L_continuity = MSE(∂²û/∂x²|₁₄.₇ - ∂²û/∂x²|₁₅.₃)   + MSE(∂³û/∂x³|₁₄.₇ 
- ∂³û/∂x³|₁₅.₃)     
L_moment = MSE(∂²û/∂x²|₂₉.₉, 0)                     // soft pin 
BC 

Annealing: λ_p = min(0.1 + t/5000, 1.0) and λ_c = min(1 + 

20t/5000, 20.0) 

Training (Adam 5000 epochs + L-BFGS 80 steps) 

For epoch t = 1..5000: 

      Sample minibatch via weighted sampling (inverse phase 

frequency) 

      Compute L via automatic differentiation (4th-order gra-

dients) 

      Clip gradients ‖∇‖ ≤ 5.0 
      Update θ_NN (lr=1e-3), q_AB, q_BC (lr=0.3) 

      Cosine annealing lr → 1e-6 

L-BFGS finetuning: 80 steps, strong Wolfe line search, lr=0.3 

Prediction 

   For any (x,t):  θ(x,t) = -∂û/∂x·1000,  v(x,t) = -û·1000 

Validation (against FEM baseline at held-out positions) 

For x ∈ {5, 10, 20, 25}m, for all t: 
θ_PCNN(x,t) = -∂û/∂x·1000,  v_PCNN(x,t) = -û·1000; θ_FEM(x,t), 

v_FEM(x,t) 
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APPENDIX 4 PPTF Algorithm 

Figure 38 below shows the pictorial representation of the PPTF Algorithm, while the suc-

ceeding table highlights the step-by-step algorithm workflow. 

 

Figure 38: Piece-wise Trial Function PCNN 
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Piece-wise Polynomial Trial Function PCNN 

Input:  s₁₁(t), s₁₉(t) ∈ ℝᴺ (tilt at sensors, N=253), T(t), 

phase(t), EI = 1.928×10⁵ kN·m² 
Output: Neural displacement field û(x,t), slope θ(x,t), load 

q_AB(t), q_BC(t) 

Piecewise Trial Functions (all 8 BCs enforced exactly) 

Span AB [0,15]: φ_AB(x) = x²(x-15)² / S_AB      

Span BC [15,30]: φ_BC(x) = ξ²(15-ξ)(22.5-ξ) / S_BC   with ξ=x-15  

Displacement:  û(x,t) = φ_span(x) · NN(ξ(x,t)) 

Input ξ ∈ ℝ²⁵: x, sin/cos(2πf·t_norm), sin/cos(2πf·T_norm) for 
f∈{1,2,4,8,16}, phase_OH∈ℝ⁴ 
NN: 4 hidden layers × 64, Tanh 

Loss Function (batch size B=32, collocation points per span C=10) 

L = 20·L_data + λ_pde·L_pde + λ_cont·L_continuity 

L_data = MSE(-∂û/∂x·1000, s_measured) at x=11m (AB), x=19m (BC) 

L_pde = MSE(∂⁴û/∂x⁴ + q_span/EI, 0)     // C collocation pts per 
span 

L_continuity = MSE(∂²û/∂x²|₁₃ - ∂²û/∂x²|₁₇)  + MSE(∂³û/∂x³|₁₃ - 
∂³û/∂x³|₁₇)     
Annealing: λ_pde = min(0.1 + t/5000, 1.0) and λ_cont = min(1 + 

20t/5000, 20.0) 

Training (Adam 5000 + L-BFGS 80) 

Learnable parameters: θ_NN (network weights), q_AB(t), q_BC(t) ∈ 

ℝᴺ 
Weighted sampling: p(t) ∝ 1/|phase(t)|  (inverse phase frequency) 
For epoch t = 1..5000: 

Sample batch; compute w, ∂w/∂x, ..., ∂⁴w/∂x⁴ via autograd 
L ← 20·L_data + λ_pde·L_pde + λ_cont·L_continuity 

Clip gradients ‖∇θ_NN‖ ≤ 5.0 
Update: θ_NN (lr=1e-3), q (lr=0.3), cosine annealing → 1e-6 

  L-BFGS finetuning: 80 steps, strong Wolfe search 

Prediction 

for any x ∈ [0,30]: 
span ← AB if x≤15 else BC 

û = φ_span(x) · NN(ξ);  θ = -∂û/∂x·1000;  v = -û·1000 
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APPENDIX 5 PETF Algorithm  

Figure 39 below shows the pictorial representation of the PPTF Algorithm, while the suc-

ceeding table highlights the step-by-step algorithm workflow. 

 

 

Figure 39: Pre-trained EnvelopeNet Trial Function PCNN 
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Pre-trained EnvelopeNet Trial Function PCNN 

Input:  s₁₁(t), s₁₉(t) ∈ ℝᴺ (tilt at sensors, N=253), T(t), 

phase(t), EI = 1.928×10⁵ kN·m² 
Output: Neural field û(x,t), θ(x,t), loads q_AB(t), q_BC(t) 

Stage 1: Pretrain Envelopenet (frozen during main training) 

env(x): ℝ → ℝ, input = [x/L, sin/cos(2πf·x/L)] for f∈{1,2,3} 
    Architecture: 3 hidden layers × 64, Tanh 

    Target shape (piecewise analytical): 

       AB [0,15]:  env(x) ≈ x²(15-x)² / S_AB 

       BC [15,30]: env(x) ≈ ξ²(15-ξ)(22.5-ξ) / S_BC 

    Loss = MSE(env(x), target) + 500·BC_terms + λ_d4·Var(en-

v'''') 

   Train 10,000 epochs, Adam (lr=3e-3), freeze all parameters 

Stage 2: Main PCNN Training 

    Trial function: û(x,t) = env(x) · NN(x, env(x), t_features, 

T_features, phase) 

    NN: 4 hidden layers × 64, Tanh; input ∈ ℝ²⁶ 
    Learnable: θ_NN, q_AB(t), q_BC(t) ∈ ℝᴺ 
Loss Function (batch B=32) 

  L = 20·L_data + λ_pde·L_pde + λ_cont·(L_continuity + L_mo-

ment) 

  λ_pde = min(0.1 + t/5000, 1.0), λ_cont = min(1 + 20t/5000, 

20.0) 

Training (Adam 5000 + L-BFGS 80) 

    Weighted sampling ∝ 1/|phase|, gradient clip ‖∇‖ ≤ 5.0 
    θ_NN: lr=1e-3; q_AB, q_BC: lr=0.3; cosine annealing → 1e-6 

Validation (against FEM baseline at held-out positions) 

For x ∈ {5, 10, 20, 25}m, for all t: 
       θ_PCNN(x,t) = -∂û/∂x·1000,  v_PCNN(x,t) = -û·1000 

       θ_FEM(x,t), v_FEM(x,t)     

    Compute per-position and full-field metrics: r, R², RMSE, 

MAE, Relative L2, Bias vs FEM 

Load validation: q_PCNN(t) vs q_FEM(t) per span: r, RMSE, Rela-

tive L2 

Physics Verification 

    BC compliance: RMS of w(0), w'(0), w(15), w'(15), w(30), 

w''(30) 

    Continuity at x=14.7/15.3;   PDE residual per span: RMS and 

max of ∂⁴û/∂x⁴ + q/EI 
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APPENDIX 6 AR-PCNN Algorithm  

Figure 40 below shows the pictorial representation of the PPTF Algorithm, while the suc-

ceeding table highlights the step-by-step algorithm workflow. 

 

Figure 40: AR-PCNN Hybrid 

 

AR-PCNN Hybrid Pipeline 

Input:  s₁₁(t-1), s₁₉(t-1) (yesterday's tilt) 
        T(t), dT₁₁(t), dT₁₉(t), phase(t) (today's environmental 
data) 

        Pre-trained AR model, Pre-trained PCNN (EnvelopeNet) 

Output: ŝ₁₁(t), ŝ₁₉(t) (predicted tilt at sensors) 

        θ(x,t), v(x,t) ∀x∈[0,30]m (full-field reconstruction) 
Prediction (AR Model) 

    ŝ₁₁(t), ŝ₁₉(t) ← AR(s₁₁(t-1), s₁₉(t-1), T, dT, phase) 
Reconstruction (PCNN EnvelopeNet) 

    θ(x,t), v(x,t) ← PCNN(ŝ₁₁(t), ŝ₁₉(t), T, phase) 
Validation (test period days 214-253) 

    ε_sensor = ŝ(t) - s_measured(t) 

    ε_field  = θ_PCNN(x,t) - θ_FEM(x,t) at x ∈ {5,10,20,25}m 
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APPENDIX 7 FEM Algorithm  

Finite Element Method 

Input:  s₁₁(t), s₁₉(t) ∈ ℝᴺ (daily tilt, N=253 days), phase(t) ∈ 
{1,2,3,4}, T(t) ∈ ℝᴺ, L, w_grav 
Output: UDLs: w_T, w_Tr, w_V3, w_V4 (kN/m, per span), θ(x,t), 

v(x,t) ∀x∈[0,30]m, t=1..N 
Fe Unit Response 

   r_grav ← solve_beam(w_grav) ;            r_unit ← solve_beam(-

1.0)              

   s_g = get_slope(r_grav, {11,19});           s_u = 

get_slope(r_unit, {11,19})       

Phase-By-Phase Discovery  [mean matching per phase] 

   For p = 1..4: 

     D_p = {t : phase(t)=p};                                 m̄(p) 

= mean(measured_slope over D_p) 

     Phase 1:  w_T = (m̄(1) - s_g) / s_u ;             Phase 2:  

w_Tr = (m̄(2) - e(1)) / (-s_u)                

     Phase 3:  w_V3 = (m̄(3) - e(2)) / (-s_u) ;      Phase 4:  

w_V4 = (m̄(4) - e(3)) / (-s_u)                

     Update expected:  e(p) = e(p-1) + w_new · (±s_u) 

    Accumulate dead:  dead[p] = dead[p-1] + downward_loads 

Per-Observation Attribution 

   For each t: 

     e(t) = s_g + Σ[phase-appropriate discovered loads × sensi-

tivities] 

     residual(t) = measured(t) - e(t) 

     Δq(t) = residual(t) / (-s_u);          net_UDL(t) = 

dead[phase(t)] + Δq(t)      

Forward Reconstruction 

   For each x ∈ {0, 0.5, ..., 30.0}m, each t: 
     up_eq = w_grav - net_UDL(t, appropriate_span);    θ(x,t) = 

-(θ_grav(x) + up_eq · θ_unit(x)) × 1000 

     v(x,t) = -(v_grav(x) + up_eq · v_unit(x)) × 1000 

Validation 

   ε = max|θ_reconstructed(sensor) - measured|  → should be 0 by 

construction 
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APPENDIX 8  Metric Table of all Models 

This section compares the metrics of the four models: SPTF, PPTF, PETF, and AR-PCNN. 

The accuracy metrics are L2, R2, RMSE, and MAE. The physics metrics are boundary con-

ditions violations, continuity condition violations, and PDE residual. 

Pos. (m) Response Model R² ↑ Rel-L2 ↓ RMSE ↓ MAE ↓ 

5 Slope SPTF 0.8979 0.0916 0.0703 0.0584   
PPTF -0.6324 0.3661 0.2809 0.2786   
PETF 0.6217 0.1762 0.1352 0.1305   
AR-PCNN 0.9116 0.0852 0.0654 0.0562  

Deflection SPTF 0.7482 0.1438 0.5516 0.4629   
PPTF -2.3362 0.5233 2.0075 1.9946   
PETF 0.7328 0.1481 0.5681 0.5331   
AR-PCNN 0.7858 0.1326 0.5086 0.4661 

10 Slope SPTF 0.7465 0.1443 0.1107 0.0930   
PPTF -1.5919 0.4613 0.3539 0.3511   
PETF 0.6703 0.1645 0.1262 0.1186   
AR-PCNN 0.6639 0.1661 0.1274 0.1200  

Deflection SPTF 0.8576 0.1081 0.4148 0.3509   
PPTF -0.2657 0.3224 1.2365 1.2208   
PETF 0.7368 0.1470 0.5639 0.5308   
AR-PCNN 0.7308 0.1487 0.5702 0.5398 

20 Slope SPTF -16.6211 0.3307 0.6926 0.6914   
PPTF 0.0815 0.0755 0.1581 0.1506   
PETF 0.4302 0.0595 0.1245 0.1153   
AR-PCNN 0.1575 0.0723 0.1514 0.1445  

Deflection SPTF -4.9383 0.1920 1.6555 1.6497   
PPTF 0.2391 0.0687 0.5926 0.5596   
PETF 0.3997 0.0610 0.5264 0.4969   
AR-PCNN 0.4288 0.0595 0.5135 0.4840 

25 Slope SPTF -1192.0000 2.7211 2.6816 2.6795   
PPTF -7.2013 0.2256 0.2223 0.2198   
PETF -0.3691 0.0922 0.0908 0.0742   
AR-PCNN 0.0700 0.0760 0.0749 0.0636  

Deflection SPTF -91.7546 0.7587 9.3469 9.3377   
PPTF -0.0441 0.0805 0.9917 0.9478   
PETF 0.7677 0.0380 0.4678 0.3796   
AR-PCNN 0.4355 0.0592 0.7292 0.6613 

 

 

Physics Metric SPTF PPTF PETF AR-PCNN Best 

W''(30) RMS 5.44E−03 1.33E−04 8.36E−05 7.73E−05 AR-PCNN 
Moment Continuity RMS 5.89E−05 4.69E−04 1.40E−04 1.41E−04 SPTF 
Shear Continuity RMS 1.60E−05 6.92E−04 3.81E−04 3.67E−04 SPTF 
PDE Residual AB RMS 3.39E−05 1.15E−04 2.07E−04 1.36E−04 SPTF 

PDE Residual BC RMS 1.14E−04 3.57E−05 1.23E−04 4.91E−04 PPTF 
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APPENDIX 9:  Ablation Analysis (Fourier Encoding vs Raw Inputs) 

This section presents an ablation study of the Fourier-transformed features. The purpose is 

to ascertain whether it is necessary to transform the spatial input x, the time t, and the tem-

perature T, before feeding them to the NN, or whether it is best to use them in their raw 

state. The ablation is made on SPTF, given that it is the simplest among all the PCNN archi-

tectures.  

SPTF 1 (Raw) Input: (x, t_norm, T_norm, phase loading) 

SPTF 2 (Fourier) Input: (x, t_fourier, T_fourier, phase loading) 

The model named “Fourier” is simply an SPTF that uses Fourier-transformed features. 

The measured features are initially normalized and then transformed with Fourier cyclic en-

coding. The cyclic encoding transforms one input feature on five frequencies of sin and cos, 

resulting in 10 new features per input feature. In total, the input that goes in this model is 

25 (i.e., 1x, 10 t_fourier, 10 T_fourier, and 4 one-hot encoded phase loading). 

On the other hand, the model named “Raw” is an SPTF that uses the normalized features.  

These features are not transformed with Fourier cyclic encoding. The total features fed to 

the model is 7 (i.e 1x, 1 t_norm, 1 T_norm, and 4 one-hot encoded phase loading). 

 

Figure 41: Ablation Convergence Plot 

 



89 

As shown in Figure 41, the SPTF with Fourier input features converges better than the 

raw input features. The data loss, PDE loss, and boundary condition loss (moment loss) 

for the Fourier-transformed features are clearly lower than those for the raw feature 

SPTF. This ascertains that transforming the time t and temperature T truly helped the 

model to learn some hidden patterns in the data. Additionally, the sensor fit of the SPTF 

with the Fourier-transformed features, as represented in Figure 42, has better correla-

tion and less variance with the measured value in comparison with that of raw features.  

 

Figure 42: Ablation Sensor Fit 
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The metric comparison at two validation positions is presented in the table below for 

the ablation study  

 

Position Response Model R² ↑ Rel-L2 ↓ RMSE ↓ MAE ↓ 

x = 5 m Slope Fourier 0.9161 0.0830 0.0637 0.0533 
  

Raw 0.7309 0.1486 0.1140 0.0989 
 

Deflection Fourier 0.7869 0.1323 0.5073 0.4220 
  

Raw 0.4137 0.2194 0.8416 0.7258 

x = 20 m Slope Fourier −16.3373 0.3280 0.6870 0.6856 
  

Raw −18.9274 0.3517 0.7365 0.7333 
 

Deflection Fourier −4.9272 0.1918 1.6540 1.6474 
  

Raw −5.3860 0.1991 1.7168 1.6953 

 

In the two validation positions (x=5m and x=20m), the PCNN with Fourier-transformed features 

has better performance than the PCNN with the raw features.  
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