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Abstract
In the Lebesgue decomposition of a lower semibounded
sesquilinear form, the corresponding regular and sin-
gular parts are mutually singular. The more general
Lebesgue-type decompositions studied here allow com-
ponents that need not be mutually singular anymore.
In the new situation, the earlier basic orthogonal space
decomposition in the background is now replaced by a
nonorthogonal decomposition in the sense of de Branges
and Rovnyak. The relevant theory is based on Lebesgue-
type decompositions for linear operators and relations
via a so-called representing map. This map also makes
it possible to formulate explicit analogs for representa-
tion theorems for lower semibounded forms that are not
necessarily closed or closable. This new representation
also appears naturally in the convergence of monotone
sequences of lower semibounded forms.
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1 INTRODUCTION

Let 𝔱 be a lower semibounded sesquilinear form on a Hilbert space ℌ, which is not necessarily
densely defined. Almost 50 years ago Simon [35] has constructed semibounded forms 𝔱reg and 𝔱sing
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inℌ, such that 𝔱 has a Lebesgue decomposition

𝔱 = 𝔱reg + 𝔱sing, dom 𝔱 = dom 𝔱reg = dom 𝔱sing, (1.1)

where the form 𝔱reg is regular (closable) with the same lower bound as 𝔱 and the (nonneg-
ative) form 𝔱sing is singular (for definitions, see below), similar to the Lebesgue decomposition
known frommeasure theory. In fact, 𝔱reg is the largest closable formbelow 𝔱. This kind of Lebesgue
decomposition appears at many places in earlier and recent literature; see, for instance, [1, 6, 22,
25, 26, 34, 37–39] and further references therein. Moreover, the regular part 𝔱reg of a lower semi-
bounded form 𝔱 ∈ 𝐅(ℌ) shows up in the representation theorems for lower semibounded forms
that are not necessarily closed (cf. [3]), and in the description of the limits of sequences of lower
semibounded forms (cf. [27, 31, 35]); see also [28]. In the present paper, these decomposition and
representation results and their generalizations will be considered from the point of view of a
so-called representing map, which will now be explained.
Linear operators and relations between Hilbert spaces have Lebesgue decompositions and,

more generally, Lebesgue-type decompositions based on the complementary space decomposi-
tion theory going back to de Branges and Rovnyak; see [12, 13, 16, 18]. It will be shown that such
Lebesgue-type decompositions also exist for lower semibounded forms on a Hilbert space. In
the setting of forms, such general complementary space decompositions appear as a nontrivial
interaction between the regular and singular components. This is a new type of phenomenon not
treated in earlier literature. These results rely on a reduction procedure that associates lower semi-
bounded formswith linear operators and relations by incorporating representingmaps for general
forms. The following notations will be used throughout the paper: 𝐅(ℌ) stands for the sesquilin-
ear forms in the Hilbert space ℌ and 𝐋(ℌ,𝔎) stands for the space of all linear relations from ℌ

to a Hilbert space𝔎. Recall that for 𝑇 ∈ 𝐋(ℌ,𝔎), one has 𝑇−1 ∈ 𝐋(𝔎,ℌ) (note that {𝑓, 𝑓′} ∈ 𝑇 if
and only if {𝑓′, 𝑓} ∈ 𝑇−1), and one uses the notations

dom𝑇, ran𝑇, ker 𝑇, mul 𝑇,

for the domain, range, kernel, and multivalued part of 𝑇 (so thatmul 𝑇 = ker 𝑇−1). The notation
𝐁(ℌ,𝔎) stands for the subclass of 𝐋(ℌ,𝔎) consisting of the bounded linear operators 𝑇 with
dom𝑇 = ℌ. The adjoint 𝑇∗ ∈ 𝐋(𝔎,ℌ) of 𝑇 ∈ 𝐋(ℌ,𝔎) is defined by

𝑇∗ =
{
{𝑓, 𝑓′} ∈ 𝔎 ×ℌ ∶ (𝑓′, ℎ) = (𝑓, ℎ′) for all {ℎ, ℎ′} ∈ T

}
,

so that mul 𝑇∗ = (dom𝑇)⟂. It is clear that 𝑇 ⊂ 𝑇∗∗, where 𝑇∗∗ ∶= (𝑇∗)∗ equals the closure of 𝑇
in ℌ×𝔎. A linear relation 𝑇 ∈ 𝐋(ℌ,𝔎) is called regular (or closable) when its closure 𝑇∗∗ is
an operator (mul 𝑇∗∗ = {0} or, equivalently, dom𝑇∗ is dense in 𝔎) and called singular when its
closure is the Cartesian product of closed linear subspaces inℌ and𝔎.
The notion of a representing map appears in [36, p. 765] for individual nonnegative forms (see

also [15, 17]) and in [22, (4.6)] for a pair of nonnegative forms.

Definition 1.1. Let 𝔱 ∈ 𝐅(ℌ) be lower semibounded and let 𝑐 ⩽ 𝑚(𝔱), the lower bound of 𝔱. A
representing map for the nonnegative form 𝔱 − 𝑐 is a linear operator 𝑄𝑐 ∈ 𝐋(ℌ,𝔎𝑐), where𝔎𝑐 is
a Hilbert space, with dom𝑄𝑐 = dom 𝔱, such that

𝔱[𝜑, 𝜓] − 𝑐(𝜑, 𝜓) = (𝑄𝑐𝜑, 𝑄𝑐𝜓)𝔎𝑐
, 𝜑, 𝜓 ∈ dom𝑄𝑐 = dom 𝔱. (1.2)

The representing map 𝑄𝑐 ∈ 𝐋(ℌ,𝔎𝑐) is calledminimal when ran𝑄𝑐 = 𝔎𝑐.
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The representingmap is uniquely definedup to leftmultiplication by a partial isometry between
the ranges of the representing maps (and this partial isometry is unitary when the representing
maps are minimal); see Lemma 2.1. Notice that the Hilbert space𝔎𝑐 and the operator 𝑄𝑐 depend
on the choice of 𝑐 ⩽ 𝑚(𝔱) as indicated. When no confusion is possible, the subscript 𝑐 will be
dropped. A characteristic example of a representingmap can be found in the theory of differential
operators (Dirichlet-to-Neumann maps) as explained in Example 2.6.
Let 𝔱 ∈ 𝐅(ℌ) be lower semibounded. A sequence 𝜑𝑛 in dom 𝔱 is said to converge to 𝜑 ∈ ℌ in

the sense of 𝔱, denoted by 𝜑𝑛 →𝔱 𝜑, if 𝜑𝑛 → 𝜑 in ℌ and 𝔱[𝜑𝑛 − 𝜑𝑚] → 0. Here, 𝔱[⋅] stands for
the diagonal of 𝔱 ∈ 𝐅(ℌ). Recall that this kind of convergence leads to the definition of closabil-
ity, closedness, and singularity of 𝔱 ∈ 𝐅(ℌ); see [27, 28]. There is a straightforward connection
between these notions for lower semibounded forms and similar notions for the corresponding
linear representing map in Definition 1.1. By means of this connection, one can also identify via
the representingmap the closure of a closable form. For details, see Lemmas 2.3 and 2.4. Themain
theme in this paper is the interaction between forms and their representingmapswhen discussing
Lebesgue-type decompositions.
To proceed, first recall that for linear operators and relations in 𝐋(ℌ,𝔎), there is a com-

plete description of their Lebesgue decompositions and, more generally, of their Lebesgue-type
decompositions; see [16]. In particular, this takes care of the Lebesgue-type decomposition for
a pair of nonnegative bounded linear operators; see, for instance, [24, 26]. In the present paper,
it will be shown how Simon’s Lebesgue decomposition (1.1) of a lower semibounded form 𝔱 ∈

𝐅(ℌ) is obtained via the Lebesgue decomposition of the corresponding representing map 𝑄 ∈

𝐋(ℌ,𝔎). In fact, the construction of Simon’s Lebesgue decomposition in the present approach
uses an orthogonal sum decomposition of the space, and therefore, the regular and singular
components of 𝔱 are mutually singular, analogous to the case of the Lebesgue decomposition
in classical measure theory. However, the present approach also leads to the new, more gen-
eral, Lebesgue-type decompositions of a lower semibounded form 𝔱 ∈ 𝐅(ℌ), which is based on
a nonorthogonal sum decomposition of the space in the sense of de Branges and Rovnyak (see
[12, 13, 16, 18]):

𝔱 = 𝔱1 + 𝔱2, dom 𝔱 = dom 𝔱1 = dom 𝔱2, (1.3)

where the form 𝔱1 ∈ 𝐅(ℌ) is semibounded and closable, while the form 𝔱2 ∈ 𝐅(ℌ) is nonnegative
and singular. Due to this new feature, the components 𝔱1 and 𝔱2 in the Lebesgue-type sum decom-
position (1.3) may interact. The mutual singularity of the components is described in terms of a
parallel sum of the components; for the parallel sum of forms, see [23].
If the lower semibounded 𝔱 ∈ 𝐅(ℌ) is closed, then the well-known representation theorem

asserts that there is a semibounded self-adjoint relation 𝐻 inℌ with dom𝐻 ⊂ dom 𝔱 and having
the same lower bound as 𝔱, such that for all elements {𝜑, 𝜑′} ∈ 𝐻,

𝔱[𝜑, 𝜓] = (𝜑′, 𝜓) for all 𝜓 ∈ dom 𝔱; (1.4)

see [7, 27, 28]. The representingmap for 𝔱 also offers a new interpretation of this classical result for
lower semibounded forms that are not necessarily closed as treated by Arendt and ter Elst in [3].
Furthermore, this interpretation will play a role when considering the convergence of monotone
sequences of lower semibounded forms; cf. [27, 31, 35].
The original results of Simon [35] were preceded by a decomposition result of Ando [1] for

a pair of nonnegative bounded linear operators, which are parallel to what is here called a
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Lebesgue decomposition. The corresponding Lebesgue-type decompositions can be found in [19].
An extension of Simon’s Lebesgue decomposition in the context of a pair of nonnegative forms
was presented in [22]. The treatment of lower semibounded forms in terms of representing maps
can also be used for an interpretation of the work of Sebestyén and Stochel [32] concerning the
Friedrichs and Kreı̆n type extensions of a semibounded operator or relation; see [17]. Moreover, it
should bementioned thatmany results in the present paper remain valid in the context of sectorial
forms and sectorial operators or relations.
The contents of the present paper will now be described. Section 2 is centered on generalities

concerning lower semibounded forms and their representing maps. Moreover, this section con-
tains a characteristic example of a representing map that occurs in the theory of ordinary or
partial differential operators. Simon’s Lebesgue decomposition (1.1) for lower semibounded forms
is treated in Section 3. In Section 4, the sum decomposition in (1.3) of a nonnegative form 𝔱 into
nonnegative forms 𝔱1 and 𝔱2 (without any further conditions on 𝔱1 and 𝔱2) is parametrized by
means of nonnegative contractions 𝐾 ∈ 𝐁(𝔎), where 𝔎 is the representing Hilbert space asso-
ciated with the representing map 𝑄 of 𝔱; see Theorem 4.1. The minimality of the parametric
representation for the sum 𝔱1 + 𝔱2 is intimately connected with the interaction between the com-
ponents 𝔱1 and 𝔱2. The mutual singularity of the forms 𝔱1 and 𝔱2 will be characterized by means of
the parallel sum of 𝔱1 and 𝔱2; see [23]. This again depends on a de Branges–Rovnyak decomposi-
tion of the space; see Theorem 4.3. Section 5 is concerned with the decomposition (1.3) for lower
semibounded forms (but not necessarily nonnegative) by means of a shift (using 𝔱 − 𝑐 instead of 𝔱
when 𝑐 ⩽ 𝑚(𝔱)). The nonnegative contractions 𝐾 ∈ 𝐁(𝔎) are characterized for which in (1.3) the
form 𝔱1 is closable and the form 𝔱2 is singular; cf. Theorem 5.2. Furthermore, one can characterize
the case where the Lebesgue decomposition is the only Lebesgue-type decomposition; see Theo-
rem 5.5. In Section 6, the usual representation theorem for closed lower semibounded forms as in
(1.4) is being extended to lower semibounded forms that are not necessarily closed or closable; cf.
Theorem 6.1. There is also a connectionwith the representation for the form 𝔱reg; see Theorem 6.5.
The approach via representingmapswill be used in Section 7 to treat the convergence of sequences
of lower semibounded forms along the lines of Section 6; cf. Theorem 7.2. In the background of
this section is the treatment of the convergence of nondecreasing sequences of linear operators
or relations; cf. [15]. After Section 2, the terminology semibounded will be used to indicate lower
semibounded.
This paper is dedicated to the memory of our friend Franek Szafraniec. More than 20 years ago,

all of us, including Zoltán Sebestyén, became involved in the Lebesgue decomposition of linear
operators and relations [25].

2 REPRESENTINGMAPS FOR LOWER SEMIBOUNDED
SESQUILINEAR FORMS

This section contains the background of lower semibounded sesquilinear forms and their
representing maps. There is also an example of a representing map in connection with
differential operators.
A sesquilinear form 𝔱 = 𝔱[⋅, ⋅] in a Hilbert spaceℌ over ℂ with an inner product (⋅, ⋅) is a map-

ping from𝔇×𝔇 toℂ, where𝔇 = dom 𝔱 is a linear subspace ofℌ, which is linear in the first entry
and antilinear in the second entry. In what follows, sesquilinear forms over ℂ will be often called
just forms, and the class of forms in a Hilbert spaceℌwill be denoted by 𝐅(ℌ). Also the diagonal
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𝔱[⋅] will be used: 𝔱[𝜑] = 𝔱[𝜑, 𝜑], 𝜑 ∈ dom 𝔱. The form 𝔱 is called symmetric if 𝔱[𝜑, 𝜓] = 𝔱[𝜓, 𝜑] for
all 𝜑, 𝜓 ∈ 𝔇. Equivalently, 𝔱 is symmetric if and only if 𝔱[𝜑] ∈ ℝ for all 𝜑 ∈ 𝔇. Let 𝔱1, 𝔱2 ∈ 𝐅(ℌ)

be forms with domains dom 𝔱1 and dom 𝔱2. Then, the sum 𝔱1 + 𝔱2, defined by

(𝔱1 + 𝔱2)[𝜑, 𝜓] = 𝔱1[𝜑, 𝜓] + 𝔱2[𝜑, 𝜓], 𝜑, 𝜓 ∈ dom 𝔱1 ∩ dom 𝔱2,

belongs to 𝐅(ℌ). In particular, 𝔱[𝜑, 𝜓] + 𝑐(𝜑, 𝜓), with 𝜑, 𝜓 ∈ dom 𝔱 and 𝑐 ∈ ℝ, defines a form,
denoted by 𝔱 + 𝑐. The inequality 𝔱1 ⩽ 𝔱2 for symmetric forms 𝔱1, 𝔱2 ∈ 𝐅(ℌ) is defined by

dom 𝔱2 ⊂ dom 𝔱1, 𝔱1[𝜑] ⩽ 𝔱2[𝜑], 𝜑 ∈ dom 𝔱2. (2.1)

The inclusion 𝔱2 ⊂ 𝔱1 means that dom 𝔱2 ⊂ dom 𝔱1 and 𝔱1 agree with 𝔱2 on dom 𝔱2. In this case,
𝔱2 is called a restriction of 𝔱1, while 𝔱1 is called an extension of 𝔱2. In particular, 𝔱2 ⊂ 𝔱1 implies
𝔱1 ⩽ 𝔱2. All these elementary facts can be found in [7, 27, 28].
A form 𝔱 ∈ 𝐅(ℌ) with domain dom 𝔱 is called bounded if

|𝔱[𝜑]| ⩽ 𝑎‖𝜑‖2, 𝜑 ∈ dom 𝔱,

for some 𝑎 ⩾ 0. The form 𝔱 ∈ 𝐅(ℌ) is called bounded from below by 𝑐 ∈ ℝ if

𝔱[𝜑] ⩾ 𝑐‖𝜑‖2, 𝜑 ∈ dom 𝔱, (2.2)

and nonnegative if 𝔱[𝜑] ⩾ 0, 𝜑 ∈ dom 𝔱. A lower semibounded form is automatically symmet-
ric. The sum of forms that are lower semibounded is also lower semibounded. The lower bound
𝑚(𝔱) ∈ ℝ of 𝔱 is the largest of all numbers 𝑐 in (2.2):

𝑚(𝔱) = inf

{
𝔱[𝜑, 𝜑]

(𝜑, 𝜑)
∶ 𝜑 ∈ dom 𝔱

}
.

With 𝑐 ⩽ 𝑚(𝔱) the form

(𝔱 − 𝑐)[𝜑, 𝜓] = 𝔱[𝜑, 𝜓] − 𝑐(𝜑, 𝜓)ℌ, 𝜑, 𝜓 ∈ dom 𝔱,

is a nonnegative and dom (𝔱 − 𝑐) = dom 𝔱. Its kernel is defined by

ker (𝔱 − 𝑐) = {𝜑 ∈ dom 𝔱 ∶ (𝔱 − 𝑐)[𝜑, 𝜑] = 0}.

By Cauchy’s inequality, one sees that ker (𝔱 − 𝑐) is a linear subspace of dom 𝔱.
In what follows, it is important to observe that for every lower semibounded form, there exists

a representing map as introduced in Definition 1.1. For the convenience of the reader, a proof of
this result is included; see [15, Lemma 4.1].

Lemma 2.1. Let 𝔱 ∈ 𝐅(ℌ) be lower semibounded. Then, for each 𝑐 ⩽ 𝑚(𝔱), there exists a rep-
resenting map 𝑄𝑐 ∈ 𝐋(ℌ,𝔎𝑐) for the nonnegative form 𝔱 − 𝑐. Moreover, this representing map is
uniquely defined in the following sense: if 𝑄′

𝑐 ∈ 𝐋(ℌ,𝔎′
𝑐) is an another representing map for 𝔱 − 𝑐

with dom𝑄′
𝑐 = dom 𝔱, then there exists a partial isometry 𝑉 ∈ 𝐁(𝔎𝑐,𝔎

′
𝑐) with initial space ran𝑄𝑐

and final space ran𝑄′
𝑐, such that 𝑄

′
𝑐 = 𝑉𝑄𝑐 . When both 𝑄𝑐 and 𝑄′

𝑐 are minimal, then 𝑉 is unitary.
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Proof. First, the existence of a representing map will be proved. Since ker (𝔱 − 𝑐) is a linear sub-
space of dom 𝔱, the quotient space dom 𝔱∕ker (𝔱 − 𝑐) iswell defined and consists of the equivalence
classes 𝜑 + ker (𝔱 − 𝑐), 𝜑 ∈ dom 𝔱. The equivalence classes 𝜑 + ker (𝔱 − 𝑐) and 𝜓 + ker (𝔱 − 𝑐) are
equal if and only 𝜑 − 𝜓 ∈ ker (𝔱 − 𝑐). With the usual addition, it is clear that the quotient space
dom 𝔱∕ker (𝔱 − 𝑐) is a linear space. The nonnegative form 𝔱 − 𝑐 induces a natural inner product
(⋅, ⋅)𝔱−𝑐 on dom 𝔱∕ker (𝔱 − 𝑐) by

(𝜑 + ker (𝔱 − 𝑐), 𝜓 + ker (𝔱 − 𝑐))𝔱−𝑐 = (𝔱 − 𝑐)[𝜑, 𝜓], 𝜑, 𝜓 ∈ dom 𝔱. (2.3)

The Hilbert space completion of dom 𝔱∕ker (𝔱 − 𝑐) with the inner product (2.3) is denoted by𝔎𝑐

with inner product (⋅, ⋅)𝔱−𝑐. Denote by 𝑄𝑐 the linear relation fromℌ to𝔎𝑐, defined by

𝑄𝑐 =
{
{𝜑, 𝜑 + ker (𝔱 − 𝑐)} ∶ 𝜑 ∈ dom 𝔱

}
, (2.4)

which is easily seen to be a representing map for 𝔱 − 𝑐,

𝑄𝑐𝜑 = 𝜑 + ker (𝔱 − 𝑐), 𝜑 ∈ dom 𝔱.

Hence, the existence of a representing map for 𝔱 − 𝑐 has been established.
Next, the uniqueness property of representing maps will be shown. Let 𝑄′

𝑐 be an another rep-
resenting map for 𝔱 − 𝑐 from ℌ to a Hilbert space 𝔎′

𝑐 with the properties dom𝑄′
𝑐 = dom 𝔱 and

(𝔱 − 𝑐)[𝜑, 𝜓] = (𝑄′
𝑐𝜑, 𝑄

′
𝑐𝜓), 𝜑, 𝜓 ∈ dom𝑄′

𝑐. (2.5)

Then, the linear relation 𝑉 from𝔎𝑐 to𝔎′
𝑐, defined by{

{𝑄𝑐𝜑, 𝑄
′
𝑐𝜑} ∶ 𝜑 ∈ dom 𝔱

}
,

is an isometric operator from ran𝑄𝑐 onto ran𝑄′
𝑐, which can be extended as an isometric operator

from ran𝑄𝑐 onto ran𝑄′
𝑐, such that 𝑄

′
𝑐𝑓 = 𝑉𝑄𝑐𝑓 holds for all 𝑓 ∈ dom 𝔱. To get the desired partial

isometry 𝑉, it remains to continue the isometric map to 𝔎𝑐 ⊖ ran𝑄𝑐 as a zero mapping. This
proves the stated uniqueness property of the representing map for 𝔱 − 𝑐. □

It should be stressed that the representing map 𝑄𝑐 in (1.2) depends on the choice of the bound
𝑐 ⩽ 𝑚(𝔱), and that

ker 𝑄𝑐 = ker (𝔱 − 𝑐).

Thus, for instance, ker 𝑄𝑐 = {0} for all 𝑐 < 𝑚(𝔱), while, in general, ker 𝑄𝑐 ≠ {0} when 𝑐 = 𝑚(𝔱).
However, observe that, by definition,

dom𝑄𝑐 = dom𝑄𝑚(𝔱) = dom 𝔱, 𝑐 ⩽ 𝑚(𝔱).

Furthermore, it follows from (1.2) that

inf

{‖𝑄𝑐𝜑‖2‖𝜑‖2 ∶ 𝜑 ∈ dom 𝔱

}
= 𝑚(𝔱) − 𝑐. (2.6)
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Of course, one could always take 𝑐 = 𝑚(𝔱), but the more general choice 𝑐 ⩽ 𝑚(𝔱) allows some
useful flexibility.
Recall from [27] that a sequence 𝜑𝑛 in dom 𝔱 is said to converge to 𝜑 ∈ ℌ in the sense of 𝔱,

denoted by 𝜑𝑛 →𝔱 𝜑, if

𝜑𝑛 → 𝜑 inℌ, and 𝔱[𝜑𝑛 − 𝜑𝑚] → 0.

Here, 𝔱[⋅] stands for the diagonal of 𝔱 ∈ 𝐅(ℌ). The following definitions are standard for a lower
semibounded form 𝔱 ∈ 𝐅(ℌ); see, for example, [27, 28].

Definition 2.2. Let 𝔱 ∈ 𝐅(ℌ) be lower semibounded. Then, 𝔱 is said to be

(a) closable if for any sequence 𝜑𝑛 ∈ dom 𝔱:

𝜑𝑛 →𝔱 0 ⇒ 𝔱[𝜑𝑛] → 0.

(b) closed if for any sequence 𝜑𝑛 ∈ dom 𝔱:

𝜑𝑛 →𝔱 𝜑 ⇒ 𝜑 ∈ dom 𝔱 and 𝔱[𝜑𝑛 − 𝜑] → 0.

(c) singular if 𝔱 is nonnegative and if for every 𝜑 ∈ dom 𝔱, there is a sequence 𝜑𝑛 ∈ dom 𝔱 such
that

𝜑𝑛 → 𝜑, 𝔱[𝜑𝑛] → 0.

Note that a nonnegative form 𝔱 ∈ 𝐅(ℌ), which is singular, automatically has lower bound
𝑚(𝔱) = 0. An equivalent definition for a nonnegative form 𝔱 ∈ 𝐅(ℌ) to be singular is that for every
𝜑 ∈ dom 𝔱, there is a sequence 𝜑𝑛 ∈ dom 𝔱 such that

𝜑𝑛 → 0, 𝔱[𝜑𝑛 − 𝜑] → 0. (2.7)

The connection between these notions for lower semibounded forms and for the corresponding
linear representing maps is now easily established; cf. [27, Ch. VI, Examples 1.13, 1.23] for items
(a) and (b).

Lemma 2.3. Let 𝔱 ∈ 𝐅(ℌ) be lower semibounded and let 𝑄𝑐 ∈ 𝐋(ℌ,𝔎𝑐) be a representing map for
𝔱 as in (1.2) with 𝑐 ⩽ 𝑚(𝔱). Then, the following statements hold:

(a) 𝔱 is closable if and only if 𝑄𝑐 is closable;
(b) 𝔱 is closed if and only if 𝑄𝑐 is closed.

Moreover, if 𝔱 is nonnegative, then

(c) 𝔱 is singular if and only if 𝑄0 is singular,

and in this case𝑚(𝔱) = 0.
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Proof. (a) and (b) It suffices to observe that𝜑𝑛 →𝔱 𝜑 is equivalent to𝜑𝑛 → 𝜑, while𝑄𝑐𝜑𝑛 converges
in𝔎𝑐.
(c) Since 𝔱 is nonnegative, it follows that𝑚(𝔱) ⩾ 0. Thus, by taking 𝑐 = 0 in (1.2), one sees that

𝔱[𝜑, 𝜓] = (𝑄0𝜑, 𝑄0𝜓)𝔎0
, 𝜑, 𝜓 ∈ dom𝑄0, (2.8)

holds for some representingmap𝑄0 fromℌ to aHilbert space𝔎0. Furthermore,𝑚(𝔱) = 0 is a con-
sequence of (2.6). By definition, 𝔱 in (2.8) is singular if and only if for every 𝜑 ∈ dom 𝔱 = dom𝑄0,
there is a sequence 𝜑𝑛 ∈ dom 𝔱 such that

𝜑𝑛 → 𝜑, 𝔱[𝜑𝑛] = ‖𝑄0𝜑𝑛‖2 → 0. (2.9)

This condition means that dom𝑄0 ⊂ ker 𝑄∗∗
0
, that is, 𝑄0 is a singular operator. Conversely, if 𝑄0

is singular, it follows from (2.8) that the form 𝔱 is nonnegative and singular. □

Assume that the lower semibounded form 𝔱 ∈ 𝐅(ℌ) has a lower semibounded form extension
𝔱′ ∈ 𝐅(ℌ), that is, 𝔱 ⊂ 𝔱′. Let 𝑄𝑐 and 𝑄′

𝑐 be the representing maps for 𝔱 and 𝔱′ for 𝑐 ⩽ 𝑚(𝔱′). If
𝔱′ is closed, then 𝑄′

𝑐 is closed by Lemma 2.3, which implies that 𝑄𝑐 is closable; thus, 𝔱 is clos-
able by Lemma 2.3. Therefore, if the form 𝔱 has a closed extension, then 𝔱 is closable. A converse
to this statement is contained in Lemma 2.4; its proof is now given in terms of a representing
map.

Lemma 2.4. Let 𝔱 ∈ 𝐅(ℌ) be lower semibounded and assume that 𝔱 is closable. Then, 𝔱 has a closure
𝔱̄ ∈ 𝐅(ℌ) (the smallest closed extension) defined as follows: the domain dom 𝔱̄ is given by all 𝜑 ∈ ℌ

for which there exists a sequence 𝜑𝑛 ∈ dom 𝔱 with 𝜑𝑛 →𝔱 𝜑; and in this case,

𝔱̄[𝜑, 𝜓] = lim
𝑛→∞

𝔱[𝜑𝑛, 𝜓𝑛] for any 𝜑𝑛 →𝔱 𝜑, 𝜓𝑛 →𝔱 𝜓. (2.10)

The forms 𝔱 and 𝔱̄ have the same lower bound. In fact, if 𝑐 ⩽ 𝑚(𝔱) and 𝑄𝑐 ∈ 𝐋(ℌ,𝔎𝑐) is a closable
representing map for 𝔱 − 𝑐, then 𝔱̄ is given by

𝔱̄[𝜑, 𝜓] − 𝑐(𝜑, 𝜓) = (𝑄∗∗
𝑐 𝜑, 𝑄∗∗

𝑐 𝜓)𝔎𝑐
, 𝜑, 𝜓 ∈ dom 𝔱̄ = dom𝑄∗∗

𝑐 , (2.11)

where 𝑄∗∗
𝑐 denotes the closure of 𝑄𝑐 inℌ×𝔎𝑐.

Proof. Since 𝔱 is closable, also𝑄𝑐 is closable by Lemma 2.3, that is,𝑄∗∗
𝑐 is a closed operator. Hence,

the form 𝔱̄ defined by (2.11) is closed and it clearly extends 𝔱. Since 𝑄∗∗
𝑐 is the smallest closed

linear operator extension of 𝑄𝑐, it follows that 𝔱̄ is the smallest closed form-extension of 𝔱. By
construction, one has dom 𝔱̄ = dom𝑄∗∗

𝑐 , so that dom 𝔱̄ is given by all 𝜑 ∈ ℌ for which there exists
a sequence 𝜑𝑛 ∈ dom 𝔱 with 𝜑𝑛 →𝔱 𝜑 and (2.10). □

Closability and closedness of a lower semibounded form 𝔱 ∈ 𝐅(ℌ) are translation invariant,
that is, for all 𝑎 ∈ ℝ, the forms 𝔱 and 𝔱 − 𝑎 are simultaneously closable or closed, respectively.
Moreover, in this case, one has

𝔱 − 𝑎 = 𝔱̄ − 𝑎, 𝑎 ∈ ℝ;
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cf. Lemma 2.4. It should be stressed that the closure process in Lemma 2.4 depends neither on
the choices of the sequences 𝜑𝑛 →𝔱 𝜑 and 𝜓𝑛 →𝔱 𝜓 in (2.14), (2.10), nor on the choices of 𝑐 ⩽
𝑚(𝔱) and of 𝑄𝑐 in the representation (1.2). The translation invariance of the closability of lower
semibounded forms 𝔱 ∈ 𝐅(ℌ) is quite natural. The situation is different in the case of nonnegative
singular forms. For instance, it follows from the definition that if 𝔱 ∈ 𝐅(ℌ) is nonnegative and
singular, then 𝔱 + 𝑐 is not singular for any 𝑐 > 0.
The notion of a core is closely connected to Lemma 2.4. Let the form 𝔱 ∈ 𝐅(ℌ) be lower semi-

bounded and closed. Then, a core for 𝔱 is a subset𝔇 of dom 𝔱 such that the (form) closure of the
restriction 𝔱↾𝔇 is equal to 𝔱; cf. [27, p. 317]. Likewise, let 𝑇 ∈ 𝐋(ℌ,𝔎) be a closed linear operator.
Then, a core for 𝑇 is a subset 𝔇 of dom𝑇 such that the (graph) closure of {{𝜑, 𝑇𝜑} ∶ 𝜑 ∈ 𝔇} is
equal to 𝑇; cf. [27, p. 166]. Therefore, if the closed semibounded form 𝔱 with lower bound 𝛾 ∈ ℝ

and the closed linear operator 𝑄𝑐 with 𝑐 ⩽ 𝑚(𝔱) are connected by

𝔱[𝜑, 𝜓] − 𝑐(𝜑, 𝜓) = (𝑄𝑐𝜑, 𝑄𝑐𝜓), 𝜑, 𝜓 ∈ dom 𝔱 = dom𝑄𝑐,

and 𝔇 is a subset of dom 𝔱 = dom𝑄𝑐, then 𝔇 is a core for 𝔱 if and only if 𝔇 is a core for 𝑄𝑐; cf.
Lemma 2.4.
It is clear that a null form 𝔱 ∈ 𝐅(ℌ), that is, dom 𝔱 = ker 𝔱, is nonnegative and, simultane-

ously, closable and singular. Conversely, if 𝔱 ∈ 𝐅(ℌ) is a nonnegative form that is both regular
and singular, then it follows from Lemma 2.3 that 𝔱 = 0.
Recall that for linear operators 𝑄1 ∈ 𝐋(ℌ,𝔎1) and 𝑄2 ∈ 𝐋(ℌ,𝔎2) one says that 𝑄1 is

contractively dominated by 𝑄2, in notation 𝑄1 ≺𝑐 𝑄2, if

dom𝑄2 ⊂ dom𝑄1 and ‖𝑄1𝜑‖ ⩽ ‖𝑄2𝜑‖, 𝜑 ∈ dom𝑄2, (2.12)

see [24, Definition 8.1, Lemma 8.2]. If for 𝑖 = 1, 2 one has

𝔱𝑖[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝑖𝜑, 𝑄𝑖𝜓)𝔎𝑖
, 𝜑, 𝜓 ∈ dom 𝔱̄𝑖 = dom𝑄𝑖,

then clearly

𝔱1 ⩽ 𝔱2 ⇔ 𝑄1 ≺𝑐 𝑄2. (2.13)

This equivalence will be tacitly used elsewhere in the paper. In particular, one sees that if the
lower semibounded forms 𝔱1 and 𝔱2 are closable, then

𝔱1 ⩽ 𝔱2 ⇒ 𝔱̄1 ⩽ 𝔱̄2,

as 𝑄1 ≺𝑐 𝑄2 implies that (𝑄1)
∗∗ ≺𝑐 (𝑄2)

∗∗; cf. [24] and [15, (2.4)].
Finally some remarks will be made concerning the definitions of closable, closed, and singular

forms in a Hilbert space.

Remark 2.5. Assume that 𝔱 ∈ 𝐅(ℌ) is lower semibounded and let𝑄𝑐 ∈ 𝐋(ℌ,𝔎) be a representing
map, with 𝑐 ⩽ 𝛾. If 𝜑𝑛 →𝔱 𝜑 and 𝜓𝑛 →𝔱 𝜓, then 𝜑𝑛 → 𝜑 and 𝜓𝑛 → 𝜓 in ℌ, while 𝑄𝑐𝜑𝑛 and 𝑄𝑐𝜓𝑛
converge in𝔎𝑐 to, say, ℎ and 𝑘 in ran𝑄∗∗

𝑐 . This implies that

lim
𝑛→∞

𝔱[𝜑𝑛, 𝜓𝑛] = 𝑐(𝜑, 𝜓) + (ℎ, 𝑘). (2.14)
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Assume that mul𝑄∗∗
𝑐 is not trivial. Let 𝜔 ∈ mul𝑄∗∗

𝑐 with 𝜔 ≠ 0. Then, there is a sequence 𝜒𝑛 ∈
dom𝑄𝑐 such that 𝜒𝑛 → 0 and𝑄𝑐𝜒𝑛 → 𝜔. Therefore, 𝜑𝑛 + 𝑎𝜒𝑛 →𝔱 𝜑 for all 𝑎 ∈ ℂ, and therefore,

lim
𝑛→∞

𝔱[𝜑𝑛 + 𝑎𝜒𝑛, 𝜓𝑛] = 𝑐(𝜑, 𝜓) + (ℎ, 𝑘) + 𝑎(𝜔, 𝑘).

Thus, it follows that for any 𝜔 ∈ mul𝑄∗∗
𝑐 that is not orthogonal to 𝑘 the limit in (2.14) can take

every possible value in ℂ, as can be seen from

ran𝑄∗∗
𝑐 = (ran𝑄∗∗

𝑐 ⊖ mul𝑄∗∗
𝑐 ) ⊕ mul𝑄∗∗

𝑐 .

Consequently, the limit in (2.14) depends on the choice of the sequences 𝜑𝑛 and 𝜓𝑛. Hence, in
general, there does not exist a well-defined extension for the form 𝔱.

Finally, notice that the alternative characterization of singularity in (2.7), that is, for every 𝜒 ∈

dom 𝔱, there is a sequence 𝜒𝑛 ∈ dom 𝔱, such that

𝜒𝑛 → 0, and 𝔱[𝜒𝑛 − 𝜒] → 0,

is equivalent to saying that ran𝑄 ⊂ mul𝑄∗∗.

This section is finished with the following example that involves 𝜆-depending representing
maps in the connection of differential operators.

Example 2.6. It is explained how representing maps that are closable naturally appear in the
setting of Dirichlet-to-Neumann maps for elliptic partial differential equations and local point
interactions for some classical differential operators in mathematical physics. For this purpose,
first recall the notion of Nevanlinna families of linear relations𝑀(𝜆), 𝜆 ∈ ℂ ⧵ ℝ, in aHilbert space
, which are characterized by the following properties:

(a) for 𝜆 ∈ ℂ+(ℂ−), the relation 𝑀(𝜆) is maximal dissipative (maximal accumulative, respec-
tively);

(b) 𝑀(𝜆)∗ = 𝑀(𝜆̄), 𝜆 ∈ ℂ ⧵ ℝ;
(c) for some, and hence for all, 𝜇 ∈ ℂ+(ℂ−) the operator family (𝑀(𝜆) + 𝜇)−1 in 𝐁() is

holomorphic for all 𝜆 ∈ ℂ+(ℂ−).

By the condition (a) or (b), the values𝑀(𝜆), 𝜆 ∈ ℂ ⧵ ℝ, are necessarily closed. ANevanlinna family
is said to be strict if 𝑀(𝜆) ∩ 𝑀(𝜆)∗ = {0} for some (and hence for all) 𝜆 ∈ ℂ ⧵ ℝ, or equivalently,
for some (equivalently for every) 𝜆 ∈ ℂ ⧵ ℝ,𝑀(𝜆) is a densely defined operator and satisfies the
following strictness condition:

Im (𝑀(𝜆)𝑢, 𝑢) = 0, 𝑢 ∈ dom𝑀(𝜆) ⟹ 𝑢 = 0. (2.15)

This subclass of Nevanlinna functions is sufficient formost typical applications in partial differen-
tial equations, where the Dirichlet-to-Neumann map Λ(⋅), up to a sign change, can be connected
to a strict Nevanlinna function. To show the connection to the present notion of representing
maps, associate with each𝑀(⋅) a family of nonnegative quadratic forms 𝔱𝑀(𝜆), 𝜆 ∈ ℂ ⧵ ℝ, in:

𝔱𝑀(𝜆)[𝑢, 𝑣] ∶=
(𝑀(𝜆)𝑢, 𝑣) − (𝑢,𝑀(𝜆)𝑣)

𝜆 − 𝜆̄
, 𝑢, 𝑣 ∈ dom 𝔱𝑀(𝜆) = dom𝑀(𝜆).
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By the conditions (a) and (b), the form 𝔱𝑀(𝜆) is nonnegative on its domain dom 𝔱𝑀(𝜆) for all 𝜆 ∈
ℂ ⧵ ℝ. According to Lemma 2.1 for each 𝜆 ∈ ℂ ⧵ ℝ, there exists a minimal representing map g(𝜆)
from dom (𝑀(𝜆)) to a Hilbert space𝔎𝜆 such that

(𝑀(𝜆)𝑢, 𝑣) − (𝑢,𝑀(𝜆)𝑣)

𝜆 − 𝜆̄
= (g(𝜆)𝑢, g(𝜆)𝑣)𝔎𝜆

, 𝑢, 𝑣 ∈ dom 𝔱𝑀(𝜆).

Due to the condition (2.15), the space 𝔎𝜆 can be obtained as a completion of the natural form
inner product (⋅, ⋅)𝔱 on dom 𝔱. The mapping g(𝜆) can be constructed more explicitly by means of
the notion of a unitary boundary triplet for a symmetric operator 𝑆 in a Hilbert spaceℌ involving a
pair of boundary mappings {Γ0, Γ1} acting from a dense subspace 𝑇 of (the graph of) 𝑆∗ to another
Hilbert space  (often called a boundary space). This mapping is typically called the 𝛾-field and
denoted by 𝛾(𝜆). It maps dom𝑀(𝜆) onto a dense subspace𝔑𝜆(𝑇) of𝔑𝜆(𝑆

∗) (the eigenspaces of 𝑇
and 𝑆∗, respectively); see [11, Lemma 2.14 & eq. (4.5)]. Therefore, by Lemma 2.1, the space𝔎𝜆 and
the mapping g(𝜆) can be identified (via a unitary mapping) with the closed subspace 𝔑𝜆(𝑆

∗) of
the underlying subspaceℌ and the 𝛾-field 𝛾(𝜆), respectively. Recall also that {Γ0, Γ1} ∶ ℌ2 → 2

is calledminimal, if
ℌ = ℌ𝑚𝑖𝑛 ∶= span {𝔑𝜆(𝑇) ∶ 𝜆 ∈ ℂ+ ∪ ℂ− },

in which case also {Γ0, Γ1} is (up to unitary equivalence) uniquely determined by the function
𝑀(𝜆), 𝜆 ∈ ℂ ⧵ ℝ; see [11, Theorem 3.9].
In general, the mapping 𝛾(𝜆) is not closable and can even be singular; for an example, see [11,

Example 6.7] and [9, Proposition 5.24]. In [9], a unitary boundary triplet {, Γ0, Γ1} for 𝑆∗ is said
to be essentially self-adjoint if 𝐴0 ∶= ker Γ0 is essentially self-adjoint inℌ. The main result in [9]
shows that this simple property concerning 𝐴0 is necessary and sufficient for the form 𝔱𝑀(𝜆) to
be closable for all 𝜆 ∈ ℂ ⧵ ℝ and that for this, it is even sufficient that the form 𝔱𝑀(𝜆) is closable
at one point in the upper and the lower half-plane, for example, at the points 𝜆 = ±𝑖. Moreover,
in this case, the form domain of its closure does not depend on 𝜆 ∈ ℂ ⧵ ℝ; see [9, Theorem 5.24].
For various applications of form domain invariant Nevanlinna functions, see [10, Section 3] for
Laplace operators, and [10, Section 4] for sequences of local point interactions for momentum,
Schrödinger, and Dirac operators.

3 LEBESGUE DECOMPOSITIONS OF SEMIBOUNDED FORMS

It will be shown that for a semibounded form 𝔱 ∈ 𝐅(ℌ), there exists a sum decomposition 𝔱 = 𝔱1 +

𝔱2, dom 𝔱 = dom 𝔱1 = dom 𝔱2, where 𝔱1 ∈ 𝐅(ℌ) is closable and 𝔱2 ∈ 𝐅(ℌ) is singular. Moreover, it
will be shown that this decomposition is unique by the property that 𝔱1 is the largest of all closable
forms below 𝔱. This so-called Lebesgue decomposition and its uniqueness go back to Simon [35];
the present proofs are based on the Lebesgue decomposition of the representingmap of the form 𝔱.
Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded, let 𝑐 ⩽ 𝑚(𝔱), and assume that 𝔱 has the representation

𝔱[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom 𝔱 = dom𝑄, (3.1)

where 𝑄 ∈ 𝐋(ℌ,𝔎) is a representing map for 𝔱 − 𝑐. The closure of 𝑄 is a closed linear relation
𝑄∗∗ ∈ 𝐋(ℌ,𝔎) and let 𝑃0 be the orthogonal projection from 𝔎 onto mul𝑄∗∗. Then, the sum
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decomposition

𝑄 = 𝑄reg + 𝑄sing, 𝑄reg = (𝐼 − 𝑃0)𝑄, 𝑄sing = 𝑃0𝑄, (3.2)

where dom𝑄reg = dom𝑄sing = dom𝑄 is the so-called Lebesgue decomposition of the represent-
ing 𝑄; cf. [16, 24]. Here, 𝑄reg is a closable operator and 𝑄sing is a singular operator. Recall that
𝑄∗∗ ∈ 𝐋(ℌ,𝔎) has a similar decomposition

𝑄∗∗ = (𝑄∗∗)reg + (𝑄∗∗)sing, (𝑄∗∗)reg = (𝐼 − 𝑃0)𝑄
∗∗, (𝑄∗∗)sing = 𝑃0𝑄

∗∗,

where dom (𝑄∗∗)reg = dom (𝑄∗∗)sing = dom𝑄∗∗. Here, (𝑄∗∗)reg is the usual orthogonal operator
part of the closed linear relation 𝑄∗∗. It is important to observe that

(𝑄reg)
∗∗ = (𝑄∗∗)reg, dom (𝑄reg)

∗∗ = dom𝑄∗∗.

For more details, see [15, 16, 24].

Theorem 3.1. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded. Then, 𝔱 has the sum decomposition

𝔱 = 𝔱reg + 𝔱sing, dom 𝔱 = dom 𝔱reg = dom 𝔱sing, (3.3)

with a regular (closable) semibounded form 𝔱reg ∈ 𝐅(ℌ) and a singular nonnegative form 𝔱sing ∈

𝐅(ℌ). In fact, let 𝑐 ⩽ 𝑚(𝔱) and assume that 𝔱 has the representation (3.1). Then

𝔱reg[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄reg𝜑, 𝑄reg𝜓), 𝔱sing[𝜑, 𝜓] = (𝑄sing𝜑, 𝑄sing𝜓), (3.4)

with 𝜑, 𝜓 ∈ dom 𝔱 = dom𝑄. Moreover, the closure 𝔱reg of the closable part 𝔱reg is given by

𝔱reg [𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + ((𝑄reg)
∗∗𝜑, (𝑄reg)

∗∗𝜓), 𝜑, 𝜓 ∈ dom 𝔱reg = dom𝑄∗∗. (3.5)

Proof. Since 𝑃0 in (3.2) is an orthogonal projection, it is clear from (3.4) that 𝔱 = 𝔱reg + 𝔱sing; cf.
(3.1). Since 𝑄reg is a closable operator and 𝑄sing is a singular operator, it also follows from (3.4)
that the forms 𝔱reg and 𝔱sing are regular and singular, respectively; cf. Lemma 2.3. Finally, (3.5) is
a direct consequence of the definition of 𝔱reg; cf. Lemma 2.4. □

The decomposition of the semibounded form 𝔱 ∈ 𝐅(ℌ) in (3.3) into the regular part 𝔱reg and
the singular part 𝔱sing in (3.4) is called the Lebesgue decomposition of 𝔱. It will be shown in the
following theorem that 𝔱reg in (3.4) does not depend on the choice of 𝑐 and 𝑄 in (3.1), and neither
does 𝔱sing = 𝔱 − 𝔱reg.

Theorem 3.2. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded. Then, 𝔱reg as defined in Theorem 3.1 satisfies
𝔱reg ⩽ 𝔱. Let 𝔲 ∈ 𝐅(ℌ) be a semibounded form and assume that 𝔲 ⩽ 𝔱, then

𝔲reg ⩽ 𝔱reg. (3.6)

In particular, if the form 𝔲 ∈ 𝐅(ℌ) is closable and 𝔲 ⩽ 𝔱, then

𝔲 ⩽ 𝔱reg.
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Consequently, 𝔱reg is the largest of all closable semibounded forms below 𝔱.

Proof. By assumption, 𝔲 ∈ 𝐅(ℌ) is a semibounded form with 𝔲 ⩽ 𝔱, that is,

dom 𝔱 ⊂ dom𝔲 and 𝔲[𝜑] ⩽ 𝔱[𝜑], 𝜑 ∈ dom 𝔱.

Let the lower bound of 𝔲 be 𝑐 ∈ ℝ. Thanks to the inequality 𝔲 ⩽ 𝔱, it follows that 𝑐 ⩽ 𝑚(𝔱). By
Lemma 2.1, the form 𝔲 (having lower bound 𝑐) has a representation of the form

𝔲[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑅𝑐𝜑, 𝑅𝑐𝜓), 𝜑, 𝜓 ∈ dom𝔲 = dom𝑅𝑐,

with a representingmap 𝑅𝑐 fromℌ to a Hilbert space𝔎′
𝑐. Since 𝑐 ⩽ 𝑚(𝔱), it follows from the same

lemma that the form 𝔱 (with lower bound 𝛾) has a representation of the form

𝔱[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝑐𝜑, 𝑄𝑐𝜓), 𝜑, 𝜓 ∈ dom 𝔱 = dom𝑄𝑐,

where 𝑄𝑐 is a representing map fromℌ to a Hilbert space𝔎𝑐. As in Theorem 3.1, one sees that

𝔲reg[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑅𝑐,reg𝜑, 𝑅𝑐,reg𝜓), 𝜑, 𝜓 ∈ dom𝑅𝑐,

and, likewise, it follows from Theorem 3.1 that

𝔱reg[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝑐,reg𝜑, 𝑄𝑐,reg𝜓), 𝜑, 𝜓 ∈ dom𝑄𝑐.

Using the representations of 𝔲 and 𝔱, one sees that the inequality 𝔲 ⩽ 𝔱 is equivalent to

dom𝑄𝑐 ⊂ dom𝑅𝑐 and ‖𝑅𝑐𝜑‖ ⩽ ‖𝑄𝑐𝜑‖, 𝜑 ∈ dom𝑄𝑐.

As a consequence from [24, Theorem 8.3], one finds that

𝑅𝑐,reg ≺ 𝑄𝑐,reg, (3.7)

see (2.12). Now, using the above representations of 𝔲reg and 𝔱reg, it follows that the inequality (3.6)
holds; cf. (2.13). Since 𝔱reg ⩽ 𝔱 and 𝔱reg is closable, it is clear that 𝔱reg has the stated maximality
property. □

Remark 3.3. The following useful observation goes back to [35]. Let the form 𝔱 ∈ 𝐅(ℌ) be semi-
bounded, let the form 𝔟 ∈ 𝐅(ℌ) be symmetric with dom 𝔱 ⊂ dom𝔟, and assume that for some
𝛼 ⩾ 0,

|𝔟[𝜑]| ⩽ 𝛼‖𝜑‖2, 𝜑 ∈ dom 𝔱.

Then, the sum 𝔱 + 𝔟 ∈ 𝐅(ℌ) is semibounded (with dom (𝔱 + 𝔟) = dom 𝔱).Moreover, if 𝔱 is closable,
then 𝔱 + 𝔟 is closable, cf. [27, p. 320] and [7, Theorem 5.1.16], and in this case,

(𝔱 + 𝔟)reg = 𝔱reg + 𝔟 and (𝔱 + 𝔟)sing = 𝔱sing. (3.8)
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To see this, note that 𝔱reg ⩽ 𝔱 implies 𝔱reg + 𝔟 ⩽ 𝔱 + 𝔟, and, since the left-hand side is closable, one
obtains 𝔱reg + 𝔟 ⩽ (𝔱 + 𝔟)reg byTheorem3.2. Likewise (𝔱 + 𝔟)reg − 𝔟 is closable and (𝔱 + 𝔟)reg − 𝔟 ⩽

𝔱, so that (𝔱 + 𝔟)reg − 𝔟 ⩽ 𝔱reg by Theorem 3.2. Combining these inequalities gives the first identity
in (3.8) and the second identity in (3.8) is clear from the first one.

It follows from (3.2) that ran𝑄reg ⊂ ran (𝐼 − 𝑃0) and ran𝑄sing ⊂ ran 𝑃0. If the representingmap
𝑄 is minimal: ran𝑄 = 𝔎, then ran𝑄reg = ran (𝐼 − 𝑃0) and ran𝑄sing = ran𝑃0. Clearly, the regu-
lar and singular components in the Lebesgue decomposition of 𝑄 have only a trivial intersection
of the ranges. The Lebesgue decomposition is an example of a more general decomposition of
the form 𝔱 = 𝔱1 + 𝔱2 where 𝔱1 is closable and 𝔱2 is singular. In fact, by considering orthogonal
Lebesgue-type decompositions of the representing map 𝑄, one may easily construct such decom-
positions in the sameway as the Lebesgue decomposition.Moreover, also in these cases, the ranges
of the components of𝑄 have only a trivial intersection; cf. Corollary 5.4. One then says that the cor-
responding forms 𝔱1 and 𝔱2 are mutually singular. However, not every decomposition 𝔱 = 𝔱1 + 𝔱2
where 𝔱1 is closable and 𝔱2 is singular, can be obtained via an orthogonal Lebesgue-type decom-
position of the representingmap𝑄. The required class of decompositions is much wider, and only
in this more general situation, one meets components 𝔱1 and 𝔱2 that are not mutually singular; cf.
Theorem 5.2. In order to characterize all such decompositions, it is helpful to first investigate the
sum decompositions of nonnegative forms into nonnegative forms in Section 4. These will then
be used to study Lebesgue-type decompositions of semibounded forms in Section 5.

4 SUMDECOMPOSITIONS OF NONNEGATIVE FORMS

In this section, the interest will be in the sum decomposition 𝔥 = 𝔥1 + 𝔥2 of a nonnegative
form 𝔥 ∈ 𝐅(ℌ) with nonnegative forms 𝔥1, 𝔥2 ∈ 𝐅(ℌ) with the additional property that dom𝔥 =

dom𝔥1 = dom𝔥2. The parametrization of such decompositions will be given by means of the
representing map of the sum. The minimality of the representation of such a sum will be charac-
terized. Furthermore, the interaction of the components 𝔥1 and 𝔥2 in the sum decomposition will
be described in terms of the parallel sum of 𝔥1 ∶ 𝔥2.
First, a characterization will be presented of all possible sum decompositions of a nonnegative

form. The construction in Theorem 4.1 is based on the fact that associated with a sum decompo-
sition of nonnegative forms are natural inequalities that arise from this decomposition; cf. [30].

Theorem 4.1. Let 𝔥 ∈ 𝐅(ℌ) be a nonnegative form and assume that 𝔥 has the representation

𝔥[𝜑, 𝜓] = (𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom𝔥 = dom𝑄, (4.1)

where 𝑄 ∈ 𝐋(ℌ,𝔎) is a representing map.
Let 𝐾 ∈ 𝐁(𝔎) be a nonnegative contraction and define the forms 𝔥1, 𝔥2 ∈ 𝐅(ℌ) for all 𝜑, 𝜓 ∈

dom𝔥 = dom𝑄 by

𝔥1[𝜑, 𝜓] = ((𝐼 − 𝐾)
1
2 𝑄𝜑, (𝐼 − 𝐾)

1
2 𝑄𝜓), 𝔥2[𝜑, 𝜓] = (𝐾

1
2 𝑄𝜑, 𝐾

1
2 𝑄𝜓). (4.2)

Then, the form 𝔥 has the sum decomposition

𝔥 = 𝔥1 + 𝔥2, dom𝔥 = dom𝔥1 = dom𝔥2, (4.3)

where 𝔥1 and 𝔥2 are nonnegative.
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Conversely, let the nonnegative form 𝔥 ∈ 𝐅(ℌ) in (4.1) have a sum decomposition (4.3), where
𝔥1, 𝔥2 ∈ 𝐅(ℌ) are nonnegative. Then, there exists a nonnegative contraction 𝐾 ∈ 𝐁(𝔎) such that
(4.2) holds.

Proof. Assume that 𝐾 ∈ 𝐁(𝔎) is a nonnegative contraction and let 𝔥1, 𝔥2 ∈ 𝐅(ℌ) be defined by
(4.2). Due to the identity

((𝐼 − 𝐾)
1
2 )∗(𝐼 − 𝐾)

1
2 + (𝐾

1
2 )∗𝐾

1
2 = 𝐾 + (𝐼 − 𝐾) = 𝐼𝔎,

it is clear from (4.2) that 𝔥1 + 𝔥2 = 𝔥. Hence, 𝐾 generates a sum decomposition of the form 𝔥 in
(4.1).
Conversely, let the form 𝔥 have the decomposition as in (4.3). According to Lemma 2.1, there

exist representingmaps𝑄1 and𝑄2 fromℌ toHilbert spaces𝔎1 and𝔎2, respectively,with domains
equal to dom𝔥, such that

𝔥1[𝜑, 𝜓] = (𝑄1𝜑, 𝑄1𝜓)𝔎1
, 𝔥2[𝜑, 𝜓] = (𝑄2𝜑, 𝑄2𝜓)𝔎2

, (4.4)

for all 𝜑, 𝜓 ∈ dom𝔥. It follows from (4.3) and (4.4) that

(𝑄𝜑,𝑄𝜓)𝔎 = 𝔥[𝜑, 𝜓] = 𝔥1[𝜑, 𝜓] + 𝔥2[𝜑, 𝜓]

= (𝑄1𝜑, 𝑄1𝜓)𝔎1
+ (𝑄2𝜑, 𝑄2𝜓)𝔎2

,
(4.5)

for all 𝜑, 𝜓 ∈ dom𝔥. The identity (4.5) shows that there are natural inequalities: for all 𝜑 ∈ dom𝔥,
one has

(𝑄1𝜑, 𝑄1𝜑)𝔎1
⩽ (𝑄𝜑,𝑄𝜑)𝔎, (𝑄2𝜑, 𝑄2𝜑)𝔎2

⩽ (𝑄𝜑,𝑄𝜑)𝔎.

Hence, the linear relations 𝐶1 from𝔎 to𝔎1 and 𝐶2 from𝔎 to𝔎2, defined by

𝐶1 =
{
{𝑄𝜑, 𝑄1𝜑} ∶ 𝜑 ∈ dom𝔥

}
, 𝐶2 =

{
{𝑄𝜑, 𝑄2𝜑} ∶ 𝜑 ∈ dom𝔥

}
,

are actually contractive operators from ran𝑄 onto ran𝑄1 and ran𝑄2, respectively. Thus, they
can be uniquely extended to all of ran𝑄 and these extensions are denoted again by 𝐶1 and 𝐶2,
respectively. Finally, extend these operators trivially to all of𝔎 and give these extensions the same
notation. Now define the operators 𝐾1 and 𝐾2 by

𝐾1 = 𝐶∗
1𝐶

∗∗
1 and 𝐾2 = 𝐶∗

2𝐶
∗∗
2 .

Then, 𝐾1, 𝐾2 ∈ 𝐁(𝔎) are nonnegative contractions and they satisfy

𝔥1[𝜑, 𝜓] = (𝐶1𝑄𝜑, 𝐶1𝑄𝜓)𝔎1
= (𝐾1𝑄𝜑,𝑄𝜓)𝔎 (4.6)

and

𝔥2[𝜑, 𝜓] = (𝐶2𝑄𝜑, 𝐶2𝑄𝜓)𝔎2
= (𝐾2𝑄𝜑,𝑄𝜓)𝔎 (4.7)
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for all 𝜑, 𝜓 ∈ dom𝔥. By combining (4.6) and (4.7) with (4.5), it follows that

𝐾1 + 𝐾2 = 𝑃ran𝑄,

where the right-hand side stands for the orthogonal projection from 𝔎 onto ran𝑄. Now let 𝐾 =

𝐾2, then the second identity in (4.2) follows from (4.7). Note that

𝐼𝔎 − 𝐾 = 𝑃ran𝑄 − 𝐾2 + (𝐼 − 𝑃ran𝑄) = 𝐾1 + (𝐼 − 𝑃ran𝑄),

which leads to the identity

((𝐼𝔎 − 𝐾)𝑄𝜑,𝑄𝜓) = (𝐾1𝑄𝜑,𝑄𝜓)𝔎, 𝜑, 𝜓 ∈ dom𝔥.

Thus, the first identity in (4.2) follows from (4.6). □

Remark 4.2. If the representing map 𝑄 ∈ 𝐋(ℌ,𝔎) in (4.1) is minimal, then the contraction 𝐾 ∈

𝐁(𝔎) in (4.2) is unique (see for a similar feature [16, Remark 3.7]). To see this directly, assume that
𝐾 and 𝐾 are nonnegative contractions in 𝐁(𝔎) that satisfy (4.2). Then, it follows that,

𝔥2[𝜑, 𝜓] = (𝐾
1
2 𝑄𝜑, 𝐾

1
2 𝑄𝜓) = (𝐾

1
2 𝑄𝜑, 𝐾

1
2 𝑄𝜓), 𝜑, 𝜓 ∈ dom𝔥.

Hence, ((𝐾 − 𝐾)𝑄𝜑,𝑄𝜓) = 0 for all 𝜑, 𝜓 ∈ dom𝔥. By the assumption ran𝑄 = 𝔎, one concludes
that 𝐾 − 𝐾 = 0.

Let 𝑄1 ∈ 𝐋(ℌ,𝔎1) and 𝑄2 ∈ 𝐋(ℌ,𝔎2) be linear operators; here𝔎1 and𝔎2 are Hilbert spaces.
The corresponding columnoperator col (𝑄1, 𝑄2) fromℌ to the orthogonal sum𝔎1 ⊕𝔎2 is defined
by

col (𝑄1, 𝑄2) =

(
𝑄1

𝑄2

)
∶ dom𝑄1 ∩ dom𝑄2 → 𝔎 =

(
𝔎1

𝔎2

)
.

The column operator is used to describe the representing map for a sum of nonnegative forms.
Let the forms 𝔥1, 𝔥2 ∈ 𝐅(ℌ) be nonnegative with dom𝔥1 = dom𝔥2. For 𝑖 = 1, 2, let𝑄𝑖 ∈ 𝐋(ℌ,𝔎𝑖)

be the representing maps for the forms 𝔥𝑖 with dom𝔥 = dom𝑄1 = dom𝑄2, such that

𝔥1[𝜑, 𝜓] = (𝑄1𝜑, 𝑄1𝜓), 𝔥2[𝜑, 𝜓] = (𝑄2𝜑, 𝑄2𝜓), (4.8)

where 𝜑, 𝜓 ∈ dom𝔥1 = dom𝔥2 = dom𝑄1 = dom𝑄2. Then, col (𝑄1, 𝑄2) is a representing map for
the form 𝔥1 + 𝔥2, as follows with 𝜑, 𝜓 ∈ dom𝔥1 = dom𝔥2 from

(𝔥1 + 𝔥2)[𝜑, 𝜓] = (𝑄1𝜑, 𝑄1𝜓) + (𝑄2𝜑, 𝑄2𝜓)

= (col (𝑄1, 𝑄2)𝜑, col (𝑄1, 𝑄2)𝜓).
(4.9)

If in (4.8), both 𝑄1 and 𝑄2 are minimal in𝔎1 and𝔎2, respectively, it does not necessarily follow
that col (𝑄1, 𝑄2) is minimal in𝔎1 ⊕𝔎2. A characterization of minimality in the context of Theo-
rem 4.1 will be given in Theorem 4.3. For this purpose, let𝐾 ∈ 𝐁(𝔎) be a nonnegative contraction
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and define the Hilbert spaces𝔎1 and𝔎2 by

𝔎1 = ran (𝐼 − 𝐾) and 𝔎2 = ran𝐾,

each provided with the inner product of 𝔎. They satisfy 𝔎 = 𝔎1 +𝔎2 with overlapping space
𝔎1 ∩𝔎2 = ran (𝐼 − 𝐾)𝐾; for a treatment of the corresponding de Branges–Rovnyak decompo-
sitions, see [16]. With the representations in (4.2), one defines 𝑄1 = (𝐼 − 𝐾)

1
2 𝑄 and 𝑄2 = 𝐾

1
2 𝑄.

Then, col (𝑄1, 𝑄2) is a representing map in 𝐋(ℌ,𝔎1 × 𝔎2), so that for all 𝜑, 𝜓 ∈ dom𝔥 = dom𝑄

𝔥[𝜑, 𝜓] =

((
(𝐼 − 𝐾)

1
2

𝐾
1
2

)
𝑄𝜑,

(
(𝐼 − 𝐾)

1
2

𝐾
1
2

)
𝑄𝜓

)
. (4.10)

Theorem 4.3. Let the form 𝔥 ∈ 𝐅(ℌ) be nonnegative with the representation (4.1), where 𝑄 ∈

𝐋(ℌ,𝔎) is aminimal representingmap, that is, ran𝑄 = 𝔎. Let𝐾 ∈ 𝐁(𝔎) be a nonnegative contrac-
tion and assume that with respect to 𝐾, the form 𝔥 has the representation (4.10). Then, (𝐼 − 𝐾)

1
2 𝑄 is

an operator from ℌ into 𝔎1 with dense range and 𝐾
1
2 𝑄 is an operator from ℌ into 𝔎2 with dense

range. Moreover, the following statements are equivalent:

(i) the representation (4.10) is minimal;
(ii) 𝐾 is an orthogonal projection.

Proof. The representation (4.10) for the form𝔥 ∈ 𝐅(ℌ) follows from (4.2) and (4.9). By assumption,
𝑄 has dense range in𝔎, which implies that (𝐼 − 𝐾)

1
2 𝑄 has dense range in ran (𝐼 − 𝐾)

1
2 = 𝔎1, and

similarly, 𝐾
1
2 𝑄 has dense range in ran𝐾

1
2 = 𝔎2.

Recall from [16] that𝑊 = col ((𝐼 − 𝐾)
1
2 , 𝐾

1
2 ) is an isometry from𝔎 into the Hilbert space𝔎1 ⊕

𝔎2. Moreover, the isometry 𝑊 is surjective if and only if 𝐾 is an orthogonal projection; cf. [16,
Proposition 2.8]. Finally, observe that due to ran𝑄 = 𝔎, the mapping𝑊 is surjective if and only
if the representing map col ((𝐼 − 𝐾)

1
2 𝑄, 𝐾

1
2 𝑄) is minimal. □

Next, the interaction between the components in a sum decomposition will be considered. This
interaction is measured in terms of parallel sums. To explain this, assume that 𝔥1, 𝔥2 ∈ 𝐅(ℌ) are
nonnegative with dom𝔥1 = dom𝔥2. The parallel sum of 𝔥1 and 𝔥2 is a nonnegative form defined
for 𝜑 ∈ dom𝔥1 = dom𝔥2 by

(𝔥1 ∶ 𝔥2)[𝜑] = inf {𝔥1[ℎ + 𝜑] + 𝔥2[ℎ] ∶ ℎ ∈ dom𝔥}, (4.11)

and polarization. The definition in (4.11) and a proof that it is actually a nonnegative form can be
found in [22, Proposition 2.2]. Likewise, for nonnegative operators 𝐴, 𝐵 ∈ 𝐁(𝔎), one defines the
parallel sum 𝐴 ∶ 𝐵 ∈ 𝐁(𝔎) for 𝜑 ∈ 𝔎 by

((𝐴 ∶ 𝐵)𝜑, 𝜑) = inf {(𝐴(ℎ + 𝜑), ℎ + 𝜑) + (𝐵ℎ, ℎ) ∶ ℎ ∈ 𝔎}, (4.12)

and polarization. Recall that if ran (𝐴 + 𝐵) is closed, then it follows that

(𝐴 ∶ 𝐵) = 𝐴(𝐴 + 𝐵)(−1)𝐵, (4.13)

where (𝐴 + 𝐵)(−1) denotes the Moore–Penrose inverse of 𝐴 + 𝐵. For further details, see [14, 18].
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Proposition 4.4. Let the forms 𝔥1, 𝔥2 ∈ 𝐅(ℌ) be nonnegative with sum 𝔥 = 𝔥1 + 𝔥2. Let 𝑄 ∈

𝐋(ℌ,𝔎) be a minimal representing map for the sum 𝔥:

𝔥[𝜑, 𝜓] = (𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom𝔥.

Let 𝐾 ∈ 𝐁(𝔎) be the nonnegative contraction for which:

𝔥1[𝜑, 𝜓] = ((𝐼 − 𝐾)
1
2 𝑄𝜑, (𝐼 − 𝐾)

1
2 𝑄𝜓), 𝔥2[𝜑, 𝜓] = (𝐾

1
2 𝑄𝜑, 𝐾

1
2 𝑄𝜓),

where 𝜑, 𝜓 ∈ dom𝔥 = dom𝑄. Then, the parallel sum 𝔥1 ∶ 𝔥2 ∈ 𝐅(ℌ) has the representation

(𝔥1 ∶ 𝔥2)[𝜑, 𝜓] = (((𝐼 − 𝐾) ∶ 𝐾)𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom𝔥 = dom𝑄. (4.14)

Proof. Let 𝜑 ∈ dom𝑄 and consider the quadratic form defined by (4.11). It follows from the
definition in (4.11) and the representations (4.2) in Theorem 4.1 that

(𝔥1 ∶ 𝔥2)[𝜑] = inf
{‖(𝐼 − 𝐾)

1
2 𝑄(ℎ + 𝜑)‖2 + ‖𝐾 1

2 𝑄ℎ‖2 ∶ ℎ ∈ dom𝑄
}

⩾ inf
{‖(𝐼 − 𝐾)

1
2 (𝑄𝜑 − g)‖2 + ‖𝐾 1

2 g‖2 ∶ g ∈ 𝔎
}

= inf {((𝐼 − 𝐾)𝑓, 𝑓) + (𝐾g , g) ∶ 𝑓 + g = 𝑄𝜑 ∶ 𝑓, g ∈ 𝔎}

= (((𝐼 − 𝐾) ∶ 𝐾)𝑄𝜑,𝑄𝜑).

(4.15)

The last equality follows from the definition in (4.12).
The reverse inequality in (4.15) follows from the denseness of ran𝑄 in𝔎. To see this, let 𝜀 > 0

and select g ∈ 𝔎 such that

‖(𝐼 − 𝐾)
1
2 (𝑄𝜑 − g)‖2 + ‖𝐾 1

2 g‖2 < (((𝐼 − 𝐾) ∶ 𝐾)𝑄𝜑,𝑄𝜑) + 𝜀.

Since ran𝑄 is dense in 𝔎, one has lim𝑛→∞ ‖g − 𝑄ℎ𝑛‖ = 0 for some sequence ℎ𝑛 ∈ dom𝑄. It
follows that for every 𝜀 > 0, there exists ℎ ∈ dom𝑄 such that

‖(𝐼 − 𝐾)
1
2 (𝑄(𝜑 − ℎ)‖2 + ‖𝐾 1

2 𝑄ℎ‖2 < (((𝐼 − 𝐾) ∶ 𝐾)𝑄𝜑,𝑄𝜑) + 2𝜀.

Taking the infimum over all ℎ ∈ dom𝑄, this leads to

inf
{‖(𝐼 − 𝐾)

1
2 𝑄(𝜑 − ℎ)‖2 + ‖𝐾 1

2 𝑄ℎ‖2 ∶ ℎ ∈ dom𝑄
}

⩽ (((𝐼 − 𝐾) ∶ 𝐾)𝑄𝜑,𝑄𝜑).

Therefore, equality prevails in (4.15) and this implies the statement by the polarization formula
for forms. □

Thus, the representingmap for the form 𝔥1 ∶ 𝔥2 is given by ((𝐼 − 𝐾) ∶ 𝐾)
1
2 𝑄, which involves the

parallel sum of the operators 𝐼 − 𝐾 and 𝐾. This result is a special case of the functional calculus
developed in [30]. The parallel sum 𝔥1 ∶ 𝔥2 in (4.14) measures the interaction of the forms 𝔥1 and
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𝔥2. The forms 𝔥1 and 𝔥2 are called mutually singular if 𝔥1 ∶ 𝔥2 = 0; cf. [22, Proposition 2.10], in
which case there is no interaction between the forms 𝔥1 and 𝔥2.

Corollary 4.5. Under the conditions of Proposition 4.4, the following statements are equivalent:

(i) the forms 𝔥1 and 𝔥2 are mutually singular;
(ii) 𝐾 is an orthogonal projection.

Proof. It follows from (4.15) that𝔥1 and𝔥2 aremutually singular if and only if ((𝐼 − 𝐾) ∶ 𝐾)
1
2 𝑄 = 0.

Since the representing map 𝑄 in Proposition 4.4 is assumed to be minimal, this is equivalent to
((𝐼 − 𝐾) ∶ 𝐾)

1
2 = 0. Observe that

(𝐼 − 𝐾) ∶ 𝐾 = (𝐼 − 𝐾)𝐾,

cf. (4.13), from which the assertion follows. □

Now return to the context of Theorem 4.1 and Theorem 4.3. The sum decompositions (4.3) of
a form 𝔥 can be classified into two different categories: the forms 𝔥1 and 𝔥2 are mutually singular
(precisely when 𝐾 is an orthogonal projection) or they are not mutually singular (precisely when
𝐾 is not an orthogonal projection); see the remark following Theorem 2.5 in [35].

5 LEBESGUE-TYPE DECOMPOSITIONS OF SEMIBOUNDED FORMS

The Lebesgue decomposition of a semibounded form 𝔱 ∈ 𝐅(ℌ) in Section 3 provides a sumdecom-
position of 𝔱 into a closable part 𝔱reg and a singular part 𝔱sing. Recall that 𝔱reg is the largest of all
closable semibounded forms below 𝔱. By means of the sum decompositions in Section 4, it is now
possible to describe the general situation.
Based on the Lebesgue decomposition in Section 3, the following definition is quite natural.

Definition 5.1. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded. Then a sum decomposition of 𝔱, given
by

𝔱 = 𝔱1 + 𝔱2, dom 𝔱 = dom 𝔱1 = dom 𝔱2, (5.1)

is called a Lebesgue-type sum decomposition of 𝔱 if 𝔱1 ∈ 𝐅(ℌ) is semibounded and closable, and
𝔱2 ∈ 𝐅(ℌ) is nonnegative and singular.

The following characterization of all Lebesgue-type decompositions of a semibounded form is
an immediate consequence of Theorem 4.1 and Lemma 2.3, by a reduction to nonnegative forms.

Theorem 5.2. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded, let 𝑐 ⩽ 𝑚(𝔱), and assume that 𝔱 has the
representation

𝔱[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom 𝔱 = dom𝑄, (5.2)

where 𝑄 ∈ 𝐋(ℌ,𝔎) is a representing map for 𝔱 − 𝑐.
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Let 𝐾 ∈ 𝐁(𝔎) be a nonnegative contraction that satisfies the conditions

clos {𝑘 ∈ ran (𝐼 − 𝐾) ∶ (𝐼 − 𝐾)
1
2 𝑘 ∈ dom𝑄∗} = ran (𝐼 − 𝐾), (5.3)

ran𝐾
1
2 ∩ dom𝑄∗ ⊂ ker 𝑄∗, (5.4)

and define the forms 𝔱1 and 𝔱2 by

𝔱1[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + ((𝐼 − 𝐾)
1
2 𝑄𝜑, (𝐼 − 𝐾)

1
2 𝑄𝜓),

𝔱2[𝜑, 𝜓] = (𝐾
1
2 𝑄𝜑, 𝐾

1
2 𝑄𝜓).

(5.5)

Then, the sum 𝔱 = 𝔱1 + 𝔱2 in (5.1) is a Lebesgue-type decomposition of 𝔱 in the sense of Definition 5.1.
Conversely, let the sum 𝔱 = 𝔱1 + 𝔱2 in (5.1) be a Lebesgue-type decomposition of 𝔱 in the sense of

Definition 5.1. Then, there exists a nonnegative contraction𝐾 ∈ 𝐁(𝔎) such that (5.3), (5.4), and (5.5)
are satisfied.

Proof. According to (5.2) the form 𝔥 = 𝔱 − 𝑐 ∈ 𝐅(ℌ) is nonnegative with representing map
𝑄. Assume 𝐾 ∈ 𝐁(𝔎) is a nonnegative contraction that satisfies (5.3) and (5.4). Define the
nonnegative forms 𝔥1, 𝔥2 ∈ 𝐅(ℌ) by

𝔥1[𝜑, 𝜓] = ((𝐼 − 𝐾)
1
2 𝑄𝜑, (𝐼 − 𝐾)

1
2 𝑄𝜓), 𝔥2[𝜑, 𝜓] = (𝐾

1
2 𝑄𝜑, 𝐾

1
2 𝑄𝜓).

Then, by Theorem 4.1, one has 𝔥 = 𝔥1 + 𝔥2. Conditions (5.3) and (5.4) guarantee that (𝐼 − 𝐾)
1
2 𝑄 is

regular and𝐾
1
2 𝑄 is singular; cf. [16, Lemma 4.1, Lemma 4.3]. Hence, by Lemma 2.3, it follows that

𝔥1 and 𝔥2 are regular and singular, respectively. Setting 𝔱1 = 𝔥1 + 𝑐 and 𝔱2 = 𝔥2, then 𝔱1 is semi-
bounded and 𝔱2 is nonnegative. It is now clear that 𝔱 = 𝔱1 + 𝔱2 is a Lebesgue-type decomposition
of 𝔱.
For the converse, let 𝔱 ∈ 𝐅(ℌ) be a semibounded form and let it have a Lebesgue-type

decomposition (5.1). Since the form 𝔱 is assumed to have the representation (5.2), one notes that

𝔱 − 𝑐 = 𝔥1 + 𝔥2, 𝔥1 = 𝔱1 − 𝑐 ⩾ 0, 𝔥2 = 𝔱2 ⩾ 0,

is a sum decomposition of the nonnegative form 𝔥 = 𝔱 − 𝑐 into the nonnegative forms 𝔥1 and 𝔥2.
By Theorem 4.1, there exists a nonnegative contraction 𝐾 ∈ 𝐁(𝔎) such that (4.2) holds. Hence, it
follows that (5.5) is then satisfied. Since 𝔱1 is regular and 𝔱2 is singular, it is clear that (𝐼 − 𝐾)

1
2 𝑄 is

regular and 𝐾
1
2 𝑄 is singular. Thus, by [16, Lemma 4.1, Lemma 4.3], the conditions (5.3) and (5.4)

are satisfied. □

It is a consequence of Proposition 4.4 and Corollary 4.5 that the interaction between the
components in a Lebesgue-type decomposition (5.1) can be specified in the following sense.

Corollary 5.3. Let the conditions of Theorem 5.2 be satisfied. Then the parallel sum ((𝔱1 − 𝑐) ∶ 𝔱2) ∈

𝐅(ℌ) has the representation

((𝔱1 − 𝑐) ∶ 𝔱2)[𝜑, 𝜓] = (((𝐼 − 𝐾) ∶ 𝐾)𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom𝔥 = dom𝑄.

In particular, the following statements are equivalent:
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(i) the forms 𝔱1 − 𝑐 and 𝔱2 are mutually singular;
(ii) 𝐾 is an orthogonal projection.

For the convenience of the reader, the case of orthogonal projections in Theorem 5.2 will be
considered separately. According to Corollary 5.3, in this case, there is only a trivial interaction
between the components 𝔱1 − 𝑐 and 𝔱2,

Corollary 5.4. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded, let 𝑐 ⩽ 𝑚(𝔱), and let 𝔱 have the representation
(5.2) with representing map 𝑄 ∈ 𝐋(ℌ,𝔎). Let 𝑃 ∈ 𝐁(𝔎) be an orthogonal projection that satisfies
the conditions

clos (ker 𝑃 ∩ dom𝑄∗) = ker 𝑃, (5.6)

ran 𝑃 ∩ dom𝑄∗ ⊂ ker 𝑄∗, (5.7)

and define the forms 𝔱1 and 𝔱2 by

𝔱1[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + ((𝐼 − 𝑃)𝑄𝜑, (𝐼 − 𝑃)𝑄𝜓),

𝔱2[𝜑, 𝜓] = (𝑃𝑄𝜑, 𝑃𝑄𝜓).
(5.8)

Then, the sum 𝔱 = 𝔱1 + 𝔱2 in (5.1) is a Lebesgue-type decomposition of 𝔱. In particular, if 𝑃 = 𝑃0
is the orthogonal projection onto mul𝑄∗∗, then (5.6) and (5.7) are satisfied and (5.5) leads to the
Lebesgue decomposition.

Proof. If 𝐾 ∈ 𝐁(𝔎) is an orthogonal projection, then the conditions (5.3) and (5.4) are equiva-
lent with the conditions (5.6) and (5.7); see [16, Lemma 4.1, Lemma 4.2]. If 𝑃0 is the orthogonal
projection ontomul𝑄∗∗, then

ran 𝑃0 = ker (𝐼 − 𝑃0) = mul𝑄∗∗ and ran (𝐼 − 𝑃0) = ker 𝑃0 = dom𝑄∗.

With 𝑃 = 𝑃0, the conditions (5.6) and (5.7) are satisfied. Comparing with (3.2), one sees that this
choice corresponds to the Lebesgue decomposition. □

Recall that the representing map 𝑄 of a semibounded form 𝔱may always be taken minimal. If
this is the case, then the conditions (5.4) and (5.7) read as

ran𝐾
1
2 ∩ dom𝑄∗ = {0} and ran 𝑃 ∩ dom𝑄∗ = {0},

respectively. The following theorem was originally established in the context of pairs of
nonnegative forms in [22].

Theorem 5.5. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded. Then, the following statements are
equivalent:

(i) the Lebesgue decomposition of 𝔱 is the only Lebesgue-type decomposition of the form 𝔱;
(ii) the form 𝔱reg is bounded.

Proof. (i) ⇒ (ii) Assume that any Lebesgue-type decomposition 𝔱 = 𝔱1 + 𝔱2 of 𝔱 is equal to the
Lebesgue decomposition of 𝔱. Then, in particular, any Lebesgue-type decomposition 𝑄 = (𝐼 −
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𝑃)𝑄 + 𝑃𝑄, with 𝑃 an orthogonal projection satisfying (5.3) and (5.4), gives the Lebesgue decom-
position of 𝑄. By [24, Theorem 6.1], this implies that 𝑄reg is bounded, so that also the form 𝔱reg
is bounded.
(ii)⇒ (i) Assume that 𝔱reg is bounded. Let the form 𝔱 have the representation

𝔱[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom 𝔱 = dom𝑄,

where 𝑐 ⩽ 𝑚(𝔱), 𝑄 is a representing map, and assume that ran𝑄 = 𝔎. Then, the regular part 𝑄reg

is bounded or, equivalently, dom𝑄∗ is closed; cf. [24, Theorem 6.1] or [16, Theorem 5.7]. Now let
𝔱 = 𝔱1 + 𝔱2 be a Lebesgue-type decomposition of 𝔱 of the form in Theorem 5.2 with a nonnegative
contraction 𝐾 ∈ 𝐁(𝔎). It follows from mul𝑄∗∗ ⊂ ker (𝐼 − 𝐾)

1
2 or, equivalently, ran (𝐼 − 𝐾)

1
2 ⊂

dom𝑄∗, that

ran (𝐼 − 𝐾)
1
2 ∩ ran𝐾

1
2 ⊂ dom𝑄∗ ∩ ran𝐾

1
2 = {0},

which shows that 𝐾 is an orthogonal projection. This gives an orthogonal Lebesgue-type decom-
position 𝑄 = (𝐼 − 𝐾)𝑄 + 𝐾𝑄 for 𝑄. Since 𝑄reg is bounded, one sees that (𝐼 − 𝐾)𝑄 = 𝑄reg by [24].
Hence, the Lebesgue-type decomposition of 𝔱 is equal to the Lebesgue decomposition. □

At the end of this section, there is a brief discussion concerning the connection between the
Lebesgue-type decompositions of a form 𝔱 and the Lebesgue-type decompositions of its represent-
ing map 𝑄 (see [16]). Let 𝐾 ∈ 𝐁(𝔎) be any nonnegative contraction, then one can write 𝑄 as

𝑄 = 𝑄1 + 𝑄2, 𝑄1 = (𝐼 − 𝐾)𝑄, 𝑄2 = 𝐾𝑄. (5.9)

Recall that the decomposition (5.9) is a Lebesgue-type decomposition of𝑄 if and only if𝐾 satisfies

(𝐼 − 𝐾)𝑄 is closable and 𝐾𝑄 is singular. (5.10)

However, the nonnegative contraction 𝐾 generates a Lebesgue-type decomposition 𝔱 = 𝔱1 + 𝔱2
via (5.8) if and only if

(𝐼 − 𝐾)
1
2 𝑄 regular and 𝐾

1
2 𝑄 singular; (5.11)

cf. (5.3) and (5.4). The conditions in (5.10) and (5.11) are equivalent when 𝐾 is an orthogonal
projection. In the general case when 𝐾 is a nonnegative contraction, there is, for closability, only
the implication

(𝐼 − 𝐾)𝑄 is closable ⇒ (𝐼 − 𝐾)
1
2 𝑄 is closable (5.12)

(use [16, Corollary 4.2]), while both statements are equivalent with the closability of 𝑇 when‖𝐾‖ < 1. Likewise, there is, for singularity, only the implication

𝐾
1
2 𝑄 is singular ⇒ 𝐾𝑄 is singular. (5.13)

Furthermore, it should be mentioned that the converse statements in (5.12) and (5.13) do not hold
in general. In fact, there is an example that shows this simultaneously; see [20].
An extension of the Lebesgue-type decompositions for a single semibounded form to the case

of a pair of nonnegative bounded operators or forms (see [1, 35] and [22]) has connections with a
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recent approach of Lebesgue-type decompositions for a pair of measures via reproducing kernel
Hilbert spaces in [6].

6 REPRESENTATION THEOREMS FOR SEMIBOUNDED FORMS

Let 𝔱 ∈ 𝐅(ℌ) be a semibounded form. If 𝔱 is closed then the well-known representation theorem
(see [7, 27]) asserts that there is a semibounded self-adjoint relation 𝐻 inℌ with the same lower
bound as 𝔱, such that for all elements {𝜑, 𝜑′} ∈ 𝐻

𝔱[𝜑, 𝜓] = (𝜑′, 𝜓) for all 𝜓 ∈ dom 𝔱.

In this section, it will be shown that for an arbitrary semibounded form 𝔱 ∈ 𝐅(ℌ), a similar obser-
vation can be made when the above identity is interpreted in a limiting sense. Moreover, the
regular part 𝔱reg of 𝔱 is represented by the same semibounded self-adjoint relation. This version
of the representation of semibounded forms goes back to Arendt and ter Elst (in the setting of
sectorial forms); see [3, Theorem 3.2, Proposition 3.10]. The representing map for 𝔱 ∈ 𝐅(ℌ) allows
a simple and direct exposition of the arguments.

Theorem 6.1. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded. Then the following statements hold:

(A) There exists a semibounded relation 𝑆𝔱 ∈ 𝐋(ℌ) that is bounded from below by 𝑚(𝔱), such that
dom𝑆𝔱 ⊂ dom 𝔱 and for each {𝜑, 𝜑′} ∈ 𝑆𝔱

𝔱[𝜑, 𝜓] = (𝜑′, 𝜓) for all 𝜓 ∈ dom 𝔱. (6.1)

The relation 𝑆𝔱 admits the following maximality property: if 𝐻 ∈ 𝐋(ℌ) is any symmetric rela-
tion, such that dom𝐻 ⊂ dom 𝔱 and for each {𝜑, 𝜑′} ∈ 𝐻, the statement (6.1) holds, then 𝐻 ⊂

𝑆𝔱.
(B) There exists a semibounded self-adjoint extension 𝐴𝔱 ∈ 𝐋(ℌ) of 𝑆𝔱 that is bounded from below

by𝑚(𝔱), such that for each {𝜑, 𝜑′} ∈ 𝐴𝔱, there exists a sequence 𝜑𝑛 ∈ dom 𝔱 for which

𝜑𝑛 →𝔱 𝜑 and 𝔱[𝜑𝑛, 𝜓] → (𝜑′, 𝜓) for all 𝜓 ∈ dom 𝔱. (6.2)

The self-adjoint relation 𝐴𝔱 is uniquely determined: if 𝐻 ∈ 𝐋(ℌ) is any self-adjoint relation,
such that for each {𝜑, 𝜑′} ∈ 𝐻, there exists a sequence 𝜑𝑛 ∈ dom 𝔱 for which the statement (6.2)
holds, then𝐻 = 𝐴𝔱.

(C) For all 𝑐 ⩽ 𝑚(𝔱), the symmetric relation 𝑆𝔱 and the self-adjoint relation 𝐴𝔱 admit the
representations

𝑆𝔱 = 𝑄∗
𝑐𝑄𝑐 + 𝑐 and 𝐴𝔱 = 𝑄∗

𝑐𝑄
∗∗
𝑐 + 𝑐, (6.3)

where 𝑄𝑐 ∈ 𝐋(ℌ,𝔎) is a representing map for 𝔱 − 𝑐. In particular, the relations 𝑆𝔱 and 𝐴𝔱 do
not depend on the choice of 𝑐 ⩽ 𝑚(𝔱) and the representing map 𝑄𝑐 .

Proof. (A) Fix 𝑐 ⩽ 𝑚(𝔱) and let 𝑄𝑐 ∈ 𝐋(ℌ,𝔎) be some representing map for 𝔱 − 𝑐:

𝔱[𝜑, 𝜓] = (𝑄𝑐𝜑, 𝑄𝑐𝜓) + 𝑐(𝜑, 𝜓), 𝜑, 𝜓 ∈ dom𝑄𝑐 = dom 𝔱. (6.4)

Define 𝑆𝑐 = 𝑄∗
𝑐𝑄𝑐 + 𝑐. Then, clearly, 𝑆𝑐 ⩾ 𝑐 and dom𝑆𝑐 ⊂ dom 𝔱.
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Now let {𝜑, 𝜑′} ∈ 𝑄∗
𝑐𝑄𝑐. Then, {𝑄𝑐𝜑, 𝜑

′} ∈ 𝑄∗
𝑐 and if {𝜓, 𝑄𝑐𝜓} ∈ 𝑄𝑐, then (𝑄𝑐𝜑, 𝑄𝑐𝜓) = (𝜑′, 𝜓).

From (6.4), one gets

𝔱[𝜑, 𝜓] = (𝜑′, 𝜓) + 𝑐(𝜑, 𝜓) = (𝜑′ + 𝑐𝜑, 𝜓).

Therefore, 𝑆𝑐 = 𝑄∗
𝑐𝑄𝑐 + 𝑐 satisfies (6.1).

Next let𝐻 with dom𝐻 ⊂ dom 𝔱 satisfy (6.1). If {𝜑, 𝜑′} ∈ 𝐻 and 𝜓 ∈ dom 𝔱 then using (6.4), one
obtains

(𝜑′, 𝜓) = (𝑄𝑐𝜑, 𝑄𝑐𝜓) + 𝑐(𝜑, 𝜓) or (𝜑′ − 𝑐𝜑, 𝜓) = (𝑄𝑐𝜑, 𝑄𝑐𝜓).

Since this holds for all 𝜓 ∈ dom𝑄𝑐, one concludes that

{𝑄𝑐𝜑, 𝜑
′ − 𝑐𝜑} ∈ 𝑄∗

𝑐 or {𝜑, 𝜑′ − 𝑐𝜑} ∈ 𝑄∗
𝑐𝑄𝑐.

Therefore,𝐻 − 𝑐 ⊂ 𝑄∗
𝑐𝑄𝑐 ⇔ 𝐻 ⊂ 𝑆𝑐.

(B) Define𝐴𝑐 = 𝑄∗
𝑐𝑄

∗∗
𝑐 + 𝑐 and let {𝜑, 𝜑′} ∈ 𝐴𝑐, so that {𝜑, 𝜑′ − 𝑐𝜑} ∈ 𝑄∗

𝑐𝑄
∗∗
𝑐 . Then {𝜑, g} ∈ 𝑄∗∗

𝑐

and {g , 𝜑′ − 𝑐𝜑} ∈ 𝑄∗
𝑐 for some g ∈ 𝔎𝑐. Hence, there exists a sequence𝜑𝑛 ∈ dom 𝔱 such that𝜑𝑛 →

𝜑 inℌ and 𝑄𝑐𝜑𝑛 → g in𝔎𝑐. Then, (𝑄𝑐𝜑𝑛) is a Cauchy sequence and

𝔱[𝜑𝑛 − 𝜑𝑚] = ‖𝑄𝑐(𝜑𝑛 − 𝜑𝑚)‖2𝔎𝑐
+ 𝑐‖𝜑𝑛 − 𝜑𝑚‖2ℌ → 0, 𝑛,𝑚 → ∞.

Thus, 𝜑𝑛 →𝔱 𝜑. On the other hand, for all 𝜓 ∈ dom 𝔱, one has

lim
𝑛→∞

(𝔱 − 𝑐)[𝜑𝑛, 𝜓] = lim
𝑛→∞

(𝑄𝑐𝜑𝑛, 𝑄𝑐𝜓)𝔎𝑐
= (g , 𝑄𝑐𝜓)𝔎𝑐

. (6.5)

It follows from {g , 𝜑′ − 𝑐𝜑} ∈ 𝑄∗
𝑐 and 𝜓 ∈ dom𝑄𝑐 that

(g , 𝑄𝑐𝜓)𝔎𝑐
= (𝜑′ − 𝑐𝜑, 𝜓)ℌ. (6.6)

By combining (6.5) and (6.6), one obtains for all 𝜓 ∈ dom 𝔱,

lim
𝑛→∞

𝔱[𝜑𝑛, 𝜓] = (𝜑′ − 𝑐𝜑, 𝜓)ℌ + 𝑐 lim
𝑛→∞

(𝜑𝑛, 𝜓)ℌ = (𝜑′, 𝜓)ℌ.

Thus, 𝐴𝑐 = 𝑄∗
𝑐𝑄

∗∗
𝑐 + 𝑐 satisfies (6.2).

Next, let𝐻 = 𝐻∗ be such that for each {𝜑, 𝜑′} ∈ 𝐻, there exist 𝜑𝑛 ∈ dom 𝔱 satisfying (6.2). Then
𝜑𝑛 →𝔱 𝜑 implies that

𝜑𝑛 → 𝜑 and ‖𝑄𝑐(𝜑𝑛 − 𝜑𝑚)‖𝔎𝑐
→ 0.

Thus, (𝑄𝑐𝜑𝑛) is a Cauchy sequence in 𝔎𝑐 and 𝑄𝑐𝜑𝑛 → g for some g ∈ 𝔎𝑐. Hence, {𝜑, g} =
lim𝑛→∞{𝜑𝑛, 𝑄𝑐𝜑𝑛} ∈ 𝑄∗∗

𝑐 . Now from the second condition in (6.2), one gets for all 𝜓 ∈ dom 𝔱

lim
𝑛→∞

(𝔱 − 𝑐)[𝜑𝑛, 𝜓] = (𝜑′, 𝜓)ℌ − 𝑐 lim
𝑛→∞

(𝜑𝑛, 𝜓)ℌ = (𝜑′ − 𝑐𝜑, 𝜓)ℌ.

Thus, for all 𝜓 ∈ dom 𝔱 = dom𝑄𝑐,

(g , 𝑄𝑐𝜓)𝔎𝑐
= lim

𝑛→∞
(𝑄𝑐𝜑𝑛, 𝑄𝑐𝜓)𝔎𝑐

= lim
𝑛→∞

(𝔱 − 𝑐)[𝜑𝑛, 𝜓] = (𝜑′ − 𝑐𝜑, 𝜓)ℌ.
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Hence, {g , 𝜑′ − 𝑐𝜑} ∈ 𝑄∗
𝑐 and, since {𝜑, g} ∈ 𝑄∗∗

𝑐 , one has

{𝜑, 𝜑′ − 𝑐𝜑} ∈ 𝑄∗
𝑐𝑄

∗∗
𝑐 .

Thus,𝐻 − 𝑐 ⊂ 𝑄∗
𝑐𝑄

∗∗
𝑐 or, equivalently,𝐻 ⊂ 𝐴𝑐. Since both relations are self-adjoint, this gives𝐻 =

𝐴𝑐.
(C) The proofs of (A) and (B) show that 𝑆𝑐 = 𝑄∗

𝑐𝑄𝑐 + 𝑐 and 𝐴𝑐 = 𝑄∗
𝑐𝑄

∗∗
𝑐 + 𝑐 satisfy the desired

conditions with a choice of 𝑐 ⩽ 𝑚(𝔱) and a representing map 𝑄𝑐 for 𝔱 − 𝑐.
On the other hand, if 𝑄′

𝑐 = 𝑉𝑄𝑐 with a unitary map 𝑉 from ran𝑄𝑐 onto ran𝑄′
𝑐, then

𝑄∗
𝑐𝑄𝑐 + 𝑐 = (𝑄′

𝑐)
∗𝑄′

𝑐 + 𝑐; 𝑄∗
𝑐𝑄

∗∗
𝑐 + 𝑐 = (𝑄′

𝑐)
∗(𝑄′

𝑐)
∗∗ + 𝑐.

Thus, 𝑆𝑐 and 𝐴𝑐 do not depend on the choice of 𝑄𝑐.
Finally, if 𝑐′ ⩽ 𝛾 and 𝑄𝑐′ is some representing map for 𝔱 − 𝑐′, then the proof of (A) shows that

𝑆𝑐′ = 𝑄∗
𝑐′
𝑄𝑐′ + 𝑐′

also satisfies the conditions in (A), and thus, 𝑆𝑐′ ⊂ 𝑆𝑐. By symmetry, one also has 𝑆𝑐 ⊂ 𝑆𝑐′ . There-
fore, 𝑆𝑐′ = 𝑆𝑐. This proves that 𝑆𝔱 in (6.3) does not depend on 𝑐 ⩽ 𝑚(𝔱). In particular, 𝑆𝔱 = 𝑆𝑐 ⩾ 𝑐

for each 𝑐 ⩽ 𝑚(𝔱), so that 𝑆𝔱 ⩾ 𝑚(𝔱). A similar reasoning applies to 𝐴𝑐: 𝐴𝔱 = 𝑄∗
𝑐𝑄

∗∗
𝑐 + 𝑐 for all

𝑐 ⩽ 𝑚(𝔱) and thus 𝐴𝔱 ⩾ 𝑚(𝔱).
This completes the proof. □

According to Theorem 6.1 any semibounded form 𝔱 ∈ 𝐅(ℌ) generates a semibounded (symmet-
ric) relation 𝑆𝔱 and a semibounded self-adjoint relation𝐴𝔱 in 𝐋(ℌ). Moreover, it follows from (6.3)
that they satisfy the following identities:

mul 𝑆𝔱 = (dom 𝔱)⟂, mul𝐴𝔱 = (dom 𝔱)⟂. (6.7)

The semibounded relation 𝐴𝔱 in Theorem 6.1 is self-adjoint with dom𝐴𝔱 = dom 𝔱; its orthogonal
operator part (𝐴𝔱)reg is given by (𝐴𝔱)reg = (𝐼 − 𝑃reg)𝐴𝔱, where 𝑃reg is the orthogonal projection
fromℌ ontomul𝐴𝔱. Therefore, in (6.2) onemay replace (𝜑′, 𝜓) by ((𝐴𝔱)reg𝜑, 𝜓), so that (6.2) reads

𝜑𝑛 →𝔱 𝜑 and 𝔱[𝜑𝑛, 𝜓] → ((𝐴𝔱)reg𝜑, 𝜓) for all 𝜓 ∈ dom 𝔱,

where (𝐴𝔱)reg is a semibounded self-adjoint operator inℌ⊖mul𝐴𝔱. In general, the inclusion 𝑆𝔱 ⊂
𝐴𝔱 is not an equality: for instance, this is the case when the form 𝔱 is defined by a semibounded
relation. In the context of closed and closable forms, the main result leads to more special results
that will be discussed now. A further discussion of the main theorem and its connections to the
case of closed or closable forms can be found in Theorem 6.5 below.
When the form 𝔱 ∈ 𝐅(ℌ) in Theorem 6.1 is closed, then the statements simplify: the relations

𝑆𝔱 and 𝐴𝔱 coincide and will be denoted by 𝐴𝔱. Thus, Theorem 6.1 leads to the so-called first
representation theorem as a straightforward consequence; cf. [7, 27].

Corollary 6.2. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded and closed. Then there exists a semibounded
self-adjoint relation 𝐴𝔱 ∈ 𝐋(ℌ) with lower bound 𝑚(𝔱), such that dom𝐴𝔱 ⊂ dom 𝔱 and for each
{𝜑, 𝜑′} ∈ 𝐴𝔱

𝔱[𝜑, 𝜓] = (𝜑′, 𝜓) for all 𝜓 ∈ dom 𝔱. (6.8)
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If 𝐻 ∈ 𝐋(ℌ) is a self-adjoint relation, such that dom𝐻 ⊂ dom 𝔱 and for each {𝜑, 𝜑′} ∈ 𝐻, the
statement (6.8) holds, then 𝐻 = 𝐴𝔱. Moreover, for all 𝑐 ⩽ 𝑚(𝔱), the self-adjoint relation 𝐴𝔱 is given
by

𝐴𝔱 = 𝑄∗
𝑐𝑄𝑐 + 𝑐, (6.9)

where the representing map 𝑄𝑐 ∈ 𝐋(ℌ,𝔎) for 𝔱 − 𝑐 is closed.

Note that it follows from (6.7) or (6.9) that the following identities

mul𝐴𝔱 = (dom 𝔱)⟂ and dom𝐴𝔱 = dom 𝔱

hold. Recall that the identity (6.8) can be written for each 𝜑 ∈ dom𝐴𝔱 as

𝔱[𝜑, 𝜓] = ((𝐴𝔱)reg𝜑, 𝜓) for all 𝜓 ∈ dom 𝔱,

where the orthogonal operator part (𝐴𝔱)reg is a semibounded self-adjoint operator inℌ⊖mul𝐴𝔱.
It is now simple to see that any semibounded self-adjoint relation in aHilbert spaceℌ is connected
to a closed semibounded form; cf. [7].

Lemma 6.3. Let 𝐴 ∈ 𝐋(ℌ) be a self-adjoint relation with lower bound 𝛾 ∈ ℝ and let 𝑐 ⩽ 𝛾. Then,
the form 𝔱 ∈ 𝐅(ℌ), defined by

dom 𝔱 = dom (𝐴reg − 𝑐)
1
2

and

𝔱[𝜑, 𝜓] = ((𝐴reg − 𝑐)
1
2 𝜑, (𝐴reg − 𝑐)

1
2 𝜓) + 𝑐(𝜑, 𝜓), 𝜑, 𝜓 ∈ dom 𝔱𝐴,

is closed, independent of 𝑐 ⩽ 𝛾, and has lower bound 𝑚(𝔱) = 𝛾. Moreover, the unique semibounded
self-adjoint relation in 𝐋(ℌ) associated with 𝔱 is 𝐴.

Proof. Note that the mapping, defined by

𝜑 ↦ (𝐴reg − 𝑐)
1
2 𝜑, 𝜑 ∈ dom (𝐴reg − 𝑐)

1
2 ,

takes dom (𝐴reg − 𝑐)
1
2 into the Hilbert space ℌ⊖mul𝐴 with dense range. When 𝜑 ∈ dom𝐴, it

follows that 𝔱[𝜑, 𝜓] = (𝐴reg𝜑, 𝜓). □

In Corollary 6.2, it has been shown that for every closed semibounded form 𝔱 ∈ 𝐅(ℌ), there is
a unique semibounded self-adjoint relation 𝐻 = 𝐴𝔱 in 𝐋(ℌ) such that (6.8) holds. Furthermore,
according to Lemma 6.3, for each semibounded self-adjoint relation 𝐻 ∈ 𝐋(ℌ), there is a closed
semibounded form 𝔱 ∈ 𝐅(ℌ) such that 𝐻 = 𝐴𝔱 holds. In the following, the notation 𝔱(𝐻) is used
to denote this one-to-one correspondence.
Let 𝔱1 ∈ 𝐅(ℌ) and 𝔱2 ∈ 𝐅(ℌ) be semibounded forms with representations{

𝔱1[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄1𝜑, 𝑄1𝜓), 𝜑, 𝜓 ∈ dom 𝔱1 = dom𝑄1,

𝔱2[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄2𝜑, 𝑄2𝜓), 𝜑, 𝜓 ∈ dom 𝔱2 = dom𝑄2,
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with representing maps 𝑄1 ∈ 𝐋(ℌ,𝔎1) and 𝑄2 ∈ 𝐋(ℌ,𝔎2). Recall that 𝔱1 ⩽ 𝔱2 if and only if
𝑄1 ≺𝑐 𝑄2; see (2.1), (2.12), and (2.13). Now assume, in addition, that 𝔱1 and 𝔱2 are closed forms
or, equivalently, that 𝑄1 and 𝑄2 are closed operators, so that the corresponding semibounded
self-adjoint relations𝐻1 and𝐻2 in 𝐋(ℌ) are given by

𝐻1 = 𝑄∗
1𝑄1 + 𝑐, 𝐻2 = 𝑄∗

2𝑄2 + 𝑐.

Recall from [7, Definition 5.2.8] that two nonnegative relations𝐻1 and𝐻2 in𝐋(ℌ) satisfy𝐻1 ⩽ 𝐻2

when

dom𝐻
1
2

2
⊂ dom𝐻

1
2

1
and ‖(𝐻1,reg)

1
2 𝑓‖ ⩽ ‖(𝐻2,reg)

1
2 ‖, 𝑓 ∈ dom𝐻

1
2

2
.

According to (2.1) and [15, Theorem 2.2], one has the equivalent statements

𝔱1 ⩽ 𝔱2 ⇔ 𝑄1 ≺𝑐 𝑄2 ⇔ 𝐻1 ⩽ 𝐻2.

In particular, one has for semibounded self-adjoint relations 𝐻 and 𝐾 in 𝐋(ℌ) that 𝐻 ⩽ 𝐾 is
equivalent to 𝔱(𝐻) ⩽ 𝔱(𝐾) (here the above notation has been used).
When the form 𝔱 ∈ 𝐅(ℌ) in Theorem 6.1 is closable, the results simplify in the sense that the

description in (B) of that theorem can be stated directly. The following result is straightforward;
themain tool is Lemma 2.4 in conjunctionwith the representations (6.3) in Theorem6.1. Although
𝑄𝑐 is assumed to be closable, the difference between 𝑄∗

𝑐𝑄𝑐 and 𝑄∗
𝑐𝑄

∗∗
𝑐 is in general very large as

will be shown in [20].

Corollary 6.4. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded and closable. Let 𝔱̄ ∈ 𝐅(ℌ) be the closure of
𝔱. Then, the semibounded self-adjoint relation 𝐴𝔱̄ ∈ 𝐋(ℌ) is an extension of 𝑆𝔱 (introduced in The-
orem 6.1) and it has the same lower bound𝑚(𝔱). For all 𝑐 ⩽ 𝑚(𝔱), the semibounded relation 𝑆𝔱 and
the self-adjoint relation 𝐴𝔱̄ admit the representations

𝑆𝔱 = 𝑄∗
𝑐𝑄𝑐 + 𝑐 and 𝐴𝔱̄ = 𝑄∗

𝑐𝑄
∗∗
𝑐 + 𝑐,

where 𝑄𝑐 ∈ 𝐋(ℌ,𝔎) is a representing map for 𝔱 − 𝑐. In particular,𝐴𝔱̄ coincides with the self-adjoint
relation 𝐴𝔱 in Theorem 6.1.

Now return to the general context of Theorem 6.1, where 𝔱 ∈ 𝐅(ℌ). Fix 𝑐 ⩽ 𝑚(𝔱) and let 𝑄𝑐 ∈

𝐋(ℌ,𝔎) be some representing map for 𝔱 − 𝑐, so that

𝔱[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝑐𝜑, 𝑄𝑐𝜓), 𝜑, 𝜓 ∈ dom𝑄𝑐 = dom 𝔱. (6.10)

In the general situation of Theorem 6.1, the representing map 𝑄𝑐 need not be closable. However,
the product 𝑄∗

𝑐𝑄
∗∗
𝑐 makes sense and is a nonnegative self-adjoint relation in 𝐋(ℌ). To proceed,

one turns to the Lebesgue decomposition of 𝑄𝑐:

𝑄𝑐 = 𝑄𝑐,reg + 𝑄𝑐,sing.

The closable component 𝑄𝑐,reg defines a closable form 𝔱reg ∈ 𝐅(ℌ) that in the following will be
denoted by

𝔯 = 𝔱reg.
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It is clear that the closable form 𝔯 and its closure 𝔯̄ have the representations

𝔯[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄𝑐,reg𝜑, 𝑄𝑐,reg𝜓), 𝜑, 𝜓 ∈ dom𝔯 = dom 𝔱, (6.11)

and

𝔯̄[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + ((𝑄𝑐,reg)
∗∗𝜑, (𝑄𝑐,reg)

∗∗𝜓), 𝜑, 𝜓 ∈ dom 𝔯̄. (6.12)

Observe that one may also apply Theorem 6.1 to the closable form 𝔯 ∈ 𝐅(ℌ); it turns out that the
semibounded self-adjoint relations generated by 𝔱 and 𝔯 coincide.

Theorem6.5. Let the form 𝔱 ∈ 𝐅(ℌ) be semibounded, let 𝑐 ⩽ 𝑚(𝔱), and let 𝔱 − 𝑐 have a representing
map𝑄𝑐 ∈ 𝐋(ℌ,𝔎), such that (6.10) holds. Let 𝔯 = 𝔱reg so that (6.11) and (6.12) are satisfied. Then the
relations 𝑆𝔯 and 𝐴𝔯 (corresponding to 𝑆𝔱 and 𝐴𝔱 introduced for the form 𝔱 in Theorem 6.1) are given
by

𝑆𝔯 = (𝑄𝑐,reg)
∗𝑄𝑐,reg + 𝑐 and 𝐴𝔯 = (𝑄𝑐,reg)

∗(𝑄𝑐,reg)
∗∗ + 𝑐, (6.13)

and they satisfy

𝑆𝔱 ⊂ 𝑆𝔯 and 𝐴𝔱 = 𝐴𝔯 = 𝐴𝔯̄. (6.14)

In particular, the relations 𝑆𝔯 and𝐴𝔯̄ in (6.13) and (6.14) do not depend on the choice of 𝑐 ⩽ 𝑚(𝔱) and
the representing map 𝑄𝑐 .

Proof. The inclusion 𝑆𝔱 ⊂ 𝑆𝔯 in (6.14) is equivalent to𝑄∗
𝑐𝑄𝑐 ⊂ (𝑄𝑐,reg)

∗𝑄𝑐,reg and the equality𝐴𝔱 =

𝐴𝔯 is equivalent to 𝑄∗
𝑐𝑄

∗∗
𝑐 = (𝑄𝑐,reg)

∗(𝑄𝑐,reg)
∗∗. This last inclusion and equality are both easily

established bymeans of the formula𝑄𝑐,reg = (𝐼 − 𝑃)𝑄𝑐, where 𝑃 is the orthogonal projection onto
mul𝑄∗∗

𝑐 = (dom𝑄∗
𝑐 )
⟂; for details, see [15, Appendix]. The equality𝐴𝔯 = 𝐴𝔯̄ holds byCorollary 6.4.

The remaining statements follow from Theorem 6.1. □

Closely connected to the topics in this section are the semibounded forms induced by semi-
bounded operators or relations. Their representing maps can be used to define the extremal
extensions, including the Friedrichs extension and theKreı̆n type extension; cf. [2, 4, 5, 7, 8, 21, 40].
This connection with the work of Sebestyén and Stochel and their coworkers (see, for instance,
[29, 32, 33]) can be found in [17]. In particular, one can see there that in (6.14) of Theorem 6.5 above
the relation 𝐴𝔱 = 𝐴𝔯 = 𝐴𝔯̄ is the Friedrichs extension of the semibounded relation 𝑆𝔯.

7 MONOTONE SEQUENCES OF SEMIBOUNDED FORMS

Nondecreasing sequences of semibounded forms have a limit and, likewise, nonincreasing
sequences of semibounded forms with a common lower bound have a limit; see, for instance,
[27, 31, 35]. In this section, the convergence of monotone sequences of semibounded forms will
be considered in connection with the convergence of the corresponding representing maps as in
Section 6.
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First, some general facts are established. Let 𝔱𝑛 ∈ 𝐅(ℌ) be a sequence of lower semibounded
forms whose lower bounds are uniformly bounded:

𝛾 ⩽ 𝑚(𝔱𝑛) for some 𝛾 ∈ ℝ,

and let 𝑐 ⩽ 𝛾. Then, there exists a sequence of representing maps 𝑄𝑛 ∈ 𝐋(ℌ,𝔎𝑛), where 𝔎𝑛 are
Hilbert spaces, such that

𝔱𝑛[𝜑, 𝜓] = 𝑐 + (𝑄𝑛𝜑, 𝑄𝑛𝜓), 𝜑, 𝜓 ∈ dom 𝔱𝑛 = dom𝑄𝑛. (7.1)

Moreover, each sequence of linear operators 𝑄𝑛 ∈ 𝐋(ℌ,𝔎𝑛) defines via (7.1) a sequence of semi-
bounded forms 𝔱𝑛 ∈ 𝐅(ℌ) such that 𝑚(𝔱𝑛) ⩾ 𝑐. Now assume that the sequence of semibounded
forms 𝔱𝑛 ∈ 𝐅(ℌ) satisfies

𝔱𝑚 ⩽ 𝔱𝑛, 𝑚 ⩽ 𝑛. (7.2)

In this case, one can take 𝛾 = 𝑚(𝔱1) and the representing maps 𝑄𝑛 ∈ 𝐋(ℌ,𝔎𝑛) in (7.1) satisfy

𝑄𝑚 ≺𝑐 𝑄𝑛, 𝑚 ⩽ 𝑛. (7.3)

Conversely, if𝑄𝑛 ∈ 𝐋(ℌ,𝔎𝑛) satisfies (7.3), then the semibounded forms 𝔱𝑛 ∈ 𝐅(ℌ) in (7.1) satisfy
(7.2). It is clear from (7.1) that

∞⋂
𝑛=1

dom 𝔱𝑛 =

∞⋂
𝑛=1

dom𝑄𝑛,

and, moreover, for an element 𝜑 in this set, one has

sup
𝑛∈ℕ

𝔱𝑛[𝜑] < ∞ ⇔ sup
𝑛∈ℕ

‖𝑄𝑛𝜑‖ < ∞.

Recall that if (7.3) is satisfied, then there exists a linear operator𝑄 ∈ 𝐋(ℌ,𝔎), where𝔎 is a Hilbert
space, which satisfies

𝑄𝑛 ≺𝑐 𝑄 and ‖𝑄𝑛𝜑‖ ↗ ‖𝑄𝜑‖, 𝜑 ∈ dom𝑄, (7.4)

where dom𝑄 is given by

dom𝑄 =

{
𝜑 ∈

⋂
𝑛∈ℕ

dom𝑄𝑛 ∶ sup
𝑛∈ℕ

‖𝑄𝑛𝜑‖ < ∞

}
,

see [15, Theorem 5.1]. The linear operator 𝑄 ∈ 𝐋(ℌ,𝔎) serves as a representing map for the
semibounded form 𝔱 ∈ 𝐅(ℌ) defined by

𝔱[𝜑, 𝜓] = 𝑐 + (𝑄𝜑,𝑄𝜓), 𝜑, 𝜓 ∈ dom 𝔱 = dom𝑄. (7.5)

Hence, the following lemma, going back to Simon (see [31, 35]), is now straightforward.

Lemma 7.1. Let 𝔱𝑛 ∈ 𝐅(ℌ) be a sequence of semibounded forms, represented as in (7.1). Assume
that the sequence satisfies

𝔱𝑚 ⩽ 𝔱𝑛, 𝑚 ⩽ 𝑛. (7.6)
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Then there exists a unique semibounded form 𝔱 ∈ 𝐅(ℌ), represented in (7.5), such that

dom 𝔱 =

{
𝜑 ∈

⋂
𝑛∈ℕ

dom 𝔱𝑛 ∶ sup
𝑛∈ℕ

𝔱𝑛[𝜑] < ∞

}

and which satisfies

𝔱𝑛 ⩽ 𝔱 and 𝔱𝑛[𝜑] ↗ 𝔱[𝜑], 𝜑 ∈ dom 𝔱.

Furthermore, let 𝔲 ∈ 𝐅(ℌ) be a semibounded form. Then, there is the implication

𝔱𝑛 ⩽ 𝔲, 𝑛 ∈ ℕ ⇒ 𝔱 ⩽ 𝔲.

The following statements hold:

(a) if 𝔱𝑛 is closable for all 𝑛 ∈ ℕ, then 𝔱 is closable;
(b) if 𝔱𝑛 is closed for all 𝑛 ∈ ℕ, then 𝔱 is closed.

If 𝔱𝑛 is a bounded everywhere defined form for all𝑛 ∈ ℕ, then 𝔱 is a bounded everywhere defined form.

In the limit procedure of Lemma 7.1, the properties of being closable and closed are preserved,
respectively. This observation will be used in the following discussion of the regular parts of 𝔱𝑛
and 𝔱 in 𝐅(ℌ). It follows from (7.1) and (7.5) that 𝔯𝑛 = 𝔱𝑛,reg and 𝔯 = 𝔱reg have the representations

𝔯𝑛[𝜑, 𝜓] = 𝑐 + (𝑄𝑛,reg𝜑, 𝑄𝑛,reg𝜓), 𝜑, 𝜓 ∈ dom𝔯𝑛 = dom 𝔱𝑛 = dom𝑄𝑛, (7.7)

and

𝔯[𝜑, 𝜓] = 𝑐 + (𝑄reg𝜑, 𝑄reg𝜓), 𝜑, 𝜓 ∈ dom𝔯 = dom 𝔱 = dom𝑄. (7.8)

The assumption 𝑄𝑚 ≺𝑐 𝑄𝑛 in (7.3) implies that

𝑄𝑚,reg ≺𝑐 𝑄𝑛,reg, 𝑚 ⩽ 𝑛, (7.9)

and, likewise, the inequality 𝑄𝑛 ≺𝑐 𝑄 in (7.4) gives

𝑄𝑛,reg ≺𝑐 𝑄reg; (7.10)

cf. (3.7). In particular, 𝑄reg is an upper bound for 𝑄𝑛,reg. By (7.9) and Lemma 7.1, it follows from
the closability of the operators 𝑄𝑛,reg that there exists a closable operator 𝑄r ∈ 𝐋(ℌ,𝔎′) such that
its domain is given by

dom𝑄r =

{
𝜑 ∈

⋂
𝑛∈ℕ

dom𝑄𝑛 ∶ sup
𝑛∈ℕ

‖𝑄𝑛,reg𝜑‖ < ∞

}
(7.11)

and which satisfies {
𝑄𝑛,reg ≺𝑐 𝑄r ≺ 𝑄reg,‖𝑄𝑛,reg𝜑‖ ↗ ‖𝑄r𝜑‖, 𝜑 ∈ dom𝑄r.

(7.12)
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The closable operator 𝑄r serves as a representing map for the closable semibounded form 𝔱r ∈

𝐅(ℌ) defined by

𝔱r[𝜑, 𝜓] = 𝑐(𝜑, 𝜓) + (𝑄r𝜑, 𝑄r𝜓), 𝜑, 𝜓 ∈ dom𝑄r. (7.13)

Since the regular parts𝑄𝑛,reg and𝑄r are closable, the semibounded forms 𝔯𝑛 and 𝔱r are closable,
and one obtains from (7.7) that

𝔯̄𝑛[𝜑, 𝜓] = 𝑐 + ((𝑄𝑛,reg)
∗∗𝜑, (𝑄𝑛,reg)

∗∗𝜓) (7.14)

for all 𝜑, 𝜓 ∈ dom 𝔯̄𝑛 = dom (𝑄𝑛,reg)
∗∗ and from (7.13) that

(clos 𝔱r) [𝜑, 𝜓] = 𝑐 + ((𝑄r)
∗∗𝜑, (𝑄r)

∗∗𝜓) (7.15)

for all 𝜑, 𝜓 ∈ dom (clos 𝔱r) = dom (𝑄r)
∗∗. It follows from the inequalities (7.9) that

(𝑄𝑚,reg)
∗∗ ≺𝑐 (𝑄𝑛,reg)

∗∗, 𝑚 ⩽ 𝑛, (7.16)

and from (7.10) that

(𝑄𝑛,reg)
∗∗ ≺𝑐 (𝑄r)

∗∗. (7.17)

By (7.16) and Lemma 7.1, it follows that there exists a closed operator 𝑆r ∈ 𝐋(ℌ,𝔎′′) such that its
domain is given by

dom𝑆r =

{
𝜑 ∈

⋂
𝑛∈ℕ

dom (𝑄𝑛,reg)
∗∗ ∶ sup

𝑛∈ℕ
‖(𝑄𝑛,reg)

∗∗𝜑‖ < ∞

}
, (7.18)

and which satisfies {
(𝑄𝑛,reg)

∗∗ ≺𝑐 𝑆r ≺𝑐 (𝑄reg)
∗∗,‖(𝑄𝑛,reg)

∗∗𝜑‖ ↗ ‖𝑆r𝜑‖, 𝜑 ∈ dom𝑆r.
(7.19)

The closed operator 𝑆r serves as a representing map for the closed semibounded form 𝔰r ∈ 𝐅(ℌ)

defined by

𝔰r[𝜑, 𝜓] = 𝑐 + (𝑆r𝜑, 𝑆r𝜓), 𝜑, 𝜓 ∈ dom𝔰r = dom𝑆r. (7.20)

It is clear from the above that 𝑆r ≺ (𝑄r)
∗∗.

The above facts together with Lemma 7.1 now lead to the following theorem, which ultimately
describes the limit behavior of the semibounded self-adjoint relations corresponding to 𝔱𝑛 as
described in Theorems 6.1 and 6.5.

Theorem 7.2. Let 𝔱𝑛 ∈ 𝐅(ℌ) be a sequence of semibounded forms, represented in (7.1), which sat-
isfies (7.6). Let the semibounded form 𝔱 ∈ 𝐅(ℌ), represented in (7.5), be the limit of 𝔱𝑛. Then the
following statements hold:

(A) The regular parts 𝔯𝑛 ∈ 𝐅(ℌ), represented in (7.7), satisfy

𝔯𝑚 ⩽ 𝔯𝑛, 𝑚 ⩽ 𝑛, and 𝔯𝑛 ⩽ 𝔱reg, (7.21)
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where 𝔱reg is represented in (7.8). Moreover, there is a closable semibounded form 𝔱r ∈ 𝐅(ℌ),
represented in (7.13), such that

dom 𝔱r =

{
𝜑 ∈

⋂
𝑛∈ℕ

dom 𝔱𝑛 ∶ sup
𝑛∈ℕ

𝔯𝑛[𝜑] < ∞

}
, (7.22)

and which satisfies

𝔯𝑛 ⩽ 𝔱r ⩽ 𝔱reg and 𝔯𝑛[𝜑] ↗ 𝔱r[𝜑], 𝜑 ∈ dom 𝔱r. (7.23)

(B) The closures 𝔯̄𝑛 ∈ 𝐅(ℌ) of the regular parts 𝔯𝑛, represented in (7.14), satisfy

𝔯̄𝑚 ⩽ 𝔯̄𝑛 𝑚 ⩽ 𝑛, and 𝔯̄𝑛 ⩽ clos 𝔱r, (7.24)

where clos 𝔱r is represented in (7.15). Moreover, there exists a closed semibounded form 𝔰r ∈

𝐅(ℌ), represented in (7.20), such that

dom𝔰r =

{
𝜑 ∈

⋂
𝑛∈ℕ

dom 𝔯̄𝑛 ∶ sup
𝑛∈ℕ

𝔯̄𝑛[𝜑] < ∞

}
, (7.25)

and which satisfies

𝔯̄𝑛 ⩽ 𝔰r ⩽ clos 𝔱r and 𝔯̄𝑛[𝜑] ↗ 𝔰r[𝜑], 𝜑 ∈ dom𝔰r. (7.26)

In fact, dom (clos 𝔱r) ⊂ dom𝔰r and

(clos 𝔱r) [𝜑, 𝜓] = 𝔰r[𝜑, 𝜓], 𝜑, 𝜓 ∈ dom (clos 𝔱r). (7.27)

(C) The semibounded self-adjoint relations 𝐴𝔱𝑛
∈ 𝐋(ℌ) corresponding to the semibounded forms

𝔱𝑛 ∈ 𝐅(ℌ) converge to the semibounded self-adjoint relation 𝐴𝔰 ∈ 𝐋(ℌ) corresponding to the
closed semibounded form 𝔰 ∈ 𝐅(ℌ):

𝐴𝔱𝑛
→ 𝐴𝔰 (7.28)

in the strong resolvent sense or, equivalently, the strong graph sense inℌ.

Proof. Due to the assumption (7.6), it follows for the corresponding representingmaps that𝑄𝑚 ≺𝑐

𝑄𝑛,𝑚 ⩽ 𝑛, and that 𝑄𝑛 ≺𝑐 𝑄.

(A) The inequalities in (7.21) follow from (7.9) and (7.10). The statements about 𝔱r in (7.22) and
(7.23) follow from (7.11) and (7.12).

(B) The inequalities in (7.24) follow from (7.16) and (7.17). The statements about 𝔰r in (7.25) and
(7.26) follow from (7.18) and (7.19). The equality (7.27) holds by polarization, after observing
that 𝔱r[𝜑] is the limit of 𝔯𝑛[𝜑] for 𝜑 ∈ dom 𝔱r, while 𝔰r[𝜑] is the limit of 𝔯̄𝑛[𝜑] for 𝜑 ∈ dom𝔰r,
see (7.23) and (7.26). This equality is then preserved also for the closure clos 𝔱r, since 𝔱r ⊂ 𝔰r
and 𝔰r is closed.
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(C) The semibounded self-adjoint relation 𝐴𝑛 ∈ 𝐋(ℌ) corresponding to 𝔱𝑛 ∈ 𝐅(ℌ) via Theo-
rem 6.1 is given by

𝐴𝑛 = 𝑐 + (𝑄𝑛)
∗(𝑄𝑛)

∗∗ = 𝑐 + (𝑄𝑛,reg)
∗(𝑄𝑛,reg)

∗∗,

where the second equality follows again from (𝑄𝑛)
∗(𝑄𝑛)

∗∗ = (𝑄𝑛,reg)
∗(𝑄𝑛,reg)

∗∗, cf. [15,
Appendix]. Hence, by Corollary 6.2, 𝐴𝑛 is the unique semibounded self-adjoint relation cor-
responding to the closed form 𝔯̄𝑛. The sequence (𝑄𝑛,reg)

∗∗ satisfies (7.19), while (7.26) shows
that the sequence 𝔯̄𝑛 has the closed limit form 𝔰r with the closed representing operator 𝑆r
in (7.20). One concludes that 𝐴𝔰 = (𝑆r)

∗𝑆r and now the strong resolvent or, equivalently,
the strong graph convergence in (7.28) follows from the standard monotonicity principle for
closed forms; cf. for example [7, Theorem 5.2.15]. □

Finally, let 𝔱𝑛 ∈ 𝐅(ℌ), 𝑛 ∈ ℕ, be a sequence of (lower) semibounded forms that is nonincreas-
ing:

𝑐 < 𝔱𝑛 ⩽ 𝔱𝑚, 𝑚 ⩽ 𝑛, (7.29)

in the sense of (2.1). The assumption of the common lower bound 𝑐 ∈ ℝ guarantees the existence
of a limit. Due to (7.29), the lower bounds satisfy

𝑐 ⩽ 𝑚(𝔱𝑛) ⩽ 𝑚(𝔱𝑚), 𝑚 ⩽ 𝑛.

The following result is straightforward, see [15, Theorem 10.3] and [31, 35].

Lemma 7.3. Let 𝔱𝑛 ∈ 𝐅(ℌ) be a sequence of (lower) semibounded forms that satisfies (7.29). Then
there exists a (lower) semibounded form 𝔱 ∈ 𝐅(ℌ) such that

dom 𝔱 =
⋃
𝑛∈ℕ

dom 𝔱𝑛, (7.30)

and which satisfies
𝑐 ⩽ 𝔱 ⩽ 𝔱𝑛 and 𝔱𝑛[𝜑] ↘ 𝔱[𝜑], 𝜑 ∈ dom 𝔱. (7.31)

In the case of nonincreasing sequences, the notions of closability or closedness are in general
not preserved; see [15, Example 10.5], [31]. There is a useful result for nonincreasing sequences of
closed forms which goes back to [35]; see also [31]. The following result is included for complete-
ness: it is the analog of [15, Theorem 10.4], when adapted to the setting of nonincreasing sequences
of forms.

Theorem 7.4. Let 𝔱𝑛 ∈ 𝐅(ℌ), represented as in (7.1), be a sequence of closed (lower) semibounded
forms such that (7.29) holds. Let the semibounded form 𝔱 ∈ 𝐅(ℌ), represented as in (7.5), be the limit
of 𝔱𝑛 as in (7.30) and (7.31). Then, the semibounded self-adjoint relations𝐴𝔱𝑛

∈ 𝐋(ℌ) corresponding
to 𝔱𝑛 ∈ 𝐅(ℌ) converge to a semibounded self-adjoint relation 𝐴∞ ∈ 𝐋(ℌ):

𝐴𝔱𝑛
→ 𝐴∞,

in the strong resolvent sense or, equivalently, in the strong graph sense in ℌ. Let 𝔱∞ ∈ 𝐅(ℌ) be the
closed semibounded form corresponding to 𝐴∞ ∈ 𝐋(ℌ). Then, the semibounded forms 𝔱 and 𝔱∞ are
connected by

clos 𝔱reg = 𝔱∞.
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Moreover, for the semibounded form 𝔱 ∈ 𝐅(ℌ), one has

(a) 𝔱 is closable if and only if 𝔱 ⊂ 𝔱∞;
(b) 𝔱 is closed if and only if 𝔱 = 𝔱∞;
(c) 𝔱 is singular if and only if 𝐴∞ − 𝑐 is singular.
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