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1 | INTRODUCTION

Let t be a lower semibounded sesquilinear form on a Hilbert space $, which is not necessarily
densely defined. Almost 50 years ago Simon [35] has constructed semibounded forms t,, and t;,,
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in $, such that t has a Lebesgue decomposition
t =t +tgng, domt=domt,, =domtg,,, 11

where the form t, is regular (closable) with the same lower bound as t and the (nonneg-
ative) form tg;,, is singular (for definitions, see below), similar to the Lebesgue decomposition
known from measure theory. In fact, t ., is the largest closable form below t. This kind of Lebesgue
decomposition appears at many places in earlier and recent literature; see, for instance, [1, 6, 22,
25, 26, 34, 37-39] and further references therein. Moreover, the regular part treg of a lower semi-
bounded form t € F($) shows up in the representation theorems for lower semibounded forms
that are not necessarily closed (cf. [3]), and in the description of the limits of sequences of lower
semibounded forms (cf. [27, 31, 35]); see also [28]. In the present paper, these decomposition and
representation results and their generalizations will be considered from the point of view of a
so-called representing map, which will now be explained.

Linear operators and relations between Hilbert spaces have Lebesgue decompositions and,
more generally, Lebesgue-type decompositions based on the complementary space decomposi-
tion theory going back to de Branges and Rovnyak; see [12, 13, 16, 18]. It will be shown that such
Lebesgue-type decompositions also exist for lower semibounded forms on a Hilbert space. In
the setting of forms, such general complementary space decompositions appear as a nontrivial
interaction between the regular and singular components. This is a new type of phenomenon not
treated in earlier literature. These results rely on a reduction procedure that associates lower semi-
bounded forms with linear operators and relations by incorporating representing maps for general
forms. The following notations will be used throughout the paper: F($) stands for the sesquilin-
ear forms in the Hilbert space $ and L($, &) stands for the space of all linear relations from $
to a Hilbert space K. Recall that for T € L($, &), one has T~! € L(K, $) (note that {f, f'} € T if
and only if {f’, f} € T~1), and one uses the notations

domT, ranT, kerT, mulT,

for the domain, range, kernel, and multivalued part of T (so that mul T = ker T~1). The notation
B(9, &) stands for the subclass of L($, &) consisting of the bounded linear operators T with
domT = $. The adjoint T* € L(K, ) of T € L(H, K) is defined by

T = {{f,f} e ’"x 9 : (f,h) = (f,h) forall {h,W'} € T},

so that mul T* = (dom T)*. It is clear that T C T**, where T** := (T*)* equals the closure of T
in 9 X K. A linear relation T € L($, &) is called regular (or closable) when its closure T** is
an operator (mul 7** = {0} or, equivalently, dom T* is dense in &) and called singular when its
closure is the Cartesian product of closed linear subspaces in $ and K.

The notion of a representing map appears in [36, p. 765] for individual nonnegative forms (see
also [15, 17]) and in [22, (4.6)] for a pair of nonnegative forms.

Definition 1.1. Let t € F($) be lower semibounded and let ¢ < m(t), the lower bound of t. A

representing map for the nonnegative form t — ¢ is a linear operator Q, € L($, &), where K&, is
a Hilbert space, with dom Q, = dom t, such that

tle, ¥l —cle, ¥) = Q. Q:P)g,,» ®, % € domQ, = domt. (1.2)

The representing map Q. € L($, &) is called minimal whenranQ, = &,.
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS | 30f35

The representing map is uniquely defined up to left multiplication by a partial isometry between
the ranges of the representing maps (and this partial isometry is unitary when the representing
maps are minimal); see Lemma 2.1. Notice that the Hilbert space &, and the operator Q, depend
on the choice of ¢ < m(t) as indicated. When no confusion is possible, the subscript ¢ will be
dropped. A characteristic example of a representing map can be found in the theory of differential
operators (Dirichlet-to-Neumann maps) as explained in Example 2.6.

Let t € F(9) be lower semibounded. A sequence ¢, in dom t is said to converge to ¢ € $ in
the sense of t, denoted by ¢, —; ¢, if ¢, > ¢ in $ and t[p, — ¢,,] = 0. Here, t[-] stands for
the diagonal of t € F($). Recall that this kind of convergence leads to the definition of closabil-
ity, closedness, and singularity of t € F($)); see [27, 28]. There is a straightforward connection
between these notions for lower semibounded forms and similar notions for the corresponding
linear representing map in Definition 1.1. By means of this connection, one can also identify via
the representing map the closure of a closable form. For details, see Lemmas 2.3 and 2.4. The main
theme in this paper is the interaction between forms and their representing maps when discussing
Lebesgue-type decompositions.

To proceed, first recall that for linear operators and relations in L($, &), there is a com-
plete description of their Lebesgue decompositions and, more generally, of their Lebesgue-type
decompositions; see [16]. In particular, this takes care of the Lebesgue-type decomposition for
a pair of nonnegative bounded linear operators; see, for instance, [24, 26]. In the present paper,
it will be shown how Simon’s Lebesgue decomposition (1.1) of a lower semibounded form t €
F(®) is obtained via the Lebesgue decomposition of the corresponding representing map Q €
L($, &). In fact, the construction of Simon’s Lebesgue decomposition in the present approach
uses an orthogonal sum decomposition of the space, and therefore, the regular and singular
components of t are mutually singular, analogous to the case of the Lebesgue decomposition
in classical measure theory. However, the present approach also leads to the new, more gen-
eral, Lebesgue-type decompositions of a lower semibounded form t € F($), which is based on
a nonorthogonal sum decomposition of the space in the sense of de Branges and Rovnyak (see
[12, 13, 16, 18]):

t=t, +t,, domt=domt, =domt,, 1.3)

where the form t; € F($) is semibounded and closable, while the form t, € F($) is nonnegative
and singular. Due to this new feature, the components t; and t, in the Lebesgue-type sum decom-
position (1.3) may interact. The mutual singularity of the components is described in terms of a
parallel sum of the components; for the parallel sum of forms, see [23].

If the lower semibounded t € F(9) is closed, then the well-known representation theorem
asserts that there is a semibounded self-adjoint relation H in $ with dom H C domt and having
the same lower bound as t, such that for all elements {p, ¢’} € H,

tle, ] = (¢',¢) forall € domt; 1.4)

see [7, 27, 28]. The representing map for t also offers a new interpretation of this classical result for
lower semibounded forms that are not necessarily closed as treated by Arendt and ter Elst in [3].
Furthermore, this interpretation will play a role when considering the convergence of monotone
sequences of lower semibounded forms; cf. [27, 31, 35].

The original results of Simon [35] were preceded by a decomposition result of Ando [1] for
a pair of nonnegative bounded linear operators, which are parallel to what is here called a
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Lebesgue decomposition. The corresponding Lebesgue-type decompositions can be found in [19].
An extension of Simon’s Lebesgue decomposition in the context of a pair of nonnegative forms
was presented in [22]. The treatment of lower semibounded forms in terms of representing maps
can also be used for an interpretation of the work of Sebestyén and Stochel [32] concerning the
Friedrichs and Krein type extensions of a semibounded operator or relation; see [17]. Moreover, it
should be mentioned that many results in the present paper remain valid in the context of sectorial
forms and sectorial operators or relations.

The contents of the present paper will now be described. Section 2 is centered on generalities
concerning lower semibounded forms and their representing maps. Moreover, this section con-
tains a characteristic example of a representing map that occurs in the theory of ordinary or
partial differential operators. Simon’s Lebesgue decomposition (1.1) for lower semibounded forms
is treated in Section 3. In Section 4, the sum decomposition in (1.3) of a nonnegative form t into
nonnegative forms t, and t, (without any further conditions on t; and t,) is parametrized by
means of nonnegative contractions K € B(K), where K is the representing Hilbert space asso-
ciated with the representing map Q of t; see Theorem 4.1. The minimality of the parametric
representation for the sum t; + t, is intimately connected with the interaction between the com-
ponents t; and t,. The mutual singularity of the forms t; and t, will be characterized by means of
the parallel sum of t; and t,; see [23]. This again depends on a de Branges-Rovnyak decomposi-
tion of the space; see Theorem 4.3. Section 5 is concerned with the decomposition (1.3) for lower
semibounded forms (but not necessarily nonnegative) by means of a shift (using t — ¢ instead of t
when ¢ < m(t)). The nonnegative contractions K € B(K) are characterized for which in (1.3) the
form t, is closable and the form t, is singular; cf. Theorem 5.2. Furthermore, one can characterize
the case where the Lebesgue decomposition is the only Lebesgue-type decomposition; see Theo-
rem 5.5. In Section 6, the usual representation theorem for closed lower semibounded forms as in
(1.4) is being extended to lower semibounded forms that are not necessarily closed or closable; cf.
Theorem 6.1. There is also a connection with the representation for the form t,,; see Theorem 6.5.
The approach via representing maps will be used in Section 7 to treat the convergence of sequences
of lower semibounded forms along the lines of Section 6; cf. Theorem 7.2. In the background of
this section is the treatment of the convergence of nondecreasing sequences of linear operators
or relations; cf. [15]. After Section 2, the terminology semibounded will be used to indicate lower
semibounded.

This paper is dedicated to the memory of our friend Franek Szafraniec. More than 20 years ago,
all of us, including Zoltan Sebestyén, became involved in the Lebesgue decomposition of linear
operators and relations [25].

2 | REPRESENTING MAPS FOR LOWER SEMIBOUNDED
SESQUILINEAR FORMS

This section contains the background of lower semibounded sesquilinear forms and their
representing maps. There is also an example of a representing map in connection with
differential operators.

A sesquilinear form t = t[-, -] in a Hilbert space $ over C with an inner product (-, -) is a map-
ping from D X D to C, where D = dom t is a linear subspace of $, which is linear in the first entry
and antilinear in the second entry. In what follows, sesquilinear forms over C will be often called
just forms, and the class of forms in a Hilbert space $ will be denoted by F($). Also the diagonal
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t[-] will be used: t[¢] = t[p, ¢], ¢ € domt. The form t is called symmetric if t[¢, ] = t[), ] for
all p, 9 € D. Equivalently, t is symmetric if and only if t[¢] € R for all p € D. Let t;,t, € F($H)
be forms with domains dom t, and dom t,. Then, the sum t; + t,, defined by

t, +)le, ¥] =t e, v] + t[e, 9], ¢, € domt; Nndomt,,

belongs to F($). In particular, t[g, 9] + c(p, ), with ¢, € domt and c € R, defines a form,
denoted by t + c. The inequality t; < t, for symmetric forms t;,t, € F(®) is defined by

domt, C domt,, t,[¢]<t[p]l, ¢ € domt,. 1)

The inclusion t, C t; means that domt, C dom#t, and t; agree with t, on domt,. In this case,
t, is called a restriction of t,, while t, is called an extension of t,. In particular, t, C t; implies
t; <t,. All these elementary facts can be found in [7, 27, 28].

A form t € F(9) with domain dom t is called bounded if

Itle]l < allell®>, ¢ € domt,

for some a > 0. The form t € F($) is called bounded from below by ¢ € R if
tle] > cligll’, ¢ € domt, (2.2)

and nonnegative if t[¢p] > 0, ¢ € domt. A lower semibounded form is automatically symmet-
ric. The sum of forms that are lower semibounded is also lower semibounded. The lower bound
m(t) € R of t is the largest of all numbers ¢ in (2.2):

tlo, @]

= inf
= { g

: ¢ €domt }
With ¢ < m(t) the form

(t—olp. ¥l =tlp, Pl —c(p,P)g. ¢,% € domt,
is a nonnegative and dom (t — c¢) = dom t. Its kernel is defined by
ker (t —c) ={p € domt : (t —c)[p,p] = 0}.

By Cauchy’s inequality, one sees that ker (t — c) is a linear subspace of dom t.

In what follows, it is important to observe that for every lower semibounded form, there exists
a representing map as introduced in Definition 1.1. For the convenience of the reader, a proof of
this result is included; see [15, Lemma 4.1].

Lemma 2.1. Let t € F(9) be lower semibounded. Then, for each c < m(t), there exists a rep-
resenting map Q. € L(9, &) for the nonnegative form t — c. Moreover, this representing map is
uniquely defined in the following sense: if Q) € L($, &) is an another representing map for t — c
with dom Qé = dom t, then there exists a partial isometry V € B(K,, S%g) with initial space ran Q,
and final space ran Q/, such that Q, = VQ,. When both Q. and Q.. are minimal, then V is unitary.
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Proof. First, the existence of a representing map will be proved. Since ker (t — ¢) is a linear sub-
space of dom t, the quotient space dom t /ker (1 — c)is well defined and consists of the equivalence
classes ¢ + ker (t — ¢), » € domt. The equivalence classes ¢ + ker (t — c¢) and ¢ + ker (t — c) are
equal if and only ¢ — 3 € ker (t — c¢). With the usual addition, it is clear that the quotient space
domt/ker (t —c) is a linear space. The nonnegative form t — ¢ induces a natural inner product
(-,);_condomt/ker (t —c) by

(p+ker (t—c),p +ker (1 —¢))_. =t —0)[p, 9], ¢,9 €domt. (2.3)

The Hilbert space completion of dom t /ker (t — c¢) with the inner product (2.3) is denoted by &,
with inner product (., -);_.. Denote by Q.. the linear relation from $ to &, defined by

Q.= {{p,p+ker (t—c)}: ¢ €domt}, (2.4)
which is easily seen to be a representing map for t —c,
Qp=¢+ker (t—c), ¢e€domt.

Hence, the existence of a representing map for t — c has been established.
Next, the uniqueness property of representing maps will be shown. Let Q/ be an another rep-
resenting map for t — ¢ from $ to a Hilbert space &/ with the properties dom Q” = domt and

Then, the linear relation V from &, to &/, defined by

{{Qcp,Qle} 1 ¢ € domt},

is an isometric operator from ran Q, onto ran Qé, which can be extended as an isometric operator
from ran Q, onto ran Q/, such that Q" f = VQ.f holds for all f € dom t. To get the desired partial
isometry V, it remains to continue the isometric map to &, © ranQ, as a zero mapping. This
proves the stated uniqueness property of the representing map for t — c. O

It should be stressed that the representing map Q, in (1.2) depends on the choice of the bound
¢ < m(t), and that

ker Q, = ker (t —c¢).

Thus, for instance, ker Q, = {0} for all ¢ < m(t), while, in general, ker Q, # {0} when ¢ = m(t).
However, observe that, by definition,

dom QC = dom Qm(t) = dom t, c< m(t)

Furthermore, it follows from (1.2) that

2
inf { “ﬁ;gﬁlz' Q€ domt} =m(t) —c. (2.6)
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS | 7 of 35

Of course, one could always take ¢ = m(t), but the more general choice ¢ < m(t) allows some
useful flexibility.

Recall from [27] that a sequence ¢,, in dom is said to converge to ¢ € § in the sense of t,
denoted by ¢,, = @, if

¢, > ¢ in®, and t[p,—¢,]—0.

Here, t[-] stands for the diagonal of t € F($). The following definitions are standard for a lower
semibounded form t € F($)); see, for example, [27, 28].

Definition 2.2. Lett € F($) be lower semibounded. Then, t is said to be

(a) closable if for any sequence ¢,, € dom t:

¢, =10 => t[p,]—>0.

(b) closed if for any sequence ¢, € dom t:

¢, 219 = g@gedomt and t[p,—¢] > 0.

(c) singular if t is nonnegative and if for every ¢ € dom , there is a sequence ¢,, € dom t such
that

o, =@ tlp,] 0.

Note that a nonnegative form t € F($), which is singular, automatically has lower bound
m(t) = 0. An equivalent definition for a nonnegative form t € F($) to be singular is that for every
@ € domt, there is a sequence ¢,, € dom t such that

¢, =0, tlp,—9¢]—0. 2.7

The connection between these notions for lower semibounded forms and for the corresponding
linear representing maps is now easily established; cf. [27, Ch. VI, Examples 1.13, 1.23] for items
(a) and (b).

Lemma 2.3. Lett € F(9) be lower semibounded and let Q. € L(9, &) be a representing map for
t asin (1.2) with ¢ < m(t). Then, the following statements hold:

(a) tisclosable if and only if Q. is closable;
(b) tisclosed if and only if Q. is closed.

Moreover, if t is nonnegative, then
(c) tissingularifand only if Q, is singular,

and in this case m(t) = 0.
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Proof. (a) and (b) It suffices to observe that ¢, —; ¢ isequivalent to ¢, — ¢, while Q.¢, converges
in &,.
(c) Since t is nonnegative, it follows that m(t) > 0. Thus, by taking ¢ = 0in (1.2), one sees that

t[@, ¢] = (Qo§0, QO¢)RO’ §0, 1Ib € dOlTl QO’ (28)

holds for some representing map Q, from $ to a Hilbert space & ,. Furthermore, m(t) = 0is a con-
sequence of (2.6). By definition, t in (2.8) is singular if and only if for every ¢ € domt = dom Q,,
there is a sequence ¢,, € dom t such that

(Dn - (0, t[gon] = ”QO(‘)n“2 - 0 (29)

This condition means that dom Q, C ker Q;*, that is, Q is a singular operator. Conversely, if Q,
is singular, it follows from (2.8) that the form t is nonnegative and singular. O

Assume that the lower semibounded form t € F($) has a lower semibounded form extension
t" € F($), that is, t C t'. Let Q. and Q! be the representing maps for t and t’ for ¢ < m(t'). If
t’ is closed, then Qé is closed by Lemma 2.3, which implies that Q.. is closable; thus, t is clos-
able by Lemma 2.3. Therefore, if the form t has a closed extension, then t is closable. A converse
to this statement is contained in Lemma 2.4; its proof is now given in terms of a representing
map.

Lemma2.4. Lett € F($) be lower semibounded and assume that t is closable. Then, t has a closure
t € F(9) (the smallest closed extension) defined as follows: the domain dom t is given by all p € $
for which there exists a sequence ¢,, € domt with ¢,, —; ¢; and in this case,

f[go’ I;b] = nh—>ngo t[qon’ ¢n] fOV any @, 2>t ¢, zlbn >t l,b (2-10)

The forms t and t have the same lower bound. In fact, if ¢ < m(t) and Q, € L(9, K ) is a closable
representing map for t — c, then t is given by

tlp, 9] —c(@,¥) = (Q}"p, Q" P)s,, ¢,¥ € domt = domQ}", (21)
where Q" denotes the closure of Q. in H X K.

Proof. Since t is closable, also Q. is closable by Lemma 2.3, that is, Q;‘* is a closed operator. Hence,
the form t defined by (2.11) is closed and it clearly extends t. Since Q’* is the smallest closed
linear operator extension of Q,, it follows that t is the smallest closed form-extension of t. By
construction, one has dom t = dom Q**, so that dom t is given by all ¢ € $ for which there exists
a sequence ¢, € domt with ¢, —; ¢ and (2.10). O

Closability and closedness of a lower semibounded form t € F($) are translation invariant,
that is, for all a € R, the forms t and t — a are simultaneously closable or closed, respectively.
Moreover, in this case, one has
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS | 9 of 35

cf. Lemma 2.4. It should be stressed that the closure process in Lemma 2.4 depends neither on
the choices of the sequences ¢, —; ¢ and ¥, —, ¥ in (2.14), (2.10), nor on the choices of ¢ <
m(t) and of Q, in the representation (1.2). The translation invariance of the closability of lower
semibounded forms t € F($) is quite natural. The situation is different in the case of nonnegative
singular forms. For instance, it follows from the definition that if t € F($) is nonnegative and
singular, then t + c is not singular for any ¢ > 0.

The notion of a core is closely connected to Lemma 2.4. Let the form t € F($) be lower semi-
bounded and closed. Then, a core for t is a subset D of domt such that the (form) closure of the
restriction t| D is equal to t; cf. [27, p. 317]. Likewise, let T € L($, &) be a closed linear operator.
Then, a core for T is a subset D of dom T such that the (graph) closure of {{p, Te} : ¢ € D} is
equal to T; cf. [27, p. 166]. Therefore, if the closed semibounded form t with lower bound y € R
and the closed linear operator Q, with ¢ < m(t) are connected by

t[¢’ llb] - C(CP, be) = (cho’ Qc¢)’ ¢’¢ € domt = dom Qca

and D is a subset of domt = dom Q,, then D is a core for t if and only if D is a core for Q,; cf.
Lemma 2.4.

It is clear that a null form t € F($), that is, domt = ker t, is nonnegative and, simultane-
ously, closable and singular. Conversely, if t € F($) is a nonnegative form that is both regular
and singular, then it follows from Lemma 2.3 that t = 0.

Recall that for linear operators Q, € L($, &;) and Q, € L($, &,) one says that Q, is
contractively dominated by Q,, in notation Q; <, Q,, if

domQ, CdomQ; and [IQ¢ll <[Q¢ll, ¢ €domQ,, (212)

see [24, Definition 8.1, Lemma 8.2]. If for i = 1,2 one has
tile, 9] = clp, ) + (Qip, QP)g,, ¢, € dom t; =domQ;,
then clearly
thh<t, & Q<.Q; (2.13)

This equivalence will be tacitly used elsewhere in the paper. In particular, one sees that if the
lower semibounded forms t; and t, are closable, then

t,<t, = <t

as Q; <. Q, implies that (Q,)** <, (Q,)**; cf. [24] and [15, (2.4)].
Finally some remarks will be made concerning the definitions of closable, closed, and singular
forms in a Hilbert space.

Remark 2.5. Assume thatt € F($) is lower semibounded and let Q, € L($, &) be a representing
map, withec <y.If ¢, =, ¢ and ¢, —; 9, then ¢, - ¢ and ¢, — ¥ in §, while Q.¢, and Q.p,
converge in K&, to, say, h and k in ran Q*. This implies that

1im tg,, ¥,] = c(p, 9) + (b, ). (214)
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Assume that mul Q7 is not trivial. Let @ € mul Q7" with w # 0. Then, there is a sequence y,, €
dom Q, such that y,, - 0and Q,y,, — w. Therefore, ¢, + ay,, —; ¢ forall a € C, and therefore,

Tim (g, + ax,, $,] = (@, $) + (1, k) + a(e, k).

Thus, it follows that for any w € mul Q> that is not orthogonal to k the limit in (2.14) can take
every possible value in C, as can be seen from

ran Q" = (ran Q.* © mul Q") @ mul Q;".

Consequently, the limit in (2.14) depends on the choice of the sequences ¢,, and ,. Hence, in
general, there does not exist a well-defined extension for the form t.

Finally, notice that the alternative characterization of singularity in (2.7), that is, for every y €
dom t, there is a sequence y,, € domt, such that

Xn—0, and t[y,—x]—0,
is equivalent to saying that ran Q C mul Q**.

This section is finished with the following example that involves 1-depending representing
maps in the connection of differential operators.

Example 2.6. It is explained how representing maps that are closable naturally appear in the
setting of Dirichlet-to-Neumann maps for elliptic partial differential equations and local point
interactions for some classical differential operators in mathematical physics. For this purpose,
first recall the notion of Nevanlinna families of linear relations M(4), 4 € C \ R, in a Hilbert space
H, which are characterized by the following properties:

(a) for A € C,(C_), the relation M(4) is maximal dissipative (maximal accumulative, respec-
tively);

(b) M(1)* = M(1),1 € C\R;

(c) for some, and hence for all, u € C,(C_) the operator family (M(1) + ©)~! in B(H) is
holomorphic forall1 € C_(C_).

By the condition (2) or (b), the values M(1), A € C \ R, are necessarily closed. A Nevanlinna family
is said to be strict if M(4) N M(A)* = {0} for some (and hence for all) A € C \ R, or equivalently,
for some (equivalently for every) 1 € C \ R, M(4) is a densely defined operator and satisfies the
following strictness condition:

Im(M(A)u,u) =0, uedomMA) = u=0. (2.15)

This subclass of Nevanlinna functions is sufficient for most typical applications in partial differen-
tial equations, where the Dirichlet-to-Neumann map A(-), up to a sign change, can be connected
to a strict Nevanlinna function. To show the connection to the present notion of representing
maps, associate with each M(-) a family of nonnegative quadratic forms ty;;), 4 € C\ R, in H:

_ My, v) — (u, M(A)v)
B =1

tyylus vl . u,v € dom ty;) = dom M(Q).
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS | 11 of 35

By the conditions (a) and (b), the form t,,;) is nonnegative on its domain dom t,;; for all 1 €
C \ R. According to Lemma 2.1 for each 1 € C \ R, there exists a minimal representing map g(1)
from dom (M(4)) to a Hilbert space &, such that

MDu, v) — (u, M(A)v)
-1

= (g(/l)ua g(l)v)ﬁla u,v e dom tM(l)

Due to the condition (2.15), the space &, can be obtained as a completion of the natural form
inner product (-, -); on dom t. The mapping g(4) can be constructed more explicitly by means of
the notion of a unitary boundary triplet for a symmetric operator S in a Hilbert space $ involving a
pair of boundary mappings {I'y, I'; } acting from a dense subspace T of (the graph of) S* to another
Hilbert space H (often called a boundary space). This mapping is typically called the y-field and
denoted by y(4). It maps dom M (1) onto a dense subspace 9, (T) of 9 ;(S*) (the eigenspaces of T
and S*, respectively); see [11, Lemma 2.14 & eq. (4.5)]. Therefore, by Lemma 2.1, the space & ; and
the mapping g(1) can be identified (via a unitary mapping) with the closed subspace 91,(S*) of
the underlying subspace $ and the y-field y(1), respectively. Recall also that {T,,T';} : > — H?
is called minimal, if

D= Dpmin :=span{I(T) : 1€C,UC_},

in which case also {I';, '} is (up to unitary equivalence) uniquely determined by the function
M(A), A € C \ R; see [11, Theorem 3.9].

In general, the mapping y(4) is not closable and can even be singular; for an example, see [11,
Example 6.7] and [9, Proposition 5.24]. In [9], a unitary boundary triplet {H, Ty, I';} for S* is said
to be essentially self-adjoint if A, : = ker I is essentially self-adjoint in $§. The main result in [9]
shows that this simple property concerning A, is necessary and sufficient for the form ty; to
be closable for all 1 € C \ R and that for this, it is even sufficient that the form t,;;) is closable
at one point in the upper and the lower half-plane, for example, at the points 1 = +i. Moreover,
in this case, the form domain of its closure does not depend on 1 € C \ R; see [9, Theorem 5.24].
For various applications of form domain invariant Nevanlinna functions, see [10, Section 3] for
Laplace operators, and [10, Section 4] for sequences of local point interactions for momentum,
Schrodinger, and Dirac operators.

3 | LEBESGUE DECOMPOSITIONS OF SEMIBOUNDED FORMS

It will be shown that for a semibounded form t € F($), there exists a sum decompositiont = t; +
t,,domt = domt; = domt,, where t; € F(®) is closable and t, € F(9) is singular. Moreover, it
will be shown that this decomposition is unique by the property that t, is the largest of all closable
forms below t. This so-called Lebesgue decomposition and its uniqueness go back to Simon [35];
the present proofs are based on the Lebesgue decomposition of the representing map of the form £.

Let the form t € F($) be semibounded, let ¢ < m(t), and assume that t has the representation

tlp, 9] = c(p.¥) + (Qp,QY), ¢,9 € domt =domQ, (EXY)

where Q € L($, K) is a representing map for t — c. The closure of Q is a closed linear relation
Q** € L(9, &) and let P, be the orthogonal projection from & onto mul Q**. Then, the sum
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decomposition
Q= Qreg + Qsing’ Qreg = = PyQ, Qsing = Py0Q, (3.2)

where dom Q,; = dom Qg;,, = dom Q is the so-called Lebesgue decomposition of the represent-
ing Q; cf. [16, 24]. Here, Q. is a closable operator and Qg is a singular operator. Recall that
Q** € L(9, K) has a similar decomposition

Q*)k = (Q**)reg + (Q**)sing’ (Q**)reg = (I - PO)Q**a (Q**)sing = POQ**’

where dom (Q**)reg = dom (Q**)sing = dom Q**. Here, (Q”‘*)reg is the usual orthogonal operator
part of the closed linear relation Q**. It is important to observe that

(Qreg)™ = (Q")yegs  dom (Qpep)*™* = dom Q**.

For more details, see [15, 16, 24].

Theorem 3.1. Let the form t € F(9) be semibounded. Then, t has the sum decomposition
t=t

reg T tsings domt =domt, = domtg,,, (3.3)

with a regular (closable) semibounded form t.., € F($) and a singular nonnegative form tg,, €
F(9). In fact, let ¢ < m(t) and assume that t has the representation (3.1). Then

treg[qo» “;b] = C(¢’ ¢) + (Qregqo’ Qregl)b)a tsing[qo’ ‘Qb] = (Qsinggoa Qsingl)b)r (3~4)

with ¢,9 € domt = dom Q. Moreover, the closure g of the closable part t,., is given by

treg [0, %] = ¢(0, %) + (Queg) @ (Que) " ¥),  @,% € dom b, = dom Q™. (3.5)

Proof. Since P in (3.2) is an orthogonal projection, it is clear from (3.4) that t =t + t,; cf.
(3.1). Since Q. is a closable operator and Qg is a singular operator, it also follows from (3.4)
that the forms t,., and t;,, are regular and singular, respectively; cf. Lemma 2.3. Finally, (3.5) is
a direct consequence of the definition of t.,; cf. Lemma 2.4. O

The decomposition of the semibounded form t € F($) in (3.3) into the regular part treg and
the singular part tg,, in (3.4) is called the Lebesgue decomposition of t. It will be shown in the

following theorem that treg in (3.4) does not depend on the choice of c and Q in (3.1), and neither
does tin, =t — tpep.

Theorem 3.2. Let the form t € F($) be semibounded. Then, t,., as defined in Theorem 3.1 satisfies
treg < t. Let u € F(9) be a semibounded form and assume that u < t, then

Upeg < breg. (3.6)
In particular, if the form u € F(9) is closable and u < t, then

u <t
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS 13 of 35

Consequently, treg IS the largest of all closable semibounded forms below t.
Proof. By assumption, u € F($) is a semibounded form with u < t, that is,
domt cdomu and u[g]<t[e], ¢ € domt.

Let the lower bound of u be ¢ € R. Thanks to the inequality u < t, it follows that ¢ < m(t). By
Lemma 2.1, the form u (having lower bound c) has a representation of the form

u[p, ] = clp,¥) + (R.p,RY), ¢,% € domu =domR,,

with a representing map R, from $ to a Hilbert space K. Since ¢ < m(t), it follows from the same
lemma that the form t (with lower bound y) has a representation of the form

tlo, ] = cle, ) + (Qep, Qc¥h),  ¢,3 €domt =domQ,,
where Q, is a representing map from $ to a Hilbert space K. As in Theorem 3.1, one sees that
e [9, Y] = (0, ) + (R reg® Reregd)s @9 € domR,,
and, likewise, it follows from Theorem 3.1 that
tregl®, P1 = c(@, ¥) + (Qe reg®s Qe reg®):  ¢,% € dom Q...
Using the representations of u and t, one sees that the inequality u < t is equivalent to
domQ, cdomR, and |[R.¢| <[|Q.¢l, ¢ € domQ.,.
As a consequence from [24, Theorem 8.3], one finds that
R

creg < Qc,reg’ (3.7)

see (2.12). Now, using the above representations of Upeg and tregs it follows that the inequality (3.6)
holds; cf. (2.13). Since t,,, <t and t, is closable, it is clear that t, has the stated maximality

property. [l
Remark 3.3. The following useful observation goes back to [35]. Let the form t € F($) be semi-
bounded, let the form b € F($) be symmetric with domt C dom b, and assume that for some
a>0,

ble]l < allpll’, ¢ € domt.

Then, thesumt + b € F($) is semibounded (with dom (t + b) = dom t). Moreover, if t is closable,
then t + b is closable, cf. [27, p. 320] and [7, Theorem 5.1.16], and in this case,

(t + b)reg = treg +b and (t + B)sing = tsing' (38)
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14 of 35 | HASSI and DE SNOO

To see this, note that t,., <t impliest., + b <t + b, and, since the left-hand side is closable, one
obtainst,., + b < (t + b), by Theorem 3.2. Likewise (t + b),., — bisclosableand (t + b).; — b <
t, so that (t + b),.; — b < t,, by Theorem 3.2. Combining these inequalities gives the first identity
in (3.8) and the second identity in (3.8) is clear from the first one.

It follows from (3.2) that ran Q ., C ran (I — Py) and ran Qg,,, C ran P If the representing map
Q is minimal: ranQ = &, then ran Q,., = ran (I — P,)) and ran Qg;;,, = ran P,,. Clearly, the regu-
lar and singular components in the Lebesgue decomposition of Q have only a trivial intersection
of the ranges. The Lebesgue decomposition is an example of a more general decomposition of
the form t = t, +t, where t; is closable and t, is singular. In fact, by considering orthogonal
Lebesgue-type decompositions of the representing map Q, one may easily construct such decom-
positions in the same way as the Lebesgue decomposition. Moreover, also in these cases, the ranges
of the components of Q have only a trivial intersection; cf. Corollary 5.4. One then says that the cor-
responding forms t; and t, are mutually singular. However, not every decomposition t = t; +1,
where t, is closable and t, is singular, can be obtained via an orthogonal Lebesgue-type decom-
position of the representing map Q. The required class of decompositions is much wider, and only
in this more general situation, one meets components t, and t, that are not mutually singular; cf.
Theorem 5.2. In order to characterize all such decompositions, it is helpful to first investigate the
sum decompositions of nonnegative forms into nonnegative forms in Section 4. These will then
be used to study Lebesgue-type decompositions of semibounded forms in Section 5.

4 | SUM DECOMPOSITIONS OF NONNEGATIVE FORMS

In this section, the interest will be in the sum decomposition f) = §; + §, of a nonnegative
form §) € F($) with nonnegative forms §;, §, € F($) with the additional property that dom §) =
dom §; = dom §,. The parametrization of such decompositions will be given by means of the
representing map of the sum. The minimality of the representation of such a sum will be charac-
terized. Furthermore, the interaction of the components §; and §, in the sum decomposition will
be described in terms of the parallel sum of §; : §,.

First, a characterization will be presented of all possible sum decompositions of a nonnegative
form. The construction in Theorem 4.1 is based on the fact that associated with a sum decompo-
sition of nonnegative forms are natural inequalities that arise from this decomposition; cf. [30].

Theorem 4.1. Let §) € F($) be a nonnegative form and assume that ) has the representation

ble, 9] = (Qe,Q¥), ¢,9 € dombh =domQ, (4.

where Q € L(9, K) is a representing map.
Let K € B(R) be a nonnegative contraction and define the forms §,,5, € F(9) for all ¢,y €
dom§ = dom Q by

by[e. ] = ([ - K)iQp, (I —K)3Qy), Byle. 9] = (K2Qp, K2Qu). (4.2)

Then, the form ) has the sum decomposition
h=h, +h,, domph=domph, =domb,, (4.3)

where ¥); and }), are nonnegative.
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS | 15 of 35

Conversely, let the nonnegative form Yy € F($) in (4.1) have a sum decomposition (4.3), where
H,, b, € F(9) are nonnegative. Then, there exists a nonnegative contraction K € B(&) such that
(4.2) holds.

Proof. Assume that K € B(K) is a nonnegative contraction and let §;, Y, € F($) be defined by
(4.2). Due to the identity

1 1 1 1
(I-K)2)I-K)2 +(K2)'K2 =K+ (I —-K) =g,
it is clear from (4.2) that §; + §, = §). Hence, K generates a sum decomposition of the form § in
(4.1).
Conversely, let the form § have the decomposition as in (4.3). According to Lemma 2.1, there

exist representing maps Q; and Q, from $ to Hilbert spaces & ; and & ,, respectively, with domains
equal to dom ), such that

hile. 9] = (Q9, Qﬁb)ﬁl, hle. ¥l = (Qz%Qz@b)@z, (4.4)

for all p,9 € dom §. It follows from (4.3) and (4.4) that

(Qe. Q) = ble.p] = by le. P] + hale. ¥]
= (Q19: Qu¥)g, + (9. Qo¥)g,»

(4.5)

forall p,9 € dom §. The identity (4.5) shows that there are natural inequalities: for all ¢ € dom §,
one has

(Q19,Q19)g, < (QP,QP)g, (9, Qp)g, < (QP,QP)g-
Hence, the linear relations C; from & to &, and C, from K to & ,, defined by
C, = {{Qp,Qi9} : p €domb}, C,={{Qp,Q,9}: ¢ € domb},

are actually contractive operators from ran Q onto ran Q; and ran Q,, respectively. Thus, they
can be uniquely extended to all of ran Q and these extensions are denoted again by C; and C,,
respectively. Finally, extend these operators trivially to all of & and give these extensions the same
notation. Now define the operators K, and K, by

K, =CiC{" and K, =C;C5".
Then, K;, K, € B(R) are nonnegative contractions and they satisfy
hilp, ¥ = (C1Qp, C,1QY) g, = (K1Q9, Qh)g (4.6)

and

hyle. 9] = (C,Q0, C,QY) g, = (KyQ0, Q) g (4.7)
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for all ¢, 3 € dom ). By combining (4.6) and (4.7) with (4.5), it follows that
K, +K,=P

ran Q>

where the right-hand side stands for the orthogonal projection from & onto ran Q. Now let K =
K,, then the second identity in (4.2) follows from (4.7). Note that

Ig¢ —K =Pgro— K, +(I—Pra—nQ) =K; +(I—Pra—nQ),
which leads to the identity
(g —K)Qp,Q¥) = (K1Q9,QP)g, ¢,% € dom].
Thus, the first identity in (4.2) follows from (4.6). O
Remark 4.2. If the representing map Q € L(9, &) in (4.1) is minimal, then the contraction K €

B(R) in (4.2) is unique (see for a similar feature [16, Remark 3.7]). To see this directly, assume that
K and K are nonnegative contractions in B(&) that satisfy (4.2). Then, it follows that,

ST

b,[e. ] = (K3Qp,K2Qy) = (R2Qp,KiQy), 9,9 € dom .

Hence, (K — K)Qg, Q) = 0 for all ¢, € dom §. By the assumption ranQ = K, one concludes

that K — K = 0.

Let Q, € L(9, &) and Q, € L(H, K,) be linear operators; here &; and &, are Hilbert spaces.
The corresponding column operator col (Q,, Q,) from $ to the orthogonal sum & ; @ &, isdefined

by

col(Q;,Q,) = <g;> : domQ; NdomQ, - & = <§;> )

The column operator is used to describe the representing map for a sum of nonnegative forms.
Let the forms §,, ), € F($) be nonnegative with dom §j; = dom§,. Fori = 1,2,letQ; € L(9, K;)
be the representing maps for the forms §; with dom §) = dom Q; = dom Q,, such that

[)1[¢1 lnb] = (Q1¢7 Q1¢)a I]Z[qo’ ¢] = (Qz@, Q211b)’ (48)

where ¢, € dom §; = dom}, = dom Q; = dom Q,. Then, col (Q,, Q,) is a representing map for
the form §; + §),, as follows with ¢,% € domf); = dom }, from

(h1 + H)le, Y] = (Q19, Q1) + (Qu9, Qx3)
= (col (Q, Qy), col (Q1, Q,)P).

(4.9)

If in (4.8), both Q; and Q, are minimal in &, and &,, respectively, it does not necessarily follow
that col (Q,, Q,) is minimal in &, @ K,. A characterization of minimality in the context of Theo-
rem 4.1 will be given in Theorem 4.3. For this purpose, let K € B(&) be a nonnegative contraction
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS 17 of 35

and define the Hilbert spaces &, and &, by
each provided with the inner product of &. They satisfy & = &, + &, with overlapping space

8, N K, =ran(I — K)X; for a treatment of the corresponding de Branges-Rovnyak decompo-

1 1
sitions, see [16]. With the representations in (4.2), one defines Q; = (I — K)2Q and Q, = K2Q.
Then, col (Q,, Q,) is a representing map in L($, & ; X &,), so thatforall ,?) € dom ) = domQ

Blp, 9] = <<(I ‘f’z> Q9. ((I ‘f)5> Q¢>. (4.10)
K2 K2

Theorem 4.3. Let the form §) € F($) be nonnegative with the representation (4.1), where Q €
L($, &) is a minimal representing map, that is, ran Q = K. Let K € B(&K) be a nonnegative contrac-

1
tion and assume that with respect to K, the form ) has the representation (4.10). Then, (I — K)2Q is
1
an operator from 9 into &, with dense range and K2Q is an operator from  into K, with dense
range. Moreover, the following statements are equivalent:

(i) the representation (4.10) is minimal;
(ii) K is an orthogonal projection.

Proof. The representation (4.10) for the form ) € F(Sj) follows from (4.2) and (4.9). By assumptlon
Q has dense range in &, which implies that (I-K ) Q hasdense range inran (I — K )2 = &,,and
similarly, K 2 ; Q has dense range in ranK s = Rz

Recall from [16] that W = col (I — K) 2, K 2) is an isometry from & into the Hilbert space &, @&
K,. Moreover, the isometry W is surjective if and only if K is an orthogonal projection; cf. [16,
Proposition 2.8]. Finally, observe that due to ran Q = &, the mapping W is surjective if and only

1 1
if the representing map col (I — K)2Q,K2Q) is minimal. O
Next, the interaction between the components in a sum decomposition will be considered. This
interaction is measured in terms of parallel sums. To explain this, assume that §;, §, € F(H) are

nonnegative with dom §; = dom §j,. The parallel sum of }; and §), is a nonnegative form defined
for ¢ € domb; = dom}, by

(5; : Ble] = inf {;[h + @] + hy[h] : h € dom b}, (4.11)

and polarization. The definition in (4.11) and a proof that it is actually a nonnegative form can be
found in [22, Proposition 2.2]. Likewise, for nonnegative operators A, B € B(&), one defines the
parallel sum A : B € B(K) for p € K by

((A :B)p,p) =inf{(A(h + ¢),h + @)+ (Bh,h) : he K}, (4.12)
and polarization. Recall that if ran (A + B) is closed, then it follows that

(A: B)=A(A+B)VB, (4.13)

where (A + B)(_l) denotes the Moore-Penrose inverse of A + B. For further details, see [14, 18].
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18 of 35 | HASSI and DE SNOO

Proposition 4.4. Let the forms §;,h, € F($) be nonnegative with sum =8, +5,. Let Q €
L(9, &) be a minimal representing map for the sum §:

ble,¥] = (Qe,Q¥), ¢, € domb.

Let K € B(K) be the nonnegative contraction for which:

by[e. %] = (I - K)iQp, (I —K)2Qy), Bylo. ] = (K2Qp, K3Qu),

where ¢, € dom §) = dom Q. Then, the parallel sum ¥, : b, € F(9D) has the representation

(5; : Ble,¥] = (0 - K) : K)Q¢,Q¥), ¢, € dombp =domQ. (4.14)

Proof. Let ¢ € domQ and consider the quadratic form defined by (4.11). It follows from the
definition in (4.11) and the representations (4.2) in Theorem 4.1 that

(B : Blpl = inf {II — K)7Q(h +@)I12 + K> QA2 : h € domQ)}
> inf {[IT - K)3(Qp — DI + IK2gll? : g€ &) (4.15)
=inf{(I-K)f,f)+(Kg,9): f+9=Q¢p : f,g€ K}
= (I -K) : K)Qp.Q9).

The last equality follows from the definition in (4.12).
The reverse inequality in (4.15) follows from the denseness of ran Q in K. To see this, lete > 0
and select ¢ € & such that

I = K)2(Qp — DI + K2 gl> < (I —K) : K)Qp,Qp) +«.

Since ran Q is dense in &, one has lim,,_, |lg — Qh,|| = 0 for some sequence h, € domQ. It
follows that for every € > 0, there exists h € dom Q such that

I = K)2(Q(p — W2 + IK2QhI? < (I — K) : K)Qp, Q@) + 2¢.
Taking the infimum over all h € dom Q, this leads to
inf {||(1 — K)2Q(p — WI” + K> QhIP : h € domQ}
<((U -K) : K)Q9,Q0).

Therefore, equality prevails in (4.15) and this implies the statement by the polarization formula
for forms. L]

1
Thus, the representing map for the form §); : b, isgiven by ((I — K) : K)2Q, which involves the
parallel sum of the operators I — K and K. This result is a special case of the functional calculus
developed in [30]. The parallel sum ¥, : ¥, in (4.14) measures the interaction of the forms ¥, and
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS | 19 of 35

f,. The forms §; and b, are called mutually singular if §; : §, = 0; cf. [22, Proposition 2.10], in
which case there is no interaction between the forms f; and b,.

Corollary 4.5. Under the conditions of Proposition 4.4, the following statements are equivalent:

(i) the forms Yy, and Yy, are mutually singular;

(ii) K is an orthogonal projection.

1
Proof. 1t follows from (4.15) that §; and §, are mutually singular ifand onlyif (I — K) : K)2Q = 0.
Since the representing map Q in Proposition 4.4 is assumed to be minimal, this is equivalent to

((I-K) : K)? = 0. Observe that
(I-K):K=(U-K)X,
cf. (4.13), from which the assertion follows. O

Now return to the context of Theorem 4.1 and Theorem 4.3. The sum decompositions (4.3) of
a form § can be classified into two different categories: the forms §; and §, are mutually singular
(precisely when K is an orthogonal projection) or they are not mutually singular (precisely when
K is not an orthogonal projection); see the remark following Theorem 2.5 in [35].

5 | LEBESGUE-TYPE DECOMPOSITIONS OF SEMIBOUNDED FORMS

The Lebesgue decomposition of a semibounded form t € F(§) in Section 3 provides a sum decom-
position of t into a closable part t., and a singular part t;,,. Recall that t,,, is the largest of all
closable semibounded forms below t. By means of the sum decompositions in Section 4, it is now
possible to describe the general situation.

Based on the Lebesgue decomposition in Section 3, the following definition is quite natural.

Definition 5.1. Let the form t € F($) be semibounded. Then a sum decomposition of t, given
by

t=t, +t,, domt=domt, =domt,, (5.1)

is called a Lebesgue-type sum decomposition of t if t; € F($) is semibounded and closable, and
t, € F(®) is nonnegative and singular.

The following characterization of all Lebesgue-type decompositions of a semibounded form is
an immediate consequence of Theorem 4.1 and Lemma 2.3, by a reduction to nonnegative forms.

Theorem 5.2. Let the form t € F($) be semibounded, let ¢ < m(t), and assume that t has the
representation

tlp, 9] = c(p,¥) + (Qp,QY), ¢,% € domt =domQ, (5.2)

where Q € L(9, &) is a representing map fort — c.
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20 of 35 | HASSI and DE SNOO

Let K € B(&) be a nonnegative contraction that satisfies the conditions

clostk € Tan (I — K) : (I —K)k € dom Q*} = ran (I — K), (5.3)

ranK% ndom Q* C ker Q*, (5.4)

and define the forms t, and t, by

t[e. 9] = c(p. ) + (I — K)2Qg, (I — K)ZQu),

) ) (5.5)
tle, ¥l = (K2Qp,K2Q).

Then, the sumt = t, + 1, in (5.1) is a Lebesgue-type decomposition of t in the sense of Definition 5.1.

Conversely, let the sum t = t, +t, in (5.1) be a Lebesgue-type decomposition of t in the sense of
Definition 5.1. Then, there exists a nonnegative contraction K € B(&) such that (5.3), (5.4), and (5.5)
are satisfied.

Proof. According to (5.2) the form §) =1t —c € F($) is nonnegative with representing map
Q. Assume K € B(K) is a nonnegative contraction that satisfies (5.3) and (5.4). Define the
nonnegative forms §,, ), € F(9) by

Bule. ] = (I - K)iQp,( —K)IQp), Bylp, ] = (K3Qp, K2Qu).

Then, by Theorem 4.1, one has ) = §j; + §j,. Conditions (5.3) and (5.4) guarantee that (I — K )% Qis

regular and K 3 Q is singular; cf. [16, Lemma 4.1, Lemma 4.3]. Hence, by Lemma 2.3, it follows that
b, and b, are regular and singular, respectively. Setting t; = ; + c and t, = §,, then t; is semi-
bounded and t, is nonnegative. It is now clear that t = t; + 1, is a Lebesgue-type decomposition
of t.

For the converse, let t € F($) be a semibounded form and let it have a Lebesgue-type
decomposition (5.1). Since the form t is assumed to have the representation (5.2), one notes that

t—c=h+h,, b=t —c=0, bh=1,2>0,

is a sum decomposition of the nonnegative form § = t — ¢ into the nonnegative forms fj; and b,.
By Theorem 4.1, there exists a nonnegative contraction K € B(K) such that (4.2) holds. Hence, it

1
follows that (5.5) is then satisfied. Since t; is regular and t, is singular, it is clear that (I — K)z2Q is

1
regular and K2Q is singular. Thus, by [16, Lemma 4.1, Lemma 4.3], the conditions (5.3) and (5.4)
are satisfied. Ll

It is a consequence of Proposition 4.4 and Corollary 4.5 that the interaction between the
components in a Lebesgue-type decomposition (5.1) can be specified in the following sense.

Corollary 5.3. Let the conditions of Theorem 5.2 be satisfied. Then the parallelsum ((t; —c) : t,) €
F($) has the representation

((t; —0) : tle, ¥] = (0 —K) : K)Qp,Q¥), ,% € domf) =domQ.

In particular, the following statements are equivalent:
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REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS 210f35

(i) the formst, — c and t, are mutually singular;
(ii) K is an orthogonal projection.

For the convenience of the reader, the case of orthogonal projections in Theorem 5.2 will be
considered separately. According to Corollary 5.3, in this case, there is only a trivial interaction
between the components t; —cand t,,

Corollary 5.4. Let the formt € F($) be semibounded, let c < m(t), and let t have the representation
(5.2) with representing map Q € L(9, K). Let P € B(RK) be an orthogonal projection that satisfies
the conditions

clos (ker P ndom Q") = ker P, (5.6)

ran P N dom Q* C ker Q*, (5.7)

and define the forms t, and t, by

tilo, ] = clp, %) + (I — P)Qp, (I — P)QY),
t[e. 9] = (PQo, PQY).
Then, the sum t =1, +1, in (5.1) is a Lebesgue-type decomposition of t. In particular, if P = P,

is the orthogonal projection onto mul Q**, then (5.6) and (5.7) are satisfied and (5.5) leads to the
Lebesgue decomposition.

(5.8

Proof. If K € B(R) is an orthogonal projection, then the conditions (5.3) and (5.4) are equiva-
lent with the conditions (5.6) and (5.7); see [16, Lemma 4.1, Lemma 4.2]. If P, is the orthogonal
projection onto mul Q**, then

ran P, = ker (I — P,) = mulQ** and ran(I —P,) = ker P, = dom Q".

With P = Py, the conditions (5.6) and (5.7) are satisfied. Comparing with (3.2), one sees that this
choice corresponds to the Lebesgue decomposition. O

Recall that the representing map Q of a semibounded form t may always be taken minimal. If
this is the case, then the conditions (5.4) and (5.7) read as

ranK% NdomQ* ={0} and ranP NndomQ* = {0},

respectively. The following theorem was originally established in the context of pairs of
nonnegative forms in [22].

Theorem 5.5. Let the form t € F($) be semibounded. Then, the following statements are
equivalent:
(i) the Lebesgue decomposition of t is the only Lebesgue-type decomposition of the form t;

(ii) the form t., is bounded.

Proof. (i) = (ii) Assume that any Lebesgue-type decomposition t = t, +t, of t is equal to the
Lebesgue decomposition of t. Then, in particular, any Lebesgue-type decomposition Q = (I —
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P)Q + PQ, with P an orthogonal projection satisfying (5.3) and (5.4), gives the Lebesgue decom-
position of Q. By [24, Theorem 6.1], this implies that Q,., is bounded, so that also the form t,,,
is bounded.

(ii) = (i) Assume that t ., is bounded. Let the form t have the representation

tle, Y] = c(p,¥) + (Qp,Q¥Y), ¢,% € domt =domQ,

where ¢ < m(t), Q is a representing map, and assume that ran Q = K. Then, the regular part Qreg
is bounded or, equivalently, dom Q* is closed; cf. [24, Theorem 6.1] or [16, Theorem 5.7]. Now let
t =t, +t, be a Lebesgue-type decomposition of t of the form in Theorem 5.2 with a nonnegative

1 1
contraction K € B(K). It follows from mul Q** C ker (I — K)2 or, equivalently, ran(I — K)2 C
dom Q*, that

1 1 1
ran(I —K)2 nranK2 C domQ* nranK2 = {0},

which shows that K is an orthogonal projection. This gives an orthogonal Lebesgue-type decom-
position Q = (I — K)Q + KQ for Q. Since Qreg is bounded, one sees that (I-K)Q = Qreg bY [24].
Hence, the Lebesgue-type decomposition of t is equal to the Lebesgue decomposition. O

At the end of this section, there is a brief discussion concerning the connection between the
Lebesgue-type decompositions of a form t and the Lebesgue-type decompositions of its represent-
ing map Q (see [16]). Let K € B(&) be any nonnegative contraction, then one can write Q as

Q=Q,+Q,, Q=0-K)Q, Q,=K0. (5.9)
Recall that the decomposition (5.9) is a Lebesgue-type decomposition of Q if and only if K satisfies
(I -K)Q isclosableand KQ issingular. (5.10)

However, the nonnegative contraction K generates a Lebesgue-type decomposition t =1t; + 1,
via (5.8) if and only if

I- K)%Q regular and K %Q singular; (5.11)

cf. (5.3) and (5.4). The conditions in (5.10) and (5.11) are equivalent when K is an orthogonal
projection. In the general case when K is a nonnegative contraction, there is, for closability, only
the implication

(I —K)Qisclosable = (I-— K)% Q is closable (5.12)

(use [16, Corollary 4.2]), while both statements are equivalent with the closability of T when
IK]|| < 1. Likewise, there is, for singularity, only the implication

1
K2Qissingular = KQ issingular. (5.13)

Furthermore, it should be mentioned that the converse statements in (5.12) and (5.13) do not hold
in general. In fact, there is an example that shows this simultaneously; see [20].

An extension of the Lebesgue-type decompositions for a single semibounded form to the case
of a pair of nonnegative bounded operators or forms (see [1, 35] and [22]) has connections with a

d ‘9 $TOT ‘0SLLEYYT

/:sdny woxy

sdiy) SuonIpu0y) pue sua 1 oy 90 (§707/11/0€] U0 ATEIqIT AUIUO) A9TEA “ESEEA JO ANSIATUN KQ 89E0LSWIIZT [1°01/10p/wW00" KAl

fop:

5URDFT SUOWWIOD) AAERL) 9[qeadde o Aq PAIPAOS AIE SITOTIE YO SN JO SA[NI 10 ATEIQI] AUIUQ) ASTIA U0



REPRESENTING MAPS FOR SEMIBOUNDED FORMS AND THEIR LEBESGUE-TYPE DECOMPOSITIONS | 23 0f 35

recent approach of Lebesgue-type decompositions for a pair of measures via reproducing kernel
Hilbert spaces in [6].

6 | REPRESENTATION THEOREMS FOR SEMIBOUNDED FORMS

Lett € F(9) be a semibounded form. If t is closed then the well-known representation theorem
(see [7, 27]) asserts that there is a semibounded self-adjoint relation H in $ with the same lower
bound as t, such that for all elements {p, ¢’} € H

tle, 9] = (¢',9) forall 3 € domt.

In this section, it will be shown that for an arbitrary semibounded form t € F($), a similar obser-
vation can be made when the above identity is interpreted in a limiting sense. Moreover, the
regular part t,., of t is represented by the same semibounded self-adjoint relation. This version
of the representation of semibounded forms goes back to Arendt and ter Elst (in the setting of
sectorial forms); see [3, Theorem 3.2, Proposition 3.10]. The representing map for t € F($) allows
a simple and direct exposition of the arguments.

Theorem 6.1. Let the form t € F(9) be semibounded. Then the following statements hold:

(A) There exists a semibounded relation S; € L(9) that is bounded from below by m(t), such that
dom S, C domt and foreach {p,¢'} € S;

tlo, ] = (¢',9) forall 3 € domt. (6.1)

The relation S; admits the following maximality property: if H € L(9) is any symmetric rela-
tion, such that dom H C domt and for each {p, ¢’} € H, the statement (6.1) holds, then H C
S

(B) There exists a semibounded self-adjoint extension A, € L($) of S, that is bounded from below
by m(t), such that for each {p, ¢'} € A,, there exists a sequence ¢, € dom t for which

¢, =@ and tlp,, ] = (¢',¥) forall P € domt. (6.2)

The self-adjoint relation A; is uniquely determined: if H € L($) is any self-adjoint relation,
such that for each {p, ¢'} € H, there exists a sequence ¢,, € dom t for which the statement (6.2)
holds, then H = Zt.

(C) For all c <m(t), the symmetric relation S; and the self-adjoint relation 541 admit the
representations

S;=QiQ.+c and A =QQ+c, (6.3)

where Q, € L(9, K) is a representing map for t — c. In particular, the relations S; and Zt do
not depend on the choice of c < m(t) and the representing map Q..

Proof. (A) Fix c < m(t) and let Q, € L($, &) be some representing map for t — c:

tlp, Y] = (Q.9,Q.¥) + c(®,¥), ¢,% € domQ, = domt. (6.4)

Define S, = Q:Q, + c. Then, clearly, S, > c and dom S, C dom .
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Now let {p, ¢’} € Q¥Q,. Then, {Q.9,¢'} € Q} and if {¢, Q .9} € Q,, then (Q.¢,Q.P) = (¢', ).
From (6.4), one gets

tlp, 9] = (¢',9) + clp, ) = (¢ + o, P).
Therefore, S, = Q:Q, + c satisfies (6.1).

Next let H with dom H C dom t satisfy (6.1). If {p, ¢’} € H and ) € dom t then using (6.4), one
obtains

@, 9) = (Q.p, QP) + c(@, ) or (¢’ —cp,P) = (Qp, Q).
Since this holds for all ) € dom Q,,, one concludes that
Q9. ¢’ —cpteQr or {p,¢ —ce}eQlQ..
Therefore, H —c¢ C Q7Q, < H C S,..

(B) Define A, = Q¥Q}* + candlet{p, ¢’} € A.,sothat{p, ¢’ — cp} € Q*Q’*. Then{p, g} € Q¥*
and {g, ¢’ — cp} € Q! forsome g € K. Hence, there exists a sequence ¢,, € dom t such that g, —
pin $and Q.p, — ¢in K. Then, (Q.¢,) is a Cauchy sequence and

t[cpn - §0m] = “QC(§Dn - g’m)llzﬁc + C“§0n - §0m||25 -0, n,m- oo.

Thus, ¢,, —; ¢. On the other hand, for all ) € dom t, one has

rlll—>rl;>10(t - c)[¢n7llb] = nlgEO(chDnﬂ chlb)ﬁc = (g, chp)ﬁc- (65)
It follows from {g, ¢’ — cp} € Q* and ¢ € dom Q, that

(g’ chlb)ﬁc = ((P/ —Cp, ¢)5 (66)

By combining (6.5) and (6.6), one obtains for all ) € dom ,

; — (! _ : — ()

lim tlg,, Y] = (@ —cp,P)g +c lim (¢, P)g = (¢, P)s.

Thus, A, = Q:Q;* + c satisfies (6.2).

Next, let H = H* be such that for each {p, ¢’} € H, there exist ¢,, € dom t satisfying (6.2). Then
@, = ¢ implies that

Pn @ and ”Qc(§0n - §0m)||s%c - 0.

Thus, (Q.¢,) is a Cauchy sequence in &, and Q.¢,, — ¢ for some g € &.. Hence, {p, g} =
lim,,_, {9, Q.9,} € Q:*. Now from the second condition in (6.2), one gets for all ) € domt

. 12 .
lim (t = )@y, ¥] = (¢, P)g — ¢ lim (9, P)g = (¢ — cp, D).
Thus, for all ) € domt = domQ,,

(g’ chp)ﬁc = nh_)rg)(Qccpn’ ch)ﬁc = P}Ln(}o(t - C)[gon’lp] = (§0, —Cp, ¢)Sj
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Hence, {g, ¢’ — cp} € Q and, since {p, g} € Q}*, one has

{p.¢' —cp}l e QIQ.

Thus,H —c C Qij* or, equivalently, H C A,. Since both relations are self-adjoint, this gives H =
A..

(C) The proofs of (A) and (B) show that S, = Q7Q, + c and A, = Q;Q;* + c satisfy the desired
conditions with a choice of ¢ < m(t) and a representing map Q, for t —c.

On the other hand, if Q! = VQ, with a unitary map V from ran Q, onto ran Q/, then

QiQ.+c=@QD)'Q +¢c QQ¥+c=Q)"QD)" +ec.

Thus, S, and A, do not depend on the choice of Q...
Finally, if ¢/ < y and Qs is some representing map for t — ¢/, then the proof of (A) shows that

Sc’ = Q:/ch + c

also satisfies the conditions in (A), and thus, S, C S... By symmetry, one also has S, C S. There-
fore, S, = S,. This proves that S; in (6.3) does not depend on ¢ < m(t). In particular, S; =S, > ¢
for each ¢ < m(t), so that S; > m(t). A similar reasoning applies to A.: A; = QrQr* + ¢ for all
¢ < m(t) and thus A4; > m(t).

This completes the proof. O

According to Theorem 6.1 any semibounded form t € F($) generates a semibounded (symmet-
ric) relation S; and a semibounded self-adjoint relation Zt in L($). Moreover, it follows from (6.3)
that they satisfy the following identities:

mul S; = (dom )Y, mul Zt = (dom t)*. (6.7)

The semibounded relation A, in Theorem 6.1 is self-adjoint with dom A; = dom t; its orthogonal
operator part (Zt)reg is given by (Zt)reg ={- Preg)ﬁt, where P, is the orthogonal projection
from $ onto mul th. Therefore, in (6.2) one may replace (¢’, 1) by ((/Tt)reggo, 1), so that (6.2) reads

Pn >t @ and t[gon"‘;b] g ((Zt)regqo"‘;b) for all ¢ € dom t,

where (,th)reg is a semibounded self-adjoint operator in $ © mul A,. In general, the inclusion S, C
A, is not an equality: for instance, this is the case when the form t is defined by a semibounded
relation. In the context of closed and closable forms, the main result leads to more special results
that will be discussed now. A further discussion of the main theorem and its connections to the
case of closed or closable forms can be found in Theorem 6.5 below.

When the form t € F($) in Theorem 6.1 is closed, then the statements simplify: the relations
S; and A; coincide and will be denoted by A,. Thus, Theorem 6.1 leads to the so-called first
representation theorem as a straightforward consequence; cf. [7, 27].

Corollary 6.2. Let the formt € F(9) be semibounded and closed. Then there exists a semibounded
self-adjoint relation A; € L(9) with lower bound m(t), such that dom A; C domt and for each

{p.9'} € A,

tlp, ] = (¢',¥) forall P € domt. (6.8)
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If H e L(9) is a self-adjoint relation, such that dom H C domt and for each {p,¢'} € H, the
statement (6.8) holds, then H = A;. Moreover, for all c < m(1), the self-adjoint relation A, is given

by
Ay =QlQ, +c, (6.9)
where the representing map Q, € L(9, &) for t — c is closed.
Note that it follows from (6.7) or (6.9) that the following identities
mul A; = (domt)* and domA; = domt
hold. Recall that the identity (6.8) can be written for each ¢ € dom A; as

tlp, ] = ((At)reggo,l,b) forall ¢ € domt,

where the orthogonal operator part (A;),, is a semibounded self-adjoint operator in $ © mul A;.
Itis now simple to see that any semibounded self-adjoint relation in a Hilbert space § is connected
to a closed semibounded form; cf. [7].

Lemma 6.3. Let A € L(9) be a self-adjoint relation with lower bound y € R and let c < y. Then,
the form t € F(9), defined by

1
domt = dom (A, — )2
and

e, ¥] = (Areg — €70, (Argg —)3Y) + e, 9), % € domt,

is closed, independent of ¢ < y, and has lower bound m(t) = y. Moreover, the unique semibounded
self-adjoint relation in L($) associated with t is A.

Proof. Note that the mapping, defined by
1 1
P (Areg - C)E‘;D’ pe dom (Areg —-0)2,

takes dom (A e, — c)% into the Hilbert space $ © mul A with dense range. When ¢ € dom A, it
follows that t[p, P] = (Aegp, ). O

In Corollary 6.2, it has been shown that for every closed semibounded form t € F($), there is
a unique semibounded self-adjoint relation H = A; in L($) such that (6.8) holds. Furthermore,
according to Lemma 6.3, for each semibounded self-adjoint relation H € L($), there is a closed
semibounded form t € F($) such that H = A; holds. In the following, the notation t(H) is used
to denote this one-to-one correspondence.

Lett; € F(9) and t, € F(®) be semibounded forms with representations

t1 [(0, lp] = C(q"’ ¢) + (Q1§0, Qllp)’ ¢’ lp € dom t1 = dom Ql,
t2[g0’¢] = C(§0, ¢) + (QZ(P: Q2¢)’ ®,% € dom t, = dom Q,,
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with representing maps Q; € L(9, &,) and Q, € L(9, K,). Recall that t; < t, if and only if
Q; <, Qy; see (2.1), (2.12), and (2.13). Now assume, in addition, that t; and t, are closed forms
or, equivalently, that Q; and Q, are closed operators, so that the corresponding semibounded
self-adjoint relations H, and H, in L($) are given by

Recall from [7, Definition 5.2.8] that two nonnegative relations H, and H, in L($) satisfy H; < H,
when

1 1 1 1 1
domH; cdomH; and [[(Hyreg)? fll < I(Hypreg)?ll, f € domH; .
According to (2.1) and [15, Theorem 2.2], one has the equivalent statements
t<t, & Q<Q < H <H,

In particular, one has for semibounded self-adjoint relations H and K in L($) that H < K is
equivalent to t(H) < t(K) (here the above notation has been used).

When the form t € F($) in Theorem 6.1 is closable, the results simplify in the sense that the
description in (B) of that theorem can be stated directly. The following result is straightforward;
the main tool is Lemma 2.4 in conjunction with the representations (6.3) in Theorem 6.1. Although
Q. is assumed to be closable, the difference between Q7 Q, and Q7 Q" is in general very large as
will be shown in [20].

Corollary 6.4. Let the form t € F($) be semibounded and closable. Let t € F($) be the closure of
t. Then, the semibounded self-adjoint relation A; € L($) is an extension of S; (introduced in The-
orem 6.1) and it has the same lower bound m(t). For all c < m(t), the semibounded relation S; and
the self-adjoint relation A; admit the representations

S;=QiQ.+c and A;=QQ +c,

where Q, € L(9, &) is a representing map for t — c. In particular, A; coincides with the self-adjoint
relation A, in Theorem 6.1.

Now return to the general context of Theorem 6.1, where t € F($). Fix c < m(t) and let Q, €
L(9, &) be some representing map for t — c, so that

tle, ] = c(p,¥) + (Q.9,Q.P), @, € domQ, = domt. (6.10)

In the general situation of Theorem 6.1, the representing map Q, need not be closable. However,
the product Q?Q* makes sense and is a nonnegative self-adjoint relation in L($). To proceed,
one turns to the Lebesgue decomposition of Q,.:

Q.= Qc,reg + Qc,sing'

The closable component Q, ., defines a closable form t,., € F($) that in the following will be
denoted by

v=t,.
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It is clear that the closable form v and its closure T have the representations

t[g. 9] = c(@.9) + (Qureg® Quregh).  @.% € domr = domt, (6.11)

and

£, 9] = c(@.9) + (Qereg) @ (Qure) %), .9 € dom . (6.12)

Observe that one may also apply Theorem 6.1 to the closable form r € F($); it turns out that the
semibounded self-adjoint relations generated by t and r coincide.

Theorem 6.5. Let the formt € F($) be semibounded, let c < m(t), and lett — c have a representing
map Q, € L(9, K), such that (6.10) holds. Let t = treg SO that (6.11) and (6.12) are satisfied. Then the
relations S, and A, (corresponding to S; and A, introduced for the form t in Theorem 6.1) are given
by

Sy = (Qc,reg)*Qc,reg +c¢ and Ar = (Qc,reg)*(Qc,reg)** +, (6.13)
and they satisfy
S, CS, and A=A, =A;. (6.14)

In particular, the relations S, and A; in (6.13) and (6.14) do not depend on the choice of ¢ < m(t) and
the representing map Q..

Proof. The inclusion Sy C S, in (6.14) is equivalent to Q7 Q. C (Q reg)* Q. reg and the equality A, =
A, is equivalent to Q Q" = (Qc’reg)*(Qc’reg)**. This last inclusion and equality are both easily
established by means of the formula Qeyreg = (I — P)Q,, where P is the orthogonal projection onto
mul Q7" = (dom Q:)l; for details, see [15, Appendix]. The equality Et = A; holds by Corollary 6.4.
The remaining statements follow from Theorem 6.1. O

Closely connected to the topics in this section are the semibounded forms induced by semi-
bounded operators or relations. Their representing maps can be used to define the extremal
extensions, including the Friedrichs extension and the Krein type extension; cf. [2, 4, 5,7, 8, 21, 40].
This connection with the work of Sebestyén and Stochel and their coworkers (see, for instance,
[29, 32, 33]) can be found in [17]. In particular, one can see there that in (6.14) of Theorem 6.5 above
the relation A, = A, = A; is the Friedrichs extension of the semibounded relation .

7 | MONOTONE SEQUENCES OF SEMIBOUNDED FORMS

Nondecreasing sequences of semibounded forms have a limit and, likewise, nonincreasing
sequences of semibounded forms with a common lower bound have a limit; see, for instance,
[27, 31, 35]. In this section, the convergence of monotone sequences of semibounded forms will
be considered in connection with the convergence of the corresponding representing maps as in
Section 6.
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First, some general facts are established. Let t,, € F($) be a sequence of lower semibounded
forms whose lower bounds are uniformly bounded:

y <m(t,) forsome yeER,

and let ¢ < y. Then, there exists a sequence of representing maps Q,, € L(9, & ,), where &, are
Hilbert spaces, such that

tle, ] =c+(Q,9,Q,¥), ¢, €domt, =domQ,. (7.1)

Moreover, each sequence of linear operators Q,, € L(9, &,,) defines via (7.1) a sequence of semi-
bounded forms t,, € F($9) such that m(t,) > c. Now assume that the sequence of semibounded
forms t,, € F(9) satisfies

<t m < n. (7.2)

ne
In this case, one can take y = m(t;) and the representing maps Q,, € L(9, &,,) in (7.1) satisfy
Q,<.Q,, m<n. (7.3)

Conversely, if Q,, € L(9, &) satisfies (7.3), then the semibounded forms t,, € F($) in (7.1) satisfy
(7.2). It is clear from (7.1) that

(0] (0]
ﬂ domt, = ﬂ domQ,,
n=1 n=1
and, moreover, for an element ¢ in this set, one has

supt,[p] <o &  supllQ,¢ll < co.
neN neN

Recall that if (7.3) is satisfied, then there exists a linear operator Q € L($, &), where K is a Hilbert
space, which satisfies

Qn=<.Q and [0l / lIQ¢ll, ¢ & domQ, (7.4)
where dom Q is given by

domQ = {qoe [ domQ, : sup 1Rl < oo},
n

neN

see [15, Theorem 5.1]. The linear operator Q € L($, &) serves as a representing map for the
semibounded form t € F($) defined by

tlp,¥] = c+ (Qp,Q¥), ¢, € domt=domQ. (7.5)

Hence, the following lemma, going back to Simon (see [31, 35]), is now straightforward.

Lemma 7.1. Lett, € F(9) be a sequence of semibounded forms, represented as in (7.1). Assume
that the sequence satisfies

m<n. (7.6)
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Then there exists a unique semibounded form t € F($), represented in (7.5), such that

domt = {goe ﬂdomtn : sg[N)tn[qo] <oo}
n

neN

and which satisfies
t, <t and t,[p] /tlp]l, ¢ €domt.
Furthermore, let 1 € F($) be a semibounded form. Then, there is the implication
t,<u, neN = t<gu

The following statements hold:

(a) ift, is closable for all n € N, then t is closable;
(b) ift, isclosed foralln € N, then t is closed.

Ift, is a bounded everywhere defined form for alln € N, thent is a bounded everywhere defined form.

In the limit procedure of Lemma 7.1, the properties of being closable and closed are preserved,
respectively. This observation will be used in the following discussion of the regular parts of t,
and t in F($). It follows from (7.1) and (7.5) that r,, = t,, ., and r = t,,, have the representations

£,[0.9] = ¢ + (Qureg® Quregh). @ % € domr,, = domt, = domQ,, (7.7)
and
[0, 9] = ¢ + (Queg®s Qreg®)> ¢, € domr = domt = dom Q. (7.8)
The assumption Q,, <. Q,, in (7.3) implies that
Qmyreg <c Qnreg» M <1, (7.9)
and, likewise, the inequality Q,, <. Q in (7.4) gives
Qpreg <¢ Qregs (7.10)

cf. (3.7). In particular, Q,, is an upper bound for Q,, .. By (7.9) and Lemma 7.1, it follows from
the closability of the operators Q,, ., that there exists a closable operator Q, € L($, &) such that
its domain is given by

domQ, = {;o € () domQ, : sup |Q, eell < oo} (7.11)
nenN neN
and which satisfies

{Qn,reg < Qr < ng’ (7.12)

1Qu reg?ll 7 11Q:ell, ¢ € dom Q.
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The closable operator Q, serves as a representing map for the closable semibounded form t, €
F(9) defined by

tlo. 9] =c(e. ) + Q9. Q¥),  @.9 € domQ,. (7.13)

Since the regular parts Q, .., and Q, are closable, the semibounded forms r, and t, are closable,
and one obtains from (7.7) that

fn[% ¢] =c+ ((Qn,reg)**‘p’ (Qn,reg)**lp) (714)

forall ¢,y € dom £, = dom (Q,, ;.z)"* and from (7.13) that

(clost) [p, 3] = ¢+ ((Q)"®,(Q)"Y) (7.15)

for all ¢, € dom (clost,) = dom (Q,)**. It follows from the inequalities (7.9) that

(Qm,reg)** <c (Qn,reg)**a m < n’ (716)

and from (7.10) that

(Qn,reg)** <C (Qr)**' (7-17)

By (7.16) and Lemma 7.1, it follows that there exists a closed operator S, € L($), &) such that its
domain is given by

dom S, = {qo € () dom (Qpree)™ sup 1(Qpreg) 2l < oo}, (7.18)
n

neN

and which satisfies

(7.19)

(Qn,reg)** <5 < (Qreg)**a
”(Qn,reg)**go” / IS;ell, ¢ € domS,.

The closed operator S, serves as a representing map for the closed semibounded form 3, € F(9)
defined by

8.lo, ] =c+(S;9,S¥), ¢, €doms, =domS§,. (7.20)

It is clear from the above that S, < (Q,)**.

The above facts together with Lemma 7.1 now lead to the following theorem, which ultimately
describes the limit behavior of the semibounded self-adjoint relations corresponding to t,, as
described in Theorems 6.1 and 6.5.

Theorem 7.2. Lett, € F($) be a sequence of semibounded forms, represented in (7.1), which sat-
isfies (7.6). Let the semibounded form t € F(9), represented in (7.5), be the limit of t,.. Then the
following statements hold:

(A) The regular parts t,, € F(9), represented in (7.7), satisfy

m Sty m<n, and r, <t (7.21)
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(B)

©

where t,., is represented in (7.8). Moreover, there is a closable semibounded form t. € F(9),
represented in (7.13), such that

domt, = {qo S ﬂ domt, : supr,[p] < oo}, (7.22)
neN neN
and which satisfies
r, <t <t and v,lel /t[el, ¢ €domt,. (7.23)
The closures t,, € F(9) of the regular parts t,,, represented in (7.14), satisfy
t,<t, m<n, and ft,<clost, (7.24)

where clos 1, is represented in (7.15). Moreover, there exists a closed semibounded form 3. €
F($9), represented in (7.20), such that

domsg, = {cp S ﬂ domt, : sup t,[¢] < oo}, (7.25)
nenN neN
and which satisfies
f,<8.<clost, and ft,[¢] ./ 8l¢]l, ¢€doms. (7.26)

In fact, dom (clost,) C dom 8, and
(clost,) [@, %] = 8.[e, 9], @, € dom(clos t,). (7.27)
The semibounded self-adjoint relations Ztn € L(9) corresponding to the semibounded forms
t,, € F(9) converge to the semibounded self-adjoint relation Az € L(9) corresponding to the
closed semibounded form 8 € F(9):
A — A, (7.28)

in the strong resolvent sense or, equivalently, the strong graph sense in $.

Proof. Due to the assumption (7.6), it follows for the corresponding representing maps that Q,,, <,
Q,,m < n,and that Q,, <, Q.

(A) The inequalities in (7.21) follow from (7.9) and (7.10). The statements about t, in (7.22) and

(7.23) follow from (7.11) and (7.12).

(B) The inequalities in (7.24) follow from (7.16) and (7.17). The statements about 3, in (7.25) and

(7.26) follow from (7.18) and (7.19). The equality (7.27) holds by polarization, after observing
that t [¢] is the limit of t,[¢] for ¢ € dom t,, while 3,[¢] is the limit of ¥,[¢] for ¢ € dom &,
see (7.23) and (7.26). This equality is then preserved also for the closure clost,, since t, C 3,
and 8, is closed.
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(C) The semibounded self-adjoint relation Zn € L(®) corresponding to t, € F($) via Theo-
rem 6.1 is given by

Zn =Cc+ (Qn)*(Qn)x* =c+ (Qn,reg)*(Qn,reg)**’

where the second equality follows again from (Q,)*(Q,)** = (Qn’reg)*(Qn,reg)**, cf. [15,
Appendix]. Hence, by Corollary 6.2, A, is the unique semibounded self-adjoint relation cor-
responding to the closed form t,,. The sequence (Qn,reg)** satisfies (7.19), while (7.26) shows
that the sequence t, has the closed limit form 8, with the closed representing operator S,
in (7.20). One concludes that A; = (S.)*S, and now the strong resolvent or, equivalently,
the strong graph convergence in (7.28) follows from the standard monotonicity principle for
closed forms; cf. for example [7, Theorem 5.2.15]. O

Finally, let t,, € F(9), n € N, be a sequence of (lower) semibounded forms that is nonincreas-
ing:
c<t,<t,, m<n, (7.29)

in the sense of (2.1). The assumption of the common lower bound ¢ € R guarantees the existence
of a limit. Due to (7.29), the lower bounds satisfy

c<m(t,) <m(t,), m<n.

The following result is straightforward, see [15, Theorem 10.3] and [31, 35].

Lemma 7.3. Lett,, € F(9) be a sequence of (lower) semibounded forms that satisfies (7.29). Then
there exists a (lower) semibounded form t € F(9) such that

domt = U domt,, (7.30)
neN
and which satisfies
c<tgt, and t,[p] \\tlpl, ¢ €domt. (7.31)

In the case of nonincreasing sequences, the notions of closability or closedness are in general
not preserved; see [15, Example 10.5], [31]. There is a useful result for nonincreasing sequences of
closed forms which goes back to [35]; see also [31]. The following result is included for complete-
ness: it is the analog of [15, Theorem 10.4], when adapted to the setting of nonincreasing sequences
of forms.

Theorem 7.4. Let t, € F(), represented as in (7.1), be a sequence of closed (lower) semibounded
forms such that (7.29) holds. Let the semibounded form t € F(9), represented as in (7.5), be the limit
oft, asin (7.30) and (7.31). Then, the semibounded self-adjoint relations Ay, € L($) corresponding
to t,, € F(9) converge to a semibounded self-adjoint relation A, € L(H):

At” - Ay,

in the strong resolvent sense or, equivalently, in the strong graph sense in 9. Let t., € F(9) be the
closed semibounded form corresponding to A, € L(9). Then, the semibounded forms t and t, are
connected by

clost, = t.
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Moreover, for the semibounded form t € F($), one has

(a) tisclosableifandonlyift C t;
(b) tisclosed ifand only ift = t_;
(c) tissingularifand only if A, — cis singular.
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