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TIIVISTELMA

Tamai viitoskirja tarkastelee moderneja stokastisia prosesseja ja stokastisia malleja
ja niiden sovelluksia erityisesti rahoituksessa. Tulokset on julkaistu neljdssi ar-
tikkelissa. Ensimmaéinen ja toinen artikkeleista kisittelevit laajennettuja gaussisia
prosesseja, joilla on sekoitettu pitkin aikavilin riippuvuus (tédllaisia malleja kdytetddn
laajasti rahoituksessa). Ensimmdisessid artikkelissa esittelemme ja analysoimme
monisekoitettua fraktionalista Brownin liikettd (mmfBm) ja siihen liittyvda Ornstein-
Uhlenbeck-prosessia (OU), ja toisessa artikkelissa tarkastelemme parametrien es-
timointia OU-prosessille yleistettyjen momenttien menetelmillda (GMM). Kolman-
nessa artikkelissa tarkastelemme ennustamista gaussisille Volterra-prosesseille, joilla
on hyppyjd. Lopuksi neljdnnessd artikkelissa tarkastelemme ehdollista keskisuo-
jausta Black-Scholes-mallissa jossa on hyppyjd ja transaktiokuluja.

Avainsanoja: Yhdistetyt Poisson-hypyt, fraktionaalinen Brownin liike, fraktionaa-
linen malli, gaussinen Volterra-prosessi, suojaus, hyppymalli, pitkdn riippuvuuden
malli, matemaattinen rahoitusteoria, ennustuslait, stokastinen mallintaminen.
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ABSTRACT

This thesis is an attempt to develop the modern stochastic processes and their as-
sociated models as well as their applications, particularly to finance. The results of
this thesis are published in four articles. The first and the second articles deal with
extended Gaussian processes, with mixed long-memory behaviour (which is widely
used in finance). In the first article, we introduced and analyzed the multi-mixed
fractional Brownian motion (mmfBm) and its associated Ornstein—Uhlenbeck (OU)
process, and in the second one, we investigated a parameter estimation for the OU
process based on the generalized method of moments (GMM). In the third article,
we considered the prediction of Gaussian Volterra processes with jumps. Finally,
by using these results in our fourth article, we investigated the conditional mean
hedging and the conditional least square strategies in a Black-Scholes model with
jumps and with transaction costs.

Keywords: Compound Poisson jumps, Fractional Brownian motion, Fractional model,
Gaussian Volterra process, Hedging, Jump models, Long-memory models, Mathematical

finance, Prediction laws, Stochastic modeling
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1 INTRODUCTION

The initiation of applying random processes to model the financial time series was
the doctoral thesis of Bachelier (1900). Considering the Central Limit Theory, he
modeled the risky asset prices by the linear Brownian motion (Bm) of Einstein
(1905). Decades later, Samuelson (1965) showed that the geometric Brownian mo-
tion (gBm) models the asset prices essentially better than Bachelier’s model. Ap-
plying Samuelson’s gBm model for the underlying risky asset, Black and Scholes
(1973) (BS model) evaluated the European option prices for the perfect hedging by
the self-financing strategy in complete markets. Later on, this work was awarded the
Nobel Prize in Economic Sciences in 1997 dramatically; unfortunately, Black was
passed before. Leland (1985); Wilmott and Whalley (1993) modified the BS model
and obtained the options and hedging strategies under the proportional transaction
costs. Although the BS model was a marvelous inception that is still applicable in
business time (see Geman, Madan, and Yor (2001a, 2001b)), some criticisms arose
later.

Mandelbrot and Van Ness (1968) and related studies, showed the roughness of fi-
nancial data is less than the Bm process. They observed that, the financial data
has long memory (see Berg and Lyhagen (1998); Cont (2005); Dai and Single-
ton (2000); Hsieh (1991); Huang and Yang (1995); Lo (1991); Willinger, Taqqu,
and Teverovsky (1999)). So, they suggested fractional Brownian motion (fBm), a
representation of the Wiener spiral process of A. N. Kolmogorov (1940) to model
prices. Many recent studies pursued this process and its applications (see Az-
moodeh (2013); Shokrollahi, Kiligman, and Magdziarz (2016); Wang (2010a, 2010b);
Wang, Yan, Tang, and Zhu (2010); Wang, Zhu, Tang, and Yan (2010)). As a portfo-
lio can include different risky assets, in practice there can be a linear combination
of different fBm’s to model the value of strategy. Cheridito (2001) showed a lin-
ear combination of a Bm and an independent fBm with Hurst index H > 3/4 is
equivalent to another Bm. Y. S. Mishura and Valkeila (2002) showed this linear
combination with any long-memory fBm, i.e., with Hurst index H > 1/2, leads
to an arbitrage-free model. Almani, Hosseini, and Tahmasebi (2021); Zili (2006a)
studied the finite mixed fBm’s. In our first paper Almani and Sottinen (2023), we
studied the Multi (infinite) mixed fBm’s and its properties.

The geometric fBm model was studied in Bayraktar, Poor, and Sircar (2004); Meng
and Wang (2010) to model the risky assets. However, to overcome some other prob-
lems of the BS model, such as inconsistency of returns, stochastic interest rate, and
stochastic volatility, Vasicek (1977) proposed to use the Uhlenbeck and Ornstein
(1930) process (OU) for the short-rate model. This model was then generalized by
Hull and White (1987). OU process also was applied for the impied volatility by
Heston (1993) model which using the 1t6 (1951a) formula transforms to the Cox,
Ingersoll Jr, and Ross (1985) model (CIR). To associate such studies with appropri-
ate roughness, Cheridito, Kawaguchi, and Maejima (2003) introduced the fractional
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OU process (fOU). As mentioned above, in a portfolio of several risky assets, a lin-
ear combination of fOU processes makes sense. So, in our first paper Almani and
Sottinen (2023), we also studied the Multi (infinite) mixed fOU processes and their
properties. However, to apply this model one has to estimate many parameters. In
our second paper Almani and Sottinen (2024), we studied the generalized method
of moments (GMM) estimator for this matter.

In the BS model the underlying asset price is supposed to be continuous. However,
historically it has been observed that many asset prices’ time series show some
random discontinuity called jumps. Stochastic jump processes have a long history
of studies in potential theory by Hunt (1957); Kunita and Watanabe (1967); Lévy
(1934, 1965); Meyer (1962); Watanabe (1964). In finance, Merton (1976a) applied
the jump diffusion model (JD) for prices. His work was then pursued by Alos, Ledn,
and Vives (2007); Broadie and Kaya (2006); Cont and Tankov (2002); Cont and
Voltchkova (2005); Duffie, Pan, and Singleton (2000); Feng and Linetsky (2008);
S. G. Kou (2002). For the JD model with compound Poisson jump of independent
normal processes, Merton (1976a) evaluated the hedging strategy and option prices.
Das and Foresi (1996) also calculated a close form of hedging and pricing when the
interest rate has the JD model.

However, in general, as the market is incomplete under the jump-diffusion mod-
els, evaluating the perfect hedging and option pricing are impossible. To overcome
this matter, Follmer and Schweizer (1991) initiated hedging associated with the
risk measure and Schweizer (1992, 1994, 1995) developed this idea. Recently,
Sottinen and Viitasaari (2018) introduced the conditional mean hedging (CMH)
method by employing the conditional laws from their prior paper Sottinen and Vi-
itasaari (2016). This hedging is on the conditional average of the new model’s
value of the portfolio, conserning the conditional average of the BS portfolio’s
value. Shokrollahi and Sottinen (2017) studied this method for the fractional Black-
Scholes model.

In our third article Almani, Shokrollahi, and Sottinen (2024b), we studied the re-
quired conditional laws for the Volterra-jump models which JD is a special case
of. In our fourth paper, the idea of supervisors, Prof. Sottinen and Dr. Shokrol-
lahi was to find the CMH strategy when the underlying asset has the general JD
model. However, considering the numerical results I faced a critical fact: “ Even
if the conditional means of some stochastic processes are equal, still the minimum
distance of those processes is not guaranteed! . So, 1 proposed the conditional
least-square hedging (CLH). Surprisingly this stronger hedging strategy is possible
for the JD model. Using the conditional formulas of our third article, I calculated
the (CLH) strategy for the JD model under transaction costs in our fourth article
Almani, Shokrollahi, and Sottinen (2024a).
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2 STOCHASTIC PROCESSES

In this chapter, we illustrate the probability space and stochastic processes. The
initial concepts are generally from Chung (2001); Doob (1990); Jacod and Prot-
ter (2004); A. N. Kolmogorov (1950); @ksendal (2013); Resnick (1998); Shiryaev
(1996). We then consider some well-known spacial cases. For the Gaussian pro-
cesses, we recall some important parts of Biagini, Hu, @ksendal, and Zhang (2008);
Doob (1990); Hida and Hitsuda (1993); Y. Mishura (2008); @ksendal (2013). For
the Lévy processes, we point some results from Applebaum (2009); Kyprianou
(2014); Sato (1999).

2.1 Preliminaries

A probability space is formally the set ) of all probable states w, with events as
subsets A C €, and we are interested to evaluate the probability of them P(A).
However, some questions come up then. First; we need to distinguish what type
of subsets reflect those events, i.e., what is the collection .% of all possible events
A. Second; as the function P is measuring the probability of events, it is indeed
a measure. So, we need to characterize the probability measure function. The
developement of the measure theory and probability theory is indeed an attempt
to have a rational frame of principles answering such questions. Before further
constructions, we review these principles here.

Definition 2.1 (0-Algebra). For a given set (), a o-algebra .% on (2 is a family of
subsets in €2 that

(i) © € .7, (empty set)

(i) if A € F then A°:=Q\A € Z,

(iii) if Ay, Ay, ... € F then |J;2, A; € Z.

The pair (£2,.%) is then called a measurable space.

Definition 2.2 (Measure). For a measurable space (€2,.%), the function p : .% —
[0, 00) is a measure if

(i) u(@) =0

(i) for all disjoint Ay, Ay, ... € F, ie. AiNA; =0 i # j:

H <O Az‘) = iﬂ(!‘lz‘)

The triple (£2, %, ) is called a measure space then. Also, 4 is called finite measure
if u(Q2) < oc.

Definition 2.3 (Absolute Continuity). Let y, v be two measures on (£2,.% ), we say
v is absolutely continuous with respect to (w.r.t.) x and denote it by v < p iff for
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all A e .7
p(A) =0 = v(A)=0.

Theorem 2.4 (Radon (1917)-Nikodym (1930) Transform). Let v is a finite measure
which is absolutely continuous w.r.t. a o-finite measure (i, both on (0, .7 ). Then

there exists an pi-almost everywhere unique function f that fQ |f|du < oo and for
all A € F

V(A) = /A Fdu.

Proof. See Aliprantis and Burkinshaw (1998), Chapter 7, Section 39, or Folland
(1999) Section 3.2. [

Remark 2.5. In such a condition the p- (a.e.) unique function f is called the
Radon—Nikodym derivative of v w.r.t. ;1 and denoted by

d—V:f, or dv= fdu.
dp
Definition 2.6 (Probability Measure). For a measurable space (£2,.% ), the measure
( in Definition 2.2 is a probability measure iff 4(€2) = 1, i.e., the function P : .% —
0, 1] is a probability measure if
(i) P(0) = 0,and P(Q2) = 1,
(ii) for all disjoint Ay, Ag,... € F, ie. A;,NA; =@ :1%# j, then

P (00) - S

The triple (€2, %, P) is called a probability space and the elements A € .% are called
events. The events with probability 1 are called “almost sure (a.s.)” sets, i.e. they
occur almost surely.

Definition 2.7 (Complete Probability Space). A probability space (2, %, P) is called
complete if .% contains all subsets O of €2 with P-outer measure zero, i.e. with

P* = inf P =0.

(0):= ,dpt ,BU) =0

Remark 2.8. Any probability space can be made complete simply by adding all sets
of outer measure 0 to its o-algebra .%, and by extending its probability measure P
accordingly. From now on we assume our probability spaces are complete.

For understanding the connection of measure theory and probability theory; before
any further formulation, one may ask, if we are evaluating the probability of some-
thing, that should have been predictable beforehand, but what does the predictability
means? In the mathematical language, the answer is indeed measurability.
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Definition 2.9 (Random Variable). For a probability space (€2,.#,P), a function
X : Q — R" is arandom variable or an .% -measurable function if

X B)={weQX(w)eB}eZF,
for all open subsets B C R™ (or Borel subsets B € #(R")). The o-algebra
FX = U{Xfl(B) .Be %’(R")} cF

is then called the generated o-algebra by X.

Definition 2.10 (Distribution). For a random variable X on a probability space
(Q,.7,P), the function Fy : Z(R") — [0, 1] that

is a probability measure on R", called the distribution function of X. For the abso-
lute continuous distributions F'y w.r.t. (with respect to) the Lebesgue measure y on
R"™, the Radon-Nikodym derivative of it

dFx

fX:E

is called the density function of X.

Definition 2.11 (L”-Spaces). For a random variable X on a probability space (2, %, P),
and p € [1, 00) the LP-norm of X is

1
11, = Xl = ([ 1X@Pae)"
and for p = oo
| X Jloo = [| X Loe() = inf {M > 0: |X(w)| < M, for a.e. w € Q}.
For p € [1, 00, the associated LP-space then is
LP(Q) ={X Q= R"; || X], < oo}

Definition 2.12 (Expectation). For a probability space (€2, %, P) the expectation is
a linear operator E : L'(Q) — R that

E[X] ::/QX(w)dIP’(w):/nxdFX(x).

For a Borel measurable function f : R" — R, that f(X) € L!(Q) itis easy to check
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that

Blo(Y)] = [ a(X() dP@) = [ gla)aFx(o)

and for the absolute continuous F'y
Elg(X)] = /Qg(X(w)) dP(w) = / 9(@) fx(z) dz.

Remark 2.13. For p € [1, oo| the L?((2) is a Banach space, and for p = 2 the L*(2)
is indeed a Hilbert space with inner product

(XY )i = E[X Y] XY € LX(Q).

Definition 2.14 (Independence).

(I) The events A, B € . are called independent if P(AN B) =P(A) - P(B),

(IT) The random variables X, Y are independent if Py y (A, B) = Px(A) - Py (B),
ie,P(X €AY € B)=P(X € A)-P(Y € B) for all Borel sets A, B € Z(R").
In such a condition E[XY| = E[X] - E[Y].

Definition 2.15. (I) For the random variables X,Y € L'(1), the covariance is a
bilinear symmetric function Cov : L'(Q) x L'(Q) — R that

Cov(X,Y) =E[(X — E[X])(Y - E(Y))],

(IT) The variance of X is Var[X] = Cov(X, X),
(IIT) The charactristic function of X is ¢x(£) = E[e*?], where i = /—1.

Definition 2.16 (Stochastic Process). A stochastic process is an indexed collec-
tion X = {X,}ics of random variables X; : 2 — R" on a probability space
(Q,.#,P). It is called a discrete/continuous-indexed process if the indexing set .7°
is discrete/continuous. We note, for fixed ¢ € .7 the mapping w — X;(w) is a
random variable, and for fixed w the mapping ¢ — X;(w) is called a path of the
process X.

Definition 2.17 (p-Variation). Let 7" > 0 and { X, }/c[0,r) be a stochastic process on
the probability space (€2,.%,P). For p > 0, the p-variation process of X is

VP(X):= lim Y [X, — X, |, (limitin probability)
k=

|70 |—0

where 7, : 0 =ty < ¢ < --- < t, = t is a partition on [0,¢] and |7,| =
maxi<j<n, Aty where At = ¢, —t,_;. For p = 1itis called the total variation, and
for p = 2 it is the quadratic variation and denoted by (X); = V,?(X). Similarly, for
two processes {X; }icjo,7] and {Y} }iejo, 77, the covariation of XY is

n

(X,Y) == lim Y |X,, — X, ||V, —Y,,_,|, (limitin probability).

—0
7| —0 4=
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Definition 2.18 (Self-Similarity). A stochastic process X is called self-similar of
order H € (0,1] iffforalle > 0,t € 7 : X4 < c'X,. (Here «do s equality
in distribution.)

Definition 2.19 (Stationary Process). A stochastic process X = { X}~ is called
stationary if for all ¢, s € .7

Xt i XS>
i.e., every random variables X;;t € .7 has equal distributions.

Theorem 2.20 (Lamperti (1962) Transform).

(i) If { X }1>0 is a stationary process, then for all ¢ € R and H € (0, 1] the process
Y, = t" X(clogt), t > 0 with initial value Yy = 0 a.s., is self-similar with index
H,

(ii) If {Y: }+>0 is a self-similar process with index H € (0, 1], then for all ¢ € R the
process X; = e~ 'Y (e!), t € R is stationary.

Definition 2.21 (Stationary Increment Process). A stochastic process X = {X;}ic 7
has stationary increments if for all 4 > 0

Xen—Xo 2 Xoon— X, tseT

i.e., every equidistant increments has equal distributions.

Definition 2.22 (Independent Increment Process). A stochastic process X = { X, }ic o
has independent increments if for all s; < sy < t; < ty in 7 the increments
X, — Xy, and X, — X, are independent, i.e., every disjoint increments are inde-
pendent.

Definition 2.23 (Spectral Representation). For a stationary process X, the autoco-
variance function r(h) := Cov (X4, X;) = Cov(Xy, Xo) has a representation

r(h) :/Reihng(g)

called the spectral representation of p. Also, such F'is called the spectral distri-
bution of X, and if I is absolute continuous w.r.t. the lebesgue measure, then the
Radon-Nikodym derivative of it f(£) = dF'(£)/d¢ is

r(h) = / e f(€) de,

which is indeed the (inverse) Fourier transform of the density function f in spec-
tral theory and harmonic analysis, and that is why it is called the spectral density
function of the process X.

Definition 2.24 (Long Memory). A stationary process X with autocovariance r
given above

(i) has long memory (called long-range dependent) iff Y>> | 7(n) = oo,

(i) has short memory (called short-range dependent) iff > |, r(n) < oc.
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2.2 Conditional Probability

Definition 2.25 (Conditional Probability). Let X, Y be two random variables on
a probability space (€2,.7,P), the joint distribution of them is Fixy : Z(R" x
R"™) — [0,1] that Fxy (A, B) =P(X € A, Y € B). We can define the conditional
distribution of X w.r.t. Y accordingly as a function Flyy : Z(R" x R") — [0, 1]

that
FX7y(A X B)

Definition 2.26 (Conditional Expectation). Let (€2,.%#,P) be a probability space.
By the Radon-Nikodym theorem, for a o-algebra 7" C .%# and a random variable
X : 2 — R” that E[|.X|] < oo, there exist an a.s. unique function E[X|7] : 2 —
R™ that

(i) E[X|.Z] is #¢-measurable,

(ii) [, E[X|#]dP = [, X dP forall H € 2,

it is called the conditional expectation of X w.r.t. 7. The conditional expectation
of X w.r.t. another random variable Y on the same probability space (€2, .7, P) is

E[X|Y] = E[X|F"].

Theorem 2.27. For a o-algebra 7 C % and random variables X,Y : ) — R"
that X, Y € L*(Q), and a,b € R

a) E[aX + bY |#] = aE[X || + bE[Y |,

b) EE[X|7]] = E[X],

c) E[X|#] = X if X is A -measurable,

d) E[X | = E[X] if X is independent from F,

e)ElY - X | =Y -E[X]ifY is J-measurable.

Proof. See Appendix B, @ksendal (2013). O

Definition 2.28 (Filteration). A filteration is a family of o-algebras {.%; },c 7, i.e.,
s<t= JOZS C 3215-

For a filteration {.%;},c> on a probability space (£2,.%,PP), a stochastic process
X = {X,}iez is called .%; adapted if for each ¢ € 7 the random variable X; is
Z;-measurable. Any stochastic process X; is adapted to its natural filteration

F = U(Xu:ugt):J{X_l(B):BE,%’(R”)} cCZ.

u
u<t

Definition 2.29 (Markov Process). A stochastic process X on a probability space
(Q, . Z,P) is called markov iff for all Borel measurable functions f that f(X) €
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L'(Q),and all s < tin T
E[f(X,)|7] = E[f (X)) |X,].

Definition 2.30 (Martingale). A stochastic process M on a probability space (2, .7, P)
is called a martingale w.r.t. the filteration {.%#,; };c » if

(1) M, is .#;-measurable for all t € .7,

() E[|M;]] < o forall t € T, i.e., My € LY(Q),

(iii) E[M;|M,] = M, forall t > s.

It is called submartingale / supermartingale if in (iii) we have < / > instead of =.

Definition 2.31 (Stopping Time). A random variable 7 : 2 — .7 on the probability
space (2, .7, P), is called a stopping time with respect to a filtration {.%; }c » iff

{w:7T(w) <t} e.F forall te.T.

Definition 2.32 (Local Martingale). Let (£2,.%,P) be a probability space with a fil-
teration {.%; },c 7. The .%;-adapted stochastic process X is called a local martingale
iff there exists a sequence {7y }x>1 of the .%;-stopping times that (i) the {7, };>1 is
a.s. increasing, i.e., Tx > Tgi1 @.S.,

(ii) the {7} }x>1 diverges a.s., thatis lim 7, = +00 a.s.
- k——+o0

(iii) the stopped process X" := X\, is an .%;-martingale for every k > 1.

Definition 2.33 (Cadlag'). A function f : D C R — M (metric space) is called
cadlag iff in every points of the domain it is right continuous, and it has a finite
left-limit. It is called caglad? iff in every points of the domain it is left continuous,
and it has a finite right-limit.

Definition 2.34 (Semimartingale). A real valued process X defined on the proba-
bility space (€2, #,P) is called a semimartingale iff it has the decomposition

Xy = M, + Y,

where M is a local martingale and the process Y is cadlag, .%;-adapted, with
bounded total variation.

2.3 Continuity

Definition 2.35 (a.s. Versions). On a probability space (2, .%#,P), the stochastic
process { X, };c 7 is called a version (or a modification) of the process {Y; };c o iff

continue 2 droite, limite & gauche
Zcontinue a gauche, limite a droite
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X, 2 Y, forallt € 7, thatis
P{w : Xi(w) =Y, (w)}) =1, forall te 7.

Definition 2.36 (Indistinguishable). On a probability space (2, .#, P), the stochas-
tic process { X}~ is called indistinguishable of the process {Y, };c 7 iff

P{w : X}(w) =Y;(w) forall te T}) =1.

Indistinguishability is stronger than a.s. equality (a.s. version).

Definition 2.37 (Holder Continuity). Let o > 0, a stochastic process X; is called
a-Holder continuous iff there exist some C' : Q@ — R that C(w) > 0;w € €, and
forall s,t € .

| X — Xo| < Clt—s|*  as.

For a = 1 the process is called Lipschits continuous.

Theorem 2.38 (A. Kolmogorov (1931) Continuity). Suppose that the stochastic
process X = {X,}i>o satisfies the following condition: For all T > 0 there exist
positive constants «, 3, K that

E[|X, — X,|*] < K|t —s|'""; 0<s,t<T.

Then there exists a continuous version of X.

Proof. For proof, see Stroock and Varadhan (1997), Chapter 2. U

2.4 Convergence of Random Variables

In this section we consider { X, },>1, a discrete sequence of random variables on a
probability space (€2,.%, P), and we define its limits with different analytical senses.

Definition 2.39 (Covergence in Distribution). If { X, },>1 and X respectively has
the probability distributions { ¥}, },>; and F, then we say { X, },,>1 is convergent in
distribution to X if

lim F,,(B) = F(B); forall Be %(R") suchthat F(0B) =0,

n—00

and we show this by “X, N &

Definition 2.40 (Covergence in Probability). We say {X,},>1 is convergent in
probability to X if

lim P(|X,, — X|>¢)=0; forall ¢>0,

n—oo
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and we show this by “X, RNy '

Definition 2.41 (Covergence in L?). For p > 1, we say {X,, },>1 is convergent in
LPto X if
lim E[|X,, — X|?] =0,

n—oo

and we show this by “X, X,

Definition 2.42 (Covergence Almost Surely (a.s.)). We say {X,, },>1 is convergent
almost surely to X if

P (w €Q: lim X, (w) = X(w)) —1,

n—oo

and we show this by “X,, =% X

Theorem 2.43. In a complete probability space

a)lf X, » X and X,, = Y bothinP, L? or a.s., then X =y,

b)If X, - X and Y, — Y in P, L? or a.s., then for a,b € R (or C) we have
aX, + bY, — aX + bY respectively in P, L? or a.s.,

c)If X,, - X andY, — Y both in P ora.s., then X,, - Y, — X - Y respectively in
Pora.s.,

d) None of the above statements are valid for convergence in distribution in general,

e)Forp>q>1; NG SN i>,

f) In general; *% = SN i>,

g)If X, Fox , then there exist a subsequence ny, such that X, 2% X,
B X, 25 X, | X, <Y, EY|<oo = X,25X forallp>1,
i) For constant C € R"; X, o = X, ..

Proof. See Chung (2001), Chapter 4. ]

Theorem 2.44 (Strong Law of Large Numbers). Let { X, },,>1 be a sequence of i.i.d
(independent identically distributed) random variables, we have

(i) IFE(|X1]) < oo, then X, :=L13"7 X, — E(X)) a.s,

T on

(ii) IfE(|X1]) = oo, then  lim X, = limsup 2 >}, X} = +00  a.s.
n—oo

n—o0

Proof. See A. N. Kolmogorov (1950), Chapter VI, Chung (2001), Theorem 5.4.2,
or Resnick (1998) Theorem 7.5.1. O]
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2.5 Gaussian Processes

Gaussian processes — also known as normal processes — have wide applications to
natural sciences due to the central limit theorem. Here we explain some general
facts of them.

Definition 2.45 (Multivariate Gaussian Variable). A multivariate random variable
X : Q — R"is called Gaussian and denoted X ~ .4 (m,X), if its probability
distribution Fy : R" — [0, 1] is

Fx(r) = ———— exp (—%(X —myE(X m>),

Vv (2m)"E]

where m € R” is its mean and its covariance 3 is a positive-definite n X n matrix
and | - | is the matrix determinant, and ' denotes the transpose. For n = 1 the real
valued case is called normal variable, and if m = 0,3 = 1 then it is the so-called
standard normal, usually denoted by .47(0, 1).

Definition 2.46 (Gaussian Process). A stochasic process X = {X;};c7 is called
Gaussian iff for every finite set of indices t1, .. ., t; in .7, the multivariate random

variable
ty — (Xt17 s 7th)7

,,,,,

1s Gaussian.

Theorem 2.47 (Central Limit Theorem). Let {X,,},>1 be a sequence of i.i.d ran-
dom variables with E[X}] = pand Var[X;] = 0 < oo, thenfor X,, =Y ;_, Xi/n,

Xn_,u d
S 2~ A 00),

Proof. See Chung (2001), Chapter 7, and Resnick (1998), Chapter 9. ]

2.5.1 Brownian Motion (Bm)

The first observation of this process takes back to 1827, when the Scottish botanist
Robert Brown looked through a microscope at the plant’s pollen immersed in water.
The French mathematician Bachelier (1900) applied this process to model the finan-
cial data in his doctoral thesis under the supervision of Henri Poincafe. Five years
later, Einstein (1905) modeled the motion of particles forced by water molecules
with this process. Based on Einstein’s model, the French physicist Perrin (1909)
explained the convincing evidence for the existence of atoms and molecules. Per-
rin’s work was awarded the Nobel Prize in Physics in 1926. After that, right on
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1926 the American mathematician Wiener (1976) got interested, went to Europe,
and developed some mathematical analysis of this process.

Definition 2.48. The Brownian motion (Bm) or Wiener process W;;t € [0, 00)
beginning from 0 € R" is defined as

@) Wy=0 as.,

(i) W4 is a.s. continuous,

(iii) W; has independent increments,

(iv) W, has stationary Gaussian increments W, — W ~ A47(0,t — s).

The Bm starting from arbitrary x € R" can be defined as W = x 4+ W,;. We often
denote this process also with B.

Theorem 2.49. a) The Bm, W' exists and it is unique by its multidimentional dis-
tributions

PWS € Ay,..., Wi € Ay) =

p(ti, , x1) - p(ta —t1, x1,22) - - p(ty — to—1, Th—1, Tx) day - - - day,
Al XX Ap

where for u,v € R™ we have p(0, z,u) = 0,(u) and

a2
p(t,u,v) = (2mt) ™ - exp (—’u 2;}' ); t>0,
b) Wt ~ c/V(O, t) y E[Wt] = O, Var[Wt] = t,
c) Cov(W,, W) =E[W, - W =tAs (=min{t,s}),
d) W is a Gaussian process, and Z = (Wy,, ..., W;,) € R™ has the charactristic
function

¢7(&) = Elexp(iZ - )] = exp (im € — %5’%) ; (EeR,

« »

where is the inner product on R",

e) Brownian Rescaling: For c > 0 the process Wt = % 24 15 also a Bm,
f) Self-Similarity: Bm is self-similar of the order H = 1/2,

g) Quadratic Variation: (W), =t,

h) p-Variation: For 0 < p < 2; VP(X) = oo, and for p > 2; VP(X) =0,
i) Differentiability: Bm is nowhere differentiable,

J) Bm is a Markov process,

k) Bm is a continuous Martingale,

[) Bm is a semimartingale.

Proof. See @ksendal (2013), Chapter 2, Karatzas and Shreve (2014), Chapter 2.
O]
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2.5.2 Fractional Brownian Motion (fBm)

Definition 2.50 (Fractional Brownian Motion). For H € (0, 1), the canonical Gaus-
sian process { B{!};>( with covariance function

1
ru(t,s) = E[B?Bf] = 5 {t2H + g2 _ |t — S|2H} i t,5 >0,
is called fractional Brownian motion (fBm) with Hurst index H. For H = 1/2, the
fBm is the standard Brownian motion (Bm).

Theorem 2.51. a) The fBm exists and it is unique in its multidimentional distribu-
tion sense,

b) B =0, and E[B!] = 0 for all t > 0,

c) fBm is not stationary, B

d) fBm Rescaling: For ¢ > 0 the process B = C%Bg is also an fBm with Hurst
index H,

e) Self-Similarity: fBm is self-similar of the order H,

f) Stationary Increments: for h,t,s > 0 we have B, — Bl o BE, —BI L BH,
g) Variance: Var|Bf| = E[(BF)?] = t*7; t > 0,

h) Gaussian Increments: B — B2 ~ (0, |t — s|*"); t,s >0,

i) Holder Continuity: For all € > 0, the fBm B is (H — €)-Holder continuous,

J) Continuity: The fBm has a continuous version,

k) Long Memory: For H > 1/2 the fBm has long-range dependent,

1) Short Memory: For H < 1/2 the fBm has short-range dependent,

m) Quadratic Variation: For H < 1/2, H = 1/2, and H > 1/2 respectively (BH),
is 00, t, and 0,

n) p-Variation: For p < 1/H,p = 1/H, and p > 1/H respectively VP (BY) is
00, t,u%, and 0, where L is the (1/ H )-th absolute moment of the standard normal
random variable,

o) Differentiability: fBm is nowhere differentiable,

p) For H # 1/2 the fBm is neither a Markov process nor a semimartingale.

Proof. See Biagini et al. (2008), Part I, Chapter 1, and Y. Mishura (2008), Section
1.2. O
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Here we denote some special functions that are applied in our studies.

Definition 2.52 (Special Functions). The following definitions are due to the holo-
morphic generalized special functions for z € C:

Euler Gamma Function: ['(z) = / e dr; 2z #—1,-2,...
0

] @ Re(a) >0

. - z—1 T . )
Lower Gamma Function: ~,(z) = /0 ¥ e " da; A1 -2, ..
Upper Gamma Function: T',(z) = / ¥ e " du f?ﬁ@f _0’2

zow# —1,-2,...

1
. . o z—1 _ w—1 .
Euler Beta Function: B(z,w)—/o (1 —a)" " day Chwt 12,

= n b n "
Gauss Hypergeometric Function: F(a,b;c;z) = Z (az )( ) Z—,;
c)p nl
n=0
z# 1,00 1 n=>0
h 7 — )
where > i o, and (@)n { glg+ 1) (g+n—1) n>0.

The following theorem and some later ones in this chapter include some stochas-
tic integrals, i.e., integrals w.r.t. the stochastic processes. For the definition and
calculus of such integrals, the reader can see the next chapter.

Theorem 2.53 (fBm Representations). For H, K € (0,1) the fBm’s, B!, BX and
the Bm, W, the following representations are valid in distribution

Mandelbrot and Van Ness (1968):

1 -1 H—1
B — — — t— 2 — (= 25 dW, = ,0
"=y L - et (= maxc{u, 0})
1 0 H 1 H 1 t H 1
e — t— 2 — (=s)" 72 AW, t— “2dWy ),
P(H +3) (/_oo{( 7= ) } +/0( 9 >
Molchan and Golosov (1969):
1 ! ! 1 1 1 t
B = — — t—sY 2, (=—HH—-=H+-:1—-) dW,
t F(H_i_%)/(;( S) 29 1(2 ) 27 +27 S) W7
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that is

t t
eH>1/2: B = aH/ sé_H/ lu — s/ 205 dudw,
0 s

" B H(2H — 1)
WRere M =N 30 T oH H — 1/2)

o H <1/2:

¢ t H_% 1 ]. 1 ¢ 1 3
BF = bH/ (;) (t—s)72 — (H - §> 52H/ (u— s)" 2ufT"2 du| AWV,
0 s

b °H
wnere P = A1 " 2H)B(1 — 2H, H +1/2)

Samoradnitsky and Taqqu (1994):

is 1 HT'(2H) sin(mH
Bf = CH/ ° |s|Y2H AW,  where cy = \/ (2H) sin(x ),
r s

A

Pipiras and Tagqqu (2002):

B =y | {(t— )15 — (—s)-K) dBK

R
, t
) o 1 ['(2H + 1) sin(7H)
where Cg g = [(H-—K+1) I'(2K + 1)sin(rK)’

Jost (2006):

¢ t
Bf:OHyK/(t—s)H_KzFl (1—K—H,H—K;1+H—K;1——> dBX,
0 S

where Cy i =

1 2HT(H + 1H)I (2 — H)T(2 - 2K)
T(H-K+1) \|2KT(K + Hr (2 — K)[(2 - 2H)



Acta Wasaensia 17

2.5.3 Mixed Fractional Brownian Motion (mfBm)

Definition 2.54. The mixed fractional Brownian motion (mfBm) is the mixture
M = aB, + bB; >0,

where a,b € R and B is a Bm independent of the fBm, BX.

Theorem 2.55. a) M*? is a centered Gaussian process, and Mg b~ a.s.,

b) E[M{"] = 0, and Var[M""] = EL(Mt“’b)?] = a2t + V> forall t > 0,

¢) Cov(M* M&) = a?(t As) + & {2H 4+ 820 — |t — 527} ;15> 0,

d) mfBm is not stationary,

e) mfBm Rescaling: For ¢ > 0 the process M®°t < M} vere™ i< also a mfBm,

f) mfBm is not self-similar for H # 1/2,

g) Stationary Increments: for h,t,s > 0 : Mffh — MM 4 Mffh — Mab 4 M,
h) Gaussian Increments: M{"* — M®® ~ (0, a®[t — s| + B3|t — s|27); t,5 > 0,
i) Holder Continuity: For all € > 0, the M®*b s (% N H — €)-Holder continuous,
J) Continuity: The mfBm has a continuous version,

k) Long Memory: For b # 0 and H > 1/2 the fBm has long-range dependent,

1) Short Memory: Forb # 0 and H < 1/2 the fBm has short-range dependent,

m) Quadratic Variation and p-Variation:

00 p(HAL) <1,

00 H<3: a’t H>1%p=2

<Ma’b>t: (a2+b2)t H:% V;p(Ma’b)t: (a2+b2)t H:%,p:2
a’t H>% b%,u%t H<%,p:%

0 p(HA3)>1

n) Differentiability: mfBm is nowhere differentiable,
o) For H # 1/2 and b # 0 the fBm is not a Markov process,
p) For H € (3/4,1] the mfBm is equivalent to a Bm in distribution.

Proof. See Almani and Sottinen (2023); Cheridito (2001); Marinucci and Robinson
(1999); van Zanten (2007); Zili (2006b). O

2.5.4 Multi-Mixed Fractional Brownian Motion (mmfBm)

The following definition is due to the work Almani and Sottinen (2023).

Definition 2.56. (mmfBm) We call an infinite-mixture process

My =Y opBf*, t>0 (if the limit exists in L*(Q x 7))
k=1

3This requires >, 07 < 00
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as the multi-mixed fractional Brownian motion (mmfBm) with parameters o, Hy,
k € N iff Bf*’s are independent fBm’s with Hurst indices Hy € (0, 1).

2.6 Jump Process

Understanding the jump processes is not only important for modelling the discon-
tinuity points but also to understand the behaviour of the Lévy process paths. Here
we consider some important particular cases.

Definition 2.57 (Oscillation). The oscillation of a stochastic process X = { X, }sc 7,
on a time subset U C .7 is a random variable

wx (U, w) = sup X;(w) — tig[f]Xt(W)a

teU

and the oscilation of X on a time-point ¢ € .7 is

wx (t,w) = limwx (U(t);w), where Uc(t)={s€ T :|s—t|] <e},

e—0

Trivially, X;(w) is continuous at time ¢ iff wx (¢,w) = 0.

Definition 2.58 (Jump). A function f : R — R" has a jump discontinuous point at

t € Riff

(i) The right and left limits of f both exist and are finite in ¢, i.e., there exist some

L=, L # +oo that lgg f(s)=L" and IE?— f(s)=1L",

(ii) The right and left limits of f are not equal on ¢, i.e., L~ # L.

For a stochastic process X = {X;};>¢, any path X;(w) has a jump in time point ¢

iff it has a jump discontinuity on ¢ as mentioned above, i.e., X;, (w) = liril X(w)
S—t—

and X;_(w) = 1im+ Xs(w) both exist and are finite, but they are not equal.
s—t

Definition 2.59 (Jump Process). A (pure) jump process Y = {Y;}>¢ is a stochastic
process that its paths moves only by jumps on random time points, i.e., for each
w € € there exist a random time set .7 (w) C [0, c0) that is the set of all jump times
of Y;(w), and for all ¢t > 0

Yilw)= ) wy(s,w)
S€ET4(w)

where Z;(w) = T (w) N[0, t] ={s € T :s <t}

Definition 2.60 (Poisson Process). The stochastic process { V; }+>¢ is called a pois-
son process with index A > 0, denoted by N ~ Poisson()\), iff
i) Ng=0 as.,
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(i1) NV, has independent increments,
(i11) for 0 < s < t < oo, its increments admits the discrete probability function

)\n t o n
fn(n,t —s;0) =P(N, — Ny =n) = (—|S')eA<”>; n=0,1,...
n!
Definition 2.61 (Compound Poisson Process). A compound Poisson process, with
index A > 0 and jump size distribution F', is a process {.J; };>¢ given by

Ny
Jt = Z Xk7
k=1

where N = (N;):> is a Poisson process with intensity A and X} ~ F';k € N are
i.i.d. with common distribution F' (called the child distribution of J), and they are
independent of the Poisson process /N. The sum is zero for /V; = 0.

Definition 2.62 (Compensated Generalized Poisson process). A compensated gen-
eralized Poisson process is a stochastic process N = {Nt}tzo that

1) Nisa martingale,

ii) The set of all jump discontinuity of N on every time-interval [ is almost surely
countable, i.e.,

# <{t el: Nt+ 7£ Nt—}) < NO a.s.
where # is cardinal and Ry = #(N),
ii1) Every jump discontinuity of /V; never exceed 1 almost surely, i.e., for all ¢ > 0,

'lUN(t,CU) = |Nt+ — Nt—‘ S 1 a.s.

Theorem 2.63. a) The density, probability distribution, and charactristic functions
of N are respectively

A " \kik
e_/\tv FN(n7 tv )‘) = e_)\t Z k" )

k=0

fn(n,t3) = O (& ) = At(e’* — 1),

n!

b) E[N;] = Var[IVy] = A,

O)Ni =N, Z Ny 0<s<t,

d) The waiting time between two consecutive Poisson events, i.e., the random vari-
able T = min{h : Ny, > N;}, has the exponential distribution of the parameter
\, indeed its density function is fr(7) = +e=7; 7 >0,

)
e) The probability distribution, density, and charactristic functions of the random
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variable J, are respectively

= (At)"
Fyfy,t) =B < 9) = 32 OO b < gl = ),
n=0 )

Fa(pnt) = o Ny 0" PP yIN: = m)

n=0

n! oy ’
046 1) = exp (A (6x(6) — 1)),

HEL] = ME[X], Var[lJ] = ME[X?].

Proof. See Applebaum (2009); Daley and Vere-Jones (2007); Kingman (1992);
S. M. Ross (2014). ]

2.7 Lévy Process

The Lévy processes are a mixture of the Brownian motion and some jump pro-
cesses. In this section we consider the fundamentals of this process.

Definition 2.64 (Lévy Process). A (standard) Lévy process is a stochastic process
{X¢}+>0 with the following properties

1) Xyo=0 as.,

(i1) independent increments,

(ii1) stationary increments,

(iv) coninuity in probability, i.e., for all e > 0 and ¢ > 0 it holds

hm ]P)( |Xt+h — Xt| > 5) =0.
h—0

Definition 2.65 (Infinite Divisibility). A probability distribution ' is called infinite
divisible iff for every given positive integers n = 1, 2, ... there exist i.i.d random
variables X', X', ... X that the sum of them S,, = X" + X} + - -- + X has the
probability distribution F'.

Theorem 2.66. 1) Every Lévy processes are semimartingales,

II) Every Lévy processes have infinite devisible distributions, and moreover; a dis-
tribution F' is infinite divisible iff there exist a Lévy process with the probability
distribution F,

III) For a Lévy process X with finite moments, the nth moment ji,,(t) = E[X]'] is a
polynomial on t, satisfying the binomial property

il +9) = 3 () lthaatsrs 520

k=0



Acta Wasaensia 21

Proof. See Applebaum (2009); Kyprianou (2014); Sato (1999). O

The two following theorems both play the key roles to charactrize the Lévy pro-
cesses.

Theorem 2.67 (Lévy (1934)—Khinchine (1937) Representation). The charactristic
function of every Lévy processes X is

¢x(§,t) = exp (75 (Oéif - 30252 +/R (" — 1 —i&aly<y) f(d«%’))) ;

\{0}

where o € R, 0 > 0, and { is a o-finite measure that
/ min(1, 2?) ¢(dz) < oco.
R\{0}

In such condition, { is called a Lévy measure of X.
Theorem 2.68 (Lévy (1965)-Itd (1941) Decomposition). Let ¢ be a Lévy measure,

14
and v = 7 ‘R\(_l’l)

(R (=1,1))

=" ‘ (CLI\0) be the renormalized restrictions of { as

probability measures. Then
/ (eiém -1 iﬁwl{‘m|<1}) f(dx)
R\{0}

=(R\ (-1,1)) /(ei&E — 1) v(de) + / (" — 1 —ifx) p(dx).
R R

Remark 2.69. In right side of above equality; the former is indeed the characteristic
function of a compound Poisson process with intensity A = ¢(R \ (—1,1)) and
child distribution v. The latter is also the charactristic function of a compensated
generalized Poisson process (CGP). Further, in case [, |#| u(dz) < oo then the
(CGP) is a pure jump process (see Kyprianou (2014); Lawler (2010)). The result of
Lévy—Khintchine representation and Lévy-Itd Decomposition is that; every Lévy
processes /; has the following decomposition in distribution:

ftiat—l—Wt%—Jt%—Nt,

where @ € R and W;, J;, N; are respectively a Brownian motion, a generalized
compound Poisson process, and a compensated generalized Poisson process.
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3 STOCHASTIC CALCULUS

The work of Itd6 (1944) and later on It6 (1951a, 1951b) revealed that the calculus
for stochastic processes (stochastic calculus) is different to deterministic calculus.
In this chapter, we first consider the stochastic calculus w.r.t. semimartingales from
Chung and Williams (1990); Revuz and Yor (2013); Rogers and Williams (2000),
and in particular the Brownian motion and Lévy processes mainly from Karatzas
and Shreve (2014); @ksendal (2013), then we consider some basics of the stochastic
calculus w.r.t. the fBm and related processes from Biagini et al. (2008); Y. Mishura
(2008).

3.1 Ito Calculus

The main difficulty to identify the framework of the stochastic calculus was indeed
first; to develop a ““stochastic integral” matching by the deterministic case, the clas-
sic Riemann (1868)-Stieltjes (1894) integral, and its generalization, the Lebesgue
(1928) integral, and second; to understand the meaning of the “stochastic differ-
ential equation”, and study the existance and uniquness of its solution, which it is
widely demanded for stochastic modeling. In this section, we review them both
w.r.t. (continuous) semimartingales.

3.1.1 Stochastic Integral

Definition 3.1 (Stochastic Integrals). Let {Xt}te[mb] be a stochastic process on a
probability space (2,.%,P), and f : Q X [a,b] — R. The It6 integral of f w.r.t. X
on time-interval [a, b] is

b n

/ ft dXt = hm thk—l(th — th—l)’
a |70 |—0 =

iff this limit exists in probability for every partitions 7, : a =t < t; < --- < ¢, =

b on [a, b], where |m,| = , max |tk — tx—1|. The Stratonovich integral of f w.r.t.
k—1,lk n

X on time-interval [a, b] is

b n
/a frodX; := lim Z <M) (X, — X, 1)

Tn|—0
7| =0 4=
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iff this limit exists in probability for every partitions 7, : a =ty < t; < --- < t, =

b on [a, b], where |7, | = , max [t — tp_1]-
k—15lk n

Remark 3.2. The It6 integral has had considerably wider applications in stochas-
tic theory and modeling. So, here we provide the analysis related to this type of
stochastic integral.

Definition 3.3. Let (2, .7, {.%,}ica.), P) be a filtered probability space and M,
be a square-integrable continuous semimartingale on it w.r.t. {ﬂt}te[a,b]. Define
£2(a,b) as the space of all functions f : [a,b] x Q — R that

() fis (£ x F)-measurable,

(ii) fi(w) is F-adapted for every w € Q and ¢ € [a, b],

(i) [ E[f2] d(M); < oco.

Theorem 3.4 (1t6 (1944) Isometry). In the conditions of Definition 3.3, for a semi-
martingale M and every f € £3,/(a,b) the It6 integral of f w.rt. M exists and

converges in L*(§) X [a, b]) and
b 2 b
(/ ft th> — / ]E[ t2] d<M>t
Moreover, for every f,g € £3,(a,b)

[(f ) ([ o) - oo

Proposition 3.5. By the same assumptions of Theorem 3.4

a) For all ty € [a,b]; tio fidM, =0, a.s.,

b) Forallc € [a,b]; [ fidM, = [ fidM, + [0 f,dM; a.s.,

c¢) The Ito integral process Y; := fat fsdMy; t € [a,b] is a L*(Q)-martingale that
has a cddldg version,

d) If M has continuous paths, then there is a version of Y with continuous paths.

b
]E{/ ftht]—O, and E

Corollary 3.6. As Brownian motion and Lévy processes are semimartingales, by
Theorem 3.4 Ité integrals exists w.r.t. them, and also for the Bm case as (B); = t,

forall f,g € £%(a,b)
b b 2 b
EV ftdBt] =0, E (/ ftdBt> :/ E[f]dt, and

([ o) ([ o) - [
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Definition 3.7 (It6 Process). Providing the existence and well-definition of the Itd
integral of 3;(w) w.r.t. M, on a time interval ¢ € [to, T'|, the process

t t
Y, =¢ +/ as(w)ds + | Bs(w)dMs, a.s.
to

to

is called an Itd process, where £ is a random variable independent of M, : ¢ &€
[to, T]. When At =t — t; — 0 the above integral formula becomes the following
differential formula

@, = aw)dt + fy(w) dM,, Vi, =¢ a.s.

Theorem 3.8 (Itd6 (1951a) Formula). Let M be a continuous semimartingale and

. . . . . 2 .
f : R? = R be continuous and its partial derivative %, %, aataj; exist and are

continuous on all (t, x) then for all t € R we have almost surely (a.s.)

.30 = 1000 00) = [ Ghis. 30 s
Lof tof
+ | Gl M, + a5 M) (M),

where the second integral in right side is an It6 integral.

Remark 3.9. The Itd formula plays the key rule in stochastic differential equasions
(SDE) theory. Indeed, for At =t — ¢ty — 0 the above integral formula becomes

_of af
~ ot L

L &S

— (&, My) dt + —=(t, My) dM; + (t M) d(M ).,
which is known as the differential form of It6 formula and makes it possible to

tranform many SDE’s and derive the solution of them.

Corollary 3.10. As Brownian motion and Lévy processes are semimartingales, the
It6 formula is valid on them, and for the Bm case

0 1 H? to
F(t.BY) — f(to, Buy) :/ {af(s B+ 28352(3735)}@ +/t a—i(s,Bs)st,
0 1 02 0
af(t B) = { im0 B»} at+2L¢.5)aB,

Theorem 3.11 (Girsanov (1960) Transform). Suppose P, Q are probability mea-
sures on a measurable filtered space (0, {Fiicor), F ), with F = Fp and
Q < P. Also, denote the Radon-Nykodim measures derivative z = dQ/dP, and
suppose the derivative martingale z; := ¥ [2|.%;] has a continuous version Z;. Sup-
pose M = {M;}icpy,1) is a continuous local martingale w.r.t. {F,}ie, ) and P.
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Let .
Y, = / Z7 ' d(Z, M),

to
wherever the right side is well defined and finite for all t € [to,T)] (i.e., it is well-
defined P-(a.s.)). In these conditions; If Y is identically zero on the remaining
P-null set, then Y is locally of bounded variation (under either P or Q), and the
process M := M —Y is a continuous local martingale under Q, with the same
Q-quadratic variation (process) as the P-quadratic variation of M, i.e.,

(MY = (M)*  a.s.

Remark 3.12. The Girsanov transform changes probability measure from P to Q
on a measurable space while changing a continuous local martingale A/ under P’ to
a continuous semimartingale M under Q.

The Girsanov transform for the case /M = B (Brownian morion) has the following
results:

Corollary 3.13. Let Y be an It6 process w.r.t. the Brownian motion B on the filtered
probability space (2, {F: }icpo ), F, P), Le.

dY; = ap(w) dt + By(w) dBe, ¢ <T.
If for and it6 integrable process u;(w) w.rt. B and P
a(w) = 0i(w) — Bi(w) - w(w), t<T

and the exponential process

t 1 t
]\/[t—exp</ usst——/uids>, t<T
to 2 to

is a P-martingale w.r.t. the filter { %, }ic1, 1), and
dQ = MydP, on Zr,

then Q is a probability measure on %, and

t
Bt:/ usds+ B, t<T

to

is a Brownian motion w.r.t. Q, and also
dY; = 6y(w) dt + By(w) dB,, t<T.

Remark 3.14 (Novikov (1972) Condition). By the same notation of the Corollary
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3.13, the process M is a martingale if

1 /7
E [exp (5/ u} dt)] < 00.
to

3.1.2 Stochastic Differential Equation (SDE)

For a stochastic process M = {M;};>, and a random variable £ on a probability
space (Q2,.7,P), and functions b,o : [ty,T] X R — R, a solution X to the fol-
lowing integral equation is widely used in finance, physics, biology and many other
scientific branches

t t

X, =¢+ / b(s, Xs)ds + / o(s, Xs)dM; a.s.
to to

Providing the existance of the stochastic integral in the second part of the right side,

this equation can be written in differential form

dXt = b(t, Xt) dt -+ O'(t, Xt) th, Xto = f a.S. (31)

This is called a stochastic differential equation (SDE), and the following theorem
indeed identifies the existance and uniquness of the solution of it, when the process
M 1is a semimartingale and the stochastic integration is taken as an It0 integral.

Theorem 3.15 (Existence & Uniqueness). Let M be a continuous semimartingale,
and b(-,x),0(-,x) are local Lipschits on z, i.e., on a compact set K C R, for all
T > 0 there exist some Cr i > 0 that

b(t,2) = b(t,y)| + o (t.2) — o (t,y)| < Crucle —yli a,y € K, ¢ € [t, T),

Then the equation (3.1) has an almost surely (a.s.) unique t-continuous solution X
adapted to the generated filter by the initial variable & and the semimartingale M.
Moreover, this solution is square integrable, i.e.

T
/ E |X,[2d(M); < oo.

to

Proof. See He, Wang, and Yan (2019), Chapter IX, Section 7. O]
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3.2 Fractional Calculus

In this section, we first investigate the stochastic integral w.r.t. the fBm. Then we
develop the stochastic differential equations w.r.t. the fBm.

3.2.1 Fractional Stochastic Integral

We extend the pathwise stochastic integral (called also “w by w”) w.r.t. the fBm,
BH i.e., to generalize the Lebesgue—Stieltjes (L-S) integral

b n
/a fidB] = 7}3%; fo (@) [ngj (w) — Biﬁl(w)] , (3.2)
for each w € (), if the right limit exists uniquely for every partitions 7, : a = tg <
ty < --- <t, =bon[a,b], where |m,| = . max |t — tx_1|. As the fBm is not a
k—1,tkETn

semimartingale for H # 1/2, the approach of Itd integral and the Itd isometry are
not feasible w.r.t. the fBm (see Nualart (2003)). However, to overcome this matter,
it is sufficient to apply the L-S integrals for Holder continuous functions, called
Young (1936) integral (see also Dudley and Norvaisa (1998); Kondurar (1937)).

Definition 3.16. For 0 < v < 1, we denote the space of all y-Hdolder functions
f i [a,b] = Rby C([a, b]) equipped with the norm

_ 1f#) = f(s)l
Hwa—timlf(t)\+a;g§§b t—s) < oo.

Theorem 3.17. Let f € C?([a,b]), g € C([a,b]) and B+ v > 1, then the L-S
integral f; fs dgs exists for all t € [a,b].
Proof. See Ruzmaikina (2000). ]

Corollary 3.18. For all f € CP([a,b]) that 3 + H > 1 the pathwise integral
fcf fs dBH exists almust surely (a.s.) for all t € [a, b).

Proof. 1t is sufficient to consider there exists a real number y that 1 — § < v < H.
Now, since B € 7 ([a, b]) almost surely (a.s.), one can apply Theorem 3.17. [J

To identify the (probabilistic) properties of the stochastic integral (3.2), we need the
connections of it with some generalizations from functional analysis called “sym-
metric” and “forward’” integrals.
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Definition 3.19. Let { ft}te[a,b} be a process with integrable trajectories. The sym-
metric integral of f w.r.t. BH on [a, b] is

b b
1
\/a' ft (@] dBtI—] = 11_{% %/a' ft (Bg:]}-e - BtIiE) dt’

and similarly the forward integral of f w.r.t. B¥ on [a, b] is

b 1 b
/ frd Bl .= lin%—/ fi (BE, — B dt, (3.3)
a e~U € a

provided that the limits exist in probability. The reason of the above notation is
that indeed for the case Bm where H = 1/2 the symmetric and forward integrals
respectively are the Stratonovich and It6 integral.

This definition of forward integral (3.3) coinsides with the Lebesgue—Stieltjes limit
(3.2) for H > 1/2 if both exists in probability. However, for the case H < 1/2 they
don’t match in some cases (see Nualart (2003)). So, the following generalization
for H € (0, 1) by Crauel, Gundlach, and Zihle (1999) are applicable for such cases.

Definition 3.20. Let { ft}te[a,b} be a process with integrable trajectories, the ex-
tended forward integral of f w.r.t. B¥ on [a, b] is

t _
/fsd BI —hm—/ /fs S+" B, dsdu (3.4)

provided that the limits exist uniformly on compact sets in probability (ucp) as a
function of ¢ € [a, b].

The following theorem from Biagini and @ksendal (2008) shows that the general-
ization (3.4) indeed matches to (3.2) and (3.3) if all exist in ucp.

Theorem 3.21. Let f, = f(t,w) be a caglad measurable process. If f is forward
integrable w.r.t. B, then it is pathwise Lebesgue—Stieltjes integrable w.r.t. B,

and , ,
/ftdBf:/ fid~ B[

3.2.2 Fractional Stochastic Differential Equation

For the lack of Itd calculus w.r.t. fBm, the existance and uniqueness of the SDE
w.r.t. fBm
dX, = b(t, X,)dt +o(t,X,)dBF, X, =¢, (3.5)
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must be reconsidered. Here we mention two important results, the first one is a
straight result of fractional calculus, the second one is a stochastic generalization of
the classic Picard (1893) successive approximation approach.

Theorem 3.22 (Ruzmaikina (2000)). Let 1/2 < H < 1 and b,0,%, 92 exist and

are globally Lipschitz on both t and x in [to, T| x R. Then forall 1 — H < 8 < H,
and the initial (random) variable &, the SDE
dX, = b(t, X;)dt +o(t,X;)d" B, X, =¢

has an almust sure (a.s.) unique solution in C®([ty, T)).

Theorem 3.23 (Nualart and Ouknine (2002)). Let o(t, ) = o be constant. In each
of the following conditions:
(i) H < 1/2, and b(t, x) be a bounded Borel function with linear growth on x, i.e.
forsome cp >0: |b(t,x)] <ecr(l+]z]); zeR,te]tT],
(ii) H > 1/2, and for some o > H —1/2, f > 1 — 1/2H the b(t, z) is a-Holder
continuous on t and 3-Holder continuous on x,
then for all initial (random) variable &, the SDE

dX; = b(t, X,)dt + o(t, X,)d" B, Xy =¢

has an almust sure (a.s.) continuous unique solution.

3.3 Geometric Brownian Motion (gBm)

The gBm is the solution of the SDE
dS; = pu Sidt + 0 5;dB;, Sy =¢,

ont € [0,T], where p, o are constants and B is a Bm. Indeed, applying the Itd
formula for f(¢,.S;) = In(S;/&), this SDE admits the solution

52
Sy = & exp ((,u—;)t + aBt>.

3.4 Ornstein-Uhlenbeck Process (OU)

The OU process is the solution of the SDE

dUtIG(N—Ut)dt+UdBt, U():é-,



30 Acta Wasaensia

ont € [0,T], where p, o, 0 are constants and B is a Bm. Indeed, applying the Itd
formula for f(t, U;) = U, , this SDE admits the solution

t
U=¢e " pu(1—e+ 0/ e t=94pB,.
0

3.4.1 Fractional Ornstein—Uhlenbeck Process (fOU)

Cheridito et al. (2003) showed the OU equation w.r.t. fBm
AU, = 0 (p — U dt +odBf, U, =¢,

ont € [0,T], where y, o, 0 are constants and B is a fBm, admits the solution
t
UR =¢e™ 4 (1 —e ) + 0/ e 0= qBH
0

called fractional Ornstein—Uhlenbeck Process (fOU).

3.5 Jump Diffusion Process (JDP)

Consider the SDE s
S—t = pudt +odB, +dJ;, (3.6)

\
where B is the standard Brownian motion and ./ is an independent compound Pois-

son jump process with intensity A and jump distribution F'. In other words

where N = (IV;);cpo,17 is a Poisson process with intensity A and the jumps &, k € N,
are i.i.d. with common distribution /', and they are independent of the Poisson
process /N and the Brownian motion B. As “oB + J” is a semimartingale (indeed
it is a Lévy process), one can apply the Itd formula with f(¢,S;) = In(S;/Sy), and
find the path-wise solution of the SDE (3.6) is

Nt
Sy = Soe= T BT (14 &), (3.7)
k=1

called the jump diffusion process (JDP), see e.g. Lamberton and Lapeyre (2011).
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3.6 Gaussian Volterra Process (GV)

Let G = (Gy)icpo,r) be a centered Gaussian process with Gio = 0 and covariance
function R: [0,7]> — R defined on a complete probability space (2,.7,P). A
function K : [0, 7]*> — R is called a Volterra kernel if K (¢, s) = 0 whenever ¢ < s.
For a Volterra kernel K we define its associated operator K as

K[f](t) = / F(8)K (1, 5) ds.

Denote

1, ifse]0,t),
1,(s) = 1[0,t)(5):{ 0, otherwise '

The adjoint associated operator K* of the Volterra kernel K is given by extending
linearly the relation
K*[L](s) = K(t,s).

It turns out that K* for a Gaussian Volterra process with covariance
tAs
R(t,s) = / K(t,u)K(s,u)dv(u)
0

extends to an isometry from A to L?([0,T], dv) where v is given in Definition 3.25
(1) and A, the space of Wiener integrands, is the closure of the indicator functions
14, t € [0, 77, in the inner product

(1;,15), = R(t,s).

Remark 3.24. By Alos, Mazet, and Nualart (2001), if K is of bounded variation in
its first argument, we can write for any simple function f

T
K*[f1(t) = f(O)K(T,t) + / [f (u) = f(O)] K (du, ).
t
Moreover, as in Alos et al. (2001) Lemma 1, for simple functions f and g we have

/0 K [f](8)g() dt = / F(OKgl(d)

justifying the name “adjoint” associated operator.

For Gaussian Volterra representations we recall what is the co-called abstract Wiener
integral (for more information on abstact Wiener integrals and their relation to con-
ditioning we refer to Sottinen and Yazigi (2014)). The linear space .Z is the closure
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of the random variables G, t € [0,7T], in L?($2,.%,P). The spaces A and .& are
isometric. Indeed, the mapping

1, — G,
extends to an isometry. This isometry is called the abstract Wiener integral and we
denote it
T
/ f(t)dG,
0
fora f € A.

Definition 3.25 (Gaussian Volterra process). Let G = (Gy)icpo,r) be a centered
Gaussian process with covariance function R: [0, 00)? — R. Assume that

(i) there exists an increasing function v: [0, 7] — R and a Volterra kernel K : [0, T]* —
R such that fot K(t,s)*dv(s) < oo forallt € [0,7] and

R(t,s):/o SK(t,u)K(s,u)dv(u),

(i) for each ¢ € [0, T'] the equation
KK, )] (s) = Li(s)

admits a solution K~ '(¢, ).

Note that by Definition 3.25 (ii) the operator K* is invertible and we have
(K) 7 [Le](s) = K7'(t, ).

We note that due to Definition 3.25 (i) for a Gaussian Volterra process the space A
is isometric to L?([0, T'], dv). Indeed, we have

(F:9)a = (KUK 9D 12 0,17,a0)-

In particular, this means that the mapping K* in Definition 3.25 (ii) is an isometry
between A and L?([0,t],dv). The following representation proposition is a direct
consequence of Definition 3.25. Indeed, Proposition 3.26 could have been taken as
the definition of Gaussian Volterra process.

Proposition 3.26 (Volterra representation). Let G be a Gaussian Volterra process.
Let K~! be the kernel in Definition 3.25 (ii). Then the process
t
M, = / K1t 5)dG,
0

is a Gaussian martingale with bracket (M), = v(t). Moreover,

t
G, = / K(t, s)dM,,
0
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where v and K are as in Definition 3.25(i).

Note that form Proposition 3.26 we immediately see that the filtrations F“ and FM
coincide. The Volterra representations of Proposition 3.26 extend immediately to
the following transfer principle for Wiener integrals.

Proposition 3.27 (Transfer principle). Let f € A and g € L*([0,T], dv). Then

0

(G, = / K*[f](t) dM,,

/0 g(t)dM, = /OT(K*)_I[Q](t)th.
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4  STOCHASTIC FINANCE

The previous chapters provided the mathematics required for the advanced technical
analysis to finance, called mathematical finance. Here, we first review some fun-
damentals of finance associated to our works, from Bjork (2009); Clark and Ghosh
(2004); Follmer and Schied (2016); Hull (2012); S. Ross (2003); Shiryaev (1999)
and the online financial reference investopedia.com. Next, we consider the well-
known Black and Scholes (1973) (BS) model, and then explain the motivation of
the new technique of conditional mean hedging. Finally, we link the models we
employed in our studies.

4.1 Principles of Finance

4.1. Contract: In finance, a contract is a deal between two parties to trade (buy or
sell) an asset, comodity, security, or wealth.

4.2. Forward Contract: A customized deal between two parties to buy or sell an
asset at a specified price on a future date. A forward is made over the counter (OTC)
and settles just once, at the end of the contract.

4.3. Future Contract: A legal agreement to buy or sell a particular commodity
asset, or security at a predetermined price at a specified time in the future. Futures
contracts, meanwhile, are standardized to trade on stock exchanges. As such, they
are settled daily.

4.4. Numeraire (Unit): A tradable economic entity which other tradables’ prices
are expressed relative to its price. It usually can be money or bond.

4.5. Spot Price: The current price in the marketplace at which a given asset can
be bought or sold for immediate delivery, called exercise price also. It is usually
denoted by S in finance.

4.6. Strike Price: The dealed price at which the contract can be exercised by the
holders of the contract. It is usually denoted by K in finance.

4.7. Maturity Date: The date of the final day of the contract’s validation time. It
is also called the expiration date, and usually in finance is denoted by 7'.

4.8. Positions: Commonly, in a financial contract to trade an asset, the buyer is
called the “long position”. Inversely, the seller is called the “short position™.

4.9. Traders: They are the parties - individuals, groups, companies, instidutions,
or gvernments - who take some positions in a market of assets. Generally based on
their objections, traders belong to one of the following categories:


https://www.investopedia.com/
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- Hedger: Who takes a new position to offset or reduce the price risk of her/his other
existing position(s),

- Arbitrageur: Who attempts to profit from market inefficiencies, seeking to profit
from the same asset being priced differently in separate markets by simultaneously
buying the asset at a lower price and selling it at a higher price,

- Speculator: Who conducts finantial trades that have substantial risk of losing value
but also holds the expectation of a significant gain or other major value (in future).

4.10. Assets: An asset is a resource with economic value (price) - such as a secu-
rity, commodity, or currency - that an individual, corporation, or country owns or
controls that it can provide a future benefit or cost. In every contract, the parties
deal on a type of buy or sell of one or multi assets under some circumstances.

4.11. Risk-free Asset: An asset whose price is deterministic. Indeed, the price of
such an asset follows the growth or decay dynamic

dAt = TAtdt,
here r € R is called the (risk free) interest rate (the rate of return).

4.12. Risky Asset: An asset whose price changes randomly (stochastically or un-
certainly). Modeling the dynamics of the price of the risky asset has been a fun-
damental and historical question in the heart of finance. The most populer model
is

dSt = [LStdt + O'Stdnt,

here 1 € R, o > 0, and n; is a random noise (stochastic process).

4.13. Derivatives: The term derivative refers to a type of financial contract whose
value is dependent on some underlying securities or assets. They can be traded as
both future or forward contracts.

4.14. Options: An option is a derivative (contract) that allows the holder the right
to buy or sell an underlying asset or financial instrument at a specified strike price
on or before a specified date, depending on the form of the option. Options are
classified by the following categories in finance:

- Call Option: An option that allows the right to buy the underlying asset(s),

- Put Option: An option that allows the right to sell the underlying asset(s),

- European Option: An option that can be exercised only at the maturity date,

- American Option: An option that can be exercised in any time till the end of the
maturity date.

Remark 4.15. Denoting the spot and strike prices by .S, K, the maturity by 7
the European call option pays off the value (Sr — K'); to the holder of it, and
the European put option pays off the value (K — S7), to the holder of it, where
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x4 = max{x,0}. Consequently, this values are considered as the price of call and
put options by the maturity 7.

4.16. Strategy: The vector of assets’ volume that a trader holds in his portfolio.

That is the vector 7, = (7}, ... ,m) if the trader holds respectively the volumes

m}, ..., w0 of the assets S}, ..., S at time ¢ € [0, T]. Consequently, the value of

the strategy 7r at time ¢ is
n
‘/t‘n- =S = ZW;SZ7
i=1

where S; = (S}, ... ,S!").

4.17. Transaction Costs: Expenses incurred when trading an asset, outside the
cost of that asset itself. They can be considered as the fees that a bank, broker,
underwriter or other financial intermediary charges, or the difference between what
a seller and buyer paid for a security. They are usually considered as a portion
k € (0, 1) of the trading assets, called the “proportional transaction cost”.

4.18. Self-Financing Strategy: The strategy 7 that
t t
V;ﬂ:‘/bﬂ—i—/ﬂ'u'dsu—/SLI{|dﬂ'u’
0 0
=W?+§:/}¢aﬁ—§:/"m$khu, 4.1)
i=1 70 i=1 70

where k = diag(k', ... k") € (0,1)"*" is the diagonal n x n matrix of the
proportional transaction costs for the assets S}, ..., S/

4.19. Arbitrage Opportunity: A situation with possibilities to make a profit with-
out incurring any loss with no capital. In other word, it is a self-financing strategy
with

MVF<0 as, AVF>0 as,  JADPVF >0 >0.

A market with no arbitrage opportunity is called an Arbitrage-free market.

4.20. Hedging: The hedging strategy describes a variety of techniques used by
traders to reduce risk exposure in a strategy. Hedging can be done by investing on
some assets to minimize the negative impact of the adverse price swings in other
assets.

4.21. Risk-Neutral Measure: An equivalent probability measure under whichS
each share price is exactly equal to the discounted expectation of that share price.
In other words, it is an equivalent measure QQ to the market probability P, such that
all discounted asset prices are martingales w.r.t. Q. This measure has centeral role
in the derivatives pricing theory in finance.
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4.2 Complete and Incomplete Markets

In financial market, one can consider the activities as a “game” of tradings between
the traders. Even as a game, the fundamentalists believe these activities must be ad-
justed in a “fair framework”, associated with the “equilibrium economy”. However,
the modern economists orient to the unnecessity of faireness in the market game,
reflecting more to the nature of the “competetive economy”. Among this debate, a
crucial concept of mathematical finance arises; “completeness of a market”.

Definition 4.22. A market in which every derivative can be hedged is called a Com-
plete Market. Otherwise that market is an Incomplete Market.

The following theorem reveals the relationship between arbitrage-free and complete
markets.

Theorem 4.23. In a discrete (i.e. finite state) market, the following hold:

(I) The First Fundamental Theorem of Asset Pricing: A discrete market on a
discrete probability space (X),.% ,IP) is arbitrage-free iff there exists at least one
risk-neutral probability measure Q equivalent to P,

(ITI) The Second Fundamental Theorem of Asset Pricing: An arbitrage-free mar-
ket (S, b) consisting of a collection of stocks S and a risk-free bond b is complete
iff there exists a unique risk-neutral probability measure QQ equivalent to P and has
numeraire(unit) b.

Proof. See Bjork (2009); Pascucci (2011). O]

4.3 Black-Scholes Model

The decade 1970-80 was undoubtably the initiation of the modern finance. The
main core of several novel theories of that time was the option pricing theory. Pi-
oneer to all of them, Black and Scholes (1973) (BS model) applied the geometric
Brownian motion (gBm) of Samuelson (1965) adjusted by the theoretical frame-
work of finance, the no-arbitrage theory. This continuous hedging-pricing model
later was employed successfully for pricing of rational options by Merton (1973),
and tested for transaction costs and taxes by Ingersoll Jr (1976). We illustrate it
briefly here. Consider a trader holding a portfolio including: a risk-free asset A
with interest rate r, and a risky asset S that

(geometric model) dA; = rA.dt, 4.2)
(gBm model) dS; = puSidt + oS, dW,, 4.3)
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on trading period of ¢t € [0,7], where W is the Wiener process (Brownian mo-
tion), and p, o are some constants. So, if the market is complete (transaction costs
are negligable), and he aims to hedge his investment with a self-financing trading
strategy (7, 7) then the value of the strategy at time ¢ > 0 satisfies

AV, = ndA, + 7 dS,. (4.4)

Applying Itd6 (1951a) calculus, Black—Scholes (BS) established the following fun-
damental theorem

Theorem 4.24 (Black and Scholes (1973)). Under the follownig circumstances
(i) The investment strategy is self-financing,

(ii) The interest rate r of the risk-free asset A is constant,

(iii) The risky asset S has the gBm dynamics (4.3),

(iv) For some g € €V%([0,T] x Ry) we have V; = g(t, S;), particularely

Vr = g (T? S T)?
then for the function g we have

1 2
(BS Equation) % + rxg—i + 50—%2% —rg=0, (4.5)
and from (iv), on [0, T
dg

Remark 4.25. By the no-arbitrage theory, value of the portfolio V' must be equal to
the value of the option of the risky asset that the investor holds. So, (iv) is equivalent
to have the option price only dependent on time ¢ and the asset price .S;. This is
valid for the Europian vanilla options, and for such option’s boundary conditions,
the equation (4.5) has a unique solution.

Theorem 4.26 (Black and Scholes (1973)). Under the conditions (i)-(iv) of the
Theorem 4.24, for the European call option price C(t, S;) and European put option
price P(t,S;), if

C(t,0)=0, tel0,T],
Ct,x) >z — K, asx — o0,
C<T7 .73) = (l’ - K)+7
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the BS equation (4.5) returns the following solutions

C(t, ;) = ®(d;)S; — (d_)Ke T,
P(t,S;) = Ke™""™0 — 5, + C(t, 5)),

d+:g\/% [ln(%>+<r+%2> (T—t)},
d_:d+—UM-

Theorem 4.27 (Kac (1949), Feynman—Kac formula). Under the conditions (i)-(iv)
of the Theorem 4.24, for a complete market, there is an equivalent probability mea-
sure Q to the market probability measure P, that the BS equation (4.5) admites the
following solution

V(t,S) = EQ [eT-0v/(T, ST)‘%] ,

and there exists a Wiener process W (Brownian motion) w.r.t. the measure Q that

dsS, = rS,dt + o S,dW,.

4.4 Conditional Mean Hedging

As explained above, the BS model makes it possible to perfectly hedge all deriva-
tives. Moreover, the BS model is free of arbitrage. Although, this was a phenomenal
inception that is still applicable on business time (see Geman et al. (2001a, 2001b)),
some critiques arrised later. In fact, the main criticism was even published some
years before Black—Scholes paper, the Mandelbrot and Van Ness (1968). Work-
ing on stock price data, they had concluded that the noise of price is far different
from the Wiener process. This rules out the gBm model (4.3), and also returns the
possiblity of arbitrage.

For models that the BS hedging method is not applicable, economists investigated
other hedging methods. Follmer and Schweizer (1991) initiated hedging associ-
ated to the risk measure and this idea got was developed in Schweizer (1992, 1994,
1995). Sottinen and Viitasaari (2018) introduced the conditional mean hedging
method by employing the conditional laws from their prior paper Sottinen and Vi-
itasaari (2017). This hedging is on the conditional average of the new model’s
value of portfolio, with respect to the conditional average of the BS portfolio’s
value. Shokrollahi and Sottinen (2017) studied this method for the fractional Black-
Scholes model.

Assume the trading only takes place at given fixed time points 0 =t < t; < ... <



40  Acta Wasaensia

ty = T. So, the trader by the self-financing strategy (4.1) would hedge at least once
on each time period [t;, ¢;11). In other word, the simplest strategy he can take is the
discrete trading amount

N-1
ﬂ-iv - Z ﬂ-gl[ti,twﬂ(t)'
=0

of the risky asset S. Then, the value of the strategy 7% is the integral of (4.4) minus
the associated transaction cost of it. That is

t t
prt +/ ™V ds, — / kS, A,
0 0

where k € (0, 1) is the proportional transaction cost. Since under the transactional
costs the perfect hedging is not possible, it is natural to try hedging on average in
the sense of the following definition:

Definition 4.28. Let f(¢,S;) be a European vanilla option with convex or concave

payoff f, and 7 be its Black—Scholes strategy. We call the discrete-time strategy 7'¥
is a conditional mean hedging (CMR) strategy, if for all trading times ¢,

7I_N

E [Vt ’

i+l tit1

H|ﬁtli|:E|:Vﬂ— |ﬁt¢:|7

where ., is the information filter, generated by the asset price S upto time ;.

In our fourth paper, we studied the CMH strategy for the markets including jumps
under transaction costs. We showed the existence of such strategy requires many
restrictions for those markets. So, I introduced the following method.

Definition 4.29. Let f(S7) be a financial derivative with convex or concave payoff
f. Let  be its Black—Scholes strategy. We call the discrete-time strategy *7" is a
conditional least square hedging (CLH) strategy, if for all trading times ¢;,

2
* N : ﬂN,N o T or
T, € argmin E {(\/;m V;M) ‘Jtz} .
N €R
“i41

Here .%;, is the information filter, generated by the asset price S upto time ¢;.

4.5 Fractional Models

In modern finance, the perfect hedging is not possible for incomplete markets as
explained before; however, to develope the technical analysis for competetive fi-
nance, mathematical economists has applied (or some introduced) other stochastic
processes in (4.3) instead of Wiener process. Some considered the stable processes
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(see 1td (2006); Mandelbrot (1997); Samoradnitsky and Taqqu (1994)), and some
tried the processes with long memory to model the financial time-series with long
range dependence (see Azmoodeh (2013); Shokrollahi et al. (2016); Wang (2010a,
2010b); Wang, Yan, et al. (2010); Wang, Zhu, et al. (2010)). Thereby, they em-
ployed the following fractional SDE for the risky asset(s) in their works

dSt = IUStdt + O'StdBfI,

where B is an fBm with Hurst index H € (1/2, 1). In particular, Shokrollahi and
Sottinen (2017) studied the conditional mean hedging for this model with transac-
tion costs.

4.6 Jump Diffusion Model

In many recent studies, the real financial price data suggested the presence of jumps
(see Carr, Geman, Madan, and Yor (2002); Geman (2002); S. Kou and Wang (2001);
S. G. Kou (2002); Madan (2001); Merton (1976a)). The simplest model with jump
is the so called jump diffusion (JD) model

ds,
S—t = pdt + o dW, + dJ,. 4.7
-
This model nicely callibrates prices data, although the perfect hedging is impossible
(see Lamberton and Lapeyre (2011), Chapter 7).



42  Acta Wasaensia

5 CONCLUSIONS

5.1 Summaries of Articles

Article I: “Multi-mixed fractional Brownian motions and Ornstein—Uhlenbeck
processes”

This article initiates a study on the multi-mixed fractional Brownian motions (mmf{Bm)

M = iakBHk,

k=1

and the associated multi-mixed fractional Ornstein—Ulhenbeck (mmfOU) processes
of the type

dU; = =AU dt +dM,, Uy =E¢,

t
Ut _ e—)\t€+/ e—/\(t—s) (1]\457
0

Where Hj # Hyfork #1, Hy =infyreny Hy >0, Hgyp = supgey He < 1,
S ore, 02 < oo, and A > 0. These processes are constructed by mixing by su-
perimposing (infinitely many) independent fractional Brownian motions (fBm) and
fractional Ornstein—Uhlenbeck processes (fOU), respectively. We prove their exis-
tence as L*(Q2 x [0,T)]) processes and study their path properties, viz. long-range
and short-range dependence, Holder continuity, p-variation, and conditional full
support.

Article II: “Parameter Estimation for multi-mixed Fractional Ornstein—Uhlenbeck
Processes by Generalized Method of Moments”

This article is an attempt to develop the generalized method of moments (GMM)
estimation for the parameters of the finitely mixed multi-mixed fractional Ornstein—
Uhlenbeck (mmfOU) processes:

A >0, Hy, € [Hins, Hywp) € (0,1), o > 0; k=1,2,...n,
i.e. the following vector will be estimated

0=(\H;o) c R where H=(Hy,...,H,), o= (01,...,00).
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and analyze the consistency and assymptotic normality of this estimator. We also
include some simulations and provide numerical observations considering different
statistical errors.

Article III: “Prediction of Gaussian Volterra processes with compound Poisson
jumps”

This article establishes the technical framework required for the next article on con-
ditional mean hedging. To do this, we study the conditionsl probability, expectation,
and covariance of the processes

X=G+J

where the continuous part GG is a Gaussian Volterra process, i.e.,

t
Gpi/K@$M@
0

where K and M are as in Definition 3.25 and Proposition 3.26. Further, J is an
independent compound Poisson process with intensity and jump distribution F'. In

other words
Ny
Jt == Z £k7
k=1

where N = (IN;)¢cjo,r] is a Poisson process and the jumps &, k € N, are i.i.d. with
common distribution, independent of both N and G.

Article IV: “Hedging in Jump Diffusion Model with Transaction Costs”

Using the technical results of the previous article, this work studies the conditional
prediction laws for the (forward) jump diffusion model

45 _ pdt + o dW, + dJ,,

Si-
that are required for our further buildings. Next, we develop the conditional mean
hedging for the jump diffusion model with respect to the Black-Scholes (BS) model’s
strategy and characterize the explicit strategies with interpretations related to the in-
vestor priorities and the transaction costs. We consider this result for the particular
case of the European call option under the transaction costs and formulate the con-
sequential hedging strategies for that. Finally, we present a decision tree, table of
values, and figures to support our results.
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Abstract The so-called multi-mixed fractional Brownian motions (mmfBm) and multi-mixed
fractional Ornstein—Uhlenbeck (mmfOU) processes are studied. These processes are constructed
by mixing by superimposing or mixing (infinitely many) independent fractional Brownian mo-
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1 Introduction and preliminaries

The first attempt to formulate the long-term memory of time series was in hydrology
when Hurst (1951) and his colleagues were studying the fluctuation of the reservoir
of the Nile river over a long period of time (see [16]). Later on, after the works of
Mandelbrot (1968) in [24], it was clarified that this behavior of time series is be-
cause of including long-range depended noises called fractional Brownian motion
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(fBm) B . Regarding sources of these noises, in hydrology, they are accumulated
from factors such as waterfalls, glaciers melting, riverbed shape and material, slope
and direction, width and depth, local temperature, etc. Moreover, we know a river
(especially a large one like the Nile) is a combination of many sub-rivers, and each
sub-river (or even a large river) is also a combination of many sources like streams,
mountain glaciers, underground water reservoirs, and rainfall in general. Now, one
may ask

How many sources of such noises are there for a river reservoir in real-

ity?
The answer of nature then, in practice, is infinity!

Table 1. Multi-mixed fBm arising from different Hurst exponents imposed to a river reservoir

River path Riverbed

So, let us consider the source i has the noise B with the weight of effect o;
to the river reservoir, then the general noise of the river can be written as a linear
combination

(0.9]
H;
M, =) 0iB/". (1)
i=1

On the other hand, about the dynamic of a particle in a liquid, Langevin (1908) in [21]
modeled the particle’s velocity U with an equation which was wisely revised later on
by Doob (1942) [9] as

dU; = —AU; dt + dM;,

where A > 0 is the mean reversion parameter and M is a noise, caused by a fluctuating
force imposed by an impact of the molecules of the surrounding medium. If Uy = &
then the unique solution of this equation is

t
U =e Mg + / e M=) dm;.
0

First, this solution was given for all cases where M is semimartingale, then Cheridito
et al. (2003) in [8] confirmed this solution for the case the noise process is an fBm
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M = B™_ Now, let us think the liquid is not purely homogeneous, so the local sur-
rounding molecules (particles) can have different imposing forces according to their
different sizes, weights, density, or dynamic patterns. Hence, if molecule (particle) i

H2
4 H3 ®

©)
.Hl

H5 ®
6 %
AR
Ho 0 "o ®y

11
H10

~ -
RNy

(5}
H9

Fig. 1. Free particle movement in a liquid bombarded by multiple molecules (particles) impos-
ing multi-mixed fBm noises

imposes the noise force B with the weight of effect o; to the free particle, then the
Langevin equation takes the form

t o0
U =e Mg + f | (Z o; B ). (2)
0 i=1

In this article, our aim is to develop the analysis and some properties of the
stochastic processes in equations (1) and (2). To do this, first, we review some math-
ematical concepts. The fractional Brownian motion (fBm) B¥ | with parameter H ¢
(0, 1) called the Hurst index, is the unique (up to a multiplicative constant) centered
H -self-similar stationary-increment Gaussian process. The fBm was first studied in
[19]. The name fractional Brownian motion comes from the influential article [24].
For further information of the fBm, see the monographs [6, 25]. The covariance of
the fBm with the Hurst index H is given by

1
it s) =3 [r”" +s2H = s|2H] .

For H = 1/2 this process is well known as the Brownian motion (BM) or the Wiener
1 . .
process: B2 = W. As a stationary-increment process, the fBm has the spectral rep-

resentation , .
e _ ) (el — 1
rH(t,S)=/ ( )§ )fH(X)dx,
R X
where (e EOT(1 4+ 2H)
sin( _
fr(x) = = | 2H 3)

Here I' is the complete gamma function

(0, 0]
@) = / 2 e 4t
0

see [28].
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Let
on(:0) =E| B - B{)(BH; - B

be the incremental autocovariance (with lag §) of the fBm. For t — oo we have the
power decay

or(8;:1) ~ HQH — )82 2,
This means that the increments of the fBm, called the fractional Gaussian noise (fGn),
for H > %, are positively correlated and long-range dependent. However, for H < %
they are negatively correlated and short-range dependent.

1 . . .
In the Bm case B2 = W we have independent increments, i.e. no dependence:
0 % (8;t) =0.

The fBm has almost surely Hélder continuous paths with any order H — ¢ for any
& > 0. This follows, e.g., from Theorem 1 of [2].

In addition to Holder continuity, we have the p-variation as a measure of the path
regularity. For a process X and p € [1, oco) for the partitions 7, := {ty = %T k=
0,1,...,n},if

n
> 1Xy — X, |” < oo (limit in probability),

lim
n—oo
k=1

VE(X) =

then it is said X has equidistant p-variation on [0, T'], and its p-variation on [0, T] is
VTp (X). For the fBm B then the p-variation is

00 ;. pH <1
VBT =1 Tu, 3 pH=1
0 ; pH >1

where 1, 1s the pth moment of a standard Gaussian process, see [10, 11].

While the fBm has been proposed as a model for financial time series, modeling
with it makes arbitrage possible, see [4]. To eliminate this problem, a generalization
called mixed fractional Brownian motion (mfBm) was introduced in [7]. This is the
mixture model

M*" = aB 4 bBY,

where a,b € R and B is a standard Brownian motion (Bm) independent of the
fBm BY.If H > 1/2, the mfBm has the path roughness governed by the Bm part
and the long-range dependence governed by the fBm part. Hence, e.g., in pricing of
financial derivatives the corresponding mixed Black—Scholes model yields the same
option prices as the standard Brownian model, see [5].

A natural generalization of the mfBm is to consider two (or n) independent fBm
mixtures, see [23]. In this paper, we study an independent infinite-mixture gener-
alization that we call the multi-mixed fractional Brownian motion (mmfBm) with
parameters oy, Hy, k € N:

o0
M = ZokBH",
k=1
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where BHk’s are independent fBm’s with Hurst indices H; € (0, 1), and oy’s are

positive volatility constants satisfying -, ok2 < oo. This study extends the work

of [30].

For other kinds of generalizations of the fBm, see, e.g., [14, 22, 26, 27].

The fractional Ornstein—Uhlenbeck process (fOU) UM | with parameters A > 0
and H € (0, 1), is the stationary solution of the Langevin equation

dv}" = —au)"dr 4+ dBH

which is given by
t
Ut = f e =) dBH,
—0Q0

where (BsH )s<o 1s an independent copy of the fBm (Bf )s>0, see [8]. Note that the
Langevin equation and its solution can be understood via integration by parts. As a
stationary process, the fOU admits the spectral density

S ()
xZ 4+ A2’
where fy is the spectral density of the driving fBm (3), see [3]. Denote, for o €
(_1’ 0) U (03 1)’

fin(x) = 4)

_ L ! a—1_s
Vo (x) = F(a)/é s97 e’ ds, (5)

[y(x) = ﬁ /OO s le™ ds, (6)

and yp(x) = 1, I'op(x) = 0. The functions y, and I’y are related to the incomplete
Gamma functions and they can be calculated, e.g., by approximating the integrals
with sums. The autocovariance function of the fOU process can be written as

I(14+2H)e ™M
4 A2H

piH (1) = L+ vy ) + e Tog1Gt) . (7)
See Proposition 4.
A stationary process X with the autocovariance function satisfying

o) ~clt|™ as t— o0

where 0 # ¢ € R, and “~” means the ratio of left and right sides tends to 1, is
called long-range dependent (having long memory) if 0 < o < 1, and short-range
dependent (having short memory) if @ > 1, see [18].

For H = % we recover the well-known Bm case

C_M

2%

/O)\, % () =
For t — oo we have the power decay

N 2n—1
1 —2n . 2H—-2n 2H-2N-2
Pru(0) = 5 » I:A H)QH -]t + 0t ),
n= =l
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for N =1,2,...,1.e., the fOU process with H > % is long-range dependent, and for
H < % it is short-range dependent, see [8].

The Holder continuity and p-variation of fOU is the same as for the mm{Bm.

In this paper we study the multi-mixed fractional Ornstein—Uhlenbeck process
(mmfOU) with parameters A > 0 and oy, H, k € N, that is defined naturally as the
stationary solution of Langevin equation with mmf{Bm as the driving noise:

dU; - _)\‘U[ dt +th,

with o
Up = / e dM,
—oQ
where (Mj)s<o 1s an independent copy of the mmfBm. This study develops the work
of [17].

The rest of the paper is organized as follows. In Section 2 we define the multi-
mixed fractional Brownian motions (mmfBm) and the associated multi-mixed frac-
tional Ornstein—Uhlenbeck (mmfOU) processes, prove their existence in L?(Q2 x
[0, T']), and provide their basic properties. The long-range dependence of these pro-
cesses are studied in Section 3. In Section 4 we analyze the Holder continuity and
p-variation of mmfBm’s and mmfOU processes. The p-variations of these processes
are calculated in Section 5. In Section 6 we show that the mmfBm’s and mmfOU pro-
cesses have the conditional full support property. Finally, In Section 7 some simulated
paths of these processes are given.

2 Definitions and basic properties

Definition 1. Let oy, k € N, satisfy

o0
Zakz < 00, (8)
k=1

and let Hy, k € N, satisfy

Hy # Hy fork # 1,
Hiyp= inf H, > 0 9)
keN

Hgyp = sup Hy < 1.
keN

The multi-mixed fractional Brownian motion (mmfBm) is
o0
M= oB",
k=1

where BY | k e N, are independent fBm’s.

The following proposition shows the existence of the mmfBm.
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Proposition 1. The mmfBm M exists as a random function taking values in L*(Q2 x
[0,T)) forall T > 0.

Proof. Let M" = Z:l oy Bk, Clearly M" takes values in L?(Q x [0, T]). Let
n,m € Nwithn > m. Then

T
M" = M" 201 _fo E[(M? _th)z] dr

f (ZakB) dr

k=m+1

n T
=y /0 oPE | (B/")?] di

k=m+1

n_ooor

_ 2 2H

= / ot dr
0

k=m+1

< Z akz max{l, T3},

k=m+1

which shows that (M"),, <y is the Cauchy sequence. Thus M" — M in L?(Qx[0,T))
showing the existence. U

In the same way we see that the mmfBm (M;);>¢ exists in the sense that M;" —
M, in L*(Q) forall ¢ > 0.
The following is now obvious.

Proposition 2. The mmfBm has stationary increments, its covariance function is
e.¢} l e¢}
2 2 2H, 2H, 2H,
rs) =Y ofru s =5 Y of [P 4 s — = s2] (10
]; k THi > ]; k (10)

and it admits the spectral density

(o¢]
sin(r Hk)F(l + 2Hy)
Z oplx' 72 (1)

fx) = Z%mm

Definition 2. The multi-mixed fractional Ornstein—Uhlenbeck process (mmfOU) U
with parameter A > 0 is the stationary solution of the Langevin equation

dU, = —AU,dt + dM,, (12)

where the equation is understood in the integration by parts sense.
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Proposition 3. On L2(Q x [0, TY), the mmfOU can be represented as the integral

t
U, = e_)‘”;” —f—/ e =9 dpmy,
0

where the integral is understood in the integration by parts sense, and

0
%- = / eks dMS9
—00

where (M)s<o is an independent copy of the mmfBm (M )s>o.

Proof. Let M" = | _, o BHx . Then, the stationary solution of the Langevin equa-
tion
dU;" = —\U;'dt + dM]

is given by
t
Ul =e Mg, + / e I dmy,
0

where

0
£, = f e dm?.

—00

Then, with integration by parts
t t
/ M dM! =M M) — f e M ds
0 0
t t
— MM, — kf e M, ds = / e dM;,
0 0

because M" — M in L*>(Q x [0, T]). With the same arguments £, — £ in L>(S).
This yields U" — U in L*>(Q x [0, T]). O

Lemmal. ForO# p e (—1,1),A> 0,1 >0,

e IxI? me At
o = S T {1 +y_ () +e F_,,(m}, (13)

where y_,, and I" _,, are given by (5) and (6).

Proof. Recall that for the Fourier transform

Ff) ) = J% /_ Z eI £ (1) dr
we have the convolution theorem
f &7 F (£)(x).F () (x) dx = / f— £)g(E) . (14)

65



66

Acta Wasaensia

Multi-mixed fractional Brownian motions and Ornstein—Uhlenbeck processes 351

Moreover, we have

2 A
)=y F )
F (1t1%) = \/g I'(a + 1) cos (@) x| ~@+D, (16)

The first formula (15) is valid for A > 0. The second formula (16) is valid for
—1 < o < 0. For =2 < a < —1, because of the function |#|¥, some singular
terms arise at the origin. Nevertheless, it admits a unique meromorphic extension as
a tempered distribution, also denoted |¢|* as a homogeneous distribution on all real
line R including the origin (see [13]). So, we use that extension and formula (16) will
be valid for all —1 # o € (=2, 0). So, using f(t) = e Ml and g(r) = |¢|* in (14)
we obtain

o) 1 0o —(a+1)
_.r<a+1>cos(w)k/ e KT
s

—oo A2+ x2
=‘/©o|$We‘M“f'd$

—0Q0

0
=f (—£)%e™H7 de
—0
t
[ o
0
o0
+/ Sae—)\(f—t) dé—
t
e—M 0 3
= —A(“+1)f0 u®e " du

e—)»l At
+ / u%e" du
0

Aa+1)
e)»t 00
- o —u
MCES) /M ue ™ du
—At
e MT (a0 + 1) ”
:_meﬁ—fl+ﬂwﬂ@”+efﬁmma0}
Now, choosing p = —(a + 1) proves (13). O

Proposition 4 follows from Lemma 1 (see also [20]).

Proposition 4. The covariance function of the fOU is

o (1) = BlUMURH

'(1+2H)e ™
= 4 20 1+ you_1(a) + e oy 1 (A1) . (17)
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Proposition 5. The covariance function of the mmfOU is

p3.(t) = E[Us Us4(]

e.¢]

B 2T +2H)e™
=) o}
k=1

4)\-2Hk 1 + Y2H,—1 ()nt) + ezktl—ka—l ()\I) s (18)

and it admits the spectral density

o0 . 1-2H,
. 5 sin(w Hi)I' (1 + 2 Hy) | x| k
fio) = ZGI‘ 2 x2 4227

(19)

k=1

Proof. Let U" be like in the proof of Proposition 3, then

n : 1-2H,
B s sin(mw Hi)I' (1 + 2 Hy) |x]| k
San(x) = I;O-k 27 x2 4227
and fy ,(x) — fi(x) because U" — U in L?(Q2 x [0, T]). This proves (19). Simi-
larly, (18) follows by Proposition 4. L

Remark 1. Proposition 4 represents the covariance function p; g (¢) in a form in-
volving special functions. However, these special complex functions are usually not
suitable for numerical computations. For example, in [3], Lemma B.1, the following
representation was used for H > %:

e—)nt 1+ eZ)Lt
,OA,H(t)—HF@H))LZH > FQH 1)

t Av
Log(t) = / / e g2 =2 qsdv.
0 JO

Loa)

The double integral above seems reasonable enough, but yields slow numerical cal-
culation in practice. This can be improved by calculating the inner integral as fol-
lows:

At t
I)hH(l‘) — f / eZAve—sS2H—2 dsdv
0 S/A

1 At

— _f SZH—Z(eZ)Lt—S _ eS) dS
2 )

e)»t

At
= — / s2H=2 sinh(At — s) ds.
A Jo

Consequently,

I'CH +1)

pru(t) = ——55

1 At
cosh(m—m / s?f =2 sinh(At — s) ds . (20)
- 0
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For the case H < 1/2 we use the following developed version of Lemma 5.1 in
[15] for « > —1. The proof is similar.

Lemma 2. Foroa > —1
o0 o0
/ / e U |x — y|¥dxdy = T(a + 1).
0 Jo

Theorem 1. For the fOU process U™ we have

TQH + 1)

pru(t) = —7q

1 At
cosh(m—m fo s?H=Vcosh(ar —s)ds , (21)

and so for mmfOU process we have

(o.¢]
CQH; + 1) 1 M _
p(t) = Z —2H cosh(Ar) — m/-o s?H=1 cosh(rht — s) ds .
k=0

Proof. For H = 1/2, the right-hand side of (21) is e ™*! /24, equal to the autocovari-
ance of the classical Ornstein—Uhlenbeck process with respect to the standard Brow-
nian motion. For H > 1/2, we obtain (21) from (20) via integration by parts. To
prove it for H < 1/2, we will apply the same approach as in the proof of Lemma B.1
in [3]

o () = KU U

0 i

e gpH —w(—v) 4pH

=E / e* dB, / e ¢ v)dBU]
—00 —00

0 t
=™ VarU)y™ +E / e“dBlfI/ e“dBf’]}.
0

—0o0

To obtain the term Var(Ug’H ) in a closed form, [3] referred to Lemma 5.2 in [15];
however, such form was only obtained for H > 1/2, and so we need to extend their
result for H < 1/2.
Since
0 0
Uy = / M dBH = —xf e B du,
—00 —00

we have

0
VarU}") = Var —A/

—0oQ

0,0]
= 22 Var / e_“‘Bf du]
0

0 2
([t
0
2 T HpH
=A"E /0 /0 e Mutv) pH g dudv:|

e Bl du]
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/ / o Mutv) 2H+U2H u v|2H}dudv

(0, 0)
— 2 (/ —)\M dl/l) (/ —Av 2H dv)
0 0
o0 o0
—f / e M1y — 1P Qudo .
0 0

Now choosing x = Au, y = Av by Lemma 2 we have

)\._2H e’}
Var(U(;"H) 2f 2H dy

f/ ~C) |y — y2H dxdy

—2H

[2r(2H +1)—TQH + 1)]
=2 ?HHT QH). (22)

On the other hand, as in Lemma 2.1 in [8] and the proof of Lemma B.1 in [3], using

formula

ve(z+1,x) +x%e™™
ve(z, x) = . ,

where y; is the well-known lower Gamma function, for H < 1/2 we have

0 t
E / e dBlfI / eMv dBlfI:|
—00 0

0 t
= HQH — 1)/ / e M) 1y — w)PH2 dudo
—00 J0

2Mt
—1
—Var(U)”H ¢
/ / —Y ZH 2deU
F(2H -1
—Var(U)‘ H) e
2H — 1, v)d
F(2H—1)f “e( v) dv
o ezm_
= VarUy™)
2H,  v)d
I‘(2H)/ "ye( v) dv
)\ZH
— eMy2H—1 gy
I'QH)
2\t
—1
:Var(Ué"H) ©

2
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A t Av
_ / 62)\1) / e—SSZH—l dsdv
I'2H) Jo 0
)\‘2H t
— M-l qy . (23)
TQH) J

Using (22) and (23), with similar arguments as we did for (20), we obtain (21). [

3 Long-range dependence

The increments of fBm are a well-known stationary process, that is long-range de-
pendent (LRD) if H > 1/2, see [18]. Motivated by this, we consider the LRD for the
increments of the mmfBm

(.¢]
H,
AsM; = " oxAsB,
k=1

with covariance function
0(d;1) = E[ASMS—H ASMS],

where § > 0 is the lag and Asx; = x;4+5 — x; for a process x.

Theorem 2. Fort — o0,
o0
0(8;1) ~ 87 " of Hy(2H — D*=2 = 01?2, (24)
k=1

So the mmfBm increment process AgM; is LRD if and only if Hy > 1/2 for some
k> 0.

Proof. By using the generalized binomial theorem,

o0

1
0@ =5 S o{+ 8 4 ¢ — 52 — 227
k=1
I 5om 8\ 2H 8\ 2Hi
=5;ka Cr) (=) 2
| — N (2H 8\ <= (2H, NG
=32t L)) X (e () -2
k=1 r=0 r r=0 d
0.¢)
~ 87 of Hy(2H; — P2, (25)
k=1

Since
of Hy(2Hy — DNe*2 < o2,
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the series (25) is uniformly convergent. So we have
00
lim Zak Hy(2H; — )?H=2 = Ztl_i)nolo o Hy(2Hy — 1)12H2,
= k=1
This yields (24). O

To investigate LRD for the mmfOU process, we first need some lemmas.

The following theorem shows that similar to the mmfBm increment process, the
long-range dependence of the mmfOU is governed by the long-range dependence of
the largest Hurst index in the driving mmfBm.

Theorem 3. Fort — ocoandeach N =1,2, ...,

2n—1

ou(t) = — Z ZU2A_2” l—[ QH; — j) | 2252 4 0(2Hw=2N-2)  (26)
j=0

klnl

So the mmfOU process U is LRD if and only if Hy > 1/2 for some k > 0.
Proof. By the proof of Lemma 2.2 and Theorem 2.3 in [§]

0 1
on(t) =E / e dMu/ g M) dMU:|
—o0 —0
0 1/,
= e ME / M dM,, f e de]
—0 —0o0

0.¢)
+e MY ol H;(2H; — 1)

i=1

0 t
X / e (/ M (v — u)?Hi—2 dv) du
—00 1/x

— O(e—)\t)

o0

HQH —1) _;, (™ —
2 A v 2H;—2
Z A [ ey

o0
+eAt/ e Vy2Hi=2 g,

< O(C )\.Z)
1 oo N 2n—1
+ _ Z Zo_lg)\’—zn l_[ (2Hk _]) l_2Hk 2n
k=1 n=1 j=

N i Z‘Hk(2Hk—1)---(2Hk—2—2N)‘
— g
2k—1 ¢

% [e—% + 1+ 22Hk—2N—3)(M)2Hk—2N—3} _ 27)

A2 Hi
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Now, for ¢t € [1, 00),

‘Hk(sz—l) CQH, —2— 2N)‘

)\‘ZHk 7 < AN
‘Hk(sz 1) QH -2 — 2N)‘
)\2Hk (1 + 22Hk_2N_3)()\,t)2Hk_2N_3 < HN,
where
max (12Hint = 11, [2Heup — 11)
Ay = Hsup (ZHinf - 2) T (2Hinf —2— 2N) s
max <k2Hinf , AZHSL‘P>
max <|2Hinf — 1], 2Hsyp — 1|>
[y = Hsup 22N+3 (2Hinf —2)--- (2Hinf —2—2N)

X (1 + 22Hsup_2N_3)'

So, as ;o okz < 00, the series in the right-hand side of the inequality (27) is
uniformly convergent on ¢ € [1, 00). Hence

‘Hk(sz —1)---QHy—2— 2N)‘
t1—1>ngo ZO]‘ )2 Hk

X[ —4 (1 + 22He—2N=3) (5 ) 2H—2N 3]

o0 ‘Hk(sz—l) CQH, —2— 2N)‘

— N\ 52
P % 520,
X zl—l>ngo [e_% + (1 + 22H’<_2N_3)(M)2Hk—2N—3] ‘
This proves (26). -

4 Continuity

Definition 3. Let X = (X;) be a continuous stochastic process defined on a proba-
bility space (2, F, P). If
X, — X,
H:=sup v>0: sup—<oo < 00,
|t —s|¥

the process X is called Holder continuous with index H, and H is its Holder index.
Theorem 4. Both mmfBm and mmfOU have Holder index Hips.

Proof. Fore > 0 and |t — 5| < 1, the mm{Bm satisfies

o0

0
EI:(M; _ MS)Z:I — Zo_kz“ _ S|2Hk < (ZU]<2>|t _ S|2Hinf—€ — C()|t _ s|2Hinf—6,
k=1

k=1
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where Cp := 72, akz > 0. Thus, the claim follows from Theorem 1 of [2]. On the
other hand, for some j > 1 we have Hiyr < H; < Hijyr + € and so the fBm B is
not (Hiur + €)-Holder continuous. Hence the process M = o J-BH-/ + ox Bk is
not (Hiyr + €)-Holder continuous. This proves the claim for mmfBm.

For the mmfOU, we apply Corollary 2 of [2]. That states the process U; is Holder-
continuous of any order 0 < a < Hipf if and only if for each 0 < € < 2 Hjyy, there is
some 0 < § < 1 such that

/00(1 — cos(sx)) fr.(x)dx < C.s?Hni=¢ 5 € (0, §). (28)
0

This is equivalent to

s2Hinf—e

foo oo fwidx < Ceo s € (0.0
0

To show this, here for s < 1 we have

/OO (1 — cos(sx))
0

SZHk—€ f)\,Hk(X)dx

o0 x - (sx) " 2Hk
€
=y C[—[k/ (1 — COS(SX))WdX
I/ll 2Hy
=g ch/ (I —cosu) TV 2du (u = sx)

12Hk
<ch/ (1— cosu)22+u du (0O <s<1)

l —2H; o] ul—ZHk
< cH, f (l—cosu) " du—i—/ 3 du}
0 €

u

€ 2sin? (4 o0
=cH, / Jul_%[kdu —|—/ u_l_Zdeu}
0 €

u2

€ 1 o0
<cnu / —u' T2k gy, —l—/ u_l_zH"du}
0 2 €

62_2Hk

4(1 — Hy) + 2Hy

= CHk
Therefore,
o0
f (1 = cos(sx)) fo g, (X)dx < Ce pgs* 7€ < C, g, s?Hint =€, (29)
0

Also, we have
E_ZHk

57,

sin(r H)T (1 + 2Hy,) ( €228k
> oiCen =

2 {4(1 — Hy) *

k=1
r'(3) €2—2Hsup ¢ 2Hinf

o0
= 2w {4(1 — Hgp) T 2 Hiyg }(;%2) =: C¢ < 00, (30)
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ifand only if0 < Hinr < Heyp < land 2 okz < 00. Now, (29) and (30) yield (28).
Moreover, for some j > 1 we have Hiyr < Hj < Hinf + € and so the fOU U Hj is not
(Hinf + €)-Holder continuous. Hence the process U = o;U Hj 4 ket j o U Fk is not
(Hinf + €)-Holder continuous. This proves the claim for mmfOU. ]

5 Variation

Recall that the p-variation of fBm with H € (0, 1) on the time-interval [0, T'] is given
in Definition 3.4 of [29] as

%) ; pH <1
vE(BT) = lim 2 ABI|P =1 Tu, ; pH=1
|7l >0 .

€My O ) pH > 1

where m, = {t; = %}ﬁzo is a partition of [0, T'], and w, is the pth absolute moment
of a standard Gaussian process, and the limit is taken in probability. With the same
argument, it is easy to check that for the mixed fractional Brownian motion (mfBm)
Y = aB + bB" the p-variation is

00 ; pmin(1/2, H) < 1

TaPu, ; H>1/2, p/2=1

VEY)= lim Y |AY, [P ={ T@*+b)PPu, 1 H=1/2, p/2=1
=0 e, TbPu, . H<1/2, pH=1

0 ; pmin(1/2, H) > 1

where a, b > 0, and B is the standard Brownian motion, and B is a standard fBm
independent from B. Now, for the p-variation of the mmfBm we have the next theo-
rem.

Theorem 5. For p > 0, the p-variations of the mmfBm M and the mmfOU U on the
time-interval [0, T are equal and

o0 i pHipr <1
p/2
Vi (M) =Vi(U) = T( 2 Uiz) tp i pHinf=1 (1)
Hi=Hins
0 3 pHinf > 1

Proof. For the mmfBm M, we have

vl (M) := Y |AM,|”

€My
p/2 p
— - O'Z(Afk)zHi AMZk
= E E ; > :
them, li=1 [ ?il o; (A )?2Hi]1/2

00 p/2 1 n

d . _9H.

a (2 :OiZTZH,nZ/p 2H,) X ; E |Zk|P
i=1 k=1
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as |m,| — 0, or equivalently n — oo. Here Z; is a standard Gaussian process and so
by the proof of Lemma 3.7 in [29]

1 n
=D 12" = ey,
k=1

as n — 0o, where i, is the pth absolute moment of the standard Gaussian process.
Now, if pHinr < 1 then Hinr < 1/p, and so there exists some j > 1 that H; < 1/p,
and so 2/p — 2H; > 0. Therefore

P2 1
vl (M) > <0]2T2Hjn2/p_2Hj) = Z | Zk|P — .
k=1

On the other hand, if p Hijyr > 1, for x € (1, 00)
O,iZTZHiXZ/p—ZHi < Oisz’

(e.¢]

0 2
i=1 i=

and because o < 00, the
x € [1, 00). So for pHinsr > 1,

| 02T i x2/P=2Hi ig yniformly convergent on

o0 (o¢]
lim Y o272 in P2t = N fim g2 72Hip2 =2,
n—oo n—odo

This yields the values mentioned in (3 1) are correct for the p-variation of M. For the
mmfOU U, as it is stationary, we have

vl (U):= Y |AU, |

€My

n
d r/2
<3 (Varlav,1) ™1zl
k=1
P2 1 & »
:n(Var[U% —Uo]> -;lekl .
k=1

As % et |Zk|P — u, for n — oo, the problem reduces to the limit

lim n(Var[U% — Uo]>p/2.

n—oo

To find it, again because U is stationary, and using the proof of Theorem 1 we have
Var[Us — Up = Var Uz +Var Uy = 2Cov(Ux, Uy

= 2Var Uy —2C0v<U1, U0>

o0
-2 Z 0?2 2Hi BT (2H;)
i=1
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00
Z 2 FeH +1) cosh E
Co2a2H n

AT
1 T 2H -1 AT
FQH) / s cosh (7 — s) ds

= i 7”2}] + 1) 1 — cosh (E)

A2Hi n

F(2H)/_ Hi= cosh(%—s)ds .

For the large values of n, the final series in the right-hand side above is uniformly

convergent. So, the lim and 2, could change places. This yields
n—oo

lim n(Var[UT — Uo]>p/2

n—oo

/2
— lim (nz/p Var[Us — Uo])p

n— oo
(0,0
I'2H; +1 AT
— 2 :0_2@. lim n2/P 1—cosh<—)
— ! AZHi n—00 n
1=

AT /2
1 z AT b
+ / s2Hi=1 cosh (— — s) ds :
I'CH;) Jo n

Now for + — 0, by the Taylor expansion
o t2r

1 —cosht = — —_—
— 2r)!

and via integration by parts
2H;

t
2H;—1 !
i h(t —s)ds =
fos cosh(t — s)ds 2i—|—2i

Again for t — 0, by the Taylor expansion,

t
/ s2Hi sinh(t — s) ds.
0

‘ t 00 l.2}’+2H,'
/ s sinh(t — 5) ds < / *Hisinht ds = *#i+! ginhr = E —.
i A Qr — 1!
=1
These yield fort — 0
2H;—1 2
1 — cosht i h(t — s)ds ~ .
cosh + 5 | cosh(t =s)ds ~ 57—

Therefore

p/2 22H; 2/p—2H; P2
lim n(Var[UT —Uo]) (Zo T2Hi lim n?/P~ ) ,

n— o0 n— 00
i=1

this proves (31). O
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6 Conditional full support

As explained in [5], in mathematical finance models one of the must require features
is the so-called Conditional Full Support (CFS) to avoid simple kind of arbitrage. This
means that, given the information up to any time t € [0, T], the process is inherently
free enough to go anywhere after time 7 with positive probability. This motivates us
to study the CFS property of the mmfBm and mmfOU processes but first we restate
the precise definition of CFS from [12].

Definition 4. Let X = (X;)o<;<7r be a continuous stochastic process defined on a
probability space (€2, F, IP), and (F;) be its natural filtration. The process X is said to
have CFS if, for all t € [0, T'], the conditional law of (X,);<,<r given (F;), almost
surely has support Cy,[t, T], where C[t, T] is the space of continuous functions
f on [¢, T] satisfying f(t) = x. Equivalently, this means that, for all ¢+ € [0, T],
feColt, T],and ¢ > 0,

ft> > O,

Theorem 6. Both the mmfBm and the mmfOU have conditional full support.

t<u<T

IP( sup | Xy — X — f(u)| <e

almost surely.

Proof. It is easy to check that

o0
1 _ L
—”&”(Zoﬁ)w Mt a2 1
iy 5 k=1
f) =)o fu,(x) = = h(x),
k=1 s
Fl - Su .
”’Z—P(Zof)lxil 2Hp x| > 1
k=1

where

ey = inf{ sin(7r Hk)} = inf{ sin(sr Hipf), sin(w Hsup)}.

k>1

Since 0 < Hinf < Hgyp < 1, g > 0. Thus h(x) > 0 for x # 0. Therefore, for any
xo > 1 we have

/OO log f(x) dx > /OO log h(x) dr

0 x? - 0 x2
0 00
dx
zlog{—(Zokz)}f )
k=1 X0
* logx

X0

and by Theorem 2.1 of [12] this proves that M has conditional full support.
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For mmfOU it is easy to check that

Hi@) =0 fim (x) = 4
k=1

where

Eq = inf{ sin(nHk)}k 1

S |x|1_2Hinf
enT (1) Zaz
21 k AZ +X2

363

lx] <1
=: h(x),

lx| > 1

= inf{ sin(7r Hinf), sin(r Hsup)}.

Since 0 < Hinf < Hgyp < 1, we have ey > 0. Consequently, £(x) > 0 for x # 0.

Therefore, for any xo > 1 we have that

0

log | £
= 10 —_—
& 2

+ (1 - 2Hsup)/

/Oo lo
X0

The claim follows now from Theorem 2.1 of [

7 Sample paths

/OO log f3.(x) dr > /Oo log 21(x)
X x2 X0 x2

LT

x2

)\2 2
g( +X)dx

dx

k=1

* log x
2

o X

x2

12].

> —0OQ.

Here we aim to present some replications of the mmfOU and its related mm{fBm
with different limitations for its Hurst exponents. Obviously the limitations of the
Hurst exponents characterize the roughness of the sample paths. In each of these
replications, the mmfOU is given on N = 1000 equidistant points ty = k/(N — 1)
of the time interval [0, 1], with n = 10 equidistant Hurst exponents H; = Hinr +
(i —1)(Hsup — Hinf)/(n — 1) on the Hurst interval [ Hinr, Hsup]. Also, the coefficients
o; =i~ ', i!7!, e~ are used and indicated in each figure. In all paths here A = 1.



Acta Wasaensia 79

364 H. Maleki Almani, T. Sottinen

H, € [0.7,0.9]

H; € [0.4,0.6)

H, € [0.1,0.3]

Fig. 2.

o, =1/ o, =¢" o =1/i

|

| | |

1
02 04 06 0. -0

H, € [0.7,0.9]

H, € [0.4,0.6]

H, €[0.1,0.3]

Fig. 3. Sample paths of mmfOU with equidistant time points and equidistant Hurst parameters
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ABSTRACT. We develope the generalized method of moments (GMM)
estimation for the parameters of the finitely mixed multi-mixed frac-
tional Ornstein—Uhlenbeck (mmfOU) processes, and analyze the con-
sistency and assymptotic normality of this estimator. We also include
some simulations and provide numerical observations considering differ-
ent statistical errors.

1. INTRODUCTION AND PRELIMINARIES

Langevin [13] postulated the model
dU; f Fy
1 =L+t
) dt m T m

to the velocity U of a free particle with mass m > 0, moving in a liquid
by the alternating force F' of surrounding molecules, and a constant friction
coefficient f. By imposing probabilistic hypotheses to the force F', Ornstein
and Uhlenbeck [18] derived that the solution of (1) has a Gaussian distri-
bution with exponential mean. Later on, considering the initial variable Uy
to be central Gaussian and independent from F', Doob [5] showed that the
solution to (1) is stationary and for some constant ¢ > 0, the time-changed
scaled process t'/2U(clogt) is in fact the well-known Einstein’s 6] Brownian
motion for ¢ > 0. As the Brownian motion in nowhere differentiable, Doob
understood (1) as

(2) AU, = —AUdt + dX,,
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where Uy = £ is the initial variable and X is a Lévy process. He derived the
solution

t
(3) Uy = e M¢ —|—/ e M=) ax,,

0
which is called the Ornstein-Uhlenbeck (OU) process. This solution was
later extent for all cases that X is a semimartingale (see e.g. [17]). Lam-
perti [12] proved the processes Vi, t > 0 is H-selfsimilar if and only if
Uy = e MV (cexp(M/H)) is stationary for all A\,c¢ > 0. Cheridito and et
al. [1] applied Lamperti transform and verified the solution (3) is valid for

X = B where B is the fractional Brownian mtoion (fBm) introduced by
Mandelbrot and Van Ness [11].

In [2] the Langevin equation (2) with X = Y% o; B, the multi-mixed
fractional Brownian motion (mmfBm), is the dynamic of particle’s veloc-
ity when the liquid is not purely homogeneous, i.e. the local surrounding
molecules can have imposing forces of different roughnesses. That is

(4) dU,_—Amdp+d<§:fo>.

i=1
They confirmed the solution (3) for this model is possible if for all i > 1,
H; € [Hin, Houp) C (0,1) and >_3°, 02 < oo. The solution is

t 00
(5) Ug:e_M§+:A d*“ﬂ*d(}jagﬁﬁ>.
=1

When Uy = £ = ), 0;& is the initial condition, this solution can also be
written as

o
(6) U= o™,
i=1
where
(7) auM = — uMHiat + aBH,
and Ué‘ Hi &;. To approximate U, one can naturally consider
n
(8) up =3 o,
i=1

that is convergent to U in L*(Q x [0,T]), for any T > 0 (see [2]). To
apply the process (8) for modelling the real data, we need 2n + 1 real-valued
parameters

N Hy,...,Hy; 01,...,0n
to be statistically estimated. To do this, we use the generalized method of
moments (GMM) introduced in Barbiza and Viens [3].

The outline of this paper is as follows. In Section 2 we develop the GMM
estimator for the process (8) analytically. Next, in Section 3, we investigate
the consistency of the introduced estimator. In Section 4 we prove the
asymptotic normality of our estimator. Finally, in Section 5, we provide

some simulations.
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2. GENERALIZED METHDOD OF MOMENTS ESTIMATION
The parameters we aim to estimate are
A>0, Hy, € [Hing, Houp) C (0, 1), or > 0; k=1,2,...n,
i.e. the following vector will be estimated
6= (\H;o) e R¥"!

where
H=(H,...,Hy,),
g = (01,...,Un).

To develope GMM estimator, the autocovariance function of U™ is required.
It is given in [2] by

(9 po(t) = pan(t) = E[ULUL

n

(14 2H) e

= Z 0,% ) \2fs 1+ ’72Hk—1()\t) + eQMFQHk_l(/\t)
k=1

n

[(2H, + 1) 1 A
= Z UI%W { cosh(At) — F(2Hk)/0 s* =1 cosh(At — s) ds p,
k=1

where for a € (—1,0) U (0,1)

1 /ac a—1_s

YolZ) = —— s* e’ ds,
) () Jo
1

% a1
r = — “Tled
a(T) o) /I s¥ e % ds,
and yo(x) = 1, I'p(z) = 0. Here 7,, 'y are the normalized incomplete
gamma functions (see [1]). The formula (9) is continuous in ¢, and so U" is

ergodic (see [3], page 257). By Lemma 5.2 in [1 1] for sufficiently small ¢ N\, 0
we have

n
HT(2H) 21
(10) po(t) =Y o} <)\2H -5 )
k=1
Further, for our estimation, we need some filters associated to the parameter
f and a positive integers L > 2n + 1. We define them as following.

Definition 1. A filter of length L + 1 and order [ is a sequence of real

numbers a = (ag)E_, = (ao, . ..,ar), that for [ > 0
L
Zaqu:O; 0<r<i-1,rez,
q=0
L
Zaqql #0.
q=0

When [ =0, we put ag =1 and a; =0 for 0 < ¢ < L.

The GMM estimation requires a family of filters by the length L and
orders [ = 0,1,..., L. For each filter a with order [ define

b = (bo,...,br),
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where
L
o Z 2
bo = aq,
q=0

by :zZZa(Hkaq; k=1,...,L.

For different orders l; # [;, the corresponding vectors b; and b; are lin-
early independent. So, we can take L filters aj,...,ar with respective or-
ders ly,...,l such that the L x (L +1) matrix B = [by by --- by]’ satisfies
2n + 1 < rank(B) < L. Then, for a fixed step size &« > 0, and 0 € O (a
closed subset of R?"*1) we can define the function

L L
= bpa(ak) =Y bepan(ak),
k=0 k=0

and the filtered process of the step size a > 0 for t > 0

L
— n
) - Z aqUt—qa'
q=0

Next, let 6y be the exact value of the parameter. Due to the stationarity of
U™, the random variable ¢(t) is centered Gaussian with variance E[p(t)?] =
V(6y). Following the notation of [15], for any 6 € © we have the vector of
differences

g(t,0) == (q1(t,0),...,91(t,0)),
where
9e(t,0) = () = Vi(9), 1<(<L,

and the subscript ¢ means that we use the filter a; in the filtered process
and variance. Moreover, g(t, §) satisfies a population moment condition (see

[9) and [15])
Elg(t,00)] =0, t>0.

Also, the vector g is in the second Wiener chaos (see [10]).

Further, assume that we have observed the process U™ at discrete equidis-
tant times 0 = g < t] < -+ < ty_1 < ty = T with fixed time step
a=t;—ti—1. Let A be an L x L symmetric positive-definite matrix (a suit-
ably chosen A ensures that the GMM estimate is efficient, see [3] Section
2.3). Now, for # € © and time ¢t > 0 denote

g0(0) := E[g(t,0)] (vector of expected differences),

gn(0) = N_i T SV, g(t;,0) (vector of sampled differences),
Qo(0) :=go(0) Ago(f) (squared distance of expected differences),
Qn(0) == gn(0) Agn () (sampled version of the above distance).
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Note that go(#) does not depend on time ¢, due to the stationarity of U™.
Finally, we define the GMM estimator of 6y = (\o; Ho; 03) as

(11) éN = (S\N;I:IN;&N)' = argreréiél QN(G).

In fact, if the function Qy(6) attains a unique zero at 6y, then we can find

a value Oy such that the approximation of g, that is Q N, should be the
smallest possible (see [9, 10]).

Moreover, all the remaining results are still valid if we substitute the fixed
matrix A with a sequence of random matrices (perhaps depending on the
data) with a deterministically bounded eigenstructure. In particular, we
can choose such sequence in order to attain convergence in probability to
the efficient alternative of A (see [3], Section 2.3).

In the following we will show the consistency and asymptotic normality
of the GMM estimator (11).

3. CONSISTENCY

As mentioned in [3], for the consistency, it is sufficient to find conditions
under which the mapping 6 — pg on+1(a) is smooth and invertible at least
in a closed subset # € © C R?"*! where

p0,2n+1(a) = (PQ(O ) a)7 cee ,pg((Qn) : O‘))lv

and « > 0 is the step size. This is equivalent for Vypp 2,41(cr) to be non-
singular in a closed subset § € © C R?"*!. To show this for the mmfOU
processes, with § = (\; H; o)’ € R*"*! we have the next lemma and theo-
rem.

Lemma 1. In the closed rectangle

Ao >0, He(0,1)

(12) T3 = {9 =\ H,0) A <exp (U(2H + 1)’)

}C@gw,

where V(-) is the so called digamma function

U(z) = %log I'(z) = ()

for pg(t) = a?px i (t), the matriz

%e0)  %(0)  %(0)
Vopos(@) = | %e(a) %2(a) 92(a)
%o (20) %0(20) 22 (20)

is a P-matriz for sufficiently small o.

Proof. Proof is similar to Lemma B.2 in [3]. O
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Theorem 1. In the closed rectangle

) ) ) ) 6 C ]R mn
A < exp (\I/(QHinf + 1)) o= ’

(13) Yopt1 = {9 = (\H; o)

the mapping
(14) po2n+1(a) = (po(0-a),...,pe((2n) - @),

1s injective for sufficiently small «.

Proof. Let 6 € Yop11, and = (x1,...,29,41) > 0 is a positive vector in
R27F1 Then, the kth component of the vector Vgpg oni1(a) z is
2n+1 ap)\
n
(15 [Vepszeri(@)z] = Z 5o (k= Dz,
= ((k=1)a)z + Z Ja) Tji

oA

= 0o
" ,0p\m P)\H
= 3o () w1+Zo2 ~ D)4
j=1
8PA,H]-
£ 3720, (1)) s
j=1 J
n 8pA,H 8/))\H
= 3[BT k= 1) + 2 (= D
j=1
OpxH;
+ QUjaTjj((k — Do) zppjta |-
Now, for all j =1,...,2n+1, let p;(t) = a?pA,Hj (t) and
- (-1 ;o 1<k <mn,
TV k-1a/2 ; n+1<k<2n+1.

Then, since exp(¥(-)) is an strictly increasing function,

A <exp (U(2Hiye + 1)) = 1§Zn£112rrll+1 exp (V(2H; + 1)) < exp (¥(2H; + 1)),

and so by Lemma 1 the matrix
r Op; 9p; 5\ T

= | @ @ 3@

9p; i o5y 9Pi(oa
o (24 (2d) 8Uj(204)
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is a P-matrix for all & < ay; sufficiently small associated to k and p;. So,
(16) is also P-matrix for

& < 05,y i= min Gy,
1<k<2n+1
1<j<2n+1
forall j=1,...,2n+ 1.
Hence, by the Theorem 2 of [7], for the subvector Z; = (1, Tj41, Tntjt1)’

we have
v/\,Hj,crj ﬁj(d) : jj >0,

and so for § € Yo,41

OpxH; OpxH;

2 ) 2 El

CrArSY L((k— Do)z + o; 8Hjj (k—1)a)zjt
Opa.H;

+ 20']-?;{3((]{: —Da) zpyjr1 > 0.

Consequently, for

dgn—l—l
17 < =BT
(17) “= o1

(15) is positive for all K = 1,...,2n + 1, and so the vector Vgpg an+1(r) x
is positive. Hence, by the Theorem 2 of [7], the gradiant Vypg an+1(a) is a
P-matrix, and so the mapping (14) is injective on Yo, 1. O

Now, we can obtain the strong consistency for the GMM estimators for
the mmfOU processes.

Theorem 2. For the GMM parameter estimator (11) for the mmfOU pro-
cess U™, we have

On = (An;Hy;an) =5 0 = (Ao; Ho; 00).
Proof. As an straightforward result of Theorem 1, Assumption 2.1 of [3] is

valid and we can apply Theorem 2.1 in [3]. O

Remark 1. First, we note that for A € [0,eY(] the consistency that we
studied above is valid. Second, the proof of Theorem 1 returns an important
result as the nature of numerical estimation. By (17), the larger the number
of parameters we aim to estimate, the smaller the sufficient step a@ > 0 we
need. However, in any case, there exists some sufficient « for which the
consistency is garanteed.

4. ASYMPTOTIC NORMALITY

For § = (\;H; o) € R?*"*! the spectral density function (SDF) of U™ is

(18) fol@) = f(B;2) = 0F frm, (),
=1
where

(19) fn () = SREHIL(L+ 2H;) o]t =2

o2 x2 + N2’

&9
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is the SDF of the fOU process UM (see [2]). Denote

ta) = fo (5425w [F1],

pEZ
and for ;,l; € {1,...,2n+ 1}
Ry(x|i,j) := min(1, [2["F9) fy(z).

Then, as explained in [3], the GMM estimator has asymptotic normality if
Ra,(-|i,j) € L*(—m, 7). For the process U™ we have

Rg(xli,j) = min(L,|z]"th) fy()
= ZJ;%RA,Hk(95|i7j),
k=1

where
R)\,Hk (I‘|1,,]) = min(lv |‘T’li+lj )?/\,Hk (CC),

P (@)= X o (0420 ) s we [-1I],

PEZ

So, Ry(-|i,j) € L*(—m,n) if and only if Ry g, (-li,j) € L*(—m,m) for all
k=1,...,n. The following Lemma is a generalization of Lemma 3.1 in [3].
Lemma 2. For the U™ process Ry,(:|i,j) € L*(—m,m) for

(i) l; +lj > 1, if all Hy € (0,1),

(ii) &+ 1; =0, if all Hy € (0,2), i.e. Hoyp < 3/4,
where n > 1 (L > 3).

Now, for 8 € © we define

G (0) = Vogn(0),
G(0) :=E[Vog(-,0)],

and note that G(6) does not depend on time ¢ because of the stationarity of
ur.

Finally, we have the following theorem for asymptotic normality of the
GMM estimator of U™.

Theorem 3. The GMM estimator (11) for the mmfOU processes U™ sat-
isfies
(D) Ellfx — 60[*) = O(N 1),
(ii) N¢||On — ol =2 0 for c < %,
(iii) VN (O — 00) % A (0, C(6)AC(6o)"),
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where C(0y) = [G(00) AG(00)] 1G(60)' A, and A is a L x L matriz (for
L >2n+ 1) such that

Aij=2)" Zbl’jﬂoo (k+p)| ,

pGZ k=0

z’J —_—
by Z aq q+k + Z aqaq+k

Proof. Theorem 1 and Lemma 2 yield that in fact the Assumptions 1.2-1.3
of [3] are valid. So, we can apply Lemma 2.2 and Theorem 2.3 of [3]. O
5. SIMULATION

In this section, we perform a simulation study to test our GMM estimator
for the parameters vector § = (A\;H;o) for n = 3. The statistical error
metrics we use are

MSE :

1 Ui N 2
— > llowi — 6117,
m“
=1
6(17;7‘) := maximum eigenvalue of @“(GN),
1 ’
2 Oni—0
i=1
where @"(GN) is the empirical covariance matrix of the estimated parame-

ters based on the m replications. For statistically high accuracy (cooking),
we setup m = 500 replications in our estimations.

—2

Bias = ,

To have the consistency, as mentioned by Remark 1, we take A = exp(¥(1)).
For (17) to hold we take N = 200,600, and 1000 in time interval [0, 1]. Also,
Theorem 1 is valid when o has a fixed sign. So, we choose the positive-sign
values o = (0.5,1,1.5)".

For asymptotic normality, we are restricted by the Lemma 2. So, we
take filters of positive orders [ = 1,2,...,2n + 1. On the other hand, we
are interested to test our estimator for varying Hurst values. Specially, for
applications sense, we are interested to include the standard Brownian mo-
tion (Bm), the case H; = 1/2 for some j. Hence, we take H = (0.3,0.5,0.7)".

In each estimation, we first simulate replications for the U™ process, and
then estimate its parameters § = (A\; H; o). To produce U", we use iterations
of the Langevin equation

n
(20) AUP = —\UPdt +d (Z aiB{Ii> ,

i=1
at N points of time interval [0, 1] with uniform step-sizes. In each repli-
cation, we use the autocovariance function p) , given in (10) to estimate
the parameters Oy = (;\ ~iHy: o). To do this, we employ finite difference
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filters of orders L = 2n + 1 (number of parameters) with A = Ig,41 the
identity matrix to minimize the calculation cost (see [3]).

The resulting values of the statistical error metrics for our simulations are
given in Table 5. As one can check, the method produces reasonably accurate
estimations and the errors vanishe while inreasing the time step accuracy
by increasing N. This fact is nicely observable in Figure 5, confirming our
analytical formula (17) in action.

N ‘ 200 600 1000

MSE | 0.006867 0.001149  0.000558
e(Var) | 0.004257  0.000564  0.000242

—2
Bias ‘ 0.00082  0.000294 0.000184

TABLE 1. Statistical errors for estimations by m = 500 replications.

N =200 N =600

<+  Estimation

+ Estimation
Actual

2.08

I10x 1
16x 1

1.98 + Estimation
Actual

1.96

+

0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
Replication Replication Replication

FIGURE 1. Estimations of § = (\; H; o) for m = 500 replications.
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1. Introduction

We are interested in a mixed process X = G + J, where the continuous part G is a so-called Gaussian Volterra process. In
older terminology these are processes that admit canonical representation of multiplicity one. A typical Gaussian Volterra process
is the fractional Brownian motion as shown in Norros et al. (1999). See Section 4 for the definition of fractional Brownian motion
and for other examples. Intuitively, a Gaussian process G is a Gaussian Volterra process if one can construct a martingale M from
by using a non-anticipative linear transformation and then represent the original process G in a non-anticipative way as a linear
transformation of the martingale M . The motivation to use Gaussian Volterra processes is that for them one can calculate their
prediction law in terms of the kernels that transfer the Gaussian Volterra process into its driving martingale M and vice versa. In
the mixture X = G+J the jump part J will be an independent compound Poisson process with square-integrable jump distribution.

One motivation to study processes of the type X = G + J comes from mathematical finance. Indeed, it is well-known that
the returns of financial assets do not follow Gaussian distribution (Blattberg and Gonedes, 2010; Fama, 1965; Mandelbrot and
Mandelbrot, 1997) and the returns also exhibit jumps, or shocks (Akgiray and Booth, 1986, 1987; Ball and Torous, 1985; Jarrow
and Rosenfeld, 1984; Press, 1967). Also, there is evidence of long-range dependence in the returns also explain the presence of long-
memory (Baillie, 1996; Chan and Hameed, 2006; Harvey, 1995; Kim and Wu, 2008; Rajan and Zingales, 2003). Thus models where
the returns are Gaussian with jumps seem more reasonable: The Gaussian part could take care of the long-range dependence with
fractional Brownian motion (fBm) as the Gaussian Volterra process, and the shocks would come from the compound Poisson part.
Then one can use the result of this paper to calculate imperfect hedges in the mixed model in the similar way as done in Shokrollahi
and Sottinen (2017) and Sottinen and Viitasaari (2018). Indeed, this is work in progress by the authors.

In this paper we derive the prediction law of the mixed process X =G + J.

The rest of the paper is organized as follows. In Section 2 we define Gaussian Volterra processes and derive their prediction
laws. Section 3 is the main section of the paper where we introduce the Gaussian Volterra processes with compound Poisson jumps
and derive their prediction laws. Finally, in Section 4 we provide examples of Gaussian Volterra processes.
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2. Gaussian Volterra processes

A Gaussian Volterra process is a Gaussian process that has a canonical representation of multiplicity one with respect to a
Gaussian martingale. The Gaussian Volterra process is defined in Definition 2.1 below in terms of covariance functions. The Gaussian
Volterra representations follow from Definition 2.1 and are stated in Proposition 2.1.

For convenience we consider processes over the compact time-interval [0,7] with an arbitrary but fixed time horizon T > 0.

Let G = (G),cpo.r) be a centered Gaussian process with G, = 0 and covariance function R:[0,T7]> - R defined on a complete
probability space (2,F,P).

A kernel K : [0,T]*> - R is a Volterra kernel if K(¢,s) = 0 whenever ¢ < s. For a Volterra kernel K we define its associated
operator K as.

I3
KLAI) = /O FK(5) ds.

Denote

1, ifse][0,r),
0, otherwise

1,(s) =1 (s) = {
The adjoint associated operator K* of the Volterra kernel K is given by extending linearly the relation
K*[1,1(s) = K(1, 5).
It turns out that K* for a Gaussian Volterra process with covariance
tAS
R(t,5) = / K(t,u)K(s,u)do(u)
0

extends to an isometry from A to L?([0,T],dv) where v is given in Definition 2.1(i) and A, the space of Wiener integrands, is the
closure of the indicator functions 1,, ¢ € [0,7], in the inner product

<1t’ 15>A = R(Ia S)~
Remark 2.1. By Alos et al. (2001), if K is of bounded variation in its first argument, we can write for any simple function f

T
K*[f](t)=f(I)K(T,t)+/ [f @) — fO] K(du,1).
t

Moreover, as in Alos et al. (2001) Lemma 1, we have for simple functions f and g that

T T
/ K*[f1(Hg(®) dt = / S®OKI[gl(dn)
0 0
justifying the name ‘“adjoint” associated operator.

For Gaussian Volterra representations we recall what is the co-called abstract Wiener integral (for more information on abstract
Wiener integrals and their relation to conditioning we refer to Sottinen and Yazigi (2014)). The linear space L is the closure of the
random variables G,, t € [0,T], in L?(22,F,P). The spaces A and L are isometric. Indeed, the mapping

1, -~ G,

extends to an isometry. This isometry is called the abstract Wiener integral and we denote it

T
/ f(®dG,
0

fora feA.

Definition 2.1 (Gaussian Volterra Process). Let G = (G,),jor) be a centered Gaussian process with covariance function R: [0, ) —>
R. Assume that

(1) there exists an increasing function v: [0,7] - R and a Volterra kernel K : [0,T]*> — R such that /0' K(t, 5)? du(s) < oo for all
t€[0,T] and

tAS
R(t,s) = / K(t,w)K (s, u) dou),
0
(2) for each 7 € [0,T] the equation

K*[K(t, )1(s) = 1,(s)

admits a solution K~!(z,-).
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Note that by Definition 2.1(ii) the operator K* is invertible and we have
KH'L1s) = K711, 9).
We note that due to Definition 2.1(i) for a Gaussian Volterra process the space A is isometric to L*([0,T],dv). Indeed, we have

(f.8)a =(K'[fL K*[g]>L2([o,T],du)~

In particular, this means that the mapping K* in Definition 2.1(ii) is an isometry between A and L2([0,¢],dv).
The following representation proposition is a direct consequence of Definition 2.1. Indeed, Proposition 2.1 could have been taken
as the definition of Gaussian Volterra process.

Proposition 2.1 (Volterra Representation). Let G be a Gaussian Volterra process. Let K~' be the kernel in Definition 2.1(ii). Then the
process

t
M, :/ K~'(t,5)dG,
0

is a Gaussian martingale with bracket (M), = v(t). Moreover,

t
G, = / K(t,s)dM,,
0
where v and K are as in Definition 2.1(i).

Note that form Proposition 2.1 we immediately see that the filtrations F¢ and FM coincide.
The Volterra representations of Proposition 2.1 extend immediately to the following transfer principle for Wiener integrals.

Proposition 2.2 (Transfer Principle). Let f € A and g € L*([0,T],dv). Then

T T

A f®dG, = /0 K*[f1(t)dM,,
T T

/0 gHdM, = /0 K" gl dG,.

In what follows we will use the following notation for the conditional mean, the conditional covariance and the conditional law
of a stochastic process Y :

wY ) = B [Yt)}ﬂ i

Ry (t,s|lu) = Cov[Y,,Y|F)],

Pyl = P [Y, e ayFY |
We end this section by stating the prediction formula for Gaussian Volterra processes. The formula and its proof is similar to
that given in Sottinen and Viitasaari (2017). We give here the proof in detail for the convenience of the readers.
Proposition 2.3 (Volterra Prediction). Let G be a Gaussian Volterra process as in Definition 2.1. Let u < s <t < T. Denote
(1, sl = (KK, ) ~ K, ))(s)

and

_1e=w?
e 2 o2 dx.

&(dx; p, 0%) =

V2ro?

Then
M (u) = Gu—/ w(t, s|lu)dG,,
0

ﬁG(t, slu) = R(t,s) — /" K(t,x)K (s, x)dov(x),
0

PS(dx|u) = @(dx; mC ), R(t, t|u)).

Proof. It is well-known that conditional Gaussian processes are Gaussian. Therefore it is enough to identify the conditional mean
and conditional covariance.
We consider first the conditional mean. Now

#Ou) = E [G,‘FMG]

t
=E [ / K(t,5)dM,
0

M
|
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= / K(1,5)dM,
0

/ K(u,s)dM, + / [K(t,s) — K(u,5)] dM,
0 0

u
=G, - / K"K, ) - K, )] (5)dG,.
0
Let us then consider the conditional covariance. Now

Ro(t.slu) = E [(G, — mCw) (G, — S (w)) |FMG]

t s
=E [(/ K(t,x)dM, — Af(u)) </ K(s,x)dM, — A?(u))
0 0
t N
= ]E[/ K(t,x)de/ K(s,x)dM, Fu’”]

t N
:IE[/ K(I,x)de/ K(s,x)de]

tAS
= K(t, x)K(s, x)dov(x)

u

tAS u
/ K(t, x)K(s, x)dv(x) — / K(t, x)K(s, x)dv(x)
0 0

FM]

u
R(,s) — / K, x)K(s,x)dv(x). [
0
3. Gaussian Volterra process with jumps
In this section we prove our main result, the prediction formula for Gaussian Volterra processes with compound Poisson jumps.
Indeed, we consider the process X = (X,),gor; given by
X=G+J, (3.1)

where G is a continuous Gaussian Volterra process and J is an independent compound Poisson process with intensity A and jump
distribution F. In other words

N,
Ji = Z 9
k=1

where N = (N,),co 1) is a Poisson process with intensity 4 and the jumps &, k € N, are i.i.d. with common distribution F, and
they are independent of the Poisson process N and the Gaussian Volterra process G. We denote

H = E[fk],
E[£].

We note that it is crucial that the Gaussian Volterra part is continuous since it implies that FX = FG/ | i.e. the signals G and
J can be separated from the signal X. We refer to Azmoodeh et al. (2014) and references therein on the continuity of Gaussian

processes.
Our main theorem is the following.

H

Theorem 3.1 (Mixed Prediction). Let X be given by (3.1). Then
u
) = X, —/ (1, slu)dG, + At — )y,
0

ﬁX(t,slu) = R(t,s) — /" K(t,x)K(s,x)dv(x) + At A s —u)y,
0

e—A(r—u)(/‘l(t _ Ll))"

o F*" (dy—Ju).

PX(dx|u) = / @ (dx — y; il W), R (1, 1w)) Y
yeER n=0

Here F*" is the n-fold convolution of the distribution F:
F*l(dx) = F(dx),

F*(dx) = / F(dx — y)F*®D(dy).
yER

Proof. Let us begin with the mean m,X (u). The conditional mean of G is already known. As for the conditional mean of J, we
have, by independence, that

! (W) = E [J, rul]
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J
ru]

JM+IE[J,—Ju

J,+E[T_]
J,+ A =)y

The formula for the conditional mean follows from this.
Let us then consider the conditional variance Ry(z, s|u). By independence we have

Ry (t, s|lu) = Rg(t, s|lu) + Ry (1, s|u).
Now Rg(t,s|u) is known and for R,(z, s|lu) we have
7
7 ]

= Cov [J, I, J -1,

R, (1, slu) = Cov [J,, J,

J
Fu]

Cov [J,_yr o]
AEAS —u)py.

Finally, let us consider the conditional law Pf‘ (dx|u). By the law of total probability and independence we have
P(dx|u) = / P [G, € dx— y|J, =y, r;‘] P [J, = dy|rj‘]
yeR
= / P [G, € dx— y|T’MG] P [J, e dy(r;]
yeR

Ju]

- / PO@x P[4, ~ J, € dy-J,
yeR
and

P[J,—Juedy—Ju

2|

= ZIP’[J,—Juedy—Ju
n=0

N,—Nu=n,Ju]]P’[N,—Nu=n

Ju]

[s) n
=P [ & edy—J, Ju} P[N,_, = ]
1

n=0 k=

= Y F*"(dy=J,)PIN,, =n]
n=0

The formula for the conditional law follows from this by plugging in P,G(dxlu) and the Poisson probabilities. []

Remark 3.1. It is interesting to note that just like in the Gaussian case, also in the mixed case, the conditional covariance is
deterministic.

4. Examples

In this section we give examples for different Gaussian Volterra processes G for the prediction formula of Theorem 3.1. This
means that we give the kernel K, the function v, and the kernel ¥.
Example 4.1 (fBm). The fractional Brownian motion B with Hurst index H € (0, 1) is a centered Gaussian process with covariance
Ry(t,s) = % (PH 4 20— — 521

By Norros et al. (1999) (see also (Sottinen and Viitasaari, 2017))) B¥ is a Gaussian Volterra process with v(f) = ¢ and the Volterra
kernel

_1 t
KH(t,s)=cH{<§)H 23 —(H—%)s%‘”/ W3 = 3 du}, “4.1)

N

with a normalizing constant

2Hr(§ - H)

Cy =

ré+mre-2m)
and we have

sin(z(H — 1)) ) ¢ H-% _ H-1
'I’H(t,slu): —2s§_H(u—s)§_H/ %
T u z—s

dz. (4.2)
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Example 4.2 (ccmfBm). The long-range dependent completely correlated mixed fractional Brownian motion (ccmfBm) was
introduced in Dufitinema et al. (2021). It is a Gaussian process

M =aW + bBHY

where B is a fractional Brownian motion with H > 1/2, and it is constructed from the Brownian motion W by using the Volterra
representation

t
BH = / Ky (t,s)dW,
0
(see Example 4.1 above). The ccfBm, M is also a Gaussian Volterra process with v(rf) = ¢ and the Volterra kernel
Kopu(ts)=al,(s)+bKy(t,s).

In other word, it has the following Volterra representation

t
M,:/ Ka,b’H(t,s)dVVs,
0
and so

Woprr (1) = (G, ;)7 (Ko (82 = Ko 1y ()] ().
Here
be(H)H - 3) (T H-3
Koyl /1O =af@®+ — f)———du,

72 ! w-nzH
forall f € A,, y, the space of all integrands from M , which is simply L2[0,T1] in this case. The (X:, H)‘1 is the inverse operator

of K: bH? where from Dufitinema et al. (2021)

T
(K2, )" 110) = FDKS) (. T) = / FOK:) s, 1),
t
had k
Kbyt = 11,60+ 1 Y0k (2) nes),
k=1

c(H)FI(H + 3

t 1 1
1 / w3 — oM H-2 gy,

Ye(t,8) = 1
F(k(H - 3))  §H=3 s

Example 4.3 (mfBm). The mixed fractional Brownian motion (mfBm) is the process
M=w +B"

where the Brownian motion W and the fractional Brownian motion B are independent. The mfBm was introduced by Cheridito
(2001). In Cai et al. (2016) it was shown that the mfBm is a Gaussian Volterra process with v(f) = ¢ and a certain kernel K H -
Indeed, let H > 1/2 and let L(t,s) be the solution of the equation

L(t,s)+ HQH — 1)/07 L, x)|s —x*2dx=-HQH - D]t =572, 0<s,1
Then by Theorem 2.2 of Cai et al. (2016) we have the following: denote

o) =1- /0 ’ L(t, x) dx.
Then

t
W,=IE[/ b(s)dW
0

B t
PIM] = / q(t,s)dM,
0

is a Brownian motion, where ¢(z, s) is the unique solution of the Wiener-Hopf equation:

t
q(t,s)+ HQH — 1)/ g, 0)|s = x| 72dx = ¢(s), 0< st
0
and
~ 4 ~ ~
M, =/ Ryt s)dW,,
0
where

_ 9 [
Kyt s)= =3 / q(t, x)dx.
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Fig. 1. Real value path, conditional mean, continuous noise path, and the jump part of the process X = BY — N.

and here we have

P(t,sluy = K™ [Ky ) = Ky w,9)] (9),
where

~ ~ T ~

Ky [f1(0) = f(OKy(T, 1) +/ [f@) = f(O] Ky (du,1),

t
for all f € A, the space of all integrands from M , and (IN(I’;I)*1 is the inverse operator of IZL.
5. Simulation
We consider the case X = BH — N where B¥ is a fractional Brownian motion (fBm) with Hurst index H and N is a Poisson

process with parameter 4. The paths of this process X, and its conditional mean nﬁf( () for time ¢, are given in Fig. 1 below. Plots
of Fig. 1 for different 4 and H are simulated for N = 1000 time points in a period of [0,1]. As one can see, the closer to the
maturity time ¢ = 1, the more accurate the conditional mean is.

Data availability

No data was used for the research described in the article.
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ABSTRACT. We consider the jump-diffusion risky asset model and study its con-
ditional prediction laws. Next, we explain the conditional least square hedging
strategy and calculate its closed form for the jump-diffusion model, considering
the Black-Scholes framework with interpretations related to investor priorities
and transaction costs. We investigate the explicit form of this result for the par-
ticular case of the European call option under transaction costs and formulate
recursive hedging strategies. Finally, we present a decision tree, table of values,
and figures to support our results.

1. INTRODUCTION

The decade of 1970-80 was undoubtedly the initiation of modern finance. During
that period, the main issue economists were eager to solve was to evaluate a closed
form for the option price. Pioneer among them, Black—Scholes (BS) (1973) [3]
applied the geometric Brownian motion (gBm) of Samuelson (1965) [27] adjusted
by the theoretical framework of finance, the no-arbitrage theory. This continuous
hedging-pricing model was later employed successfully for pricing of rational options
by Merton (1976) [23], and extened for transaction costs and taxes by Ingersoll
(1976) [11].

The gBm is the stochastic differential equation (SDE):

(1.1) d?st = pdt + odW,
t

where S is the asset price, W is the Wiener process, and u, o are constants. In
a self-financing trading strategy, the investor holds a portfolio n, 7w of some risk-
free and risky assets respectively with prices A, S, specially the case that A is the
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value of the cash account. So, the value V of the associated portfolio at time ¢ > 0
changes by

(12) dVi =mn dA; + 7 dS;.
Applying It6’s (1951) [12,13] calculus, Black—Scholes showed that if

(i) The investment strategy is self-financing,
(ii) The interest rate r of the risk-free asset A is constant,
(iii) The risky asset S has the gBm dynamic (1.1),

(iv) For some g € €12([0,T] x Ry) we have V; = g(t, S),

then

dg g 1 4 ,0%
1. 99 09 1 5209
(1.3) T —|—rm8$ + 20 z 52 rg =0,

and from (iv), on [0, 7]

0
(14) T+ — 87:3'(25’ St)

By the no-arbitrage theory, value of the portfolio V' must match to the value
of the option of the risky asset that the investor holds. So, (iv) is equivalent to
having the option price depend only on time ¢ and the asset price S;. This is
valid for the European wvanilla options, and for such option’s boundary conditions,
the equation (1.3) has a unique solution. Later on, Leland (1985) [19] developed
this approach under transaction costs. For the mathematical reconstruction, see
related references [6, 15].

As explained above, the B.S model makes it possible to identify a perfect hedging
strategy. In other word, if in a market we have all (i)-(iv) valid, postulating of
the no-arbitrage theory (which is interesting in equilibrium finance) is possible.
Although, this was a marvelous inception that is still applicable on business time
(see [9,10]), some criticisms arose later. In fact, the main criticism was even
published some years before Black—Scholes work, that is the Mandelbrot & Van
Ness (1968) [22]. Working on stock price data, they had concluded the noise of
price is far different with a Wiener process. This rules out the gBm model (1.1)
and also returns the possibility of arbitrage.

In modern finance, to overcome such issues, mathematical economists have ap-
plied (or some introduced) other stochastic processes in (1.1) place of Wiener pro-
cess. Some considered the stable processes (see [14,21,26]), some tried processes
with long memory (see [2,31,35-38]), and most recently they have studied the
processes including jumps (see [4,8,16,17,20,24]). The simplest model with these
jump processes (1.1) is the jump diffusion (JD) model
(1.5) g—st = pdt + o dWy 4+ dJ;.

-
For the JD model with compound Poisson jump of independent normal pro-
cesses, [24] evaluated the hedging strategy and option prices. [5] also calculated
a closed forms of hedging and pricing when the interest rate has the JD model.
Although the general JD model nicely calibrates the price data, it allows arbitrage
opportunities. So, the perfect hedging is impossible for the general JD model
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(see [18] chapter 7).

For models where the BS hedging method is not applicable, economists inves-
tigated other hedging methods. Féllmer and Schweizer (1991) [7] initiated hedg-
ing associated to the risk measure and Schweizer (1992-95) developed this idea
in [28-30]. However, as the BS is still valid on business time, a financial investor
naturally may ask the following question:

“In an incomplete market, what is the discrete strategy with the closest price to
the BS strategy of the associated background complete market?”

Motivated to answer this, Sottinen & Viitasaari (2018) [34] introduced the con-
ditional mean hedging (CMH) method by employing the conditional laws from
their prior paper [33]. This hedging is based on the coalitional average of the
new model’s value of portfolio, with respect to the coalitional average of the BS
portfolio’s value. Shokrollahi & Sottinen (2017) [32] studied this method for the
fractional Black-Scholes model.

In our recent article [1], we studied the required conditional laws for the Volterra-
jump models, which JD is a special case of. We aimed to find the CMH strategy
when the underlying asset has the general JD model. However, considering the
numerical results revealed a critical fact:

“Fven if the conditional means of some stochastic processes are equal, still the
minimum distance of those processes is not guaranteed!”

Therefore, we considered a stronger approach. The idea is to investigate a discrete
strategy that has the minimum conditional difference with the BS strategy. This
is the conditional least-square hedging (CLH). Surprisingly this stronger hedging
strategy is possible for the JD model. Using the conditional formulas of our previ-
ous article, we calculate the (CLH) strategy for the JD model under transaction
costs here.

The rest of this paper is as follows. In Section 2 we study the conditional
prediction laws for the jump diffusion model. In Section 3 we consider the CMH
strategies for this model under proportional transaction costs with a decision tree
for the investor. In Section 4 we explain and investigate the CLH strategies for it.
In Section 5 we investigate the explicit form of CLH strategies for the European
call options. In Section 6 we visualize our finding by some simulations and figures.

2. PRELIMINARIES

We consider the discounted pricing model where the riskless interest rate r is
zero (dA = 0) and the risky asset S is given by the following jump-—diffusion
stochastic differential equation (SDE)

dS;

(2.1) o

= pdt + o dWy + dJy,
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where W is the standard Brownian motion and J is an independent compound
Poisson jump process with intensity A and jump distribution F'. In other words

Ny
Jp = Zglﬁ
k=1

where N = (Nt)te[O,T] is a Poisson process with intensity A and the jumps &g,
k € N, are i.i.d. with common distribution F', and they are independent of the
Poisson process N and the Brownian motion W. We denote

e = E[&],
e = E[g).
The path-wise solution of the SDE (2.1) is
2 N
(2.2) Sy = Sp el T)iFoWe H(l + &k),
k=1

see e.g. [18]. Note that as the asset is positive S; > 0,V¢t > 0, we must have
& > —1,Vk > 1.

Now, as in real world, continuous trading is impossible, we assume the trading
only takes place at some given fixed time points 0 =tg < t; < ... <ty =7T. The
trader by the self-financing strategy would hedge at least once on each time period
[ti,ti+1). So, the simplest strategy he can take is to hold the discrete amount

N-1
(2.3) ﬂ_i\l = Z Wt]j]l[ti,ti-s-l)(t)’
=0

of the risky asset S at time ¢ > 0. Then, the value of the strategy 7 is the
integral of (1.2) minus the proportional transaction cost of it. That is

Nk VoK ! N ¢ N
AR A +/ T, dSu—/ kSyldm, |,
0 0

where k € (0,1) is the proportion of transaction cost.

Definition 2.1. Consider a European option of the type f(Sr), with convex or
concave payoff f. Let m be its Black—Scholes strategy. We call the discrete-time
strategy 7V is a conditional mean hedging (CMH) strategy, if for all trading times
ti )

N,

(2.4) E Vi %] =E Vi, | Z)

i+1
where .%;, is the information filter, generated by the asset price process S up to
time t;.

To extract the strategy ©V for such a definition, we need to study those condi-
tional expectations. The following lemmas provide the required conditional laws.
To distinguish the gBm asset model, implied to the BS strategy in the background
complete market, from the JD model of the incomplete market, we denote it by
SBS and that is

dSPs

(2.5) SBS

= pdt + odWyg,
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with the solution
(2.6) SBS = §BS olu=T)eoWs
and we note for all ¢ >0
Nt
(2.7) Sp=SPE T+ ).
j=1

Lemma 2.1 (Conditional Moments). For ¢ > u, and k > 1 the conditional JD
and gBm processes, i.c., Sp(u) := S¢|.F, and SPS(u) := SPS|.Z, has the moments

(2.8) g’}(u):E[Sf‘ﬁu}:Sﬁexp {(k,quk +/\Z< ) )tu]

2

7)),

o —

(29) (SPSVH(u) = E [(SP%)F| 2] = (s29)* exp [(lm T h(k - 1)

where ¢; = E[¢7]. In particular for k=1,2

(2.10) S(u) =E {St‘ffu} =S, exp {(,u + Xep)(t — u)],
(2.11) :S'E(u) =E [Sf’ﬁu] = 5% exp [(2,u + 0% 4+ 21 + /\62> (t — u)] .
Proof.

= Sh MRk | 21V E[ﬁﬂ 6| ZE

Jj=1
2
— Gk ok(n=5)t GkoWu g [eka(wt—wu)

ﬁuw}
N Nt
<[Ta+ere] TI a+&)|ze]
Jj=1 J=Nu+1
Ni_u

= Sk k=)0 g [kaWt “}E[H 1+¢;) ]

o n
= sk ettt SOETT(1 464 P[Niw = ]
n=0 7j=1
o2 S An(t_u) "
(kptk(k—1) %) (t— AV Aty K
— Sy D S (Bl0+9")
oo k "
ERTVERNA A"t —w)" R\ rei
= Gk glkutk(h=D) G —N(t—u) N™ 2 W) (.)E[fj}
nz;) n! jz:% J

_ gk, (kth(h—1) 5 +A Sk 1(’;)ej)(t—u)‘
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Remark 2.1. Formula (2.10) is a special case of [1, Theorem 3.1], for X = cW+.J.
However, the properties of Wiener process increments cause a better closed form
for the conditional laws here.

Lemma 2.2 (Conditional Expectation). For t > w, the conditional processes

BS(u) := f(t,SP%)|F, and S.fBS(u) := S; - f(t,SP%)|.Z., we have the follow-

ing Tules
(212)  [PS() = E [f(t, SF%)| 7]
[e.9] 0_2
= / f(t, SBS el _7)(t_”)+az) d(z;0;t — u)dz,

(2.13)  S.fPS(u)=E [st -t stBS)]yu}

— Sue(,qu/\elf%)(tfu) /oo eng(t, SESe(ufﬁ)(tfu)Jraz)gﬁ(z; 0:t — u)dz,

—00

where ¢(z;a;b?) is the normal density function of mean a and variance b*, and
G*" is the nth fold convolution of the distribution (; = log(l+ &) ~ G.

Proof. We have

P =E

£t 5P| 7]

_gl; (1,528 o= - o)) %V,J]

u

(2.14) B |r(nsm e<u—“§><tu>+a<Wz—u>)\ng].

Then we note SE’S and W;_, 4 W, — W, are respectively measurable and indepen-
dent of quv , the expectation is indeed just with respect to the variable W;_,,. So,
using the density function of W;_,, which is ¢(z;0;¢ — u), we can continue (2.14)
as

0o 2
= / f(t, ste(“_T)(t_”)"‘”)gb(z; 0;t —u)dz.

Next, we note W, N, & are all independent, W;_,, 4 Wi —W, and N;_, 4 N;— N,
are both independent from .7, = ﬁ’qfv ’N’g, and also S, and SES both are .%#,-
measurable. So,

—

S.fBS(u) = E [st f(t, s?s)‘yu}

Nt
_ E[suew—“;)(t—u)+a<wt—wu> [[0+¢)

x f(t, Sgse(w“—f)(tfu)w(wﬁwu)) ‘ ggv,N,sl

109
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02 Ntfu
= S, TNIE | T (1+&)|#¢

J=1

x E [e"Wtuf(t, SESe(u—ﬁ)(t—u)Jrthfu) ‘gw}

u

u

— S, e(u+)\617—2)(t ol [eawt_uf<t75isse(ug)(t w)+oWi_ u)

5]

and again the expectation is just with respect to the variable W;_,,. This proves
(2.13). O

3. CONDITIONAL MEAN STRATEGIES

From now on, we consider A as the backward difference operator i.e. At;y; =
tir1 — t; and for function f it is Afy,, ., = fo,., — fu-

Lemma 3.1 (Conditional Gains). Let S be left continuous at {t;}i>0, i.e. no
Jump happens right before the transaction payment time points, then

(31) Sy, (1) = Sy, exp [(M + )\€1)Atz’+1} 7
(3.2) 52 tian (ts) = S2 exp [(2,u + 02+ 2\e; + /\62>At¢+1} ,
(83) V7, (t) =E |g(tis, ST,

:/ g(tz+1,5 S (”_7)&1“%’3)@5(2;0; Atiy1)dz

—0o0

%i]

(34) SV7,, (t;)=E {Stmg(tiﬂ, S5

.2 00 52
— Stie(#+A61—7)Ati+1 / % g (ti+17 Sgse(#—T)Atiﬂ—l-az)gZ)(z; 0; Ati1)dz

—00

%}

N
(35) VI R=VT ’“—I—wfVASt

> 7TN,K? N N &
where ASy,. | (ti) = St (t:) — Sti .

N
i+l HSti+1|A7Tti+1|7

Proof. (3.1) and (3.2) are straight results of Lemma 2.1, and formulas (3.3) and
(3.4) are the results of Lemma 2.2. To prove (3.5), we note that from (2.4)

N tit1 N tiy1
V}wl =V, - -l-/ T, dSu—/ kS, |dr|
t; t;

n—1
_ Ve N _ _ . N
(3.7) =V + 7 (St — St) ﬁ\Alrljgo ' Su;«,\AwujH],
j=0
where A, :t; = ug,u1,...,Up_1,Un, = t;41 is a partition of n 4+ 1 time points on
[tistiv1], that u] € [uj,ujpi], and [Ap| = maxo<j<n—1[Auj|. Now, as the asset

price S is left continuous at {¢;};>0, we can continue (3.7) as folloing
N
= ‘/;2 + Trt (St7,+1 - S ) - K/Sti+1 |A7Tti+1 |

Taking the conditional expectation E[-|.%] to the right side of the final equality
above, we have (3.6). O
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Theorem 3.1 (Conditional Mean Hedging). If the asset price S is left continuous,
7V is the CMH strategy for the European option of type f(St) with convex or
concave positive payoff function f, and transaction costs proportion k, if and only
if
N A~ ~
N Vtzr - t7r+1< ) + FgASti+1 (tl)
(38) ‘ﬂ-ti+1 ﬂ-tl | -
/{Stz«‘fl( )

foralli=0,...,n—1.

Proof. The definition 2.1 and equation (2.4), are equivalent to have (3.3) and (3.6)
equal. This returns the equation (3.8). O

Remark 3.1. Taking a long position (buying) of S for the period [t;,¢;+1) means
A7l > 0, and so from (3.8)

TI'N7K: ¥ K
(3 9) 7TN _ 7_{_N + ‘/tz - ‘/ti+1( )+7Tt AStz+1( )
. t; - 't .
o "iSti+1( %)

On the other hand, a short position (selling) of S for the period [t;,¢;+1) means
Ar{ <0, hence from (3.8)

N A~
N N ‘/t:r " ‘/Yt:'r.t,_l( ) + 7Tt AStz+1( )
(3.10) Ty = T — .
"iStz‘+1( Z)
These cause a binary decision tree of strategies that a trader can take on transaction
time intervals as follows.

N1
No e Ty
N1 _ _— Tt
tong Trtz TT——— N2
N1 _— Tt
t1 N,3
o W N2 s
tg T/ N4
N Tt
Tto N5
N3 ___—m Tt
N2 t3
1 o7
sh N4 __—— "t3
ory 7'('t2 _ ﬂ_N,S
t3 “——______ N2N 1
71-1t1\7—1

FI1GURE 1. The decision tree of CMH method.

4. CONDITIONAL LEAST-SQUARE STRATEGIES

Remark 4.1 (Interpretations). Although Theorem 3.1 results in an explicit form
for the CMH strategy, there are some considerable points in it:

1. Denote
(4.1) (Empirical) 0} = Vti o AS, (L),
(4.2) (Theoretical) 0F, = VT (t;).

111
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Theorem 3.1 shows the CMH strategy is plausible only if egj — 07 >0, ie., the
empirical strategy’s values always exceed the theoretical values for i =0,...,n—1
all (9,{2[ > Hg_ ). However, this theorem vanishes if just for some 0 < j <n—1 we
happen to 61{;[ < 0F.

2. On the other hand, even if we successfully extract the CMH strategy, that is
matching the conditional means of the variables VZLA;K and V7, . However, this
strategy does not guarantee the minimum conditional distance of these variables
necessarily.

3. Since under the transactional costs the perfect hedging is not possible. How-
ever, we note that applying the JD model (1.5) for the risky asset price, is indeed
a generalization of the gBm model (1.1) by adding a jump to it. So, for a trader
in JD incomplete market, it is natural to investigate the closest discrete strategy
to the perfect hedging strategy in the background gBm complete market, i.e., the
BS strategy. Now, if one consider the difference (distance) as the conditional least-
square norm, then the mathematical formulation of this methodology for hedging
forms the following definition as a modified and alternative framework instead of
the CMH.

Definition 4.1 (Conditional Least Square Hedging). Let f(S7) be a financial
derivative with convex or concave payoff f. Let 7 be its Black—Scholes strategy.
We call the discrete-time strategy *m% is a conditional least square hedging (CLH)
strategy, if for all trading times ¢;,

* N : N ™ 2
(4.3) My € ALGMIN E [(VJH e V;fi-&-l) ‘ L%l} .
Tl'ti+1€R

Here .%;, is the information filter, generated by the asset price S upto time ;.
Lemma 4.1. Consider the problem

(4.4) miﬁ f(x) = a(z — x0)* + blz — x0| + ¢,
TE

where a >0, b,zg € R, and ¢ > 0.

i) If b> 0, it has the unique solution x* = xo with f(z*) =c,

i) If b < 0, it has the two solutions x* = xo £ b/2a with f(z*)=0.

Proof. First, if b > 0 then f is a convex function which has its unique minimum
on z* = xp with f(z*) = c. Second, if b < 0, we have

a(r —x0)? —b(x — ) +¢ ; x<mo
(4.5) flx)=X ¢ ;=1

a(z —20)?> +b(x —x0) +Cc ; x>0
and so

1oy 2a(x—xo) —b 5 x <o

(4.6) flw) = { 2a(x —x0) +b ;5 x>z
and f”(z) =2a > 0 on all z € R. So, f has minimums around the roots of its
derivative f’, which are z* = x¢ £ b/2a with values f(z*) = 0. O

Theorem 4.1 (CLH Strategy). Denote

—

Nk Q )
(A7) U= (V7 =780 ) St (6) = SVA4 (1) + T S, ().
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If the asset price S is left continuous, for the European option of the type f(St)
with convexr or concave positive payoff function f, and proportion of transaction
costs k the CLH strategy admits the following recursive equations:

(I) If U, <0, then *77'1{::_1 =,

(II) If U;, > 0, then for a long position on t;ii

(4.8) *ﬂ]j (long) = Wi:[ + =

— = 7'('N,I§ A~
_ _N 1 N SV tit1 (t’i) - (‘/;fl - Wgsti)stiH (tz)]
= Ty, + — T, — 3
S t1+1( )
and for a short position on t;1
(4.9) *771{27+1(5h0rt) = Wg — L
182, (1)
_ N SV () = (VDT - S, ) St (1 )]
1 Z 2, (t)

Proof. By Lemma 3.1

N
T YTk ™ N N N
‘/;H-l - ‘/;fi+1 - ‘/tz - ‘/tz'-s-l + Trti (Sti+1 - Stz) - I{StiJrl Trti+1 - Trti
and so
2 2
T o .2Q2 N N
(V;fz-u - ti+1) =k Sti+1 (T‘-ti-kl ﬂti)

™k ™ N N N
- 2K/Sti+l {‘/;z - ‘/ti+1 + Trti (Sti+1 - Stl) TrtiJrl - Trti

’R'N K 2
+ (th = V;tzrl + Wg(sti-u - Stz)) )
and taking the conditional expectation we have
2 202 N N2
E (‘/tJrl _‘/tz+1> ‘ﬁtl = K S tit1 (Wti+1 —TI'ti)
N —
— 2 { (VI = NS S (1) — SV (8) + i S (8 } |l — el
2
E |:(‘/t7; - ‘/tz+1 + Trt (Stz+1 - St )) ‘ﬁtz]

— . N N
= a; (ﬂ-ti+1 - T‘-tl‘ )

and this is a function of the form (4.4). So, by the Lemma 4.1, if b > 0 (U; <0)
then it has a unique minimum at *ng+l = 7. If b <0 (U; > 0) then it has

7Tt+1—7'(’t ’—i—cz,

twople minimums at "‘7r§v+1 = +b;/20; =7 FU; /FJS tian (i) O

Remark 4.2. Similar to the CMH method, here also we will face a decision tree of
the optimal strategies of CLH method. However, the decision tree of CLH method
is different. In some branches that strategy does not change, the branch continues
straight but not in a binary shape. In other words, we face a decision tree similar
to Figure 2.

113
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N1 _ ---7
Ty,
N,1  no trade N1 -
y T "tz T N2
N
to \ long N2 7TN73
Shoyy V2 T t3
Ty ——— N3 N4
short Ty — My T .

FI1GURE 2. The decision tree of CLH method.

Remark 4.3. Denote
(4.10) (Empirical) ¢ = (Vt *_aNs, ) S () + 7N S%, (1),
(4.11) (Theoretical) (7 = S.V”ti+1(ti).

As Uy, = Eg — {7, further than the explicit strategies, Theorem 4.1 reveals a test.
In other words, it indicates that if the empirical value remains less or equal to
the theoretical value (€)' < (7 ), the trader does not need to change the volume
of the strategy to stay close to the BS strategy’s value. However, if the empirical
value exceeds the theoretical value (Eg > (7 ), in order to stay close to BS strategy’s
value, the trader should update the volume of the strategy according to the formulas
(4.8) and (4.9).

5. EUROPEAN VANILLA CALL OPTION

Next, we are interested in calculating the European Call option case. To do this,
first we need the following lemma. From now on, we denote the density, cumula-
tive probability, and the expectation functions of the normal standard distribution
respectively by ¢, ®, E,, and the expectation function of the normal distribution

N (p,02) by EX ie., forall f:R R

p(2) = Nz q’(z)Z/_;go(u)du:\/L/_;e—

Ez[f(Z)]=/oo fw) ”d“‘m/ Fuw)e % du,
B[ f / f(u) (u; s 0%) du =

(u m?
. 271'02 / Jlu)e d,

providing the right side integrals exist.

Lemma 5.1. For all given real values a,b,a,p € R and o >0

o0 o252 2 b
(5.1) / e ®(az +b) p(z; p;0%)dz = e 2 alptao’)+h ,
— V1+a20?

i other word

(5.2) B [eazq)(az—l—b) |

( (0 +ao )—|—b>
V1+a202 )



Acta Wasaensia

12 ALMANI, SHOKROLLAHI, AND SOTTINEN

In particular

(5.3) E.|e® ®(az + b)} _ /°° e P(az+b)p(z)dz = e%q) <aa+b> :

—00

(5.4) o [@(az + b)} - (%) .

Proof. By changing the variable u = “Z# we have

/ e ®(az +b) ¢(z; p; 0%) dz

1 > az Q)( + b) _(Zﬂ%ﬁ d
€ az € 20 z
V2mo? J -
e > ( ) aou u?
= — ®(aou + ap +b) e 2 du
V2T J o

2 2
a‘o
ea'u'+ 2 o0 7(u—ao’)2

= — P(acu +ap+b)e 2 du
o 700( p+0)

a202 oo
(5.5) =Mt / ®(aou + ap + b) p(u; ao; 1) du.

— 00

Next, we not ®(z) = %{1 + erf (%)} for erf(z) = %foz e~“" du. So, one can
continue (5.5) following

= Wt / 3 {1+erf (W)} d(u; a0 1) du

(5.6) = eo‘u';g {1 + /OO erf <aau4;[c;u+b> d(u; ao; 1) du} .

Now, from [25, Section 4.3, Formula 13|, for arbitrary A, B,m € R and v >0

> A B
/ erf(Au + B) ¢(u;m; %) du = erf _Aamte )
—o0 V142422

So, we can continue (5.6) as following

2.2
au_i_aa 2 b
_ e 2 1+ erf aqo” + ap + /\/5
2 V 1+ a?o?
_ealﬁa?;?@(a(u%—aﬁ)—i-b).

V1+ a20?
|

Corollary 5.1 (European Call Option). For the European call option with left
continuous underlying asset price S and strike-price K, denote

O'Ati+1 . Ati+1

= —F——, =] by =bl —0\/T —tip
Tt TN T T o

IHL§S+( — VAt 4+ Z(T — tigq)
bt — K H 2 i+1 P i+1

! O’\/T—tiJrl ’
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then
—— Call
Call
(57) 6 Svthul( )
(utAen) At BS, (uto?)At; 2a; + b ai +b;
= Sp, e WALt Sti e\ P | —2 | - KO

V14 ¢ \/1+ ¢

and if EN < Eca“ the CLH strategy admits *m}" 1 = 7Tt f EN Egall then

N gN gCall N N eif\f _ ggall
(5.8) N (long) = T, + Ai, 1., (short) = ) — —<———.
o KkS? tit1 (t ) o KSQtiH(ti)

Proof. For the European call option with zero rate riskless asset we have the Black—
Scholes solution to the equation (1.3) is

gCall(t7SPS) = S?S(I)(dz_) - Kq)(dt_)>
sBS | 52

d-‘r: In K +%(T_t)
t ovT —1 ’
d =df —oVT —t.
So by Lemma 3.1
——Call
(5.9) =SV, (6) = B[S, gcan(tian, SE,)| 7,

2
_ St.e(/yb+/\51_%)Ati+l
1

o0
X / e”“gcan(tit1, SEiW(Z; 0; Atiy1)dz

—0o0

2
— St.e('u—i_)\El_%)AtH'l
T

(5.10) x / UZ(stm (d;:,ﬂ)—K@(d;ﬂ))qﬁ(z;O;AtiH)dz.

—0o0

Here the inner integral is

Eg’AtiH [ i (Stz+1 (dJr

o) - Kod,,))]
.2
In SESQ(N*T>A%+1+02 N LQ(T . )
Bse(pf%)AthLl EO At e2az(1) K 2 i+1

o1 —tiya

2
§BSo(r=)Ati 140z 9
0,Atiy1 | oz In — K - %(T —lit1)
—KE, e’ P
o T —tit1
$BS

9 2
_oZ ) 0,At; In ——+(u—%)Atiy1+o2+% (T tit1)
— Ese(u 5 )Atz+1 Ez7 +1 eQa’Z(p + +
g4/ T— tl‘+1

SPS 52 52
0Atis1 | oz 7+ (p—% )Atiy1+0z— % (T—tit1)

_KE :
’ o/ T —tit1
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applying Lemma 5.1 we can continue

M _ Keéﬁtiﬂ@ ai + b

\/1+4¢2 1+

- SESQ(M-&-%UQ)AQH-H/(I)

Now, by substituting this to (5.10) proves (5.7), and applying this result to the
Theorem 4.1 and Remark 4.3 proves the rest of this corollary. O

6. SIMULATIONS

In this section, we simulate the result of Corollary 5.1. First we consider the
case £ = —0.5, i.e., pure negative Poisson jumps in Figure 3 and its decision tree
in Figure 4. Then, we consider the case £ = 0.5, the pure positive Poisson jumps
and its results are given in Figures 5 and 6. The simulations are done for 7' = 12
months (1 year), including 5 transaction payment times, with x = 0.1. In both
simulations we consider u = 0.15,0 = 0.25 and A = 0.3 per month.

Remark 6.1. Considering the simulations and figures, one can see in branches that
the optimal strategy *W{L , changes, it is diverging from ﬂg rapidly. To explain
the reason of this, we must note to the equations (3.5) and (4.3). Indeed, we aim

to minimize the difference of

N .k TI'N,H N
‘/;f - ‘/;1 + ﬂ—ti (St

) N N
i1 - Stz) - F"’Sti+1 "/TtiJrl - ’/Tti ’

141

and Vi with respect to the overall information up to time t;, i.e., .%;,. While
V7™ changes slightly (with no jump) from ¢; to t;4+1, the JD asset price S changes
roughly high in that time period if some jumps happen. In other word, the part

Wg (Stis1 — St;) is roughly high when some jumps happen on [t;,%;11). So, the
methodology of CLH tries to compensate this by the part —xSj, ]W,{jﬂ — Wg’ To

do this, it takes a value for *w,{iﬁ , extremely different from 77,{27 , to overcome the

reducing effect of proportion « as well as the roughness of the part ﬂg (Stivr —St)-
In other word, the jumps in optimal strategy values are the “cost” of overcoming
to the jumps in the underlying asset price.
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FiGURE 3. The underlying asset price, European call option price
and strategy, the noise and jumps for constants u = 0.15,0 =
0.25,6 =—-0.5,T =12,k =0.1 and A =0.3.

FIGURE 4. The decision tree of optimal strategies associated to the
model in 3.
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FiGure 5. The underlying asset price, European call option price
and strategy, the noise and jumps for constants u = 0.15,0 =
0.25,£ =0.5,T =12,k =0.1 and A =0.3.

F1GURE 6. The decision tree of optimal strategies associated to the
model in 5.
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