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Abstract

According to Mandelbrot, financial assets are characterized by two characteristic
traits—discontinuity and price persistence. This paper uses simulations to obtain
predictions for these two key features derived from a multifractal model of asset
returns (MMAR). Following Mandelbrot, this paper uses the exponents of power
laws to study asset return discontinuity, whereas the level of price persistence is
measured via Hurst exponents. Using the distributions of these exponents derived
from MMAR simulations, this study proposes a novel joint test designed to exam-
ine whether the MMAR is capable of describing the return data on financial assets
with respect to these two key traits. Intriguingly, empirical tests suggest that the
benchmark MMAR specification employed here is capable of describing disconti-
nuity and persistence observed for the returns on five key financial asset markets—
U.S. equities, USD/GBP exchange rates, gold futures, crude oil futures and Bitcoin.
From a theoretical perspective, the findings are consistent with the possibility that
common latent mechanisms, including herding behavior, may contribute to return
dynamics across otherwise unrelated asset markets.
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K. Grobys

1 Introduction

Mandelbrot et al. (1997) were the first to propose a multifractal model of asset returns
(MMAR), a model designed to generate time-series evolutions resembling asset
returns. Mandelbrot (2008) emphasized that financial asset prices exhibit two key
features: discontinuity and price persistence. In his account, markets are described
as “deforming time,” in the sense that time is either expanded or contracted, and the
more severe these changes are, the more trading time expands. At the same time,
Mandelbrot (2008) stressed that this notion of time deformation should be under-
stood primarily as a mathematical convenience for analyzing financial returns rather
than as a literal proxy for trading volume. In the original MMAR of Mandelbrot
et al. (1997), time deformation is generated by binominal bending that is iterated
to form a multiplicative cascade, which constitutes the essential building block of
the model. A single multiplicative cascade can therefore generate infinitely many
time-series evolutions with statistical properties resembling those of financial asset
returns. Hence, in this study, ‘time deformation’ or ‘trading time’ is understood as a
latent model-based time scale that may expand or contract relative to calendar time,
thereby reflecting variation in the intensity of market activity in the return-generating
process.

The seminal contribution of Mandelbrot et al. (1997) stimulated a broader lit-
erature on alternative multiplicative cascades and related multifractal specifications
of asset returns. For example, Calvet and Fisher (2002) studied time deformations
derived from Poisson and gamma distributions. Other multifractal constructions have
been developed by Muzy and Bacry (2002), Bacry et al. (2008), Calvet et al. (2018),
and Lux et al. (2014), while Segnon and Lux (2013) provide an extensive overview
of'this literature. More recent literature has also applied fractal and multifractal meth-
ods to cryptocurrency markets. For instance, Stavroyiannis et al. (2019) study the
fractal dynamics of Bitcoin using wavelet modulus maxima and detrended fluctua-
tion analysis, while Gradojevic and Tsiakas (2021) examine volatility dynamics in
cryptocurrencies using multiplicative cascades. More recent evidence by Takaishi
(2025) further suggests that Bitcoin volatility exhibits multifractal features and time-
scale-dependent persistence.

Acknowledging Mandelbrot’s (2008) view that financial assets are characterized
by discontinuity and price persistence, the purpose of this study is to provide simula-
tion-based evidence on MMAR predictions for these two key traits of financial asset
returns. Following Mandelbrot (2008), discontinuity is examined through power-law
behavior, whereas persistence is evaluated through the Hurst exponent. The analysis
focuses on whether the MMAR can jointly account for both features and whether this
ability depends on the degree of time deformation embedded in the multiplicative
cascade.

This study contributes to the literature in three closely related ways. First, it com-
plements Calvet and Fisher (2002), who examined multifractality in moment scaling,
by shifting attention to two core implications of the MMAR emphasized by Mandel-
brot (2008): power-law behavior associated with discontinuity and long-range per-
sistence in returns. Second, the study develops a joint test designed to assess whether
the MMAR can simultaneously account for these two characteristic features of finan-
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cial asset returns. Third, the analysis extends the benchmark MMAR by consider-
ing multiplicative cascades that imply milder or wilder time deformation than in the
original formulation, thereby allowing a systematic comparison of how alternative
cascade structures shape the model’s predictions.

The paper is also related to the literature on power laws and tail risk in financial
economics. Several studies suggest that tail risk may vary over time (Galbraith &
Zernov, 2004; Quintos et al., 2001; Wagner, 2003; Werner & Upper, 2004). Motivated
by this literature, Kelly (2014) and Kelly and Jiang (2014) developed a dynamic tail-
risk measure based on a panel approach and showed that the resulting tail exponent is
highly persistent. By contrast, Grobys (2024) reported strong evidence of total invari-
ance in the power-law behavior of realized foreign exchange rate variances across
time and frequencies. Against this background, the present study examines whether
MMAR-based predictions are more consistent with invariance or with time-depen-
dence in the power-law behavior of financial returns., This issue matters because
time-varying tail risk would imply that the magnitudes of extreme events are not gov-
erned by a common underlying functional law, whereas Mandelbrot (2008) argued
that invariances in data-generating processes are particularly valuable because they
improve the reliability of inference and prediction.

In addition to traditional financial markets, the analysis includes Bitcoin as a proxy
for the cryptocurrency market. This extension is relevant because cryptocurrencies
are widely associated with recurrent extreme events and unusually high volatility
(Baur & Dimpfl, 2021; Kyriazis et al., 2020). Recent work such as Liu et al.’s (2022)
three-factor model approaches cryptocurrency returns from the perspective of con-
ventional asset pricing, in the spirit of Fama and French (1992, 1993, 2015). The
present study instead takes a fractal perspective and asks whether the benchmark
MMAR specification employed here can also account for the discontinuity and per-
sistence observed in Bitcoin returns. In this sense, the paper extends MMAR-based
evidence to a market that differs markedly from traditional asset classes yet is often
characterized by pronounced nonlinear dynamics.

Overall, the findings show that the benchmark MMAR and its extensions generate
empirically meaningful predictions for discontinuity and persistence, and that the
original specification performs remarkably well across the financial assets consid-
ered, including Bitcoin. More broadly, the results are consistent with the view that
similar underlying mechanisms may govern return dynamics across otherwise very
different asset markets. Since power-law behavior in financial returns is often inter-
preted as a manifestation of herding behavior (Lux, 1995; Lux & Marchesi, 1999),
the evidence is consistent with the view that common latent mechanisms may under-
lie discontinuity and persistence across traditional and cryptocurrency markets alike.

The remainder of the paper is organized as follows. Section 2 describes the data.
Section 3 introduces the methodology. Section 4 presents the results. Section 5 dis-
cusses the findings, and Section 6 concludes.
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2 Data for the Statistical Tests on Empirical Data

For the empirical part of this study, weekly log-return data on the U.S. S&P 500,
USD/GBP exchange rate, gold futures (Dec 24 (GCZ4)), crude oil futures (Nov 24
(CLX4)), and Bitcoin were downloaded from investing.com. The return series are
aligned on a common weekly sample period from January 3, 2016 to September 22,
2024, yielding 456 weekly observations for each asset. The common sample period
is determined by data availability for Bitcoin. No additional data filtering or outlier
adjustment is applied.

In addition, monthly log-return data on the U.S. S&P 500, USD/GBP exchange
rate, gold, and crude oil were obtained from stooq.com and used for a robustness
analysis. The monthly sample runs from October 1981 to March 2026, yielding
534 monthly observations for each asset. The starting date of the monthly sample is
determined by data availability for crude oil in the database, as observations prior to
October 1981 contain consecutive months with zero log returns and were excluded
from the analysis. No additional data filtering or outlier adjustment is applied to the
monthly series.

Descriptive statistics are reported in Table 11 in the Appendix. As shown there,
the weekly return series (Panel A) exhibit pronounced non-normality and excess kur-
tosis. In particular, kurtosis ranges from 5.023 for Bitcoin to 9.67 for the S&P 500,
which points to substantially heavier tails than under a normal distribution. Consis-
tent with this observation, the Jarque—Bera test rejects normality for all weekly assets
at conventional significance levels. The monthly return series (Panel B) also exhibit
substantial departures from normality, with kurtosis ranging from 4.24 for gold to
12.37 for crude oil, and the Jarque—Bera test again rejecting normality for all assets.
These distributional features support the relevance of modeling discontinuity through
power-law behavior in the return-generating process.

3 Methodology
3.1 Generating Multifractal Asset Return Data by Means of the MMAR

In their highly influential, yet surprisingly unpublished 1997 paper, Mandelbrot and
his collaborators were the first to propose the MMAR designed to mimic the returns
on financial assets. Whereas Mandelbrot et al.’s (1997) MMAR model incorporates
the fractional Brownian motion to produce long-memories in asset returns while
allowing for the possibility that financial asset returns themselves are independent,
Mandelbrot (2008) suggested a simplified version of the MMAR that uses a plain
normal distribution as opposed to a fractional Brownian motion. Mandelbrot et al.
(1997) argued that, depending on the multiplicative cascade, a wide spectrum of tail
behavior can be generated ranging from “mild” to “wild.” Interestingly, in a recent
paper, Grobys (2023) extended Mandelbrot et al. (1997) and Mandelbrot (2008) by
proposing the multifractal model of asset invariances (MMALI) designed to model the
second moment of financial assets. Grobys (2023) showed that the higher the level
of time deformation is chosen, the more extreme is the tail behavior and the higher is
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the level of variance persistence. Consequently, the evidence derived from Grobys’
(2023) study suggests that long-range dependence is not necessarily induced only by
some fractional Brownian motion. Hence, extending Grobys’ (2023) study, we inves-
tigate the impact of the level of time deformation on the predicted tail behavior (viz.,
power-law behavior) and persistence in the returns on financial assets as opposed to
the realized second moment (viz., realized variance) of financial assets.

Following Mandelbrot (2008), the daily financial asset return process z; of some
financial asset is modeled as the product:

Ty = 2y, 1)

where z; denotes the multiplicative cascade component governing the latent scale
variation in the return-generating process, and €; denotes a distribution that is
assumed to be normal, e, ~ IIDN(0,1). In the present implementation, the cas-
cade-generated component z, is used directly as the latent scale factor applied to the
Gaussian innovation. In line with Mandelbrot et al. (1997) and Mandelbrot (2008),
we use binominal bending to compute various multiplicative cascades. Specifically,
the following probabilities, p, are employed to produce “deformed clock time” cor-
responding to “trading time:”

j=1:p=0.55, (1.1)
j=2:p=0.60, (1.2)
j=3:p=0.65, (1.3)
j=4:p=0.70, (1.4)
j=5:p=0.75 (1.5)
j=6:p=0.80, (1.6)
j=T:p=0.85 (1.7)

That is, we explore j = 1,...7 multiplicative cascades. Intuitively, a higher value
of p implies a more uneven binomial branching of trading time and therefore a more
concentrated multiplicative cascade. This produces stronger time deformation, which
in turn is expected to generate wilder return dynamics, reflected in lower power-law
exponents. Conversely, lower values of p imply milder time deformation and there-
fore less extreme tail behavior.

Following Grobys (2023), for each given multiplicative cascade j, this study uses
k = 13 iterations, giving us 2¥ = 9" = 8,192 daily observations for vector z;. Fol-
lowing the dyadic branching structure of the MMAR, the simulated series length is
chosen as a power of two. Specifically, using k = 13 iterations yields 2!3 = 8,192
daily observations, which is consistent with the binomial cascade construction and
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with the simulation design commonly used in the multifractal literature (see, e.g.,
Grobys, 2023; Segnon & Lux, 2013). This choice also ensures that, after temporal
aggregation, the simulated data provide sufficiently long weekly and monthly return
series for the estimation of power-law and Hurst exponents and for comparison with
the empirical analysis.

Next, the first 5,120 observations of vector z; are employed to construct
b=1,...,B 5,120 x1 vectors of multifractal asset returns by multiplying the ele-
ments 21, 22.,...,25120,; of the vector z; array-by-array with random drawings
from the standard normal distribution, €15, £2.p,...,€5120,5, resulting in B = 1,000
vectors, xp;, that is:

Z15€1,1 Z1j€1,2 Z1j€1,3 Z15€1,1000
22j€2,1 22j€2,2 22j€2,3 22j€2,1000
251205€5120,1 251205€5120,2 251205€5120,3 251205€5120,1000

Note again that all vectors x1 j, €2 j,...,Z,; have the dimension 5,120% 1 and use
the same multiplicative cascade j, denoted as, z;, which, in turn, depends on p. Then,

[231.7332.7-’5:;.7 . --wB.;] =

forb=1,..., B, weekly asset return vectors ml‘;vj are computed as:
5 10 5120
W ) ) ,
Ty, = <Zt_1mt-,b7jv ZtZGIt,bm ey Zt_suaxt’b’j) /s (2
where :Béwj has the dimension 1,024 x 1. Furthermore, for b =1,..., B, monthly

asset returns are calculated accordingly as:

40 5120

20
M _ ) ) E : .
Ty = ( E tzlxt,bm E t:mft,bm s t—5101lt’b’]> / 3)

where ar:é‘/fj has the dimension 256 x 1. The simulation procedure is summarized in an
illustrative manner in Fig. 1.

3.2 Predicted Discontinuity Derived From MMAR Simulations

Simulated financial asset returns are explored with respect to their two characteristic
traits as identified by Mandelbrot (2008). Mandelbrot (2008) documented that the
first characteristic trait that the returns on financial assets typically exhibit is abrupt
change or discontinuity. A typical manifestation of this trait is the presence of a Pare-
tian tail; specifically, the tail of financial asset returns is governed by some power-law
process, measured by the characteristic power-law exponent. As pointed out in Lux
and Alfarano (2016), power-law behavior is a “universal feature of financial assets.”
Therefore, to investigate the power-law behavior of financial asset return data gener-
ated by a given multiplicative cascade j, each vector :n,‘f; and m{)w] is modeled as a

power law using the following model:

p(y) =By %, “)
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Multiplicative
cascade j

Drawings from normal distribution g;:
t=1,...,T drawings in time dimension and
b=1,..., B drawings in cross-sectional dimension

Weekly data: Monthly data:
B=1000 vectors x},; that XIJS = Zj€jb B=1000 vectors x;; that
cach have dimension il e each have dimension
1024x1 256x1
For each data vector x,‘;'fj: For each data vector x% it
Point estimates & and H Point estimates & and H
are obtained are obtained

Fig. 1 Simulation procedure. This figure visualizes the simulation procedure to retrieve weekly and
monthly asset return data by means of the multifractal model of asset returns. Following Mandel-
brot (2008), the daily financial asset return process x+ of a financial asset is modeled as the product:
x¢ = ztet, where z¢ denotes the multiplicative cascade serving as multifractal time, and € denotes a
distribution that is assumed to be normal, ¢ ~ IIDN(0,1). In line with Mandelbrot et al. (1997) and
Mandelbrot (2008), we use binominal bending of clock time to compute various multiplicative cas-
cades. Specifically, the main analysis of this study uses the following probabilities to produce deformed
clock time, respectively, trading time: p = 0.55 (e.g., j = 1), p = 0.60 (e.g., 7 = 2), p = 0.65 (e.g.,
j=3),p=0.70(eg,j=4),p=0.75(g,j=5),p=080(g,j=6),p=085(g,j=7
). Following Grobys (2023), for each given multiplicative cascade j, this study uses & = 13 iterations,
giving us 213 = 8192 daily observations for vector z - The first 5120 observations of vector z; are
employed to construct b = 1,..., B 5120 x 1 vectors of multifractal asset returns by multiplying ele-
ments 21,5, 22,5,.--,25120,5 With random drawings from the standard normal distribution, €1 p, €25

,..»€5120,b, resulting in B = 1000 vectors for x, that is: I::lll,jdlzyjil:g’j . :cB,j] . All vectors x5,

T2 j,...,£ B, have the dimension 5120 x 1 and use the same multiplicative cascade z; which, in turn,
depends on p and (1 — p). Following Grobys (2023a), for b = 1, ..., B, weekly asset return vectors

w w _ 5 ) 10 ) 5120 ) M
@, are computed as, xy = (Etzlmtm, th}mt’b’], o, t:5116mt*bv1) 1, where xy; has
the dimension 1024 x 1. Furthermore, for b = 1, ..., B, monthly asset returns are calculated accord-
. 20 40 5120 .
ingly as, mévylj = (Zt:ﬁvt,b,jv Zt:mxtvbd’ o, t:5101mtvb»1) /, where mévfj has the dimen-
sion 256 x 1
where y = ||, B=(a—1)yS N with a € {Ry |a > 1},

y €{Ry lymin <y < oo}, yprn is the minimum asset return observation gov-
erned by the power law, and « is the economic magnitude of the tail exponent.' Next,
it can be shown that conditional moments [y* |y > yassn | are defined as

'We follow the notations of Clauset et al. (2009). To ensure better readability, indices (e.g., ¢, b, W, or M)
are dropped here.
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[yk ly > ymin| = (a(ili)k:) N Q)

In line with White et al. (2008) and Clauset et al. (2009), maximum likelihood esti-
mation (MLE) is employed to compute the tail exponent as

N Yi -
a=1en (X m (L)) ©)

YMIN

where & denotes the MLE estimator and /N denotes the number of sample observa-
tions exceeding ypsrn, that is, y > yarrv. We see from Eq. (6) that the cutoff ymin
is fundamentally important for the computation of the relevant power-law exponent.
In line with Clauset et al. (2009), the cutoff y.,i, is assessed by means of the Kol-
mogorov—Smirnov (KS) distance D, which corresponds to the maximum distance
between the empirical cumulative distribution function and the fitted power-law
cumulative distribution function in the region ¥y > ymin, that is,

D= max | S(y)—Py) |, (7

Y>Ymin

where S(y) is the cumulative distribution function (CDF) of the data for observa-
tions with value at least ymin, and P(y) is the CDF implied by the fitted power-law
model in the same region. The estimate of yy,, is the value of ¢y, that minimizes D
. Thus, the KS distance is used here as a fitting criterion for determining the optimal
lower cutoff of the power-law region. To assess whether the fitted power-law model
given by the parameter vector (&, {jmin) provides a reasonable description of the data,
we further employ the goodness-of-fit test proposed by Clauset et al. (2009). This
test generates a p-value by comparing the empirical KS distance with the distance
measures obtained from comparable synthetic data sets drawn from the hypothesized
model. In the present study, these p-values are reported descriptively across the simu-
lated samples.”

3.3 Predicted Long-Range Dependence Derived From MMAR Simulations

Mandelbrot (2008) documented that the second wild trait that financial assets have
in common is long-range dependence in otherwise random processes. A manifesta-
tion of this trait is, in the parlance of Mandelbrot (2008), the presence of decreasing
correlations over time—however, the correlations decrease so slowly that they never
seem to vanish completely, no matter how far back in time one goes.® To quantify the
level of persistence in the simulated return processes of financial assets, we follow
Mandelbrot (2008) by assessing the level of price persistence by means of estimated
Hurst exponents derived from detrended fluctuation analysis (DFA), as proposed first

2The GoF test is detailed in Clauset et al. (2009).

3 An illustrative example for the reasonability of slowly decreasing correlation is provided in Mandelbrot
(2008, p. 184f).
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by Peng et al. (1994), giving us the estimated Hurst exponent, H.* The DFA approach
adopted here follows the same procedure as in Grobys (2023), employing linear
detrending and the scale grid s € {2,4, 8,16,32,64,128,256} for weekly data. For
monthly data, the same procedure is used with the scale grid s € {2,4,8,16,32,64}.
The use of dyadic scale grids is motivated by the power-of-two construction under-
lying the MMAR simulations and follows Mandelbrot’s (2008) scaling logic. Lin-
ear detrending corresponds to standard DFA(1), which is the conventional baseline
implementation of the DFA methodology. As pointed out by Mandelbrot (2008),
for independently distributed data, the ratio between numerator and denominator is
1:2, which corresponds to a Hurst exponent of H = 0.50. On other hand, H > 0.50
implies long-term dependence, whereas H < 0.50 implies antipersistence, which is
characterized by the tendency to keep back on themselves.’

3.4 Predicted Scale Invariance Derived From MMAR Simulations

Mandelbrot (2008, p. 169) pointed out that “...economics is different. It lacks unques-
tioned mathematical laws to rely upon. Also, time, not space, is the scaling factor.”
If asset returns scale in time, we would expect asset returns to exhibit the same scal-
ing factor across time frequencies as measured by the power-law exponent a. To
explore whether the MMAR generates asset return data exhibiting scale invariance
with respect to generated power-law behavior, for each given multiplicative cascade
J, we implement two-sample split tests as follows:

HO : (&ij — &M,j) =0 ws. Ho : (O_.éWJ — O_.éM,j) 75 0,

where déyy,; is the expected power-law exponent derived from weekly asset return
data for a given cascade j, and ¢/ ; is the expected power-law exponent derived
from monthly asset return data for a given cascade j. The corresponding two-sample
z-test statistic is defined as:

(EW,]’ - EMJ)
z = )

\/ (angj + &%M‘j) /2

4The rationale for choosing DFA as opposed to rescaled range (R/S) analysis rests upon the study from
Bassingthwaighte and Raymond (1994) in which it was shown that R/S analysis is subject to some bias.
Specifically, the evidence derived from Bassingthwaighte and Raymond’s (1994) study suggests that
R/S analysis tends to give biased estimates of the Hurst exponent, too low for #>0.72 and too high for
H<0.72.

SNote that $$k\in ({2}7 {r}\left/r\in \mathbb {N}\right.)$$ must hold because if 1,024 weekly observa-
tions are required for the estimation, 5,120 daily observations are needed and, therefore, the multipli-
cative cascade used must exhibit $$\ge \mathrm{5,120}$$ observations. Consequently, earlier it was
noted that 13 iterations are required for constructing the multiplicative cascade because $${2}"{13}=\
mathrm{8,192}>\mathrm {5,120} $$ as opposed to $${2}"{12}=\mathrm{4,096}<\mathrm {5,120} $$,
which would not result in a sufficient number of observations.
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where &C%W , and 5% ., denote the variances for the estimated power-law exponents

derived from weekly and monthly data, respectively, for a given multiplicative cas-
cade j. If scale invariance for power-law behavior holds, the null hypothesis will not
be rejected. We ascertain statistical significance using a common significance level
of 5 percent.

Moreover, we hypothesize that scale invariance should also be manifested in
invariance of the Hurst exponent because the power-law exponent and the Hurst
exponent form—according to Mandelbrot (2008)—a dual relationship. Therefore, to
analyze whether the MMAR generates asset return data that exhibit invariance with
respect to long-range price persistence, for each given multiplicative cascade j, we
furthermore implement two-sample split tests for the Hurst exponents as follows:

Hy : (I:[W,j *E}\/j,j) = 0vs.Hp : (EWJ. *EM,j) £0,

where EW ; is the expected Hurst exponent derived from weekly asset return data for

a given cascade j, and Jig M,j 1s the expected Hurst exponent derived from monthly
asset return data for a given cascade j. The corresponding two-sample z-test statistic
is defined as:

(HW,j - HMJ)

.9 .9
\/(UI:IWJ + 0HALJ‘> /2
2

where 67, and 6% denote the variances for the estimated Hurst exponents
W,j M,j

derived from weekly and monthly data, respectively, for a given multiplicative cas-
cade j. If invariance for long-range dependence holds, the null hypothesis will not
be rejected. We ascertain statistical significance using a common significance level
of 5 percent.

z =

3.5 Testing the MMAR Using Empirical Data: A Novel Joint Test for Testing for
Discontinuity and Persistence

Can the MMAR explain power-law behavior and persistence observed for the returns
on financial assets? An important—yet often overseen—aspect of financial assets is
the impact of heavy tails: Specifically, in the presence of heavy tails, the vast part
of an asset’s return distribution appears to be relatively unimportant. In this regard,
Cirillo and Taleb (2020, p. 606f) highlight that “the more fat-tailed a statistical dis-
tribution, the more the ‘tail wags the dog’. That is to say, more statistical information
resides in the extremes and less in the ‘bulk’—the events of high frequency—where
it becomes almost noise.” Here, we are interested in testing whether the MMAR is
capable of explaining the signals of the return-generating processes of financial assets
that can—according to Mandelbrot (2008)—be described by their two key traits (i.¢.,
discontinuity and long-range dependence). For a given MMAR specification j, let
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&, and H; denote the model-implied mean power-law and Hurst exponents obtained
from the simulated return series, with corresponding simulation-based variances ‘ﬁ, j
and &fq ;- For an empirical test asset [, let &; and H; denote the corresponding expo-

nents estimated from the observed return data. The joint test then evaluates whether
the empirical estimates are statistically consistent with the MMAR-implied predic-
tions for a given model specification. To empirically test the MMAR, we propose the
following joint test:

&y — Qi &ﬁj 0 ! Gy — Qy ”
/\:HHZ’Oégj HHI’()

where @; is the predicted power—law exponent associated with model j with corre-

sponding variance 52 and H is the correspondmg predicted Hurst exponent with
corresponding Varlance o . Here, @) and H 1 denote the estimated power-law expo-

nent and Hurst exponent for some test asset [. Under the null hypothesis that the
empirical power-law and Hurst exponents are equal to their MMAR-implied coun-
terparts, and under the maintained assumption that the covariance between the two
components is zero, the quadratic-form test statistic in Eq. (14) is asymptotically
approximated by a x?(2) distribution. This result follows from standard asymptotic
arguments for jointly standardized estimators.°

3.6 Testing for Invariance of Power-Law Behavior Over Time

Some recent literature argues that tail risk is time-varying and, consequently, the con-
ditional power-law exponent derived from cross-sectional stock data has been pro-
posed (Kelly, 2014; Kelly & Jiang, 2014). Hence, the question arises as to whether
MMAR predictions would be in line with the literature on time-varying tail risk.
To examine whether time variation in power-law behavior is in line with predic-
tions derived from the MMAR, for each model specification j, the data on simulated
weekly asset returns are split into two subsamples of equal length. Then, the follow-
ing two-sample split z-test is implemented:

Hy : (Gygy j — Gwsz2,j) = 0vs.Ho : (Gypgy ; — Gwsa,g) # 0,

where Gy g1,; is the expected power-law exponent derived from weekly asset return
data for a given cascade j and subsample 1, whereas dyy 52 ; is the expected power-
law exponent derived from weekly asset return data for a given cascade j and sub-
sample 2.” The corresponding two-sample z-test statistic is defined as

6 A more general statistical derivation of the distribution of the Wald test which is used in this joint test is
detailed in Russell and MacKinnon (1993, p. 89).

7 Obviously, the rationale for using weekly data as opposed to monthly data is that we have more observa-
tions for that frequency in order to estimate the power-law exponents.
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(EWSI,j - EWS2J)

\/(5géws1,j + &glwsz,j) /2

where 63 . , and G2 ss , denote the variances for the estimated power-law expo-

nents derived from weekly data for a given subsample and a given multiplicative
cascade j. If the time variation of power-law behavior is in line with predictions
derived from the MMAR, the null hypothesis will be rejected. We ascertain statistical
significance using a common significance level of 5 percent.

z =

4 Results

4.1 Simulation-Based Evidence for Predicted Discontinuity Derived From the
MMAR

This subsection reports results based on weekly simulated MMAR return data. To
provide an illustrative example for the raw data used in this study, Fig. 2 plots one
arbitrarily chosen time series of daily data for the MMAR derived from p = 0.60
(i.e., Model j = 2). For comparison, Fig. 3 plots drawings from the standard nor-
mal distribution. To make the time-series evolutions visually comparable, the data in

Standardized multifractal returns

20 | | [ 1 [ 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Time

Fig. 2 Time series produced from the multifractal model of asset returns. This figure visualizes an
arbitrarily chosen time series of daily data produced by the multifractal model of asset returns derived
from a multiplicative cascade with p = 0.60. Note that the data are standardized to have zero mean and
unit variance. The simulation uses 8192 drawings
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Standard normal distribution
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Fig.3 Time series produced from the standard normal model. This figure visualizes drawings from the
standard normal distribution. The simulation uses 8192 drawings

Fig. 2 were standardized so that E(x) = 0 and VAR(x) = 1. Moreover, both data
sets exhibit 8,192 drawings. Figure 2 resembles closely the “cartoon” visualized in
Mandelbrot (2008, p. 221). A visual comparison of Figs. 2 and 3 shows that asset
return data generated from the MMAR exhibit the clustered and irregular behavior
emphasized by Mandelbrot (2008), whereas the normal distribution does not. Unre-
ported visualizations further indicate that as we move from Model 1 to Model 7, the
return behavior generated by the MMAR becomes increasingly wild.

Tables 1, 2, 3, 4, 5, 6, and 7 report the descriptive statistics for Models 1-7 based
on weekly simulated data and 1,000 simulated time series for each model specifica-
tion j. Recall that Model 1 exhibits the lowest degree of time deformation, whereas
Model 7 exhibits the highest. The results show that, as we move from Model 1 to
Model 7, the expected power-law behavior becomes more extreme, manifested in
decreasing expected power-law exponents. In particular, E(a) = & = 5.27 with
0o = 1.33 for Model 1, whereas E(«) = 1.83 with o, = 0.22 for Model 7. From
Egs. (5)—(7), this implies that Model 1 generates comparatively mild return data,
whereas Model 7 generates substantially wilder return data. The same pattern is vis-
ible in other distributional properties reported in Tables 1, 2, 3, 4, 5, 6, and 7, includ-
ing maxima, minima, and variances.

Tables 1, 2, 3, 4, 5, 6, and 7 also show that, on average, between 12 and 16 per-
cent of the simulated return data are governed by a power law. The corresponding
goodness-of-fit tests indicate that the power-law null model is not rejected for the
majority of simulated return series. Overall, the weekly simulation evidence suggests
that stronger time deformation, induced by higher values of p, is associated with
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Table 1 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
and p = 0.55

Distribution MAX MIN Mean VAR @& Tmin % p-value MAX H
#PL  GoF #tin PL
state state
<2.5% 8.08 -1557 -0.17 6.10 346 261 002 0.00 2 0.46
<5% 836 1456 —0.14 6.21 3.65 278 0.03 0.00 2 0.47
Median 1049 -10.27 0.01 6.78 499 431 0.10 023 3 0.54
>95% 14.15 -8.27 0.14 7.41 777 623 025 091 7 0.60
>97.5% 15.12 =795 0.16 7.50 877 652 028 0.95 7 0.61
Min 6.73 —19.65 0.00 5.49 277 1.85 0.01 0.00 1 0.42
Max 2227  -6.95 0.28 7.84 1234 8.05 0.44 1.00 14 0.66
Mean 10.74 -10.66 0.00 6.79 527 437 012 0.33 3.58 0.54
Std.Dev 1.86 1.93 0.08 0.35 1.33  1.03 0.07 031 1.52 0.04

This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs, i, , percentage of observations governed by a power law with
parametrization (&,Zmin ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, . The multifractal return data is based on a weekly frequency (1024 observations), and
derived from a multiplicative cascade with binominal bending with p = 0.55.

Table 2 Weekly multifractal return data derived from a multiplicative cascade with binominal bending

and p = 0.60

Distribution MAX MIN Mean VAR & Emin % p-value MAX H
#PL  GoF #tin PL

state state
<2.5% 12.83 3632 -0.22 947 271 243 0.03 0.00 2 0.48
<5% 13.52  -31.68 -0.17 9.87 2.84 271 0.04 0.00 2 0.49
Median 18.66 —18.73  0.00 11.16  3.68 485 0.12  0.20 5 0.55
>95% 30.89 -13.58 0.18 12.89 5.29 821 030 0.87 10 0.62
>97.5% 3475 -12.75 0.21 13.26 5.70 891 033 0.94 12 0.63
Min 10.72  -=50.70 -0.31 8.60 2.39 1.63 0.02 0.00 1 0.43
Max 59.49 -1091 0.39 1540 7.58 11.19 048 1.00 19 0.68
Mean 19.94 -20.18 0.00 11.23  3.81 5.04 0.14 0.31 5.26 0.55
Std.Dev 5.65 592 0.11 093 0.75 1.67 0.08 0.31 2.45 0.04

This Table reports the distribution of the maxima, minima, means, variances, estimated power-law
exponent, ¢, estimated cutoffs, #,,;n, percentage of observations governed by a power law with
parametrization (&, &min ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H. The multifractal return data is based on a weekly frequency (1024 observations), and
derived from a multiplicative cascade with binominal bending with p = 0.60

more pronounced discontinuity in returns, as reflected in lower expected power-law
exponents.

4.2 Simulation-Based Evidence for Predicted Price Persistence Derived From the
MMAR

Furthermore, we observe from Tables 1, 2, 3, 4, 5, 6, and 7 that as we move from
Model 1 to Model 7, the level of expected data persistence increases. Specifically, we
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Table 3 Weekly multifractal return data derived from a multiplicative cascade with binominal bending

and p = 0.65

Distribution ~ MAX MIN Mean VAR & Emin % p-value MAX H
#PL  GoF #t in PL

state state
<2.5% 21.73 —-88.63 —0.30 17.17 226 2.10 0.03 0.00 2 0.49
<5% 23.11 -7220 —-0.23 17.84 235 243 0.03 0.00 3 0.51
Median 3546 -36.47  0.01 21.84 298 551 0.13 021 6 0.58
>95% 68.25 -—23.64 0.25 2895 4.12 11.79 031 091 13 0.65
>97.5% 86.41 —21.83 0.29 31.71 445 1320 036 0.96 16 0.66
Min 1599 -126.09 —0.45 15.02 2.05 1.33 0.0 0.00 1 0.44
Max 154.28 —18.81 056  43.19 6.54 2022 049 1.00 33 0.71
Mean 39.49 —-40.27  0.01 2242 307 6.08 0.14 031 6.71 0.58
Std.Dev 15.82 16.14 0.15 358 056 287 0.09 0.3l 3.43 0.04

This Table reports the distribution of the maxima, minima, means, variances, estimated power-law
exponent, &, estimated cutoffs, &,in, percentage of observations governed by a power law with
parametrization (&, £min ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H. The multifractal return data is based on a weekly frequency (1024 observations), and
derived from a multiplicative cascade with binominal bending with p = 0.65

Table 4 Weekly multifractal return data derived from a multiplicative cascade with binominal bending

and p = 0.70

Distribution MAX  MIN Mean VAR & Emin % p-value MAX H
#PL  GoF #tin PL

state state
<2.5% 34.67 —202.05 -0.45 3339 1.98 1.68 0.03 0.00 3 0.52
<5% 38.03 —158.57 —0.37 35.69 2.05 2.02 0.04 0.00 3 0.54
Median 68.30 —70.17 0.01 48.12 248 541 0.14 0.16 7 0.61
>95% 156.42 —40.21 0.37 85.62 329 1454 033 0.87 17 0.68
>97.5% 199.24 —-37.37 0.46 9798 3.56 17.05 037 094 20 0.70
Min 26.46 —308.55 —0.77 27.63 1.85 1.06 0.01 0.00 2 0.47
Max 37240 —28.82 0.80 177.56 4.87 2796 0.49 1.00 26 0.74
Mean 78.73 —80.18 0.01 52.66 2.55 6.58 0.16 0.28 8.26 0.61
Std.Dev 40.86 40.86 0.23 16.47 0.39 4.05 0.09 0.30 4.24 0.05

This Table reports the distribution of the maxima, minima, means, variances, estimated power-law
exponent, ¢, estimated cutoffs, #,,;n, percentage of observations governed by a power law with
parametrization (&, &min ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H. The multifractal return data is based on a weekly frequency (1024 observations), and
derived from a multiplicative cascade with binominal bending with p = 0.70

observethat £ (H) = H = 0.54 witho = 0.04 for Model 1, whereas E (H) = 0.73
with o = 0.08 for Model 7. It is noteworthy that Mandelbrot (2008) argued that if
H = 0.50, the return data are independent. From Tables 1 and 2 we observe that for
Models 1 and 2, H is less than 2 standard deviations from H = 0.50. This implies
that the MMAR data derived from multiplicative cascades with p = 0.55 or p = 0.60
produces return-generating processes that are, on expectation, independent. How-
ever, as the level of time deformation increases—manifested in higher values for
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Table 5 Weekly multifractal return data derived from a multiplicative cascade with binominal bending

andp = 0.75
Distribution MAX  MIN Mean VAR & TEmin % p-value MAX H
#PL  GoF #tin PL
state state
<2.5% 55.15 —44291 -0.71 68.03 1.82 1.37 0.03 0.00 3 0.55
<5% 60.82 —364.61 -0.58 7442 1.87 1.75 0.04 0.00 4 0.57
Median 127.74 —-12890 0.01 117.15 220 562 0.13 0.18 9 0.65
>95% 356.98 —63.84 0.61 293.05 2.82 18.80 0.31 0.90 18 0.73
>97.5% 456.02 —-5942  0.73 369.23 3.04 2475 036 0.94 21 0.74
Min 41.09 -708.80 -1.33 51.28 1.68 0.70 0.01 0.00 2 0.50
Max 84571 —42.16 1.19 791.22 3.88 4235 0.50 1.00 46 0.80
Mean 154.45 —156.46 0.01 141.68 225 731 0.15 0.29 9.30 0.65
Std.Dev 98.92 97.41 0.37 77.54 0.31 579 0.09 0.31 5.00 0.05

This Table reports the distribution of the maxima, minima, means, variances, estimated power-law
exponent, &, estimated cutoffs, &,,in, percentage of observations governed by a power law with
parametrization (&, £min ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H. The multifractal return data is based on a weekly frequency (1024 observations), and
derived from a multiplicative cascade with binominal bending with p = 0.75

Table 6 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
and p = 0.80

Distribution MAX MIN Mean VAR & Emin % p- MAX H
#PL  value #tinPL
state  GoF state
<2.5% 7798 —923.18 —1.21 138.83 1.69 1.04 0.02 0.00 3 0.58
<5% 92.78 —772.15 —-1.02 150.06 1.71 1.22 0.03 0.00 4 0.60
Median 225.50 -220.47 0.01 30596 199 546 0.12 0.15 10 0.69
>95% 787.24  —99.64 1.10 107771 247 2448 0.30 0.86 21 0.77
>97.5% 957.06 —84.53 1.29 149845 2.70 32.00 0.33 0.93 23 0.78
Min 56.14 —1540.69 —2.25 79.54 1.56 035 0.01 0.00 2 0.53
Max 1820.49 —53.36 1.84 343510 4.30 53.19 0.51 1.00 47 0.85
Mean 296.29 -297.41 0.02 42342 2.01 7.05 0.16 0.28 10.42 0.69
Std.Dev 228.90 222.83 0.63 351.82 026 7.55 0.09 0.30 5.56 0.05

This Table reports the distribution of the maxima, minima, means, variances, estimated power-law
exponent, ¢, estimated cutoffs, #,,n, percentage of observations governed by a power law with
parametrization (¢, &min ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H. The multifractal return data is based on a weekly frequency (1024 observations), and
derived from a multiplicative cascade with binominal bending with p = 0.80

p—return data on financial assets exhibit persistence: As an example, in line with

Model 7, E (H) = 0.73 is 4.6 standard deviations above H = 0.50, suggesting a
high level of price persistence.

4.3 Discontinuity and Price Persistence: A Joint Perspective

For illustrative purposes, we plot in Fig. 4 the estimated power-law exponents
and estimated Hurst exponents for Models 1, 4, and 7 jointly in a multiple scat-
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Table 7 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
and p = 0.85
Distribution MAX MIN Mean VAR & Emin % p- MAX H
#PL  value #tinPL
state  GoF state

<2.5% 106.75 —-1916.74 -2.15 261.78 1.57 0.55 0.03 0.00 3 0.62
<5% 133.92 -1617.46 —1.88 29321 1.58 0.60 0.03 0.00 4 0.64
Median 357.16 —-350.92 —0.02 82427 182 408 0.12 0.13 10 0.73
>95% 1644.10 —153.26  1.98 415246 229 2699 031 0.89 23 0.81
>97.5% 2017.70 —125.75 2.35 587295 241 31.83 032 096 24 0.82
Min 63.29 -3213.14 -3.69 180.06 143 0.11 0.02 0.00 2 0.56
Max 3738.73 —60.32 350 14,031.63 3.10 4932 054 1.00 41 0.89
Mean 55320 -551.93 0.02 137020 1.83 582 0.16 026 11.46 0.73
Std.Dev 51231 492.61 1.14 1516.76 0.22  8.03 0.09 030 6.05 0.05

This Table reports the distribution of the maxima, minima, means, variances, estimated power-law
exponent, ¢, estimated cutoffs, &, percentage of observations governed by a power law with
parametrization (&, £min ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H. The multifractal return data is based on a weekly frequency (1024 observations), and
derived from a multiplicative cascade with binominal bending with p = 0.85

Power-law exponent

O Il Il 1 1 1
04 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
Hurst exponent

Fig.4 Power-law exponents and Hurst exponents predicted by various models. This figure plots power-
law exponents and Hurst exponents for Models 1, 4, and 7 jointly in a multiple scatter plot. In this
figure, the blue data cloud corresponds to the vectors (1,1, Hl,l), ..., (&1,1000, ﬁ171000) forj=1
with p = 0.55, the green data cloud corresponds to the vectors (¢i4,1, H4,1), ..vs (64,1000, H4,1000
) for j = 4 with p = 0.70, whereas the red data cloud corresponds to the vectors (é7,1, o 71)s ees
(67,1000, H7,1000) for j = 7 with p = 0.85
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ter plot. In Fig. 4, the blue data cloud corresponds to the vectors (¢ 1, H 1,1)s -ees
(¢1,1000, H 1,1000) for 7 = 1 with p = 0.55, the green data cloud corresponds to the
vectors (¢iq,1, H4’1), <vvs (€ta,1000, H4’1000) for j = 4 with p = 0.70, and the red data
cloud corresponds to the vectors (cir, 1, Hm), oees (G7,10005 H’i,lOOO) for j = 7 with

p = 0.85. From visual inspection of Fig. 4 at least three interesting insights arise:
First, for each given data cloud the variation of the Hurst exponents does not seem

to be dependent on the power-law exponents. Specifically, estimated correlations,

p(é;, H;), for Models 1-7 vary between p(cig, Hy) = —0.07, and p(éy, Hy) = 0.05

. Because the x?(2) reference distribution developed in Section 3.5 relies on a zero-
covariance assumption between the simulated power-law and Hurst exponents, we
tested the correlation between estimated power-law exponent and Hurst exponent for
each MMAR specification for statistical significance using the Pearson correlation test
statistics. The estimated correlations are close to zero and are statistically insignifi-
cant in nearly all cases, supporting the maintained approximation used in the conjoint
test. Specifically, for Models 1-7, the estimated Pearson correlation test statistics are
t ={1.4451,—-0.1636, —1.6979, —2.1727, —1.8887, —1.1548, 0.4848}, with corre-
sponding p-values {0.1487,0.8701,0.0898,0.0300, 0.0592, 0.2485,0.6279}. Over-
all, the estimated correlations are uniformly small in magnitude. Although Model 4
yields a p-value below 5 percent, this isolated finding is not robust to a Bonferroni
adjustment for multiple testing, under which the adjusted critical level is 0.0071.
Second, we observe from Fig. 4 that the blue data cloud and the red data cloud
are virtually non-overlapping. This implies that discontinuity and long-range depen-
dence are features that are apparently related to specific model parametrizations
depending on p. This is an interesting result because it shows that the level of price
persistence depends to a high degree on the multiplicative cascade and does not
necessarily depend solely on the fractional Brownian motion. Third, we see from

Table 1 in association with Table 7 that E7 exceeds El by 4.75 standard deviations

(i.e., 4.750= ), whereas Jig 1 is 3.80 standard deviations (i.e., 3. 800; ) below Jig 7.
This strongfj}[/ suggests that these two models indeed produce, on expectation, model-
specific persistence structures. Since the increments of the returns x; are according to
Eq. (1), z; and &4, where ¢, ~ [T DN (0,1)—which are independent increments—our
results suggest that asset price persistence is in the present study’s model framework
solely explained by differences in z;—the multiplicative cascade. Specifically, the
more concentrated the distribution of the multiplicative cascade, the higher is the
level of price persistence.

4.4 Does the MMAR Predict Scale Invariance?

This subsection compares weekly and monthly simulated MMAR return data.
According to Mandelbrot (2008), scale invariance implies that power-law behavior
does not change as the time frequency changes. To explore, this issue, we estimate the
power-law exponents and Hurst exponents for MMAR specifications derived from
monthly data. The corresponding distributional properties are reported in Tables 12,
13, 14, 15, 16, 17, and 18 in the Appendix. Comparing Tables 1, 2, 3, 4, 5, 6, and
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7 with Tables 12, 13, 14, 15, 16, 17, and 18 shows that the expected power-law
exponents and expected Hurst exponents are close to each other across weekly and
monthly frequencies.

Panel A of Table 8 reports the z-tests for whether discontinuity, manifested in
model-specific expected power-law behavior, is invariant across time frequencies.
The estimated z-statistics are all well below | 1.96 |, so the null hypothesis of scale-
invariant power-law behavior is not rejected for any j € {1,2,...,7}. Thus, the
MMAR predicts that power-law behavior is statistically the same across weekly and
monthly time frequencies. As a robustness check, Panel B of Table 8 reports the
corresponding z-tests for the Hurst exponents. Again, the estimated z-statistics are
all well below | 1.96 |, indicating that the null hypothesis of scale-invariant price
persistence is not rejected for any model specification. Taken together, the evidence
in Table 8 supports the view that the MMAR predicts scale invariance for both dis-
continuity and long-range dependence.

4.5 4.5. An Empirical Investigation of a Joint Test to Assess Whether the MMAR is
Capable of Describing Discontinuity and Price Persistence Across the Returns on
Otherwise Unrelated Asset Markets

This subsection reports results based on empirical weekly asset-return data. To test
whether observed discontinuity and price persistence are in line with MMAR predic-
tions, we employ weekly returns on five key financial asset markets as test assets:
the U.S. S&P 500, the USD/GBP exchange rate, gold futures, crude oil futures, and
Bitcoin. Extending Calvet and Fisher (2002), the analysis therefore covers not only
equity and foreign exchange markets, but also commodities and cryptocurrencies.
The sample period runs from January 3, 2016 until September 22, 2024.

For the returns on each asset, we estimate both the asset-specific power-law expo-
nent and the asset-specific Hurst exponent. We then implement the test statistic intro-
duced in Section 3.5 for each asset and for the various MMAR model specifications.
The results are reported in Table 9. For illustration, consider Bitcoin. Table 9 shows
that the estimated pgwer-law exponent is agrc = 3.1531, whereas the estimated
Hurst exponent is Hpprc = 0.6219. The corresponding joint test statistics indi-
cate that the null hypothesis is not rejected for Models 2—4, with the smallest test
statistic obtained for Model 3. Thus, the MMAR is capable of accounting for the
observed discontinuity and persistence in Bitcoin returns under several nearby model
specifications.

Overall, Panel B of Table 9 shows that for the vast majority of the five test assets,
the null hypothesis is not rejected for Models 1-4. This indicates that the benchmark
MMAR and its nearby extensions are capable of describing the discontinuity and
price persistence observed for the returns on these otherwise unrelated asset markets.
Table 9 also shows that the benchmark model proposed by Mandelbrot (2008), cor-
responding to Model 2, performs well across all five assets and is therefore broadly
consistent with the empirical return dynamics considered in this study. Figure 5 visu-
alizes the power-law exponents and Hurst exponents in a/H space predicted by the
multifractal model of asset returns with p=0.60. The figure shows that the empirical
estimates lie within the simulated scatter.
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Fig. 5 This figure plots the estimated power law exponents and associated Hurst exponents for five
financial asset markets in the o/H space predicted from the multifractal model of asset returns with p
=0.60

As a robustness check, the conjoint test was also implemented using monthly log-
return data on the U.S. S&P 500, USD/GBP exchange rate, gold futures, and crude oil
futures. The corresponding results are reported in Panels C and D of Table 9. Overall,
the evidence suggests that the MMAR with p = 0.55 is not rejected for any of the
four monthly asset-return series and provides the best fit for the U.S. S&P 500, USD/
GBP exchange rate, and crude oil futures. The benchmark MMAR with p = 0.60 is
likewise not rejected for all four markets and is the preferred specification for gold
futures. Hence, the monthly-data evidence broadly confirms the conclusions drawn
from the weekly analysis and indicates that the benchmark MMAR and its nearby
specification remain capable of describing discontinuity and price persistence across
different time frequencies.

4.6 Does the MMAR Predict Invariance of Power-Law Behavior Over Time?

This subsection uses weekly simulated MMAR data split into two non-overlapping
subsamples. Some recent literature argues that tail risk is time-varying. To examine
whether such time variation is in line with predictions derived from the MMAR, the
simulated weekly return data are split into two subsamples of equal length for each
model specification j. The corresponding distributional properties are reported in
Tables 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, and 32 in the Appendix, while
the z-tests are summarized in Table 10.

Panel A of Table 10 reports the z-tests for whether expected power-law exponents
differ across the two subsamples. The estimated z-statistics are all below | 1.96 |, indi-
cating that the null hypothesis of equal expected power-law exponents is not rejected

@ Springer
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K. Grobys

for any model specification. Hence, the MMAR does not predict statistically signifi-
cant time variation in expected power-law behavior at the weekly frequency.

Panel B of Table 10 reports the corresponding results for the Hurst exponents.
Again, the estimated z-statistics remain below conventional critical values, indicat-
ing that the null hypothesis of equal expected Hurst exponents across subsamples is
not rejected. Taken together, the evidence suggests that the MMAR predicts invari-
ance over time not only for discontinuity, as measured by power-law exponents, but
also for price persistence, as measured by Hurst exponents.

5 Discussion
5.1 How do the Results Line Up With Earlier Research?

Exploring the performance of the MMAR through the lenses of describing the evolu-
tion of financial asset prices, Calvet and Fisher (2002) found evidence for multifrac-
tality in the moment-scaling behavior of Deutsche mark/U.S. dollar exchange rates,
the value-weighted CRSP Index, and five U.S. stocks (ADM, GM, Lockheed-Martin,
Motorola, and UAL). Extending the study of Calvet and Fisher (2002), the present
study takes a novel perspective by exploring the predicted discontinuity and price
persistence of financial asset returns derived from simulations of various MMAR
model specifications. The rationale is here Mandelbrot’s (2008) argument that discon-
tinuity and price persistence are the two key characteristic traits of financial assets.®
Using the distributions for the power-law exponents and Hurst exponents derived
from MMAR simulations, we proposed a statistical test designed to test whether the
MMAR is capable of describing the two key characteristic traits jointly.’

Notably, in line with the study of Grobys (2023) which investigates discontinu-
ity and price persistence in the realized variance processes of financial assets, our
findings derived from asset return processes suggest that for any MMAR specifica-
tion, power-law exponents and Hurst exponents are uncorrelated. Furthermore, our
findings indicate that power-law behavior in the returns on financial assets becomes
“wilder” as we move from an MMAR specification with p = 0.55 to a specifica-
tion with p = 0.85, which is also in line with Grobys (2023), who documented that
E (a) = 3.72 for an MMALI specification with p = 0.55 and F (o) = 1.84 for an
MMALI specification with p = 0.70. The corresponding figures in the context of the
present research are F (o) = 5.27 and E (o) = 2.55, respectively.'

8 Note also that Cirillo and Taleb’s (2020) stress that, in the presence of heavy tails, the statistical signal of
return distribution resides in the tails of distributions—the part of the asset return distribution governed
by a power-law process. As a result, our test is designed to examine whether the MMAR is capable of
describing the signal of return-generating processes.

°The rationale for proposing a joint test is Mandelbrot’s (2008) argument that power-law exponent and

Hurst exponent form a dual relationship. Note that our findings indicated that, in fact, every MMAR
specification produces model-specific power-law exponents accompanied by model-specific Hurst expo-
nents.

10Here, we refer to our results derived from weekly data.
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It is interesting to note that MMAR and MMALI exhibit considerable differences.
As an example, the benchmark model specification in Grobys’ (2023) study is
derived from Mandelbrot’s (2008) “cartoon”—a model incorporating a multiplica-
tive cascade based on binominal bending with p = 0.60. Whereas the MMALI predicts
E (a) =2.61 and F (H) = 0.88, the MMAR that would produce a similar power-
law behavior required a model specification of p = 0.70, giving us F (o) = 2.55
and E (H) = 0.61. Notably, despite generating similar power-law behaviors, the pre-
dicted persistence is considerably higher for the MMALI. This feature, however, aligns
nicely with real world observations because in financial markets volatility is more
persistence than asset returns.'! In fact, MMAR model specifications with p = 0.55
, or p = 0.60 suggest that asset return processes are, on expectation, memoryless
because, statistically, F (H) = 0.50 cannot be rejected for these model specifica-
tions. On the other hand, Grobys’ (2023) MMAI with model specification p = 0.55
suggests a high level of variance persistence manifested in £ (H) = 0.80.

Furthermore, some literature suggests that tail behavior is subject to tail depen-
dency, as postulated in studies by Kelly (2014) and Kelly and Jiang (2014). We would
like to argue that time-dependent power-law behavior would be a somewhat surpris-
ing finding against the background of Mandelbrot’s (2008) favoritism of invariance.
Unsurprisingly, simulation-based evidence documented in the present study does not
support the claim that power-law behavior in the returns on financial assets is regime-
switching. On the contrary, our findings suggest that the MMAR predicts that the
power-law exponent is not only constant across time frequencies but also constant
over time. This result aligns with the recent empirical findings documented in Grobys
(2024), suggesting that realized foreign exchange rate variances are subject to total
invariance—that is, power-law behavior of realized foreign exchange rate variances
is invariant across time frequencies and invariant over time.

5.2 What are the Implications?

Whereas earlier research found evidence for that the moment scaling behavior of
foreign exchange rates and equities are in line with predictions from the MMAR
(Calvet & Fisher, 2002), the evidence derived from our proposed joint tests suggests
that Mandelbrot’s (2008) “cartoon” is capable of explaining the power-law behav-
ior and price persistence observed across otherwise unrelated asset market, includ-
ing Bitcoin—an asset class that is well-known to be subject to reoccurring extreme
events and bubble formations. The novel economic implication of our result is that
the trading time—which Mandelbrot et al. (1997) and Mandelbrot (2008) interpret as
“deformed clock time”—required to mimic the level of discontinuity and price per-
sistence empirically observed for five otherwise unrelated asset markets—the market
for U.S. equities, USD/GBP foreign exchange rates, gold futures, crude oil futures
and Bitcoin—is governed by a common law manifested in a universal multiplicative

I For instance, a recent study by Grobys et al. (2023) estimated the Hurst exponent for the overall U.S.
equity market over the September 1934 to December 2019 sample. The authors documented that the esti-
mated Hurst exponent for this sample is exactly H = 0.50 suggesting a memoryless process.
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cascade derived binominal bending of time with p = 0.60.'? Since well-established
literature suggests that power-law behavior of financial assets are manifestations of
herding behavior (e.g., Lux, 1995; Lux & Marchesi, 1999), the results derived from
the present study imply that the herding behaviors across otherwise unrelated asset
markets must share some common source.

This is indeed an intriguing finding because the participators active in the market
for foreign exchanges are very different from market participators in the market for
equities or cryptocurrencies. For example, Menkhoff et al. (2012) argue that foreign
exchange rate markets are populated largely by sophisticated professional investors,
and there are no natural short-selling constraints. The other extreme spectrum, in the
markets for financial assets investigated in the present study, forms Bitcoin: Whereas
the vast majority of traders are retail traders—as opposed to professional investors—
Foley et al. (2019) document that 46% of bitcoin transactions can be traced back
to some form of criminal activity. Yet, despite of exhibiting a very different client
base of traders, our results derived from the MMAR imply that the herding behavior
producing power-law regimes is governed by the same law manifested in a universal
multiplicative cascade derived from binominal bending of time with p = 0.60.

An important issue concerns the economic interpretation of time deformation,
zt, in the MMAR. Although Mandelbrot (2008) emphasized that deformed trading
time should primarily be understood as a mathematical convenience rather than as a
directly observable variable, it may nevertheless be interpreted in reduced-form eco-
nomic terms as capturing variation in the intensity of market activity over time. From
this perspective, periods of accelerated trading time may correspond to episodes of
elevated information arrival, heavier trading activity, lower market liquidity, or sen-
timent-driven bursts of investor participation, whereas periods of compressed trading
time may reflect calmer market conditions. This interpretation is consistent with ear-
lier time-subordination models in finance, such as Clark (1973), where price changes
evolve in an operational rather than purely chronological time, and with Ghysels and
Jasiak (1995), who relate time deformation to observable market variables such as
trading volume, past returns, and leverage effects. It is also broadly consistent with
Calvet and Fisher’s (2007) multifrequency framework, in which shocks of hetero-
geneous durations affect return dynamics through the volatility of news. Hence, the
MMAR need not be interpreted as implying that z; is directly measurable; rather, it
can be understood as a parsimonious latent summary of the changing intensity with
which information, liquidity conditions, and investor sentiment are transmitted into
asset prices.

From an applied perspective, the present findings may also have implications for
both risk management and financial stability monitoring. If discontinuity and persis-
tence in returns are governed by common MMAR-type mechanisms across otherwise
unrelated asset markets, then extreme risk may not be viewed solely as an isolated
feature of a single market or asset class. For financial institutions, this suggests that
stress-testing frameworks and tail-risk models could be improved by accounting
more explicitly for persistent and scale-invariant heavy-tail behavior across markets.

12 Interestingly, Mandelbrot’s (2008) also stresses that natural resources such as gold exhibit a clustering
that conforms with binominal bending with probability p = 0.60.
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From a regulatory perspective, the evidence of a common herding mechanism across
equities, foreign exchange, commodities, and cryptocurrencies may indicate that epi-
sodes of market instability have a broader systemic component. In turn, this suggests
that macroprudential and cross-sectoral monitoring of financial markets may be use-
ful for identifying the build-up of common nonlinear risk patterns across different
segments of the financial system.

5.3 Limitations

This study extended the recent study of Grobys (2023) by deriving simulation-based
evidence for MMAR predictions concerning power-law behavior and persistence of
financial asset returns. In doing so, we examined MMAR predictions for weekly and
monthly data. The rationale for this choice is straightforward: Whereas monthly data
is perhaps the most common frequency studied in asset pricing investigations con-
cerned with equity markets, the literature on cryptocurrencies typically uses weekly
data due to data availability (e.g., Liu et al., 2020, 2022; Shen et al., 2020). It is of
course possible to extend the frequency to either higher or lower frequented data. There
is, however, a problem arising from high-frequented data because Mandelbrot (2008)
highlights that high frequency data may suffer from microstructure issues. Referring
to Mandelbrot’s (2008) notion on microstructure issues, Grobys (2023, p. 27) points
out that ... foreign exchange rate data having a higher frequency than two hours or a
lower frequency that 180 days are subject to crossovers: points where the mathematical
relation takes a hold.” Also, Mandelbrot (2008) highlights that crossovers are common
for real as opposed to theoretical fractal data. Future research could extend the pres-
ent study’s framework to explore other data frequencies.'? Furthermore, we tested the
MMAR using weekly return data on five financial asset markets. Future research could
employ our joint test to examine a larger variety of financial assets returns. This is,
however, beyond the scope of the present research and therefore left for future studies.

A related question is why the present study focuses on the MMAR rather than on
other long-memory or multifractal frameworks. The main reason is that the purpose of
this paper is not only to examine persistence, but to study jointly the two characteris-
tic traits emphasized by Mandelbrot (2008), namely discontinuity through power-law
behavior and persistence through the Hurst exponent. Standard GARCH-type models
and their long-memory extensions, such as FIGARCH, are primarily designed to
capture persistence in conditional volatility dynamics, whereas the MMAR offers a
natural framework in which scaling behavior, discontinuity, and persistence can be
examined jointly through multifractal time deformation (Baillie et al., 1996; Boller-
slev and Mikkelsen, 1996; Mandelbrot et al., 1997). Other multifractal approaches,
such as the Markov-switching multifractal model of Calvet and Fisher (2004), also
provide important alternatives. However, the MMAR is especially relevant in the
present setting because it is the original framework linking Mandelbrot’s notion of
deformed trading time to the joint behavior of tails and persistence in asset returns. In

13 Note that Hou et al. (2020) call for scientific replications for documented research. The authors argue
that this is an important issue due to the high rate of replication failure in financial economics and because
financial economics as a discipline is observational in its nature.
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this sense, the choice of MMAR reflects the specific theoretical focus of the present
study rather than any claim that competing models are not useful.

Another issue is the choice of the binominal-bending parameters
p € {0.55,0.60,...,0.85} used to generate the multiplicative cascades. The purpose
of this range is to cover a broad spectrum of time deformation from relatively mild to
relatively wild trading-time dynamics. Intuitively, lower values of p imply less con-
centrated binomial branching and therefore milder return behavior, whereas higher
values of p imply more concentrated branching and hence stronger time deformation,
more pronounced discontinuity, and greater persistence. This parameter range also
follows Grobys (2023), who uses the same grid in a related multifractal setting. In
the present study, the simulation results indicate that this range is sufficiently broad:
for lower values of p, the expected power-law exponents imply comparatively mild
tail behavior, whereas for higher values of p, the expected exponents become small
enough to imply very wild return dynamics with undefined low-order moments.
Thus, the selected parameter range is designed to capture the transition from mild
to wild MMAR behavior within a transparent and systematic simulation framework.

6 Conclusion

Extending earlier research on the MMAR, this study provides simulation-based evi-
dence for predicted power-law behavior and persistence of financial asset returns.
Empirical asset pricing research proposed an abundance of factor models in attempts to
explain the return evolutions of financial assets—a phenomenon that Feng et al. (2020)
dubbed a “factor zoo.” However, these factor models do not tell us anything about the
two key traits of financial assets—discontinuity and price persistence (Mandelbrot,
2008). It is a well-established fact that power-law behavior is a universal feature of the
returns on financial assets (Lux and Alfarano, 2016). Segnon and Lux (2013) stressed
that multifractal measures have been adapted to asset-price modeling and are designed
to generate data exhibiting the two key traits of financial asset returns.

Despite of its appealing features, the literature on empirical tests of the original
MMAR is rare. This study is the first that documents simulation-based evidence
for predicted power-law behavior and price persistence produced by the MMAR.
Using the estimated joint distributions of power-law exponents and Hurst exponents
derived from our MMAR simulations, we propose a new joint test that is designed to
test whether the MMAR is capable of explaining the two key traits of financial asset
returns. Remarkably, the evidence suggests that the benchmark MMAR specification
employed here is capable of describing the power-law behavior and price persis-
tence observed across otherwise unrelated asset market, including Bitcoin. Because
power-law behavior in the returns on financial assets has been associated with herd-
ing behavior (Lux, 1995; Lux & Marchesi, 1999), our findings are consistent with
the possibility that common latent mechanisms, including herding, may contribute to
return dynamics across otherwise unrelated asset markets. At the same time, the pres-
ent study does not provide direct behavioral evidence on herding, and other mecha-
nisms such as liquidity conditions, information arrival, or investor sentiment may
also play a role.
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Appendix 1

Table 11 Descriptive statistics of various financial assets

Panel A. Descriptive statistics for weekly data

SP500 USD/GPB Gold futures Crude oil futures Bitcoin
Mean 0.002555 0.000299 0.002131 0.003016 0.016328
Median 0.004200 0.000000 0.002150 0.006000 0.007450
Maximum 0.121000 0.062800 0.111600 0.317500 0.436200
Minimum -0.149800  -0.065400 -0.093400 -0.293100 -0.416900
Std. Dev 0.023912 0.013150 0.020213 0.057842 0.103173
Skewness -0.645866  0.402213 0.218583 0.121984 0.287480
Kurtosis 9.668048 6.194273 6.146813 8.195470 5.026978
Jarque—Bera (JB test) 876.4973 206.1592 191.7774 513.9962 84.34512
p-value JB test 0.000000 0.000000 0.000000 0.000000 0.000000
Observations 456 456 456 456 456
Panel B. Descriptive statistics for monthly data

SP500 USD/GPB Gold futures Crude oil futures
Mean 0.754456 0.058028 0.442211 0.193887
Median 1.203600 0.111450 -0.013006 0.786048
Maximum 12.37801 13.05875 16.31516 63.32687
Minimum -24.54280  -13.59389 -20.13356 -78.18661
Std. Dev 4.377792 2.802532 4.614615 10.40905
Skewness -0.872618  0.187489 0.020455 -0.437500
Kurtosis 5.882993 5.374110 4.243620 12.37052
Jarque—Bera (JB test) 247.4633 125.0185 33.196911 1929.687
p-value JB test 0.000000 0.000000 0.000000 0.000000
Observations 534 534 534 534

Panel A reports descriptive statistics for weekly log-return data on the U.S. S&P 500, USD/GBP
exchange rate, gold futures (Dec 24 (GCZ4)), crude oil futures (Nov 24 (CLX4)), and Bitcoin. Due
to data availability on Bitcoin, the weekly sample runs from January 3, 2016 to September 22, 2024,
comprising 456 observations. Panel B reports descriptive statistics for monthly log-return data on the
U.S. S&P 500, USD/GBP exchange rate, gold futures, and crude oil futures. The monthly sample runs
from October 1981 to March 2026, comprising 534 observations.
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Table 12 Monthly multifractal return data derived from a multiplicative cascade with binominal bending
and p = 0.55
Distribution MAX MIN Mean VAR @& Emin % p- MAX H
#PL  value #tinPL
state  GoF state

<2.5% 11.92  -24.29 -0.66 2215 287 3.64 0.05 0.00 1 0.44
<5% 12,55 -22.71 -0.55 2290 3.08 412 0.06 0.00 2 0.46
Median 16.43 -16.22 0.02 2696 446 680 0.19 0.27 3 0.56
>95% 23.18 -12.55 055 31.62 739 1011 041 092 7 0.66
>97.5% 24.73  -12.05 0.64 3266 854 1095 047 0.96 8 0.67
Min 9.56 -34.03 -1.02 1871 237 255 0.03 0.00 1 0.37
Max 3223 -9.97 1.12 3571 1745 1293 058 1.00 13 0.77
Mean 16.96 -16.81 0.01 27.05 478 694 021 0.36 3.68 0.56
Std.Dev 338 3.21 0.33 269 149 1.88 0.11 032 1.71 0.06

This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,, iy, percentage of observations governed by a power law with
parametrization (&,Zmin ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, . The multifractal return data is based on a monthly frequency (512 observations), and
derived from a multiplicative cascade with binominal bending withp = 0.55

Table 13 Monthly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.60

Distribution MAX MIN Mean VAR & Emin % p-value MAX H
#PL  GoF #t in PL
state state
<2.5% 17.07 -49.36 -0.87 3439 247 3.37 0.06 0.00 2 0.45
<5% 18.06 -43.68 -0.69 3555 2.58 3.86 0.07 0.00 2 0.47
Median 26.05 -25.94 0.01 44.03 349 741 021 0.32 4 0.57
>95% 45.05 -18.13 0.71 56.17 547 1299 045 092 10 0.67
>97.5% 5090 -17.15 0.84 59.08 6.16 14.00 0.50 0.96 10 0.69
Min 13.62 -77.01 -1.24 2922 213 227 0.03 0.00 1 0.38
Max 73.12  -14.23 1.57 69.25 9.17 1739 0.64 1.00 17 0.79
Mean 28.01 -27.65 0.01 44.80 3.68 7.72 023 037 4.79 0.57
Std.Dev 8.60 8.07 0.43 6.36  0.98 281 0.12 0.32 2.30 0.06

This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,c, estimated cutoffs,Z,,:n, percentage of observations governed by a power law with
parametrization (&,Zmin ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, . The multifractal return data is based on a monthly frequency (512 observations), and
derived from a multiplicative cascade with binominal bending withp = 0.60
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Table 14 Monthly multifractal return data derived from a multiplicative cascade with binominal bending

andp = 0.65
Distribution MAX  MIN Mean VAR v Tmin % p- MAX H
#PL  value #tin PL
state  GoF state
<2.5% 2497 -106.09 -1.20 60.09 2.09 2.83 0.06 0.00 2 0.47
<5% 27.30 -93.34 -0.92 63.35 2.18 3.35 0.08 0.00 2 0.49
Median 4530 -44.59 0.03 8550 2.86 8.05 023 0.28 5 0.60
>95% 90.48 -27.75 0.99 128.59 423 1649 0.50 091 12 0.71
>97.5% 108.89 -25.67 1.17 14452 473 1829 0.53 0.97 15 0.72
Min 16.93 -167.18 -1.78 4985 1.83 1.40 0.04 0.00 1 0.42
Max 172.61 -19.23 225 20240 8.12 27.58 0.74 1.00 27 0.81
Mean 50.24 -49.39 0.02 8946 298 879 025 035 6.06 0.59
Std.Dev 20.92  19.79 0.60 21.06 0.67 421 0.13 031 3.25 0.07

This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,:n, percentage of observations governed by a power law with
parametrization (&,Zmin ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, . The multifractal return data is based on a monthly frequency (512 observations), and

derived from a multiplicative cascade with binominal bending withp = 0.65
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Table 16 Monthly multifractal return data derived from a multiplicative cascade with binominal bending

andp = 0.75
Distribution MAX  MIN Mean VAR [ Tmin % - MAX H
#PL wvalue #tin PL
state GoF state
<2.5% 55.34  -468.50 -2.83 21144 1.70 158 0.05 0.00 2 0.52
<5% 62.71  -401.81 =232 24237 1.75 220 0.07 0.00 3 0.54
Median 137.31 -135.79 0.04 466.14 2.17 838 024 0.25 7 0.66
>95% 407.09 -63.47 244  1264.62 3.07 2937 0.51 0.93 18 0.78
>97.5% 482.78 -55.61 290 1506.46 3.30 36.69 0.59 0.97 21 0.80
Min 38.84  -720.11 -5.33 130.53 1.50 0.48 0.03 0.00 1 0.41
Max 822.76  -34.70 476 301029 5.38 5097 0.84 1.00 47 0.87
Mean 171.16 -168.37 0.04 568.03 224 1095 0.27 0.35 7.97 0.66
Std.Dev 112.17 107.21 147 35283 043 886 0.14 0.32 4.81 0.07

This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,:n, percentage of observations governed by a power law with
parametrization (&,Zmin ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, . The multifractal return data is based on a monthly frequency (512 observations), and

derived from a multiplicative cascade with binominal bending withp = 0.75
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On Discontinuity and Persistence in the Returns on Financial Assets:...

Table 18 Monthly multifractal return data derived from a multiplicative cascade with binominal bending

andp = 0.85
Distribution MAX MIN Mean VAR & Emin % p- MAX fr

#PL wval- #tin

state ue PL

GoF state

<2.5% 96.80 -1954.91 -8.60 773.75 1.47 0.58 0.06 0.00 2 0.59
<5% 130.88 -1607.86 -7.52 916.27 1.50 0.66 0.07 0.00 3 0.61
Median 353.10 -353.90 -0.10 3386.16 1.77 5.10 0.26 0.22 9 0.74
>95% 1708.15 -130.74 7.93 16,128.96 2.40 38.81 0.55 0.92 19 0.87
>97.5% 1956.78 -98.13 9.39 24,254.37 2.50 46.64 0.57 096 23 0.89
Min 54.98 -3255.20 -14.75 287.38 1.39 0.17 0.03 0.00 2 0.48
Max 3705.71 -48.96 13.98 55,056.02 4.23 86.52 0.78 1.00 37 0.96
Mean 567.41 -565.66 0.08 5530.60 1.84 10.68 0.27 0.33 9.47 0.74
Std.Dev 537.39 511.25 4.57 6239.61 0.28 13.07 0.14 0.32 583 0.08

This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,Zmqn ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, . The multifractal return data is based on a monthly frequency (512 observations), and

derived from a multiplicative cascade with binominal bending withp = 0.85
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On Discontinuity and Persistence in the Returns on Financial Assets:...

Table 20 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
withp = 0.55and subsample 2

Distribution MAX MIN Mean VAR & Tmin % p-value MAX H
#PL  GoF #t in PL
state state
<2.5% 6.30 -12.21 -0.19 470 3.19 2.02 0.04 0.00 2 0.45
<5% 6.53 -11.07 -0.16 4.78 3.38 2.18 0.05 0.00 2 0.47
Median 8.32 -8.22 0.00 541 4383 348 0.13 0.25 3 0.55
>95% 11.57 -6.41 0.16 6.09 751 503 032 091 7 0.62
>97.5% 1231 -6.11 020 622 821 530 036 0.96 8 0.64
Min 5.72 -16.34 -0.29  4.09 2.50 1.20 0.02 0.00 1 0.41
Max 1746 -543 0.32 6.60 13.52 590 059 1.00 14 0.70
Mean 8.57 -10.42 0.00 813 506 426 0.16 0.34 3.66 0.55
Std.Dev 1.57 1.99 0.13 0.58 1.50 1.08 0.09 0.31 1.62 0.05

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,Zmin), p-values of Clauset et al’s (2009) goodness-of-fit tests, the maximum
time lengths in power-law regimes measured in terms of consecutive observations, and the estimated
Hurst exponents, H for the second subsample (512 observations). Data are derived from a multiplicative
cascade with binominal bending withp = 0.55

Table 21 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.60and subsample 1
Distribution MAX MIN Mean VAR & Tmin % p- MAX H
#PL  value #tinPL
state  GoF state

<2.5% 12.28 -35.84 -0.36 12,61 256 234  0.04 0.00 2 0.47
<5% 13.01 -31.65 -0.29 1297 268 263 0.05 0.00 2 0.48
Median 18.15 -18.38 0.01 1542 357 489 0.16 023 5 0.56
>95% 30.87 -13.09 0.30 18.53 536 853 037 092 10 0.64
>97.5% 3473 -12.18 0.35 19.29 587 925 043 0098 11 0.66
Min 9.93 -50.68 -0.56  11.19 226 1.78 0.02 0.00 1 0.41
Max 59.46 -10.62 0.51 2276 1048 11.77 0.51 1.00 21 0.71
Mean 19.48 -19.81 0.01 1555 373 515 0.18 033 5.13 0.56
Std.Dev 5.75 5.99 0.18 170 0.89 1.81 0.10 0.32 2.41 0.05

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,c, estimated cutoffs,Z,in, percentage of observations governed by a power law with
parametrization (&,Zmqn ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H for the first subsample (512 observations). Data are derived from a multiplicative cascade
with binominal bending withp = 0.60
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Table 22 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.60and subsample 2

Distribution MAX MIN Mean VAR & Emin % p-value MAX H
#PL  GoF #t in PL
state state
<2.5% 8.26 -21.91 -021 567 260 1.64 0.04 0.00 2 0.47
<5% 8.89 -19.64 -0.17 582 269 175 0.05 0.00 2 0.49
Median 12.48 -12.27 0.00 6.84 360 331 0.16 0.27 4 0.57
>95% 20.41 -8.80 0.18 8.15 551 573 037 091 9 0.65
>97.5% 23.07 -8.22 0.23 842 6.15 646 040 095 11 0.67
Min 6.87 -36.44 -0.30 447 232 1.14 0.02 0.00 1 0.41
Max 29.92  -6.96 0.36 9.68 861 878 0.54 1.00 24 0.73
Mean 13.29 -13.01 0.00 6.89 377 350 0.18 0.34 493 0.57
Std.Dev 3.67 3.44 0.11 072 088 124 0.10 0.31 2.36 0.05

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,Zmin), p-values of Clauset et al’s (2009) goodness-of-fit tests, the maximum
time lengths in power-law regimes measured in terms of consecutive observations, and the estimated
Hurst exponents, H for the second subsample (512 observations). Data are derived from a multiplicative
cascade with binominal bending withp = 0.60

Table 23 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.65and subsample 1
Distribution MAX  MIN Mean VAR & Tmin % p- MAX H
#PL value #tinPL
state  GoF state

<2.5% 2040  -88.58 -0.53 2474 219 218 0.04 0.00 2 0.48
<5% 22.17  -71.33 -0.44  26.04 227 252 0.05 0.00 2 0.50
Median 3459  -3543 0.01 3350 288 5.60 0.18 0.21 6 0.59
>95% 68.22  -22.91 048 4740 420 12.13 039 091 12 0.67
>97.5% 86.37  -21.16 053  51.78 453 1341 045 096 14 0.69
Min 15.56  -126.03 -0.87 20.81 199 145 0.02 0.00 1 0.43
Max 154.20 -16.85 0.79 7729 599 1956 0.56 1.00 26 0.74
Mean 38.61  -39.55 0.01 3473 3.00 630 0.19 0.32 6.51 0.59
Std.Dev 16.07  16.34 027 692 060 3.02 0.11 0.31 3.33 0.05

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,c, estimated cutoffs,Z,in, percentage of observations governed by a power law with
parametrization (&,Zmqn ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H for the first subsample (512 observations). Data are derived from a multiplicative cascade
with binominal bending withp = 0.65
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Table 24 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.65and subsample 2

Distribution MAX MIN Mean VAR & Emin % p-value MAX H
#PL  GoF #tin PL
state state
<2.5% 11.39  -41.00 -0.25 7.19 221 122 0.04 0.00 2 0.49
<5% 1243 -36.00 -0.21 759 229 138 0.05 0.00 3 0.51
Median 19.25 -19.44 0.00 9.78 286 3.02 0.18 023 6 0.60
>95% 37.89 -12.31 0.22 1336 4.12 6.54 039 091 12 0.70
>97.5% 42.64 -11.33 0.27 1427 439 723 044 0.96 14 0.72
Min 8.04 -75.63 -0.39 544 202 0.88 0.02 0.00 1 0.43
Max 58.88 -8.57 0.45 18.63 7.46 11.06 0.55 1.00 22 0.79
Mean 2144 -21.05 0.00 10.05 3.00 340 0.19 033 6.34 0.60
Std.Dev 8.09 7.68 0.13 1.81 0.61 1.63 0.11 0.32 3.09 0.06

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,Zmin), p-values of Clauset et al’s (2009) goodness-of-fit tests, the maximum
time lengths in power-law regimes measured in terms of consecutive observations, and the estimated
Hurst exponents, H for the second subsample (512 observations). Data are derived from a multiplicative
cascade with binominal bending withp = 0.65

Table 25 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.70and subsample 1
Distribution MAX  MIN Mean VAR v Tmin % p- MAX H
#PL value #tinPL
state  GoF state

<2.5% 3253 -202.05 -0.80 51.72 194 194 0.04 0.00 2 0.51
<5% 36.12  -158.57 -0.65 5554 201 231 0.05 0.00 3 0.53
Median 66.42  -68.17 0.01 80.68 243 582 020 0.19 7 0.62
>95% 156.42 -38.97 0.72 153.43 341 16.83 041 091 17 0.71
>97.5% 199.24 -36.33 0.86 180.75 3.69 1942 045 0095 19 0.72
Min 2298  -308.55 -1.61 4053 1.65 060 0.02 0.00 2 0.43
Max 37240 -25.45 1.37 34119 547 3152 0.76 1.00 31 0.77
Mean 77.11  -78.82 0.02 8892 253 732 021 031 7.87 0.62
Std.Dev 4146  41.34 042 3262 046 475 0.11 0.3] 4.41 0.05

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,c, estimated cutoffs,Z,in, percentage of observations governed by a power law with
parametrization (&,Zmqn ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H for the first subsample (512 observations). Data are derived from a multiplicative cascade
with binominal bending withp = 0.70
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Table 26 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.70and subsample 2
Distribution MAX  MIN Mean VAR & Emin % p- MAX H
#PL  value #tinPL
state  GoF state

<2.5% 1494  -76.38 -0.33 958 194 0.83 0.04 0.00 3 0.53
<5% 16.09  -66.70 -0.28 10.12 199 0.93 0.06 0.00 3 0.54
Median 29.94  -29.85 0.00 1550 246 268 0.18 0.19 7 0.65
>95% 7048  -16.21 028 2657 330 7.14 042 093 15 0.76
>97.5% 82.14  -14.89 036 29.76 3.63 849 045 097 18 0.78
Min 10.21  -145.18 -0.50 7.14 179 048 0.02 0.00 2 0.45
Max 116.25 -10.52 0.57 5232 491 1252 0.58 1.00 24 0.87
Mean 3423 -33.77 0.00 1639 254 319 020 032 7.53 0.65
Std.Dev 16.69  16.07 0.17 520 045 202 011 032 3.74 0.07

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,&min), p-values of Clauset et al’s (2009) goodness-of-fit tests, the maximum
time lengths in power-law regimes measured in terms of consecutive observations, and the estimated
Hurst exponents, H for the second subsample (512 observations). Data are derived from a multiplicative
cascade with binominal bending withp = 0.70

Table 27 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.75and subsample 1
Distribution MAX  MIN Mean VAR v Tmin % - MAX H
#PL value #tinPL
state  GoF state

<2.5% 50.60  -442.91 -1.29 10698 1.77 1.54 0.04 0.00 2 0.54
<5% 57.61  -364.61 -1.05 12037 1.81 1.81 0.05 000 3 0.56
Median 12328 -125.43 0.01 205.09 2.15 6.04 020 0.17 8 0.66
>95% 356.98 -62.14 1.20 55242 294 2257 041 091 18 0.74
>97.5% 456.02 -56.72 1.53 69293 3.12 2797 045 096 22 0.77
Min 37.26  -708.80 -2.84  80.99 1.65 0.83 0.03 000 2 0.47
Max 845.71 -38.13 230 1561.33 3.83 4335 0.60 1.00 34 0.81
Mean 151.45 -154.06 0.02 25454 222 816 021 030 9.02 0.65
Std.Dev 100.24 98.41 0.70 15496 035 6.73 0.11 0.31 5.15 0.06

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,c, estimated cutoffs,Z,in, percentage of observations governed by a power law with
parametrization (&,Zmqn ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H for the first subsample (512 observations). Data are derived from a multiplicative cascade
with binominal bending withp = 0.75
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Table 28 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.75and subsample 2
Distribution MAX  MIN Mean VAR v Tmin % p- MAX H
#PL value #tinPL
state  GoF state

<2.5% 17.55  -140.61 -046 1225 1.76 047 0.04 0.00 3 0.56
<5% 19.89  -121.13 -0.38 1325 1.80 0.57 0.05 0.00 3 0.58
Median 43.18 -43.68 0.00 2478 219 232 0.17 022 8 0.70
>95% 123.11 -19.57 039 6065 288 750 042 094 18 0.83
>97.5% 147.34 -17.01 045 6731 3.15 9.07 046 096 22 0.85
Min 11.40  -257.44 -0.69  9.23 1.64 027 0.02 0.00 1 0.49
Max 21126 -11.43 0.73 14597 447 1426 058 1.00 43 0.94
Mean 52.83  -52.13 0.00 2882 224 283 021 033 8.73 0.70
Std.Dev 32.16  31.21 023 1507 037 225 0.12 032 4.97 0.07

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,&min), p-values of Clauset et al’s (2009) goodness-of-fit tests, the maximum
time lengths in power-law regimes measured in terms of consecutive observations, and the estimated
Hurst exponents, H for the second subsample (512 observations). Data are derived from a multiplicative
cascade with binominal bending withp = 0.75

Table 29 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.80and subsample 1
Distribution MAX MIN Mean VAR v Tmin % p- MAX H
#PL value #tinPL
state  GoF  state

<2.5% 72.54 -923.18 -2.35 221.16 1.63 1.03 0.04 0.00 2 0.57
<5% 87.06 -772.15 -1.94 256.78 1.65 123 0.04 0.00 3 0.59
Median 215.81  -215.74 -0.02 55826 195 590 0.18 0.17 9 0.70
>95% 787.24  -96.83 2.16 211693 2.62 3233 041 091 21 0.79
>97.5% 957.06  -81.90 2.64 296858 2.86 3790 044 097 23 0.80
Min 47.47 -1540.69 -4.84 14437 153 048 0.02 0.00 2 0.51
Max 1820.49 -53.36 3.63 6842.17 430 57.84 058 1.00 41 0.85
Mean 291.47  -293.45 0.03 79478 2.01 882 021 030 9.87 0.69
Std.Dev 231.35 22478 1.24 70477 032 982 0.12 032 571 0.06

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,c, estimated cutoffs,Z,in, percentage of observations governed by a power law with
parametrization (&,Zmqn ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H for the first subsample (512 observations). Data are derived from a multiplicative cascade
with binominal bending withp = 0.80
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Table 30 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.80and subsample 2
Distribution MAX  MIN Mean VAR v Tmin % p- MAX H
#PL  value #tinPL
state  GoF state

<2.5% 19.05  -237.53 -0.61 13.77 1.63 025 0.04 0.00 3 0.60
<5% 21.63  -199.26 -0.52 16.06 1.65 030 0.05 0.00 3 0.62
Median 56.58  -57.94 0.00 3884 198 166 0.17 022 9 0.76
>95% 202.45 -22.02 0.50 13631 255 734 042 092 20 0.89
>97.5% 24438 -18.12 0.59 160.28 279 876 044 097 23 0.90
Min 1029 -419.02 -0.94  10.51 1.53 0.11 0.02 000 2 0.50
Max 351.27 -11.32 1.02  364.63 3.73 1281 058 1.00 44 0.99
Mean 76.92  -75.90 0.00 52.06 201 221 021 032 9.50 0.76
Std.Dev 57.51  55.82 031 4025 030 220 0.12 0.32 5.38 0.08

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,&min), p-values of Clauset et al’s (2009) goodness-of-fit tests, the maximum
time lengths in power-law regimes measured in terms of consecutive observations, and the estimated
Hurst exponents, H for the second subsample (512 observations). Data are derived from a multiplicative
cascade with binominal bending withp = 0.80

Table 31 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.85and subsample 1
Distribution MAX MIN Mean VAR e Tmin % p- MAX F
#PL value #tinPL
state GoF  state

<2.5% 100.00 -1916.74 -4.35 43937 1.52 051 0.04 0.00 3 0.60
<5% 121.26  -1617.46 -3.65 503.60 1.53 056 0.05 0.00 3 0.62
Median 348.09  -346.56 -0.05 156557 1.78 4.10 0.19 0.15 10 0.74
>95% 1644.10 -142.63 396 822554 238 3134 044 091 23 0.83
>97.5% 2017.70 -116.73 4.75 11,623.51 2.53 36.96 045 096 24 0.85
Min 52.18 -3213.14 -7.97 256.20 144 021 0.02 0.00 2 0.54
Max 3738.73 -60.32 6.58 28,036.31 2.87 60.81 0.57 1.00 37 0.90
Mean 546.55 -101.84 0.00 89.66 1.84 1.43 021 031 1033 0.82
Std.Dev 516.01  90.26 041 9141 026 1.78 0.12 032 6.03 0.08

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,c, estimated cutoffs,Z,in, percentage of observations governed by a power law with
parametrization (&,Zmqn ), p-values of Clauset et al.’s (2009) goodness-of-fit tests, the maximum time
lengths in power-law regimes measured in terms of consecutive observations, and the estimated Hurst
exponents, H for the first subsample (512 observations). Data are derived from a multiplicative cascade
with binominal bending withp = 0.85
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Table 32 Weekly multifractal return data derived from a multiplicative cascade with binominal bending
andp = 0.85and subsample 2

Distribution MAX  MIN Mean VAR v Tmin % p- MAX H
#PL value #tinPL
state  GoF state
<2.5% 17.28  -354.84 -0.79  13.21 1.51 0.09 0.04 0.00 3 0.65
<5% 2290  -295.92 -0.68 1649 1.53 0.10 0.05 0.00 3 0.67
Median 6524  -65.96 -0.01 5659 1.79 080 0.18 0.18 10 0.82
>95% 310.16 -22.73 0.68 272.79 238 560 043 091 22 0.95
>97.5% 370.90 -17.85 0.78 338.67 2.50 6.13 045 094 30 0.96
Min 7.58 -614.53 -1.27  7.14 144 0.03 0.02 0.00 2 0.56
Max 524.81 -8.35 1.35 759.71 3.15 1339 0.61 1.00 44 1.02
Mean 103.02 -101.84 0.00 89.66 1.84 143 021 0.31 10.33 0.82
Std.Dev 93.09  90.26 041 9141 026 1.78 0.12 0.32 6.03 0.08

Weekly data obtained from the MMAR is split into two non-overlapping subsamples of equal length.
This Table reports the distribution of the maxima, minima, means, variances, estimated power-
law exponent,&, estimated cutoffs,Z,,4r, percentage of observations governed by a power law with
parametrization (&,&min), p-values of Clauset et al’s (2009) goodness-of-fit tests, the maximum
time lengths in power-law regimes measured in terms of consecutive observations, and the estimated
Hurst exponents, H for the second subsample (512 observations). Data are derived from a multiplicative
cascade with binominal bending withp = 0.85
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