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A B S T R A C T

Over the last few years, deep belief networks (DBNs) have been extensively utilized for efficient and reliable
performance in several complex systems. One critical factor contributing to the enhanced learning of the DBN
layers is the handling of network parameters, such as weights and biases. The efficient training of these pa-
rameters significantly influences the overall enhanced performance of the DBN. However, the initialization of
these parameters is often random, and the data samples are normally corrupted by unwanted noise. This causes
the uncertainty to arise among weights and biases of the DBNs, which ultimately hinders the performance of the
network. To address this challenge, we propose a novel DBN model with weights and biases represented using
fuzzy sets. The approach systematically handles inherent uncertainties in parameters resulting in a more robust
and reliable training process. We show the working of the proposed algorithm considering four widely used
benchmark datasets such as: MNSIT, n-MNIST (MNIST with additive white Gaussian noise (AWGN) and MNIST
with motion blur) and CIFAR-10. The experimental results show superiority of the proposed approach as
compared to classical DBN in terms of robustness and enhanced performance. Moreover, it has the capability to
produce equivalent results with a smaller number of nodes in the hidden layer; thus, reducing the computational
complexity of the network architecture. Additionally, we also study the sensitivity analysis for stability and
consistency by considering different membership functions to model the uncertain weights and biases. Further,
we establish the statistical significance of the obtained results by conducting both one-way and Kruskal-Wallis
analyses of variance tests.

1. Introduction

The functioning of human brain could be simulated by various ma-
chine learning (ML) algorithms. The accuracy of human like thinking
from these algorithms has evolved over the years. One of the recent
approaches that has contributed immensely in this area is known as
Deep Learning (DL). Earlier, ML approaches had a drawback of
restricted machinery, small datasets and less resources. However, in
recent times, many such limitations have been addressed and this is one
of the reasons of the popularity of the DL approaches. Moreover, these
approaches provide enhanced results with improved learning capabil-
ities. At the core of these DL approaches, there is a particular network
architecture which plays the pivotal role. Few such popular examples
are: Deep Neural Networks, Deep Belief Networks, Convolutional Neural
Networks, Recurrent Neural Networks, etc.

The Deep Belief Networks (DBNs) characterize a probability distri-
bution and are formed by stacking several trained Restricted Boltzmann
Machines (RBMs) that are generative and stochastic neural networks
(NNs). Various distributions of RBMs were employed in the literature
such as: Gaussian distribution [23,8], Bernoulli distribution [40], binary
distribution etc. The conditional probability is used to depict the infer-
red state of the hidden units, which is then utilized as the input to the
next layer for unsupervised training. This approach contrasts with the
proposal made by Hinton, where he used probabilities without sampling
when hidden units were driven by reconstructions and always used
stochastic binary states when hidden states are driven by data [21].
Furthermore, the expectation is taken after the activation function in
calculations.

As stated earlier, the DBN is formed using RBMs which follows a two-
step training process. First, the RBM is initialized with the initial
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parameters and trained with the original data. The training is unsu-
pervised using contrastive divergence (CD) algorithm [20]. The features
learned from the first RBM is utilized as the input to the next RBM and so
on to the last RBM. After this complete process, feature extraction pro-
cess from the input data is complete [3]. This unsupervised training is
regarded as the pre-training of a DBN. Second, fine-tuning is performed
with the help of a supervised back-propagation (BP) algorithm [37],
which is used to quickly compute the derivatives and gradient descent
with respect to the weights. The weight matrix is updated using
gradient-descent algorithm. Since the error is propagated in the opposite
direction, there is a negligible effect on the parameters of the RBM. The
DBN follows the greedy training approach where the local optima are
found over all the RBMs and after the complete training the final global
optima is obtained.

This greedy approach is sensitive to the diverse initialization of the
network parameters such as weights and biases which are assigned
randomly with real values. Better initialization is very crucial for better
accuracy of the classification result. However, these parameters are
highly prone to the noises in the environment of a real-world applica-
tions. Such noises and random selection of the parameters results in the
inclusion of uncertainty. The random and uncertain information in any
computational system may suitably be modeled using FSs, which are
often represented through different membership functions (MFs). A MF
is a curve that defines how each point in the input space (or sometimes
referred to as the universe of discourse) is mapped to a membership
value between 0 and 1. Some widely used MFs are Triangular MF (TMF),
Trapezoidal MF (TrMF), Semi-Elliptic MF (SEMF) [34], and GaussianMF
(GMF).

In this paper, we have proposed a novel approach for enhanced
learning in DBNs by modeling the uncertain weights and biases using
fuzzy sets. For this, we have also introduced novel formulation of the
energy functions and inferences in DBN with the help of fuzzy param-
eters. We have considered the expectation of the random variables as the
probabilities of the Bernoulli distribution. Furthermore, an algorithm is
proposed for generating fuzzy membership function. The experimental
results on the various datasets have shown that the proposed approach
overcomes the performance of the classical DBN. Various other MF
shapes are also considered to model the network parameters such as:
TMF, TrMF, SEMF, and GMF. These shapes are experimented to examine
the sensitivity of the membership function modeled for the uncertain
parameters in a DBN.

The major contribution of this work is compiled as follows:

1. A novel approach is proposed for enhancing the learning outcome in
DBNs by modeling the uncertain weights and biases with fuzzy sets.

2. We conducted a thorough sensitivity analysis using different mem-
bership functions of Triangular MF (TMF), Trapezoidal MF (TrMF),
Semi-Elliptic MF (SEMF), and Gaussian MF (GMF) to model the un-
certain weights and biases.

3. A novel algorithm is proposed to generate different fuzzy network
parameters having different MF shapes.

4. Along with MNIST and CIFAR-10 datasets, the robustness of the
proposed approach is also experimented on two noisy variants of the
MNIST dataset: the MNIST with AWGN (additive white Gaussian
noise) and the MNIST with motion blur (a.k.a. the n-MNIST).

5. We have conducted extensive simulations by considering different
combinations of nodes in the hidden layers of the DBN for better
model selection. It directly contributes to reduce the computational
complexity of the Fuzzy DBN architecture.

6. The model performance is evaluated with the help of RMSE, Error
rate, Log loss and classification accuracy.

7. The multiple simulations are validated through the statistical sig-
nificance tests of both one-way and Kruskal-Wallis analyses of vari-
ance tests.

The rest of the paper is organized as follows. Section 2 provides the

preliminaries and the background work in this area. In section 3, we
have presented the problem formulation and the proposed technique is
in detail. Section 4 explains the experimental setup and results expla-
nation. At last, Section 5 concludes the paper and provides the future
perspective of this approach.

2. Preliminaries and background work

This section first presents the brief descriptions of the underlying
architectures considered in the proposed approach i.e., RBM and DBN.
Then, it concisely reviews the background research works and the
related studies with respect to the scope of the paper.

2.1. Restricted Boltzmann machines (RBMs)

RBM is simply a two-layer architecture with a visible and a hidden
layer. The inter layer connections are undirected and have no intra
neuron connections. A typical RBM is demonstrated in Fig. 1, where v is
the visible layer, h is the hidden layer, and W represent the weight
matrix.

2.2. Deep belief networks (DBNs)

A DBN architecture consists typically of a visible layer and at least
two hidden layers, where the last hidden layer is the output layer. The
first two layers forms the first RBM, next two-layer form second RBM
and so on. The DBN suffers from the ambiguity in the initial guess for the
back-propagation algorithm while learning. However, this problem was
significantly reduced after the introduction of pre-training of stacked
RBMs by CD learning algorithm. This pre-training of RBMs is an essen-
tial process in the construction of DBN. After this training, the states of
the hidden units are taken as the training data of the next layer of RBM.
When the training of these RBMs is finished, they are stacked together to
form DBN. Now, this complete DBN is trained using classical back
propagation algorithm.

While constructing a DBN, the output from the hidden layer of one
RBM is used as the input to the visible layer of the next RBM [23], and so
on. Fig. 2 represents the visualization of a deep belief network, formed
by stacking two RBMs, where in the first RBM, W1 depicts its set of
weights and W2 represents the set of weights for the second RBM.

2.3. Review of the related studies

We could find a number of research work in the literature where the
authors used various deep learning techniques for improved learning.
Several learning algorithms were proposed for RBMs and DBNs among
which Hinton contributed the most [20,22,4,42]. Salakhutdinov and
Hinton proposed a novel learning algorithm for RBMs [38]. Later,
Hinton also provided the better learning algorithm of the RBMs i.e.,
contrastive divergence (CD) learning algorithm [20]. Papa et al. in [35]

Fig. 1. Representation of a typical RBM.
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studied the problem during fine-tuning in DBNs. The machine learning
problem of acoustic modeling using DBN was discussed by Mohamed
et al. in [33]. A smart learning approach to learn only important con-
nections in neural network was proposed by Han et al. in [17]. An
autoencoder based multi-objective sparse feature learning model was
discussed by Gong et al. in [15]. Moreover, the authors transformed the
constrained single-objective optimization problem to a multi-objective
optimization problem (MOOP). A temperature based RBM was pro-
posed by Li et al. [31] in which the authors argued that the firing neu-
rons in the hidden layers could have significant effect due to the
variations in the temperature. Desjardins et al. [11] identified that
altering Gibbs sampling in RBM resulted in poor classifications. Thus,
they proposed a novel tempered Markov Chain Monte-Carlo approach
for sampling in RBMs.

In the literature, researchers modeled weights with FSs in classical
NNs. Ishibushi et al. [18] proposed the preliminary idea to model the
fuzzy weights and biases as triangular fuzzy numbers. Later, Ishibushi
et al. [5] extended the work to propose a novel algorithm for the FNNs.
There are other noticeable works which considered FSs tomodel weights
in NN [26,48,31]. The study of modular NNs in multimodal biometry
with the comparison among the fuzzy inference systems was studied by
Hidalgo et al. [19]. An adaptive neuro-complex-fuzzy-inferential system
(ANCFIS) was proposed by Chen et al. [6], where authors applied the
neuro-fuzzy system to the machine learning problem of time-series
forecasting.

Zhou et al. [48] introduced a special case where the uncertainty in
the sentiment analysis is modeled using FMFs for each class of reviews. A
novel inference for RBMs with expectation of random variables
considered as Bernoulli distribution was proposed by Tanaka and Oku-
tomi in [40]. The explanation of closed form approximation to calculate
the expectation was provided by Wang and Manning [44]. The uncer-
tainty aspect was investigated by many researchers in the literature.

Recently, a Fuzzy Restricted Boltzmann Machine (FRBM) architec-
ture was proposed by Chen et al. [7] which considered fuzzy weights and
biases as triangular fuzzy numbers. Later, the same authors extended the
work for symmetric triangular fuzzy numbers (STFNs), asymmetric
triangular fuzzy numbers (ATFNs) and Gaussian fuzzy numbers for the
FRBM in [13]. Zhou et al. [41] proposed fuzzy deep belief network for
semi-supervised sentiment classification problem. However, the mem-
bership function was created for each class of reviews, not for the pa-
rameters in the learning of the DBN. BP algorithm was used by Feuring

[14] to compute the lower and upper limits of weights in the network.
Recently, Chu et al. [9] proposed a variation in the learning approach by
using the pairwise constraints with Gaussian visible units in the RBMs.
This approach resulted in the enhancement of the expression ability of
classical RBMs. Zhao et al. [47] proposed a Deep Belief Network with
Fuzzy Sets (DBN-FS) which is used on the real datasets for sensor bases
risk perception for driver in the harsh environment of snow and ice. Liu
et al. [32] and Cui et al. [10] introduced Propelled Multiple Fusion Deep
Belief Network (PMF-DBN) and DBN with fuzzy ranking feature opti-
mization for Weld defect and Seabed sediment classification, respec-
tively. Cui et al. [10] used the real data from Multibeam Echo-Sounding
System (MBES) and ground-truth sediment samples from the southern
Irish Sea provided by the British Geological Survey (BGS).

Table 1 presents the comparative analysis of our proposed approach
and the related FDBN approaches. Our approach has considered various
MF shapes such as trapezoidal, triangular, Gaussian, and Semi-elliptic
for the fuzzy weights and biases. These are the most common and
relevant shapes available in the literature, which could be used in almost
any real-world applicative context [34,25,1,36]. Moreover, we have
considered the symmetric as well as asymmetric membership function
shapes generated by our novel membership function generation algo-
rithm, which is inclusive of all the possible uncertain scenarios. In the
fine-tuning stage of the DBN, our approach has used the stochastic
gradient descent (SGD) or backpropagation approach. A numerical
example demonstrates the validation of the fuzzy energy function is
provided in the supplementary material. In the experimentation part,
the proposed approach is applied on the dataset with added noises of
white Gaussian noise and motion blur, which is undoubtedly very
crucial for evaluating the robustness of the fuzzy approach. Moreover,
we have also considered the most widely used CIFAR-10 classification
dataset for the reliability of the proposed approach. For an optimal
model selection, all possible combinations of a number of hidden layers
are considered to establish the network parameters empirically. All
these experiments are evaluated for several epochs to get the best clas-
sification results.

In comparison, other approaches in Table 1 are particular to a spe-
cific set of problems with only a specific set of network parameters. They
are not extensive in choosing the optimal number of network parame-
ters. Apart from our proposed approach, fuzzy weights and biases are
modeled with triangular MF by Feng et al., Samui et al., and Jiang et al.
Among them only Samui et al. considered asymmetric shapes, but with
only triangular MF. In conclusion, our approach provides the more
generic fuzzy sets-based modeling of network parameters in DBN, which
considers several symmetric and asymmetric membership functions for
the network parameters and establish the best possible among them.
Moreover, extensive experimentations provide a perspective for readers
to choose an optimal network architecture.

3. Proposed fuzzy deep belief network

This section develops the basic understanding of the procedures
involved in the learning of DBN. Then, we propose the formulations for
the fuzzy sets for enhanced deep learning algorithm. Each RBMs of a
DBN are associated with some weights and biases which determines the
energy of a joint configuration of the visible and the hidden units.

We first present the flowchart of the novel algorithm for enhanced
learning in the DBN. The flowchart is demonstrated in Fig. 3, followed
by the step-by-step description. The step-wise explanation of the
approach is explained below as:

Fig. 2. Visualization of a deep belief network.
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Step 1: The inner RBMs in a DBN are initialized randomly. The
Bernoulli distribution is considered for a RBM.

Step 2: To pre-train DBN, RBM is pre-trained using contrastive
divergence learning algorithm. During pre-training, the weights and
biases of the RBM are fuzzified.

Step 3: The network is pre-trained using the CD algorithm in unsu-
pervised manner.

Step 4: The RBM associated to the linear mapping is attached to the
last layer in DBN.

Step 5: Finally, the supervised learning of back propagation algo-
rithm is applied to fine-tune the network.

The energy function for an RBM is given by the following equation:

E(v, h;W, b, c) = − hTWv− cTv− bTh (1)

= −
∑

j

∑

k

Wjkhjvk −
∑

k

ckvk −
∑

j
cjvj (2)

where, W is the weight between that layers, ℎ and v are the vector
representing the states of the hidden and visible layers, where hj and vk
denotes the states at jth and kth units. The biases associated with the
hidden and visible layer are denoted by b and c, respectively.

The network probabilities for every pair of visible and hidden states
are given by:

p(v, h;W, b, c) =
1
̃̃Z
e− E(υ,h;W, b, c) (3)

where Z=
∑

v,he− E(υ,h;W, b, c) is the crisp partition function, which
sums over all possible hidden and visible vectors. The inferences used in
the RBM is the conditional inference of either v given h or h given v. The
full conditional distribution of h given the visible layer v can be written
as:

p(h|v) =
∏

j
p(hj|v) (4)

For the individual distributions, p(hj|v), hj is a random variable with
binary values so it’s a Bernoulli such that the probability of hj being
equal to 1 has a form:

p
(
hj = 1

⃒
⃒v
)
= σ(bj +Wjv) (5)

where σ(x) = 1
1+e− x represents the sigmoidal activation function.

Similarly, the conditional distribution for v given h is as follows:

p(v|h) =
∏

k
p(vk|h) (6)

p(vk = 1|h) = σ(ck + hTWk) (7)

The inference proposed in [4] is given by the equation:

P(ϑu+1 = 1) = EP(ϑu)
(
σ
(
WT

u [ϑu]
)
+ bu

)
(8)

While training the classical DBN (CDBN) architecture, the weights
and biases are initialized randomly with real numbers which are
generally associated with uncertainty due to the various possible values.

Table 1
Comparative analysis of related Fuzzy DBN approachesa.

Paper Methodology proposed Fuzzy parameters/
Fuzzy approach

Network Arcitecture Application Datasets

Zhou et al.
[48]

FDBN and Active fuzzy
DBN

Reviews and
theirmembership values

Specific: 100–100–200–2
and50–50–200–2; First 3 are hidden
layers and last is output layer

Sentiment
classification

Movie review dataset, books,
DVDs, electronics, and kitchen
appliances

Jiang et al.
[27]

FDNN & fuzzy Gaussian-
Bernoulli RBM

Network parameters
modeled using TFN

Three hidden layers as: 170–1700–17
and 150–1500–15

Click-through rate
(CTR) prediction

Criteo Display Advertising
Challenge dataset

Samui et al.
[39]

FRBM with Symmetric &
Asymmetric TFN

Network weights and biases Number of hidden units: 64, 128, 256,
512

Speech
enhancement
framework

speech & noise specific datasets:
TIMIT, Voice Box

Wang et al.
[45]

Information Geometry
Enhanced Fuzzy Deep
Belief Networks
(IGEF–DBN)

Fuzzy rules learned by FCM 50–50–200–6(6)− 6–2, 50–50–200–8
(8)− 8–2, 100–100–200–5(5)− 5–2,
50–50–200–12(12)− 12–2, and
50–50–200–8(8)− 8–2

Sentiment
classification

Sentiment classification data sets:
BOO, DVD, ELE, and KIT

Zhang et al.
[46]

DBN-based TSK fuzzy
classifier

Fuzzy rules, Gaussian MF Specifically selected hidden nodes for
different methods

Indoor user
movement
prediction

MovementAAL_RSS

Feng et al.
[12]

FDBN with symmetric
triangular MF

Only triangular fuzzy
weights and biases

Consideration of specific number of
hidden layers for respective models.

High-dimensional
classification
problem

MNIST and added noise such as:
Salt & pepper and gaussian, NORB
dataset, & 15 Scene dataset

Jisha and
Vimal [29]

Fuzzy DBN Intuitionistic FuzzyMutual
Information

Not mentioned Credit card
fraudulent
detection

Credit card datasets

Zhao et al.
[47]

DBN-FS Traditional FSs 4 hidden layers each with 20 nodes Sensor-based risk
perception

Real-world driving experiments

Liu et al.
[32]

PMF-DBN FCM and fuzzy classifiers
applied at each network
layer output

Three-layer DBN with 128, 200, 200
neurons in the hidden layers

Weld defect
detection and
classification

X-ray images of petroleum steel
pipe welds

Cui et al.
[10]

DBN with fuzzy ranking
feature optimization

Fuzzy Ranking (FR) for
feature selection and
optimization

Two hidden layers with 80 neurons
each during pretraining, one hidden
layer during fine-tuning

Seabed sediment
classification

MBES data and ground-truth
sediment samples from the BGS

Proposed
Approach

DBN with fuzzy
parameters, novel
generation of fuzzy MFs,
MF sensitivity analysis

Trapazoidal, triangular,
Gaussian and Semi-elliptic
fuzzy weights and biases

Several hidden layers and several
nodes are considered for better model
selection.

Classification 1. MNIST2. MNIST with additive
white gaussian noise3. MNIST with
motion blur4. CiFAR− 10 dataset

a The research focus in this paper is limited to modelling network parameters of DBN as T1 FSs and membership function sensitivity analysis. Accordingly.
consideration of higher FS variants are beyond the scope of the current study.
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This may hinder the overall performance of a DBN. Thus, to model these
uncertain parameters, we have used FSs to model the uncertain weights
and biases of the DBN. FSs are characterized by the membership func-
tion which is modeled over the membership grade which is defined as
the degree to which an element belongs to a set. If the membership
grades for the elements in a fuzzy set are expressed in terms of crisp
values, then the fuzzy set is called an ordinary or type-1 (T1) fuzzy set. A
FS ‘F’ can be expressed mathematically as follows:

F = {(x, μF(x))|∀x ∈ X} (9)

or

F =

∫

x∈X
μF(x)/x (10)

Here, μF(x) is the membership degree of an element x for each x ∈ X.
Eq. (9) is applicable when x is discrete, whereas for the continuous cases
Eq. (10) is valid. In practice, triangular and trapezoidal MFs are used in
literature to model the fuzzy sets. Since there is randomness involved
while initializing the weights and biases, we have considered four
different shapes of theMFs in this work to analyze the sensitivity of these
shaped over the outcome.

Let’s suppose ‘w’ denotes the randomly assigned crisp weight, mL
denotes left spread of the MF, and mR denotes right spread of the MF.
The membership value is represented by μ, where μ ∈ [0, 1]. Fig. 4 shows
the typical representation of all these MFs. Thus, the variables associated
with them, i.e.W, b, and c, are re-formulated as W̃, b̃andc̃. Now, these
connection weights between the visible and hidden layers form amatrix.
Later, each value of this matrix is defuzified to a single crisp value which
is then further used in the training of a DBN. For defuzzification, we
have used the widely used centroid defuzzification method given as
Algorithm 2. The general procedure to generate these MFs is compiled as
Algorithm 1:

Fig. 3. Flowchart of the proposed approach.

Fig. 4. MF shapes: (a) triangular, (b) semi-elliptic, (c) trapezoidal, and (d) Gaussian.
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Algorithm 1. Algorithm for fuzzy membership function (FMF)
generation

Algorithm 2. Centroid defuzzification algorithm

Now, the output of first RBM is used as an input to the next RBM and
the newweights are taken as the transpose of the previous layer weights.
The whole training proceeds and the weights are tuned until the optimal
weights are computed. For the stacked RBM in the DBN, the fuzzy energy
function ‘Ẽ’ of the joint configurations of the ‘υ’ visible and the ‘h’
hidden units with fuzzy weights and biases is defined as:

Ẽ(υ, h; W̃, b̃, c̃) = − hTW̃υ − b̃
T
h − c̃Tυ (11)

where W̃ is the fuzzy weights and b̃ and c̃ are the fuzzy biases.
All the pairs of the visible and the hidden units are associated with

some probabilities and utilizing the above defined energy function, the
probability is defined as:

p(v, h; W̃, b̃, c̃) =
1
Z
e− Ẽ(υ,h;W̃,b̃,c̃) (12)

Here, Z̃ =
∑

v,he− Ẽ(υ,h;W̃,b̃,c̃) is defined as the fuzzy partition function,
which is the summation of every possible hidden and the visible layer
vectors.

The conditional probability of the hidden units (given visible units)
and visible units (given hidden units) is expressed as:

p
(
hj = 1

⃒
⃒v
)
= σ(b̃j + W̃jv) (13)

p(vk = 1|h) = σ(̃ck + hTW̃k) (14)

Here, σ̃( • ) represents the fuzzy logistic function with fuzzy arguments.
The activation function is applied before proceeding to the expec-

tation [40]. Accordingly, probabilities of the (u+1)th nodes could now
be inferred as follows:

P̃(ϑu+1 = 1) = ẼP̃(ϑu)
(
σ̃
(
W̃

T
u [ϑu]

)
+ b̃u

)
(15)

where ϑu is the associated random binary variable. Moreover, the con-
ditional probabilities of the (u+1)th node are evaluated considering all
the probable combinations of the binary states. Further, the expectation
of finally evaluated conditional probabilities is executed to infer the
probabilities of the (u+1)th node.

Now, we define the basic understanding of contrastive divergence
(CD) algorithm used in the training of RBM as proposed by Hinton. First,
the training vector is fixed with the states of the visible units of the RBM.
Then, we calculate the binary states of the hidden units. The probability in
Eq. (14) is used for the reconstruction process. Thus, the change in fuzzy
weights between the two units, lets say i and j, is defined as follows:

Δw̃ij =∈
(
< vni h

n
j > − < vn+1i hn+1j >

)
(16)

where ∈ is the learning rate and the superscripts n and n+1 represents
the ‘reconstruction’ steps. This is a repetitive procedure till the equi-
librium is attained at the nth state. CD training is shown in Fig. 5.

In CD training, we first calculate the hidden state h0 from the training
data v0, followed by reconstructed v1. For this calculation, training data
is considered as an instance to be evaluated which is considered as the
probability of that training data. Thus, h0 is evaluated using the infer-
ence. Now, as the average probability is the output of the inference, v1
and h1 are calculated accordingly.

After the CD training of the RBMs, standard back-propagation learning
is applied to the complete DBN [44]. Now, in the learning stage, param-
eters such as weights and biases play a very important role. Since, the

Fig. 5. Reconstruction process of contrastive divergence algorithm.
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network converge to a local minimum different parameters initialization
will result in the minimization of the loss function to different values.
These parameters are considered as the fuzzy parameters and the un-
derlying steps of the proposed approach is compiled as Algorithm 3:

Algorithm 3. Proposed approach

4. Experimentation and results

In this section, we have performed the experimentation of our pro-
posed approach on the widely used datasets. First the considered
network architecture and parameters are described, followed by the
details of all the datasets. Next few sections discuss and analyze the
results obtained on all those datasets. The results of the proposed
approach (considering weights and biases as TrMF, TMF, SEMF, and
GMF) are compared with CDBN approach. The CDBN performed the
training and testing with the crisp real values. The last sub-section
provides the results of the statistical significance analyses. The experi-
ments are conducted on a workstation with Intel(R) Xeon(R) CPU
E5–2650 processors with 2.00 GHz frequency, 48 GB random access
memory, NVIDIA 2 GB GeForce GTX 960 graphical processing unit, and
a 64-bit windows operating system.

4.1. Network architecture

The proposed approach is a four-layer model with one visible layer,
two hidden layers (with same number of nodes), and the last layer act as
the output layer. For instance, {V-H1-H2-C} represents this model where,
V is visible layer, H1 and H2 are hidden layers, and C is last classification
layer. A rigorous analysis is executed by performing a model-selection
approach which considers 200, 400, 600, 800, and 1000 no. of nodes
in the hidden layer. In these hidden layers, where the abstraction occurs,
we have considered same number of nodes in each layer. First, we
considered 200–200 (H1-H2) number of nodes in the hidden layer, then
various other number of nodes are considered such as: 400–400,
600–600, 800–800, and 1000–1000. Each experiment with respective
number of hidden nodes is performed till 1000 epochs.

4.2. Datasets

First, we have considered the widely used digit recognition MNIST
classification dataset. We have performed the rigorous experimentations
on this dataset for epochs from 100 till 1000. The empirical results on
the MNIST dataset with our proposed model concluded that 600 nodes
resulted in the best results. Therefore, for the other datasets we have
fixed the number of nodes in the hidden layers as 600 and experimented
till 1000 epochs. The other datasets are: two n-MNIST (MNIST with
additive white Gaussian noise (AWGN) and MNIST with motion blur)
and a CIFAR-10 dataset.

4.3. Evaluation metric

In this paper, we have used a probabilistic deep belief network for the
problem of classification. First, we computed the root mean square error
(RMSE) andErrorRate to evaluate the results from theproposedmodel. The
outcome from theRMSEare typically probabilities and it is used tomeasure
theerrorbetween thepredictedprobabilitiesand theactual labels.Wechose
RMSE since it provides a direct measure of the difference between the
predicted and actual values. This is particularly useful for evaluating the
fuzzy DBN (with noisy data) like probabilistic model performance in terms
of regression-like taskswithin the classification framework. RMSEprovides
ameasure of error across all classes bypenalizing larger errorsmore heavily
because of the squaring of differences. In addition, error rate is also
computed for a straightforward indication of the quantity of incorrect
predictions.Though,RMSE iswell suited toprovide insightsonhowwell the
predicted probabilities match the actual distribution, however, it doesn’t
directly replicate the quality of the classifier in making correct predictions.

Therefore, considering the limitation of the RMSE and with the aim
to assess model performance under noisy data conditions, we also
considered metrics like log loss (Cross-entropy loss) [16] and accuracy
to complement the overall evaluation of the classification results. The
log loss quantifies the difference between the predicted probability
distribution and the actual distribution, which signifies a better pre-
diction of themodel has achieved a lower log loss value. Consequently, it
indicates that a higher probability is assigned to the correct classes. All
the formulas for these metrices is presented in Algorithm 3.

4.4. Experimental analysis: MNIST dataset

The first dataset is the MNIST [30] dataset which is most widely used
in the experimentation of any machine learning approach. It’s a hand-
written digit database consisting of black and white images of size
28 × 28. These images are linearized as vectors of size 1 × 784. Each
image holds a digit 0–9 containing 10 classes. The dataset has a total of
60,000 training images and 10,000 test images which form a 2D vector
of size 60,000 × 784 and 10,000 × 784, respectively. Table 2 and
Table 3 presents the RMSE values of the training data and the test data
for the considered number of hidden layer nodes over 100, 200, 400,
600, 800 and 1000 epochs. From the analysis, it is evident that the RMSE
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Table 2
RMSE of the training data.

Hidden layer nodes Epochs Training data RMSE

CDBN GMF SEMF TMF TrMF

200 100 0.0320816 0.0320000 0.0319110 0.0314819 0.0315136
200 0.0198498 0.0224670 0.0216100 0.0177093 0.0202171
400 0.0160780 0.0170561 0.0169703 0.0159193 0.0161853
600 0.0157501 0.0152490 0.0162300 0.0156293 0.0155687
800 0.0156920 0.0154179 0.0157560 0.0155000 0.0154557
1000 0.0155903 0.0156102 0.0155920 0.0154090 0.0149141

400 100 0.0733036 0.0360847 0.0347149 0.0478910 0.0337825
200 0.0574025 0.0208486 0.0201659 0.0312900 0.0210433
400 0.0411634 0.0155259 0.0158703 0.0172040 0.0161870
600 0.0320507 0.0152490 0.0147159 0.0151018 0.0152439
800 0.0262516 0.0154179 0.0136560 0.0147062 0.0144196
1000 0.0226005 0.0149353 0.0146011 0.0146383 0.0145785

600 100 0.0369591 0.0360619 0.0361569 0.0365927 0.0368138
200 0.0225985 0.0217387 0.0215482 0.0211350 0.0220687
400 0.0189540 0.0173546 0.0164183 0.0180270 0.0164916
600 0.0157529 0.0154909 0.0155016 0.0155707 0.0159021
800 0.0154210 0.0149469 0.0148636 0.0150102 0.0147488
1000 0.0147229 0.0148276 0.0143000 0.0143951 0.0142300

800 100 0.0708755 0.0398030 0.0378807 0.0335480 0.0382285
200 0.0547427 0.0267800 0.0236483 0.0245410 0.0231188
400 0.0445640 0.0215400 0.0165271 0.0214500 0.0174574
600 0.0305241 0.0171111 0.0161211 0.0162516 0.0157056
800 0.0252186 0.0163437 0.0159437 0.0160643 0.0154255
1000 0.0218444 0.0157794 0.0152000 0.0152441 0.0151230

1000 100 0.0404848 0.0402130 0.0394556 0.0394885 0.0420688
200 0.0268023 0.0240000 0.0239409 0.0241346 0.0241545
400 0.0256810 0.0174398 0.0174866 0.0179117 0.0173796
600 0.0244320 0.0169011 0.0161333 0.0165569 0.016755
800 0.0234210 0.0160529 0.0156678 0.0159249 0.0164113
1000 0.0218750 0.0158883 0.0155015 0.0155611 0.0153260

Table 3
RMSE of the test data.

Hidden layer nodes Epochs Test data RMSE

CDBN GMF SEMF TMF TrMF

200 100 0.0600902 0.0593692 0.0587429 0.0581166 0.0574903
200 0.0582902 0.0605033 0.0593522 0.0582011 0.0570500
400 0.0581572 0.0596846 0.0588423 0.0580000 0.0571577
600 0.0572554 0.0579285 0.0574743 0.0570201 0.0565659
800 0.0572132 0.0578519 0.0573765 0.0569011 0.0564257
1000 0.0577020 0.0590428 0.0579523 0.0568618 0.0557713

400 100 0.0758892 0.0589504 0.0578576 0.0601780 0.0569614
200 0.0645848 0.0554651 0.0544203 0.0589410 0.0563450
400 0.0614035 0.0555263 0.0559448 0.0579780 0.0549595
600 0.0585828 0.0559036 0.0553937 0.0561520 0.0560338
800 0.0578000 0.0560022 0.0552326 0.0550427 0.0543561
1000 0.0563065 0.0559823 0.0551860 0.0555033 0.055175

600 100 0.0578826 0.058446 0.0580339 0.0576421 0.056672
200 0.0565044 0.0559557 0.0553728 0.0551400 0.0550002
400 0.0561000 0.0551842 0.0551688 0.0550000 0.0549265
600 0.0558281 0.0549969 0.0547427 0.0542224 0.0543404
800 0.0555100 0.0545056 0.0544487 0.0541716 0.0540750
1000 0.0550690 0.0544582 0.0541210 0.0540841 0.0537270

800 100 0.0734230 0.0596170 0.0587158 0.0625140 0.0585483
200 0.0612433 0.0577100 0.0553642 0.0587400 0.0556251
400 0.0574100 0.0569110 0.0545919 0.0564700 0.0546981
600 0.0567889 0.0552890 0.0548340 0.0554615 0.0554604
800 0.0561535 0.0551000 0.0547115 0.0558096 0.0546547
1000 0.0559937 0.0549858 0.0547001 0.0550000 0.0546510

1000 100 0.0595349 0.0599870 0.0595480 0.0591115 0.0610137
200 0.0588592 0.0560000 0.0548423 0.0569485 0.0558234
400 0.0571789 0.0553432 0.0558310 0.0562092 0.0549400
600 0.0568547 0.0554817 0.0546763 0.0556550 0.0546464
800 0.0564507 0.0553155 0.0550090 0.0555148 0.0548339
1000 0.0555937 0.0549678 0.0547840 0.0554200 0.0548341
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is much better for our approach as compared to the classical DBN in the
training datasets. By default, it uses TrMF to model the fuzzy network
parameters.

However, even with other MFs (TMF, SEMF and GMF), the network
still performed better than the CDBN. The proposed approach modeled
using TrMF shows marginally improved performance over the TMF,
SEMF, and GMF, as even a minor improvement in the RMSE is of great
importance. Interestingly, the RMSEwith TrMF and TMF have negligible
difference in their values. Also, for all these considered models, the
RMSE values converged at 1000 epochs. Furthermore, it is observed that
the RMSE values improved for the training data when the number of
nodes in hidden layers are increased from 200. The RMSE of 0.01423 is
obtained at 600 no. of nodes in the hidden layer with proposed
approach, which is 1.16 % better than the TMF (0.01439), 0.49 % better
than SEMF (0.0143), and 6.30 % better than GMF (0.01513).

However, after this, the overall RMSE values in all the MF models
increased slightly. Still, TrMF has shown much better RMSE values than
other MFs. Fig. 6 shows the comparison between the proposed approach
(with TrMF) and CDBN with the convergence of RMSE values in the
training data. This comparison is depicted only for 600 units in the
hidden layers. We have not shown the RMSE values for the 100 epochs.
Similar behavior can be seen for the RMSE values of the test data, which
is extremely important in classification. The least RMSE value of 0.0537
is obtained for the proposed approach at the 600 no. of nodes in the
hidden layers. The overall RMSE improved till 600 nodes in the hidden
layer but increased after that till 1000 nodes. Although we get the best
result at 600 nodes in the hidden layer with the TrMF, SEMF showed
better results than TMF and GMF. The convergence of test data with 600
units in the hidden layers is shown in Fig. 7.

Fig. 8 & 9 shows the comparison between our proposed approach
and other MFs such as: TMF, SEMF, and GMF for the MF sensitivity
analysis. A snippet is provided in the figures for the 800 and 1000 epochs
to distinguish the difference. In both cases, the weights and biases
modeled with TrMF performed better than when they are modeled with
other considered MFs.

We have only shown the result for the Error Rate with 600 units in
the hidden layers at 1000 epochs for the training data and test data in
Fig. 10. We have observed that data modeled with TrMF (training data
error rate = 0.0175, testing data error rate = 0.0161) has fewer incor-
rect inferences than the TMF, SEMF, and GMF. Additionally, we also
computed two other metrics of log loss and accuracy for training and test
data, which is shown in Table 4. There is again improvement with the
proposed approach in terms of lower log loss and better accuracy.

4.5. Experimental analysis: n-MNIST datasets

To establish the validity and robustness of our proposed approach,
we have also considered two additional datasets from the repository of
the n-MNIST datasets [2]. The two datasets are MNIST with additive
white Gaussian noise (AWGN) and MNIST with motion blur. They are
formed by adding additional noise in the original MNIST dataset. The
dimension and training and test data sizes are the same for both datasets.
The sensitivity analysis with different membership functions for the
MNIST concluded that TrDBN and TDBN gave the best results. Thus, we
have used only TrMF for these two datasets, which was also earlier used
as default MF for the proposed approach. It is compared with the CDBN
for the 600 nodes in the hidden layer to evaluate the efficiency.

Tables 5 and 6 show the RMSE and Error Rate for the MNIST with
AWGN and motion blur datasets, respectively. In the case of training
data, our proposed approach, with RMSE of 0.01439 shows a 1.02 %
improvement for MNIST with AWGN, while the test data has 0.8 %
improvement over CDBN. While these improvements may represent
small percentages, they carry significant weight and hold substantial

Fig. 6. RMSE vs. epochs plot for the training data.

Fig. 7. RMSE vs. epochs plot for the test data.

Fig. 8. RMSE vs. epochs plot for the training data with all MFs.

Fig. 9. RMSE vs. epochs plot for the training data with all MFs.

A.K. Shukla and P.K. Muhuri Neurocomputing 614 (2025) 128716 

9 



significance in deep learning related domains [28,24]. For the MNIST
with motion blur dataset, we observe a 2.24 % and 1.17 % improvement
of proposed approach over CDBN for training and test data, respectively.
The improvement percentage for these two datasets is shown in Fig. 11
(a) & (b). Table 7 shows lower log loss and better accuracy values with
the proposed approach for both the datasets. This reflects the similar

behavior as of RMSE and Error rate.

4.6. Experimental analysis: CIFAR-10 dataset

The last dataset we experimented with our proposed approach is the
CIFAR-10 dataset [43]. It consists of a total of 60,000 color images of 10
classes. The training data has 50,000 images, while the test data has 10,
000 images. The dimensional data for image is 32 × 32 × 3 (3072),
which are the three intensity channels at each pixel. We build similar
two-hidden-layer neural network, as for the MNIST datasets, with
3072–1000-1000–10 network architecture. Since this dataset is different
from the MNIST, we have experimented for various number of hidden
nodes till 1000 epochs. The RMSEs and the Error Rate for the training
and test data are summarized in Table 8.

Figs. 12 and 13 pictorially depicts the RMSE values for the training
and test data over several epochs. The major concern here is the DBN
performance of the proposed approach over CDBN, which is evaluated
here by better RMSE values. The improvement for the training data is
higher as compared to the improvement for the test data; however, we
are majorly concerned with the test data. The use of proposed approach
results in better performance which implies that a similar performance
can be achieved with lesser number of nodes in the hidden layers. This
ultimately signifies lesser complexity of the deep learning model.

4.7. Statistical analysis

This section provides the results of the statistical tests conducted to
evaluate the randomness associated with the proposed algorithm at
several levels. The experiments are executed 10 times to evaluate the
statistical significance of the MNIST and n-MNIST results. The testing
results of RMSE and Error Rate for these ten iterations are shown in
Tables 9 and 10, respectively.

We have performed two different statistical significance tests viz.,
the One-way ANOVA and the Kruskal-Wallis test. The principle of both
these tests is same and they are used to establish the statistical signifi-
cance of the results. They both return a p-value indicting the probability
of the considered distributions of data under the assumption that null
hypothesis is true. In the one-way ANOVA case, null hypothesis states
that the means of all distributions are same while Kruskal-Wallis con-
siders median to be equal. There is a significant level (α) which is
generally assigned a value of 0.05 to test the significance of the outcome.
A smaller p-value than α suggests that the observed differences between
distributions are statistically significant and thus, the null hypothesis is
rejected. On the contrary, a large p-value suggests insufficient evidence
to reject the null hypothesis. Along with p-value, one-way ANOVA also

Fig. 10. Error Rate of the training data and test data with 600 no. of units in
the hidden layers at 1000 epochs.

Table 4
Log loss and accuracy for MNIST dataset.

Training Testing

Log Loss Accuracy (%) Log Loss Accuracy (%)

CDBN 0.0071003 99.72 0.034492 98.31
Proposed Approach 0.006887 99.87 0.034669 98.35

Table 5
RMSE and error rate for the MNIST dataset with AWGN.

Training Data Test Data

RMSE Error Rate RMSE Error Rate

CDBN 0.0292 0.0074 0.08898 0.0437
Proposed approach 0.0289 0.0076 0.08825 0.0436

Table 6
RMSE and error rate for the MNIST dataset with motion blur.

Training Data Test Data

RMSE Error Rate RMSE Error Rate

CDBN 0.01472 0.00186 0.05465 0.0164
Proposed approach 0.01439 0.0018 0.05401 0.0162

Fig. 11. Improvements percentage in the RMSE of the training data and the test data for (a) MNIST with AWGN and (b) MNIST with motion blur.
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Table 7
Log loss and accuracy for MNIST with AWGN and MNIST with motion blur.

Training Testing

Log Loss Accuracy (%) Log Loss Accuracy (%)

MNIST with AWGN CDBN 0.028182 99.13 0.070866 95.75
Proposed Approach 0.027664 99.29 0.068169 95.86

MNIST with Motion Blur CDBN 0.0079621 99.65 0.032471 98.39
Proposed Approach 0.0078516 99.78 0.029623 98.44

Table 8
RMSE and error rate for the CIFAR-10 dataset.

Hidden layer nodes RMSE Error Rate

Training Data Test Data Training Data Test Data

CDBN Proposed
Approach

CDBN Proposed
Approach

CDBN Proposed
Approach

CDBN Proposed
Approach

200 0.1056 0.0945 0.2904 0.2825 0.1399 0.1359 0.5064 0.5135
400 0.0945 0.0833 0.2821 0.2719 0.1358 0.1176 0.5163 0.4873
600 0.0768 0.0759 0.2656 0.2626 0.1076 0.1062 0.4696 0.4689
800 0.0726 0.0701 0.2622 0.2601 0.1016 0.0979 0.4584 0.4493
1000 0.071 0.0681 0.261 0.2591 0.0987 0.0942 0.4572 0.4479

Fig. 12. RMSE vs. epochs plot for the training data.

Fig. 13. RMSE vs. epochs plot for the test data.
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returns a F value which is computed by comparing the variance between
means of the distributions to the variance within distributions.

Table 11 compiles the results of the statistical significance tests on
the testing outcomes of the MNIST and n-MINST datasets. All the p-

values from both the tests are found as less than α, which establishes that
the results are statistically significant. The higher values of F-Statistic, as
may be seen in the Table 11, also convey the same meaning. Fig. 14 (a)
comparatively shows the box plots of the RMSE values, whereas Fig. 14
(b) shows the same of the Error Rates for all experimented datasets.

5. Discussion, conclusion and future work

This paper introduces a novel deep belief networks model aimed at
enhancing performance in deep learning through the utilization of Fuzzy
Sets (FSs). In our proposed approach, these FSs are employed to model
the randomly assigned and uncertain weights and biases. Various MF
shapes such as TrMF, TMF, GMF, and SEMF are considered to analyze
the sensitivity of the weights and biases. Extensive experiments and
statistical analysis are conducted to test and analyze the effectiveness of
the proposed approach over the CDBN.

Four different types of datasets are considered for the experimenta-
tions. First, the classical MNIST dataset is experimented with various MF
shapes for sensitivity analysis. Considering the RMSE on test data, which
is crucial for assessing performance, we observed that we attained the
best RMSE with only 600 nodes in the hidden layers using the proposed
approach. It signifies the lesser complex DBN architecture could be
utilized when weights are modeled with FSs. This extensive experi-
mentation also concludes that we can use TrMF or TMF to consider for
the proposed approach since both resulted in approximately same
outcome. Therefore, we used TrMF in the proposed approach while
experimenting for other datasets. The other two noisy datasets,
belonging to the class of n-MNIST, are of the same structure as MNIST
but with added noise. Since the structure of the dataset is same, we
considered the same 600 nodes for the hidden layers and we concluded
significant improvement in the test data RMSE. Notably, a lesser number
of nodes produced enhanced performance rather than the whole com-
plex structure. For these datasets, we also computed metric of log loss
(also called Cross-entropy loss), which is suitable for evaluation of
probabilistic models like DBN. It quantifies the difference between the
predicted probability distribution and the actual distribution. In addi-
tion, we provided the accuracy of the proposed approach as compared to
CDBN. The log loss is lower with the proposed approach signifying the
higher probability allocation to correct classes, which also implies better
accuracy values. The last dataset is the CIFAR-10 dataset with colored

Table 9
Testing RMSE of the MNIST and n-MNIST datasets for ten iterations.

Iteration MNIST MNIST with AWGN MNIST with Motion Blur

1 0.0503276 0.0888654 0.054838900
2 0.0494991 0.0877254 0.054385100
3 0.054927 0.0883546 0.054260000
4 0.0493901 0.0877960 0.055388300
5 0.0505344 0.0882154 0.053746300
6 0.0501516 0.0888646 0.053828984
7 0.0539636 0.0883141 0.055111282
8 0.0499034 0.0886371 0.055532999
9 0.0501963 0.0889345 0.054505132
10 0.0494943 0.0881542 0.054416433

Table 10
Testing error rate of the MNIST and n-MNIST datasets for ten iterations.

Iteration MNIST MNIST with AWGN MNIST with Motion Blur

1 ​ 0.0144 0.0433 0.0151
2 ​ 0.0140 0.0414 0.0147
3 ​ 0.0157 0.0420 0.0154
4 ​ 0.0137 0.0419 0.0158
5 ​ 0.0144 0.0429 0.0151
6 ​ 0.0145 0.0424 0.0151
7 ​ 0.0149 0.0429 0.0152
8 ​ 0.0147 0.0422 0.0161
9 ​ 0.0145 0.0429 0.0152
10 ​ 0.0140 0.0420 0.0156

Table 11
Statistical test results on testing outcome of MNIST and n-MNIST datasets.

Statistical Tests One-way ANOVA Kruskal-Wallis ANOVA

Testing p-value F-statistic p-value

RMSE 2.62E− 32 2935.41 7.16E− 06
Erorr Rate 6.02E− 39 9.14E+03 7.28E− 06

Fig. 14. Box plot of testing results for different datasets: (a) RMSE, and (b) Error Rate.
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images. The proposed approach returned better performance across all
experimented hidden layer nodes, as compared to the CDBN. Addi-
tionally, the one-way ANOVA and Kruskal-Wallis tests are conducted to
establish the statistical significance of the results obtained frommultiple
iterations. Hence, we can conclude that, the proposed approach1 out-
performs the classical DBN with improved RMSE and error rates. One
limitation of the proposed approach is that the MF shapes can further be
tuned according to the application and dataset under study, which may
provide better learning outcome.

Future research works may target extending the work to understand
the behavior of FSs over the hidden layers of DBN. The work may also be
extended to utilize the interpretability aspects of FSs in the deep learning
architectures. Further, in terms of image re-generation task, future
research may aim on regenerating images under uncertain environ-
ments. Moreover, we are of the view that more suitable uncertainty
modelling techniques may yield noteworthy improvements in the
learning accuracy of the DBN or other DL models, which surely offers a
fertile ground for future research.
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