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Inverse Sturm-Liouville problem of
recovering coefficients in boundary
conditions

Vyacheslav Pivovarchik, Alesia Supranovych

Abstract. We consider the spectral Sturm-Liouville problem on an equilat-
eral star graph of three edges with the standard conditions at the interior
vertex and the Robin conditions at the pendant vertices. It is shown that
when the potentials are zeros on the edges, the asymptotics of the eigenvalues
determine the shape of the graph and the constants in the Roben conditions.
This method can be applied for the case of more complicated equilateral sim-
ple connected graphs.

AHotranis. Posranyra cnekrpanbaa 3anada [Iltypma-Jliysimisa wa piHO-
6iunomy 3ipkoBoMy Ipadi 3 TpboMa pedpaMu 3 CTAHJAPTHUMH yMOBaMHU Y
HeHTpasIbHIN BeprmHi Ta ymoBamu Pobena y Bucsunx Bepimaax. I[lokazaHo,
10, y BUMAJKY HYJIbOBUX MMOTEHIATIB HA peOpax aCHMITOTHKA BJIACHUX 3HA-
qeHb BU3Ha4ae popmy rpada ta craji B ymoBax Pobena. Ileit merom moxke
OyTH 3aCTOCOBaHUIl Y BUIAJKY OLIBII CKJIAQTHUX 3B’A3aHUX PIBHOOIYHUX I'Da-

¢iB.

1. INTRODUCTION

There are three types of inverse problems in the theory of quantum
graphs.

The first problem, where the shape of a graph and conditions at the ver-
tices are known. We need to find potentials of the Sturm-Liouville equations
on the edges. For the investigations dedicated to this problem see, e.g. [2,9].

In the second problem, conditions at the vertices and spectrum are
known. We need to find the shape of the graph. For example, works [5,7,8,
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10,11] are concerned with this question. The works in this direction started
in the famous article by M. Kac «Can one hear the shape of a drum?» [6].
In the third problem, the shape of the graph and the spectrum are known,
and we want to find the coefficients in the conditions at the vertices, see
e.g. [1]. Our paper is about the third type of inverse problems.
Let us consider boundary value problem on a star equilateral metric
graph, which has three edges of length one each:

Vs
Vo Vs
Vi
—yi =X y;, xel0;1], j=1,23, (1.1)
y1(1) = ya2(1) = y3(1), (1.2)
y1(1) +y5(1) +y5(1) =0, (1.3)
y'l (0) — b1y1(0) = 0, (1.4)
y5(0) — bay2(0) = 0, (1.5)
y5(0) — bsy3(0) = 0. (1.6)

The boundary condition y'(0) + by(0) = 0, where b € R, is called the Robin
condition.

In classical mechanics, this condition has the following physical meaning.
Let us imagine that the end of a string has a weightless ring which can move
without friction in the direction orthogonal to the equilibrium position of
the string. The string is stretched and can move in the transverse direction.

Vibrations of such a string can be described by equation

02U 02U

Froa P(UU)W
where p(x) is the linear density of the string, = is the spatial coordinate, ¢
is time and U (x, t) is the transverse displacement of the point on the string
with the coordinate x at the time ¢. If we look for a solution of (1.7) of the
form

=0, xze€l0;l], (1.7)

U(s,t) =v(s) e, sel0:1],

then we obtain
0%v 9
) + A p(s)v =0. (1.8)
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If the left end of the string is free to move in the direction orthogonal to

the equilibrium position of the string, then we face the Neumann condition

ov
—|s=0 = 0.
(95|5 0
But let us assume that this ring is connected to a certain fixed point
x = —L by an elastic weightless thread as is shown on the figure below.
Then,
v(0;t)  Ov
= —l.p. 1.9
L 0s ls=0 (1.9)
L
A 0

Using the Liouville transformation [4]

s 1
o= | st
0
1
y(A; x) = pi(s(@))o(A, s(x))
and substituting v(\, s(z)) = p
we arrive at:

N

(s(x))y(A, z) in equation (1.8) and (1.9),

—y" + q(z)y = Ny,

, (1.10)
y'(0) +by(0) =0
where
b= 1(0) - p)*

In quantum mechanics, Robin‘s condition (1.10) describes the partial pas-
sage of a particle through the point z = 0.
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2. EIGENVALUE ASYMPTOTICS

Let us return to problem (1.1)-(1.6). We express the general solution of
equation (1.1) in the following form:

yj = A sm)\)\m + Bj cos Az, (2.1)

where A;, Bj — real numbers. Substituting (2.1) into (1.4)-(1.6) we arrive
at Aj = bij. Thus,

sin Az

Y = bij + Bj cos \x. (22)

Substituting (2.2) into (1.2)-(1.3), we obtain the following system of
equations for By, Bo, Bs:

Bi(b1852 + cos \) = Ba(by™52 + cos \),
By (by 22 + cos \) = Bj(bytad “nA + cos A),

Bi(bicos A — Asin A) 4+ Ba(ba cos A — Asin \)
+Bs3(bzcos A — Asin ) = 0.

If the determinant of this system is not equal to zero, then the solution
is unique, namely By = By = B3 = 0. In order to find nontrivial solutions
we look for A such that the determinant equals zero:

b1882 +cos A —(be¥42 4 cos ) 0

det 0 boSA +cos A —(b3A 4 cosA) | = 0. (2.3)

bicosA — Asin A bycos A — Asin A bzcos A — Asin A

We call the determinant in (2.3) the characteristic function. This way
we have the following equation:

— 3Asin Acos® X + (by + by + b3)(cos® X — 2cos Asin? \)+

cos? Asin \ — sin® \
+ 3(b1bg + babs + blbg)( \ )+ (2.4)

.2
sin® A cos A
+ 3b1b2b3T - 0
The leading term of this equation, as A\ — +00, is —3Asin Acos? A\. The
zeros of this term are:

~ 7k
)\k:?, kEZ
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The zeros \gy, with k € Z\{0} are simple, while the zeros Nojp_1 with k € Z
and \g are double.
We will use Rouche‘s theorem for the following functions:

F()\) = 3\sin Acos? \,
fA) = (by + b2 + b3)(COS3 A\ — 2cos A\ sin? A)+

2 \sin A — sin® A
+ 3(brb + bobs +—b1b3)(C°S sin A — sin” A)

A
sin® A cos A
+ 3b1b2bs ——5——.
A2
We consider circles with radii 0 < r < 7 centred at points % uLs (see figure

below). There is one simple zero )\gk inside each circle Co, K = 1,2, ... and

NG

are double zeros A, , i = 1,2 inside each circle C;_1 and Cj.

NN

2

N
We will show that for large k the inequality
13\ sin A cos® A| > ’(bl + by + b3)(cos® X — 2 cos Asin® \)+

(cos® Asin A — sin® \)

+ 3(b1b2 + bzbg + blbg) \

sin? X\ cos \

+ 3b1babs 2

holds on Cj. Since sin A and cos A are periodic functions,
Cl<|Sin)\|<d1, CQ<|COS)\|<d2,

where c¢1, di, co, do are positive constants independent of k.
On our circles we have
wk

k
?—r<|)\]<7+r

for k > 2.
We estimate |F'(\)| from below and |f(\)| from above. Note that

mk
P (N_BmmAmsM>3<2—w>q%, (2:5)

|F(N)] < |b1 + by + bs|(d5 + 2d7d2)+

d d2 d3d
+ 3‘[)1[)2 + bobs + blb3| 1 + s 2 + (2.6)
e A e T
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d3dy
+ 3|blb2b3|W
Clearly, there exists kg such that

k
3 (”2 — 7’) c1¢5 > |by + by + b3|(ds + 2d3dy)+

dy 2 d3d
+3]b1b2+b2b3+b1b3\< =2 2)0 >+
2

ko (ZE—»y
d2ds
+ 3|b1babs|———
| 102 3‘ (%k _ 7")2
for all A € Cy and all k > ky. Then from (2.5) and (2.6) we derive

[EN > 17V

By Rouche‘s theorem we conclude that there is exactly one zero of the
function F(A)+ f(A) inside each circle Coi, k > ko and exactly two (or one
double) zeros inside each circles Co,_1 for k > k.

Since the radius r can be chosen arbitrary small we conclude that

Ao =k +o(1), k — +o0. (2.7)
Let us express A9 in the following form
Ty X2 T3 1
)\2]{:7Tk‘+k+k3+k5+0<k5>. (2.8)

In order to simplify calculations we rewrite (2.4) as follows

— 3Asin Acos A + (by 4 bo + b3)(cos® A — 2sin? \)+

cos Asin A _ sin® \
A A COS A

+ 3(b1b2 + babs + b1b3) (
sin? \
2

This equation is equivalent to (2.4) if A # m(k — 3).
Substituting (2.8) into (2.9), and using expansions cosz ~ 1 — & + 75,

+ 3b1babs

= 0. (2.9)

sinz ~ x — %3 + % for x — 0, we obtain
3z — (b1 + ba + b3)+
1 3
+ w2 [3:5271' — 2mx1°+

+ 3%‘12 + 3.2612(51 + by + b3) — 3%(()1@ + bobs + b1b3)] +
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1 2 2 5 4
+ e [371'333 — b1 rs + 577931 + 621290 — 2217 —

— (bl + by + bg) —6z129 + §x1 + 3 -

T 3 2 T 2
— 3(()152 + bobs + blbg) <7r2 - = 7T2> — 3b1b2b3?12]

—0 (;4) _ (2.10)

This means that
b1 + by + by = 3xqm. (2.11)

Let us first consider the case when x; # 0. Substituting (2.11) into (2.10),
we obtain

7

bib + bobs + brbs = %ﬂ +may + g (2.12)
and
3 2
5 8 2
b1bobs = T 3253 + *71'3.%2 — 771.3:6? + e
iy 3 15 T 513
o o a2  wad  B5rdxg (2:13)
+ iy — 3 e + 3 + mxy.

Now we consider separately the case, when z; = 0. From (2.11) we
obtain that by + be + b3 = 0. Therefore, equation (2.4) can be written as
follows:

2\ —sin? A in Acos A
sin A [3) cos? A—3(blbg+b2b3+b1b3)%—3b1bgbg%]
The set of zeros in A of the left hand-side of this equation consists of two
subsequences. The first one is the sequence of zeros of the function sin A.
This sequence give us no information about the coefficients by, by, bs. Thus,
we consider the following equation:
2 \ — si 2 A
3Acos2 A — 3(buby + babs + byby) S 2

A e (2.14)
— 3y boby A A

2 =0.

The left hand-side of this equation is an analytic function everywhere, ex-
cept at A = 0. The set of zeros of this function may be presented as a
union of two subsequences. So, similarly to (2.7), using Rouche‘s theorem
we conclude that for both subsequences one has

Aog—1 = 7(k — %) + o(1).
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Let us look for Agi_1 in the following form

1 (! Y2 1
Mop_1 =7k — = —). 2.15
2k—1 7‘—( 2)+7r(k‘—%)+71'3k3 +0(k3> ( )
Substituting (2.15) into (2.14) we obtain:
y? L 2y - Tyt + yi)’+
m(k — %) w3k3
1 203 + 1
+ (b1by + babs + b1b — - +
(b1ba + babs + b1b3) <7r(k:—%) 313
Y1 1
Thus,
biby + bobg + b1bs = —y%. (2.17)

Substituting (2.17) into (2.16) and assuming that y; # 0, we arrive at:
)
bibabs = —2y> — <y} — 247
If y1 = 0, then by + ba + b3 = 0 and b1bs + babs + b1b3 = 0 imply

by =by=0b3=0.

3. INVERSE PROBLEMS

First of all let us consider the following inverse problem. The shape of
the graph is known. We need to find the constants b1, bo and b3 using
the spectrum of problem (1.1)-(1.6) and, thus, the coefficients x; in the
decomposition (2.8). To do it, in the case of x1 # 0 we first use equa-
tions (2.11)—(2.13) to find by + ba + b3, b1ba + babs + b1bs and b1bobs. By
Vieta‘s theorem, it remains to solve the cubic equation

T 7
23— 3x17r22 + <27r2 + mTxy + 7r2x%> z—

I 3
——5 — T T2+ -] — —7miri+
ik 3 15 T
w3 w3 brdag
+ - — X, = 0.
3 x$ 3

The solutions of this equation are nothing but the values of b1, by and bs.
In the case of 1 = 0 the equation which is to be solved is

5
2Byl 42+ gy? +2y7 = 0.
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To conclude we note that using this method, we can also solve a more
complicated inverse problem. Suppose we know the spectrum of prob-
lem (1.1)-(1.6). We need to find the shape of the graph and the constants
in Robin‘s conditions. Assume that the graph is simple connected and equi-
lateral. The spectrum consists of subsequence A} = mw(k — 1) + o(1) and
two subsequences A, = m(k — 3) 4+ o(1) (i = 2,3). We conclude that the
leading term as A — 400 of our characteristic function is CAsin A cos? A
where C' # 0 is a constant. Then we evaluate

in A\ 1
CAsin Acos? A = C cos? A(1 — cos? \) <SH)1\>

1 sin A\ 1
— 5Ot (1)

where ¢g(2) = 32* — 322 is the characteristic polynomial of the graph Gg
computed in [3]. It means that C = 1 and our graph is nothing but the
star graph with three edges. If so, we can find b1, bo and b3 according to
the procedure described above.
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