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Abstract

Columns and rows are operations for pairs of linear relations in Hilbert spaces,
modelled on the corresponding notions of the componentwise sum and the usual
sum of such pairs. The introduction of matrices whose entries are linear relations
between underlying component spaces takes place via the row and column opera-
tions. The main purpose here is to offer an attempt to formalize the operational
calculus for block matrices, whose entries are all linear relations. Each block
relation generates a unique linear relation between the Cartesian products of initial
and final Hilbert spaces that admits particular properties which will be character-
ized. Special attention is paid to the formal matrix multiplication of two blocks of
linear relations and the connection to the usual product of the unique linear relations
generated by them. In the present general setting these two products need not be
connected to each other without some additional conditions.

Keywords Linear relation - Operator matrix - Row operator - Column

operator - Adjoint - Product

Mathematics Subject Classification 47A05 - 47A06 - 47B25

1 Introduction

The calculus of rows, columns, and block matrices, where the entries are unbounded
operators, was studied in the paper of Moller and Szafraniec [13]; see also [8].
However, already in the case of 2 x 2 blocks, it is natural that one of the entries is
multivalued; see [2, 6, 11, 18]. Even earlier in [3] there was a suggestion of a 2 x 2
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block matrix where two of its entries were multivalued; the corresponding situation
was considered in [5], where such blocks are shown to appear naturally as
selfadjoint extensions of certain symmetric relations. The present paper offers an
attempt to formalize the operational calculus for block matrices, whose entries are
all linear relations, along the lines linear relations between two Hilbert spaces are
treated in [1]. The basic idea in the context of linear relations is to first develop the
notions of a row and a column consisting of a sequence of linear relations. This
approach was taken in the study of matrices with unbounded operators in [13]. Rows
and columns can be considered as the building blocks in the definition of a block
matrix whose entries are linear relations. To keep the presentation simple, it suffices
to concentrate on the special case of 2 x 2 blocks.

To explain the notions of row, column, and block, let H; and H, be linear
relations from a Hilbert space $ to a Hilbert space K. Recall that one can form a
sum of H, and H; in different ways. The componentwise sum H, FH, is defined as

Hy FHy = {{h1 + hy, k1 + ka} : {h1,ki} € Hy, {h2,k2} € H, }, (1.1)
and the usual sum Hy + H,, like in the case of operators, is defined as
Hy+H, = {{hk +ko} : {hki} € Hi, {h,k2} € Hy }. (12)

Of course, when H; and H, are operators, then these definitions make sense for their
graphs (identifying graph and operator). The main point here is that in many situ-
ations one encounters a slightly different situation, as the Hilbert spaces in which
these relations are defined or to which they map may be different: either H; is a
linear relation from $, to & and H, is a linear relation from £, to &, or H; is a
linear relation from $ to & and H, is a linear relation from $ to K. In the first case
one needs the notion of row of relations, which extends the componentwise sum,
while in the second case one needs the notion of column of relations, which extends
the usual sum. In particular, these notions play a role when introducing 2 x 2 blocks

of linear relations:
(Hll le) (51) (551)
: — ,
H> Hy 9 9

where each Hy; is a linear relation from $; to §;. It turns out that one may speak of a
column of two rows or of a row of two columns.

The operational calculus for these notions concerns their linear structure. In
particular, the notions of row, column, and block will be characterized among all
linear relations. When adjoints are involved, one is confronted with the occurence of
the various Hilbert spaces, so one needs to keep track of the relevant spaces. Recall
that for the componentwise sum, the adjoint behaves as one would expect, but for
the usual sum things are of course different. These facts have their counterparts in
the behavior of adjoints for rows, columns, and blocks of linear relations. In
addition, it is observed that multiplication of rows, columns, and blocks is a
complicated process, because one has to keep track not only of the domains, but also
of the multivalued parts.
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The present paper is of an expository nature. It gives a brief survey of the above
notions, along the lines of [13] where the case of operators was treated, but now in
the context of linear relations, see also [4, 12, 14—-16]. However, the appearance of
multivalued parts in the entries of the block produces some new obstacles in this
study. Finally, it is mentioned that different special cases of linear block relations
with multivalued entries appear in the literature and that various notions and results
given here can be applied, e.g., in the context of the sum of selfadjoint (or maximal
sectorial) operators or relations, see [7, 8], in the extension theory for nondensely
defined symmetric operators and symmetric relations, see, e.g., [6], and, for
instance, in the study of linear relations whose domain and range are orthogonal, see
[3, 5]. Also there is a connection to the recent papers [19] and [24], which will be
explained.

2 Linear relations and their adjoints

Let H be a linear relation from a Hilbert space £ to a Hilbert space K, i.e., H is a
linear subspace of the product space $ x K. Its multivalued part Hy,y = {0} X
mul H is a purely multivalued relation. The closure H of H is a subspace of § x K,
and the relation H is closed if and only if H = H. The adjoint H* of H is defined as a
relation from K to § by

H = {{f,f’} E/XH: (f,h)=(f,h) forall {hh} EH}.
Then it is clear that
H* = (JH)" = JH*, (2.1)

where the orthogonal complements refer to the componentwise inner product of
R x 9 and H x K, respectively. Here J from H x K to & x § is defined by

Jf Y= —fY, {f.feHxK

Clearly, if H and K are relations with H C K then K* C H*. It also follows from
(2.1) that H* is a closed linear relation from & to $. Note that (2.1) gives
J'H* =H"' ie.

J'H) =H =H.

Since J~! is the flip-flop operator from & x § to § x K the left-hand side coincides
with H** and hence H** = H. The orthogonal decompositions

H=domH”" @mulH* and K =domH" G mulH"™ (2.2)

are now clear from (2.1). For a brief introduction to these notions, see [2]. The
following additive decomposition for linear relations is an operator-theoretic ver-
sion of the Lebesgue decomposition of measures; see [9, Theorem 4.1].
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Theorem 2.1 Let H be a relation from & to K and let Q be the orthogonal
projection in ] onto dom H*. Then H allows the following sum decomposition

H=QH+(I-QH, (2.3)

where the relations QH and (I — Q)H have the following properties:

(@) OH is a closable operator;
(b) clos((I — Q)H) = dom H x mul H**.

The closure of the so-called regular part QH is (the graph of) an operator, while
the closure of the so-called singular part (I — Q)H is a closed singular relation, i.e.,
the product of two closed subspaces. The so-called Lebesgue decomposition (2.3)
for a relation H from & to R gives rise to a componentwise direct sum
decomposition when mul H = mul H**; see [10, Theorem 3.10, Corollary 3.14].

Proposition 2.1 Let H be a relation from $ to K and let Q be the orthogonal
projection in K& onto dom H*. Assume that

mul H = mul H*, (2.4)

so that & can be decomposed as ] = dom H* @ mulH. Then QH C H and the
relation H has the following direct sum decomposition

H = QH F({0} x mulH), (2.5)

where QH is a closable operator from § to & and {0} x mul H is a purely mul-
tivalued relation in mul H. Moreover, if the relation H is closed, then (2.4) is
automatically satisfied and the operator QH is closed.

If mul H = mul H**, then H; = QH is the operator part of H, so that (2.5) reads
H = H; ¥ Hyy. Clearly, if H is closed then mul H = mul H**, so that a closed linear
relation always has a closed orthogonal operator part. Note that H** is a closed
linear relation from $ to & and it follows from (2.2) that (H**), takes dom H** to
dom H*. Likewise, H* is a closed linear relation from K to $, so that (H*)S takes
dom H* to dom H**.

Lemma 2.1 Let H be a linear relation from a Hilbert space 9 to a Hilbert space S.
The following statements are equivalent:

@ (H*), is a bounded operator;
(i) (H"), is a bounded operator;
(iii) dom H** is closed;
(iv) domH* is closed.

Proof Observe that dom (H**), = domH** and dom (H*), = dom H*, and that
these spaces are simultaneously closed. O
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Let H; and H, be linear relations from a Hilbert space & to a Hilbert space .
Then one can form a sum of H; and H; in different ways. The componentwise sum
H| FH, is defined as (1.1), and the usual sum H; 4+ H,, like in the case of operators,
is defined as (1.2). The adjoints of these sums behave in the usual way. The
following statements are straightforward to check.

Lemma 2.2 Let H, and H, be linear relations from a Hilbert space $ to a Hilbert
space K. Then

(H, -T-Hz)* = HT ﬂH;, HT +H2* C (H, -‘er)*. (2.6)

The inclusion in (2.6) is actually an equality if H, € B(9, !); in fact, there is
equality under slightly more general circumstances.

Corollary 2.1 Let H and H, be linear relations from a Hilbert space $ to a Hilbert
space K and assume that

domH; C domH;, domH;" is closed, and mulH, =mulH;*. (2.7)
Then

HY + H; = (H, + Hy)". (2.8)

Proof To see (2.8), let {f,g} € (H, + Ha)". Then
(g,h) = (f,ki)+ (f ko) for all  {hk; +ko} € H| + H,. (2.9)

In particular, with the choice & = 0, k; = 0, and k, € mul H, one concludes, by the
assumption mul H, = mul H3*, that

f € (mulHy)" = (mul H}*)" = dom Hj.

Under the assumption that dom H3* is closed, one has that dom H; = dom H3; see
Lemma 2.1. Thus one has f € dom H; and hence there exists ¢ € $ such that
{f. o} € H;. Now let {h,k;} € H,. Then the assumption dom H; C dom H, shows
{h,ky} € H, for some k, € K. Therefore (f,k2) = (¢, h), and (2.9) gives

(g,h):(f,k1)+((/),h) or (gfgovh):(kal)

for all {h,k;} € H,, so that {f,g— ¢} € Hj. Hence {f,g} € Hf + H;. This
establishes the inclusion (H; + H»)" C H} + Hj. O

The equality in (2.8) has received attention in [17-24] recently. The results in the
present paper are closely related and can be used in these considerations; cf.
Proposition 9.1.
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3 Rows and columns

Rows and columns are the analogs of the componentwise sum and the usual sum for
a pair of relations in (1.1) and (1.2).

Rows. Let 9, 9,, and K be Hilbert spaces. Let R be a linear relation from £, to
$ and let R, be a linear relation from £, to K. Then the row (R;; R,) of Ry and R; as
a linear relation from $; @ H, to K is defined by

(Ri; Ry) = {{(2),k1+k2}: {hi,k} € Ry, {2, ko) GRZ}. (3.1)

Observe that

( ) = domR; x domR;,
ker (R1 ; Rz) = {hl D h : {/’l, kl} € Ry, {hz, —kl} S Rz},
(R1; R)) =ranRy +ranR,,

( )

Notice that the definition (3.1) associates to a row (R; ; R;) a unique linear relation
from H; & H, to K. However, the same relation can clearly be generated by dif-
ferent choices of the entries R; and R,. In this sense rows (R; ; R,) which generate
the same linear relation can be used to introduce an equivalence relation in the set of
all rows (R; ; Rz) of linear relations Ry from £, to & and R, from $, to K.

The row of R; and R, resembles a componentwise sum of linear relations once
the domain spaces of R; and R, are combined orthogonally in the above way.

The linear relations from £, & 9, to K that can be written as a row of linear
relations will now be characterized. Let R be a linear relation from $; & $, to K,
then by identifying $; @ {0} with $, and {0} ® H, with §,, one obtains that R[ &,
and R[ g, are linear relations from $; to & and from $, to &, respectively. Hence
the linear relation R induces a row:

(erjl ; Rr$2)7 (3'2)
and it is clear that (Rl g, ; R|s,) C R.

Lemma 3.1 Let R be a linear relation from $, ® 9, to K. Then the following
statements are equivalent:

(i) R is arow;
(ii)) domR = (domR)N$H, ® (domR) N Hy;
(iii)) R=(Rlg,;Rlg,).

Proof (i) = (ii) This is clear from (3.1).
(ii) = (iii) It suffices to show that R C (R[ g, ; R[ ¢,). Thus let
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((2)ars)en

By assumption, both /#; and h, belong to dom R. Hence, there exist elements such

T e ()

and k; +ky — ¢y — 4, € mulR. Tt is clear that elements of the form {0, ¢} € R
belong to both R| ¢, and R[ g,. This completes the argument.
(iii) = (i) This implication is clear. U

Moreover, if R’1 is a linear relation from £, to & and R’2 is a linear relation from
9, to &, such that Ry C R} and R, C R}, then by (3.3), it is clear that the extensions
are preserved in the sense of the row

(Ri; R2) C (R}; RY).

Columns. Now let $, K, and ]; be Hilbert spaces. Let C; be a linear relation from
9 to & and let C; be a linear relation from $ to K;. Then the column col (C; ; C3)
of C| and G5, as a linear relation from $ to the orthogonal sum ! & K,, is defined

by
(2) - {{h <12)} {hki} € Cr, {h,ka} ECz}. (3.3)

Observe that

domcol (C; ; C;) =dom C; Ndom Cs,

kercol (Cy; C;) =ker Cy Nker Cy,

rancol (Cy; C) ={k1 ® ky : {h,k1} € C1, {h,kx} € C,},
mul col (Cy ; C;) =mul C; X mul C,.

Again the definition (3.3) associates to a column col (C;; C;) a unique linear
relation from § to R; @ K, and it determines an equivalence relation in the set of all
columns col (C; ; C,) of linear relations C; from $ to &; and C;, from $ to K;.

The column of C; and C, resembles a usual sum of linear relations once the range
spaces of C; and C, are combined orthogonally in the above way.

The linear relations from $ to K @ K, that can be written as a column of linear
relations will now be characterized. Let C be a linear relation from $ to & @ K;.
The orthogonal projections from &1 @ K, to K and K, are denoted by P; and P,,
respectively. Then P, C and P,C are linear relations from $ to & and from $ to K5,
respectively. Hence the linear relation C induces a column:

W Birkhiuser
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R () R N

and it is clear that C C col (P,C; P,C).

Lemma 3.2 Let C be a linear relation from  to K| ® K. Then the following
statements are equivalent:

(i) Cis a column;
(i) mulC = (mulC)NK ¢ (mulC) N Ky;
(iiiy C =col(P,C;P,C).

Proof (i) = (ii) This is clear from (3.3).
(ii) = (iii) It suffices to show that col (PC; P,C) C C. Thus let

v (o)< (ne)

Then {h,k;} € P,C and {h,k,} € P,C, so that there exist elements, for which

G dn () ee
() (Ge)pee

which by assumption leads to

{(8) (kzgotz)} =C

Thus, in particular, it follows that

UGy =1 o)y o (2 ) e

which completes the argument.
(iii)) = (i) This implication is clear. O

Observe that

Moreover, if C} is a linear relation from $ to &, and C} is a linear relation from
9 to K, such that C; C C} and C, C C}, then by (3.3), it is clear that the extensions
are preserved in the sense of the column

C C
< ‘)c( }>. (3.5)
G c
Conversely, the left-hand side is called a restriction of the right-hand-side. Note that

any column can be reduced in the sense that C; and C, may be restricted to their
common domain © = dom C; N dom C5:

& Birkhauser
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()= (ern)
G Gl»

4 Adjoints of rows and columns

In terms of adjoints, the operations of rows and columns behave formally like
componentwise sums and usual sums of linear relations; cf. Lemma 2.2. But recall
that the definition of an adjoint relation depends on the Hilbert spaces in which the
original relation is defined. Hence for rows and columns for a pair of linear relations
one has to make sure what Hilbert spaces are involved when taking adjoints. The
formulas (4.1) and (4.2) in the next result can be found in [8, Proposition 2.1] and
are proved here for completeness of the present statement.

Proposition 4.1 Let R| and R, be linear relations from §, to K and from £, to K,

respectively. Then
Ry
Ri:Ry) = . 4.1
LRSI @1)

Moreover, let Cy and C, be linear relations from § to K and from 9 to K,,
respectively. Then

ciee (g ) (42)

2

Moreover, there is equality in (4.2) if and only if (col (Cy; C2))" is a row from
K DK to H.

Proof In order to prove the equality (4.1), let

(1)) eiminr

By (3.1) this is equivalent to
(klvf) + (kZaf) = (hlvgl) + (h27g2)
for all {h,k1} € Ry and {hy,k,} € Ry, or to

{fvgl}ERT and {fng}ER;

vt (e)

This shows the equality in (4.1).
In order to prove (4.2), consider the element

or, in other words,

W Birkhiuser
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{(2)£r+&}e<q;@»

where {fi, g1} € C; and {f>, g2} € C;. For any element in col (C; ; C;) of the form

k
{h, <k' )} with  {hk} € Cy, {hk} € C,
2
it then follows that

(g1.h) + (g2,h) — (fi, k1) — (f2,k2) = 0.

Therefore one sees that
;81 + 82 S y
{ (fz G

which shows the inclusion (4.2).
If there is equality in (4.2), then (col (Cy; C,))" is a row. Conversely, assume
that (col (Cy; C,))" is a row, i.e.,

(&) = wir, 43)

for some linear relations R and R, from & to $ and from K; to 9, respectively.
Then it follows from (4.1) that

(a)=(a) - (%)

C = s

G C, R;

which gives C; C Ry and C, C R;. Hence Ry C Ry C C} and R, C RY* C (3.
Taking into account (4.2) and (4.3), this leads to

(Ci5 C3) C (Ris Ry) C (€T C3),
which gives equality in (4.2). |

In [13] the term formal adjoint of a row (of the column) is used for the right-hand
side of (4.1) (respectively, for the left-hand side of (4.2)). Although the case of
equality in (4.2) has been characterized, it is useful to have some sufficient concrete
conditions; cf. (2.7) in Corollary 2.1.

Lemma 4.1 Let C; and C, be linear relations from $ to K and from $ to K,,
respectively. Assume that dom C; C dom C,, mul C; = mul C3*, and that dom C3*

is closed. Then
ci\"
Ci; Cy) = . 4.4
cien=(g) (4.4)

& Birkhauser
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Proof 1t suffices to show that the right-hand side of (4.2) is contained in the left-
hand side under the given assumptions. To see this inclusion, let

T] . ]

(g,h) = (fi,k) + (fo,ka)  for all {h,(ii)} € (E;). (4.5)

The choice h = 0, k; = 0, and k, € mul C, together with mul C; = mul C;* leads to
fr € (mul Gy)*" = (mul C5*)* = dom Cj.

By assumption dom C3* is closed and thus also dom C; is closed; see Lemma 2.1.
One concludes that, in fact, fo € dom C3. Thus, there exists an element ¢ such that
{2, ¢} € C;. This means that

(f2.k2) = (@, h) (4.6)

holds for all {h,k,} € C;. Now by combining (4.5), (4.6), and the condition
dom C; C dom C,, one obtains

(g—o,h) = (fi,ky) for all {hk}eC.

Thus {fi,g — ¢} € C} and since {f2, ¢} € C}, one therefore obtains

()} ()t

This completes the proof. O

The first statement in the following corollary is clear by itself, but it is an
automatic consequence of the above reasoning as well.

Corollary 4.1

(a) Ifthe linear relations Cy and C, from § to K1 and from $ to R, respectively,
are closed, then the column col (Cy ; Cy) is closed.

(b) If the linear relations Ry and R, from $, to & and from £, to K, respectively,
are closed, while domR] C domR; and domR; is closed, then the row
(R ; Ry) is closed.

Proof

(a) Apply (4.1) in Proposition 4.1 with Ry = C} and R, = C;. Then one sees that

C** i .
( 1>:(C15C2)-

ok
CZ
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This implies that the column col (C}*; C5*) is closed; in particular, the
column of closed linear relations C; and C, is closed.
(b) To see this, one applies Lemma 4.1 with C; = R} and C, = R}. |

A repeated application of Proposition 4.1 and Lemma 4.1 leads to the following
straightforward results.

Corollary 4.2

(@) Let Cy and C, be linear relations from © to K and from 9 to K,

respectively. Then
C kK C**
( ‘) c( 1). 4.7)
G cr

If, in addition, dom C; C dom C3, mul C, = mul C3*, and dom C* is closed,
then equality holds in (4.7).

(b) Let Ry and R, be linear relations from $, to K and from 9, to K,
respectively. Then

(R"; Ry) C (Ris R)™. (4.8)

If, in addition, dom R} C dom R} and dom R; is closed, then equality holds in
(4.8).

There are some useful special cases for equality in (4.4).

Corollary 4.3 Let dom C; C dom C, and let C, be densely defined and bounded (i.e.
llgll < CIIf |l for all {f,g} € C5). Then C; is an operator and (4.4) holds.

Proof Since C, is bounded, it is an operator and, by assumption, it is densely
defined. Then C;* € B($, R,) and hence C; € B(,, ), mul C;* = mul C, = {0},
and dom C* is closed. |

Corollary 4.4 Let C| be a linear relation from $ to ] and let C; = I X N be a
singular relation, where I is a linear subspace of $ and I is a closed linear
subspace of ;. Assume that dom C; C IR. Then

C *
! = (C;; N x mul 7).
M x N

Proof By the definition in (3.3) one observes that

(s 90) = Caomy 1)
MxN/) \domC xN)’

and note that (dom C; x N)* = N x mul C;. Now apply Lemma 4.1. O

& Birkhauser
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Observe that in Corollary 4.4 one has M* = mul C ** if and only if dom C; = 9.
However, under the condition dom C; C 9t also the following equality holds:

C *
o) = (ot o).
M x N

Indeed, dom C; C 9t implies M- € mul C1* and hence the inclusion
NE X M- C N x mul ¢}

can be strict. However, mul (C} ; %" x MF) = mul C}* + M = mul C;*, and thus
these two different rows generate the same linear relation.

There are simple examples where a strict inclusion in (4.2) can occur. For
instance, if By, B, € B($) are two positive operators such that

ranB; NranB, = {0}, kerB, = kerB, = {0},

and one takes C| = Bl‘1 and C, = 32—1’ then the inclusion in (4.2) is strict. Namely,
dom C; Ndom C; = {0} and hence the adjoint of col (C; ; C;) has multivalued part
equal to $, while (C;; C;) = (B;'; By') is an operator.

5 Block relations

Let each of the Hilbert spaces $ and R be decomposed into two orthogonal
components

352551@552 and K =8, D Ky,
and let
EZJSE)J_)RH i7j:1727
be linear relations; these four relations form a 2 x 2 block of relations
[E n En }
Ey En]’

abbreviated by [Ej;]. The set of all such blocks is denoted by M($, &). Every block
of relations [Ej;] in M($, 8) leads to a row of columns or, alternatively, a column of

rows. This way every block of relations [Ej;| generates a unique linear relation from
$ to K as follows from the next lemma.

Lemma 5.1 Let [Ej;j| € M(9, R). Then

() (22)) = (i) e

W Birkhiuser
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Proof By the definition of a column in (3.3) a typical element in the right-hand side
of (5.1) is of the form

71 : {fin} € (Eus En),
h
{f’ (V2>} it {f,72} € (Ear5 Ena).

Recall that by the definition of a row in (3.1) one has {f,7,} € (Ey;; E}2) if and
only if

fint = {(2)#1 +.31} with  {fi,ou} € E;y  and {fs,f,} € Eis,
and, similarly, {f,y,} € (E21; Ex) if and only if
it = {<? >,0€2 +ﬁz} with  {fi, 0} € By and {f,B,} € Enn.
>

Thus, in fact, a typical element in the right-hand side of (5.1) is of the form
{f (Vl)} _ {(fl) (061 +ﬁ1)} with {fison} € Eni, {f2, B1} € Ena,
"\ f) Noa+ By {fi, 2} € Ear, {f2, B} € Em,
and the last four conditions can be written in the equivalent form

o E E
e Coreen) 2= ()
o2 Ey B> Exn
Thus, by the definition of a row in (3.1), a typical element in the right-hand side of
(5.1) is a typical element in the left-hand side of (5.1). O

Definition 5.1 Let [Ej;] € M($,R). Then the linear relation E from $ to &
generated by the block is defined by (5.1) and denoted by

E— (Ell Ep ) .
Ey Ey
The relation E is called the block relation corresponding to the block [E;].

The proof of Lemma 5.1 shows that the unique linear relation E generated by the
block [Ej;] € M(9, !) can be expressed equivalently by the formula

£ {{ (fl) (061 + B )} Afisou} € En, {2, 81} €En } (52)

h) Noa+p) ) {fi,0} € En, (.5} €En ) '
This is the direct way to think of the block [E;] € M($9, R) as a linear relation E
from $ to K. It agrees with the well-known definition in the case that each relation
Ej; is (the graph of) an everywhere defined bounded linear operator from $; to ;.
Let [Ey], [F;] € M(9,R) and let E and F be the block relations from $ to &

generated by them. The blocks are said to satisfy the inclusion [Ej| C [Fy] if E; C
Fj; for all i, j. In particular,

& Birkhauser



Operational calculus for rows, columns, and blocks of linear relations 1207

[Ejl = [Fj] <= Ej=F; forallij=12.
It clearly follows from (5.2) that
EjlClFj] = ECF; [Ej=[F)] = E=F. (5.3)

The reverse implications in (5.3) do not hold, since different blocks [Ej;] in M($, K)
can generate the same linear relation E. Definition 5.1 leads to linear relations from
the Hilbert space $ = 9, ® 9, to the Hilbert space & = K& & K, with distin-
guishing properties.

Lemma 5.2 Let $ and K be Hilbert spaces, let [E;j] € M(9D, ), and let E be the
block relation from § to K generated by it. Then the following statements hold:

domE =(domE)N$H, & (domE) N H,, (5.4)

mulE =(mul E) N K; & (mul E) N K. (5.5)

Proof To prove (5.4), it suffices to show that its lefthand-side is contained in its
right-hand side. Observe that if f = f; @ f, € dom E, then there exist elements «;
and f3;, i = 1,2, such that

{fi,ou} € En, {f2, b1} € Enn, {fi, 2} € Eot, {2, B2} € En.

But then it follows immediately from (5.2) that

o) Coly=m 1) () ==

in other words f;,f, € domE.

To prove (5.5), it suffices to show that its lefthand-side is contained in its right-
hand side. Observe that if g = g; @ g» € mul E, then there exist elements o; and f;,
such that g; = o; + f;, i = 1,2, and

{0,001} € E11, {0, B,} € Ern, {0,002} € Eyy, {0, 55} € Eno.

But then it follows immediately from (5.2) that

(BIGED) R T

in other words g;, g, € mul E. O

It will be shown that the properties (5.4) and (5.5) in Lemma 5.2 characterize the
block relations in Definition 5.1. The arguments will be based on the following
notions and observations.

Definition 5.2 Let E be a linear relation from = H, ® H, to K = ]; ® K, and
define the block [£;] by
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Ej=PE]D;. (5.6)
where P; is the orthogonal projection from K onto K;.

Observe, that Definition 5.2 agrees with the definitions in (3.2) and (3.4). It is
clear that all relations &; from §; to &; in (5.6) are linear, and that they satisfy

dom &y =dom &,;, dom &, = dom &y, (5.7)

mul £y =mul &1, mul & = mul Eyy. (5.8)

Thus (5.7) describes the domains of the columns of the block [£;], while (5.8)
describes the multivalued parts of the rows of the block [£;;]. The block [£;] is
uniquely determined by E, however, in general the linear relation £ generated by the
block [£;] differs from the original relation E. This becomes clear from the next
lemma, which also leads to the main characterization of all linear relations E that are
generated by some 2 x 2 block [Ej] of linear relations.

Lemma 5.3 Let E be a linear relation from $ to &, let [E;] be the block induced by
E in (5.6), and let £ be the linear relation generated by [E;;]. Then

(a) the identity for the domain (5.4) implies E C &,
(b) the identity for the multivalued part (5.5) implies E D E.

Proof

(a) In order to show that E C &, let

W) ()= 59

In view of (5.4), there exist o; € $; and o € £, such that

{6)(2)) ==

and then, with f;, = g1 — o € 9, and f, = g2 — 0 € 9,, it follows that

0 B ) }
, €E.
1) G
From (5.6) it is clear that

fi,urelu, {fi,nrelu, LA} e€n, {fh h}eln,

which implies that the element in (5.9) belongs to &; see (5.2).
(b) In order to show that £ C E, let

W) () ee 510
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Hence, by definition, there exist o) € K&, ax € Ky, f; € K, and f, € K, such that
gr=wu+p and g =o0m+p (5.11)

and

{fl,ocl} 6511, {f1,0€2} 6821, {fbﬂ]} 65127 {fZ»ﬁz} 6522.

Again, by definition, there exist o), o] such that

{<.1)7<a1>} ‘ {<.l>)<aq>} 7
0 oh 0 o
which implies that
{(())) <cx1 —uﬁ)} - E
0 o — o

Hence, by the assumption (5.5), one has also

(O3 er e () e

Thus, it follows that

o) G106 Gl (20 ) e o

Likewise, it follows that

() GG G () (2 ) e o

Combining (5.11), (5.12), and (5.13) one sees that the element in (5.10) belongs to
the relation E. O

As a consequence, the following result is an extension of the characterizations in
Lemmas 3.1 and 3.2.

Theorem 5.1 Let E be a linear relation from $ to &, let [E;;] be the block induced
by E in (5.6), and let £ be the linear relation generated by [E;;]. Then the following
statements are equivalent:

(1)  E is a linear relation generated by some block in M(9, K);
(i) (5.4) and (5.5) are satisfied,
(iii) E=¢.

Proof (i) = (ii) This implication is a consequence of Lemma 5.2.

(ii) = (iii) This implication is a consequence of Lemma 5.3.
(iii) = (i) This is clear. U
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Thus the identities (5.4) and (5.5) characterize the relations that are generated by
blocks of relations, as in (5.1). Likewise, the identities (5.7) and (5.8) characterize
the blocks that are induced by linear relations, as in (5.6).

Lemma 5.4 Ler [E;] € M(9,R) and let E be the linear relation from 9 to K
generated by it, as in (5.1). Let [E;] be the block induced by E as in (5.6) and let £
be the linear relation from § to K| generated by [E;;] as in (5.1). Then

(a) the identities for the domains
domE;; =domE,;; and domE|; =domE» (5.14)
imply [Ej] C [£;]:
(b) the identities for the multivalued parts
mulE;; =mulE;, and mulEy = mul Ey (5.15)
imply [E;] O [£y].

Proof

(a) Assume that (5.14) holds. Let {fi, g1} € E1;. Then by assumption there exists
&, € 9, such that {fi, g5} € E». Hence, one sees from (5.2) that

o) (&))"

which shows that {f1, g1} € £11. Thus E;; C &;;. The other inclusions follow
in the same way.
(b) Assume that (5.15) holds. Let {f;, g1} € &11. Then there exists g, € 9, such

(@) ()}er

which implies that g, = g} + g and g, = g5 + g such that

()G =0 (28]
0/ \& 0/ \g+&
with {fi,g/} € En, {fi,8,} € Ex1, {0,g]} € E1p, and {0,85} € Ex. By

assumption {0, g} € Eyy, which shows that {fi, g} € Ej;. Thus £}, C Ey;.
The other inclusions follow in the same way. U

Theorem 5.2 Let [Ej] € M(9D, R]) and let E be the linear relation from $ to K
generated by it. Let [E;j] be the block induced by E and let £ be the linear relation
from 9 to K generated by [E;;). Then the following statements are equivalent:

() Ej = PiF|9; for some linear relation F from $ to K;
(i)  (5.14) and (5.15) are satisfied,
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(i)  [Ej] = [&]-

Proof (i) = (ii) Recall that (5.7) and (5.8) hold for the relation defined in (5.6).
(i) = (iii) This implication is a consequence of Lemma 5.4.
(iii) = (i) This is clear. O

For [E;],[F;j] € M(9) and 4 € C define the sum [E;] + [F;] and the scalar
multiplication A|E;] via the corresponding operations on the entries:

[Ej) + [Fy] == [E; + Fyl;  AlEj] == [JE], i,j=1,2.

When equipped with these operations the space M($) has a linear structure. On the
other hand, the formula

[Ej]~|E;] < E=E
defines an equivalence relation in M($, ). The sum and scalar multiplication of

blocks are preserved by the linear relations generated by them.

Lemma 5.5 Assume that [Ejl,[F;] € M(9,8R) and let [Gy| = [Ej] + [Fy] and
[Hj] = A[E}j]. Let E, F, G, and H be the linear relations from 9 to K generated by
these blocks, respectively. Then

G=E+F, H=]JE.

Proof Since [G;| = [E; + Fjj|, it follows from (5.2) that the linear relation G
satisfies

G_{{(fl) <a1+ﬁl)}, {f17061}€E11+F117{f27ﬂ1}6E12+F127}

h o+ B, " A{fi, 0} € Exi + For, {5, B} € Ena + Fx

so that, by the definition of the sum of relations, the linear relation G is the set of all
{G><m+&>}:<ﬁ) o+ o + By + B
£) \owa+ B H) 7\ o+ o+ By+ By
_ (0 o + By + o + B
L)\ + B+ +py )

{fi, i} € En, {fi, 4} € Fu, {fr, B} € Ena, {2, B} € F1a,
{fi,05} € By, {fi,05} € Far, {2, 85} € Exna, {5, B3} € Fao.
Therefore, it is now clear, by the definition of the sum of relations and the formula

(5.2) that the linear relation G is equal to the sum E + F. For the scalar multipli-
cation the argument is similar. O

where
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6 Adjoints of block relations

Let [E;] € M(9, &) be a block of the form (5.1). Then the adjoints of the entries
give rise to the following 2 x 2 block of relations

[Ei‘l E&}

iy . (6.1)
Eyy Ex

where
E;Rl_)5]7 iaj:1a27

The block relation from K to $ corresponding to the 2 x 2 block in (6.1) is denoted

by
<Ei‘1 E3, ) 62)

* *
E12 E22

cf. Definition 5.1. The relation in (6.2) is sometimes called the formal adjoint of the
block relation generated by [Ej]. In general, there is the following inclusion result.

Proposition 6.1 Let [E;j] € M(9D, K]) be a block as in (5.1). Then
E} E% E Epn\”
( . i‘) c( 3 ”) . (6.3)
Et, Es, E En
Proof By Lemma 5.1 and Definition 5.1 the left-hand side of (6.3) may be written
as
(ETl £y ) _ [ (B E3)
EY, Ey (ETZ% Eﬁz)

En

* E *
Eeee () Em ().

due to Proposition 4.1. These two inclusions may be combined by (3.5), which gives
)
E} E; E
( i 1 il ) c 21
Eyy £y

E21
NeXt Observe that by PI’OpOSlthH 4.1

Now observe that
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()
Ey _ ((EU)_(EIZ))*_ (Eu E12>*
<E12>* Exn) \Exn Ex En)’

Ex»

from which the desired result follows. O

Corollary 6.1 Let [E;j] € M(9, R) be a block as in (5.1). Then there is equality in
(6.3) if and only if

En

* E *
Em) = () e )= (7).

Corollary 6.1 combined with Proposition 4.1 gives the necessary and sufficient
condition stated in item (i) of the next corollary, while Lemma 4.1 yields sufficient
conditions stated in item (ii).

Corollary 6.2 Let [Ejj| be a block as in (5.1). Assume that, up to interchange of A
and B, the entries of each column col (A; B) in [Ej;] satisfy one of the following:

(a) the criterion in Proposition 4.1, i.e. for each column col (A;B)" is a row;
(b) each column col (A; B) satisfies the (sufficient) conditions in Lemma 4.1.

Then there is equality in (6.3).

7 Multiplication of rows and columns

The product of linear relations is well defined. If the linear relations are given as
rows, columns, or blocks, then also their components may be multiplied in a similar
way. In general these formal products are different from the product in the relation
sense. This will be considered here for rows and columns.

Lemma 7.1 Let R; be a linear relation from §, to K and let R, be a linear relation
from ©, to K. Let R = (R ; Ry) and let A be a linear relation from K to K. Then

(AR, ; AR;) C AR. (7.1)
Moreover, the following statements are equivalent:

(i) there is equality in (7.1);
(ii)  there is the implication

{fl7h1} S R1>{f27h2} S R2
h—hy —hy €kerA
for some hy,h, € domA.

{{fl @f%h} €ER
h € domA
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Proof To prove (7.1), let {f,g} € (ARy; AR,). This means f = f; & f, and

{(fl >781 +g2} € (AR;; ARy),
f

where {f1, g1} € ARy, {f>, 22} € AR,, and g = g + g». Then there exist elements 7,
and A, in K such that

{fi,m} €Ri, {h,gi} €A, {fr,} €Ry, {2, 8} €A. (7.2)

Consequently,

{(;1>7h1 +h2} €(Ri;Ry) and  {h +hy g1 + &2} €A, (7.3)

3
{<f1 >agl +gz} €ARI; Ry).
f2

Thus (7.1) has been shown.

(1) = (ii)) Assume that there is equality in (7.1). In order to prove (ii), let
{fi ®f2,h} € (R ; R,) for some h € domA. Then {h,g} € A for some g € &' and
{fi®fr,8} €AR = (AR ; AR;). By (3.1) this means that {f,g1} € AR, and
{f>,82} € AR, for some g1, g, € K& with g; + g2 = g. Hence, there exist hy,h; € &
which satisfy all the conditions in (7.2) and (7.3). In particular, one sees that
hy,hy € domA and now {h, g} € A and (7.3) show that {h — h; — h,0} € A.

(ii) = (i) It suffices to demonstrate the inclusion AR C (AR; ; AR;). To do this,
assume that {fi ®f>,¢} € AR. Then {fi ®f,h} € R and {h,g} € A for some
h € K. In particular, € dom A and, by assumption, there exist /4,1, € domA such
that

which implies that

U],h]} € Ry, {fz,hQ} €ER,, and h—hy — hy € kerA.

Then {hy,g1} €A, {hy, g} €A for some g1, € &', so that {f;,g1} € ARy,
{f2,82} € AR,, and

{<j:1>,gl +g2} € (AR; ARy), {m +hy, g1+ g} €A. (7.4)
2

Hence {h,g} € Ayields {h —h; —hy,g — g1 — g} €A and {0,g — g, — g2} € A.
Now observe that

mulA C mul AR + mul AR, = mul (AR, ; AR;),

so that {0,g — g1 — g2} € (AR;; AR;). Then the first statement in (7.4) shows that
{fi ®fo.8} € (AR ; ARy). 0

In special cases the condition (ii) in Lemma 7.1 becomes easier to verify.

Corollary 7.1 Let R = (Ry; Ry) and A be as in Lemma 7.1. Then:
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(a) if R is an operator, in particular, if Ry € B(9,,R) and R, € B(H,, K), then
there is equality in (7.1) if and only if

Rifi + Rofs €domA = Rifi, Rof> € domA;

(b) if ranR, UranR, C domA, in particular, if A € B(K, ), then there is
equality in (7.1).

Lemma 7.2 Let B be a linear relation from § to K. Let Cy be a linear relation from
K10 L, let C, be a linear relation from K to £, and let C = col (Cy; C3). Then

CB C (21;) (7.5)

Moreover, the following statements are equivalent:

(i) there is equality in (7.5);
(i1)  there is the inclusion

mul BN dom C C mul BNkerC; + mul B Nker C,.

Proof 1t is straightforward to see (7.5). To see the equivalence of the statements (i)
and (ii), observe that

mul CB = {(zl> Yy emulB, {y,0,} € Ci, {¥,0,} € C; } (7.6)
2

(1) = (ii) If there is equality in (7.5), then CB is a column. By Lemma 3.2 this is

equivalent to
mul CB = (mul CB) N & @ (mul CB) N K,.

To show the inclusion in (ii), let ¥ € mul BN dom C. Then there exist elements ¢,
and @, so that {{,¢,} € C; and {y, @,} € Cy, or

{lﬁ, (q)l )} € C, which implies {0, (q)l >} € CB.
P2 P2

By assumption, ¢, € (mulCB) N K; and ¢, € (mul CB) N K,. Hence there exist
W', " € mul B, such that

() ee m (D)

Therefore Y’ € ker C», Y € ker C;, and
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e Q)

which shows (= — /' — " € ker C = ker C; Nker C,. Since ¥/,y" € mulB,
also { = —y/ — " € mul B. Hence,

W=y +y" +{€mulBnkerC; + mul BNkerCs.

Therefore (ii) holds.
(i) = (i) It suffices to show that CB is a column, as in this case one has equality

in (7.5), since
5 P\CB\ (CB
~\P,cB) \GB

by Lemma 3.2. Thus by Lemma 3.2, one needs to show
mul CB C (mul CB) N & & (mul CB) N K,,

as the reverse inclusion is clear. Let ¢ € mul CB, which, by (7.6), gives

[0.UreB, {hoteC or {w(Z)}ec

where Yy € mul B N dom C. By assumption iy = /' + /", where ¥/, " € mul B with
{y',0} e, {¥",0}€C.
Since

W +y" oy eC, {YW+y 0}e,

this leads to

{*ﬁ”7 (/)1} € C17 {w/a (Pz} S C27

and
0
{w”, ((Pl )} eC and {x//, ( )} ec.
0 (]
so that
P4 0
{0,< >}€CB and {0,( >}€CB.
0 o
This shows the required inclusion. O

In special cases the condition (ii) in Lemma 7.2 becomes easier to verify.
Observe that if ker C; = {0}, then (ii) reads mulBNdom C C kerCy, and if
ker C; = {0}, then (ii) reads mul B N dom C C ker C,.
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Corollary 7.2 Let B and C = col (Cy ; C3) be as in Lemma 7.2. Then:

(a) if B is an operator, in particular, if B € B(9,R), then there is equality in
(7.5);
(b) ifCi € B(],8) and C, € B(K], ), then there is equality in (7.5) if and only if

mul B C mul B Nker C; + mul B Nker C,.

In the case where a row and a column are multiplied there are no obstacles.

Lemma 7.3 Let Cy and C; be linear relations from $ to ] and from © to K;, and
let C = col (Cy; Cy) be their column. Let Ry be a linear relation from K1 to L, let R,
be a linear relation from R, to L, and let R = (R(; Ry) be their row. Then

RC =R\C| + R, (.

Proof (C) Let {f,g} € RC. Then it follows that {f,h} € C and {h,g} € R for
some h = h; & hy, or

()2 {(2arefemns

where {h;,g1} € R and {hy,g,} € R,, while g = g| + g>. This implies

{f.g=1{fe1 + &} with {f, g1} € RICi, {f, 8} € R,C,, (7.7)

so that {f,g} € RiC| + R,C,.
(D) Let {f,g} € RiC| + R,C;. This implies that (7.7) holds. Hence there exist
elements #; € 9, and hy € H, such that

{filn}y e Cr, {h, g1} €Ry, {f, o} € Coy {h2,82} € Ry.

However, this can be written as

()9 (o) emom
and {f,g} = {f, 81 + &} € RC. O

8 Multiplication of block relations

Multiplication of block relations is a complicated operation. Lemmas 7.1 and 7.2
describe the difficulties to be encountered. Therefore, it may be helpful to consider
the case of blocks of operators first.
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Lemma 8.1 Let [F] € M(9,R) and [Ej] € M(R, L) be blocks of operators, and
let E and F be the linear operators generated by these two blocks. Then the domain
dom EF consists of all h = (hy,hy) € 9, X D, for which

(@) hy € domF;; Ndom Fyy;
(b) hp € dom F; Ndom F»,;
(¢) Fiihy + Fiohy € domEj; Ndom E»q;
(d) Fr1hi + Fxnhy € dom Ej, Ndom Ey.

Moreover, if h = (h,hy) € dom EF, then

Ei(Fiihy + Fioho) + Enn(Fah +F22h2)>

EFh = (
E> (Fiihy + Fioho) + Ex(Farhy + Faohy)

Proof Let h € domEF, so that h € domF and Fh € dom E. The condition & €
dom F means that (i) and (ii) hold, in which case

Fiih + Fiah
Fh— ( 1hi 12 2>'
Forhy + Fyhy

Moreover, the condition Fih € dom E means that (iii) and (iv) hold, in which case
EFh is as in the statement of the lemma.

Corollary 8.1 Let h = (hy,hy) € H; X O, satisfy

(@) h; € dom Fy; Ndom Fyy;
(b) hy € dom Fj; Ndom Fy;
(¢) Fi1hy € domE;; Ndom E,;;
(d) Fih, € domE|; NdomE,;
(e) Frihy € domE;; Ndom Ey;
) Fxphy € domE; Ndom E»,.

Then h € dom EF and

EFh — ((E11F11 + EnFa)h + (EnFi2 + E12F22)h2)>
(Ey1F1y + ExFay)hy + (Ea1Fio + ExFa)hy) )

The message of Lemma 8.1 and Corollary 8.1 is that the domain of the operator
EF contains the domain of the operator generated by the block which results after
formally multiplying the blocks, and that

<E11F11 +EpFy EnFio+ Enkn

> C EF. (8.1)
Ex Fy + Exnlty  ExFio+ Exnko

The domain of the left-hand side is more restrictive than the domain of EF as one
has to take care of all the entries, including the summands, in the block on the left-
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hand side. This reflects the contents of condition (ii) in Lemma 7.1 and, of course,
the criterion stated in Corollary 7.1 (a).

Now the case of linear relations will be taken up. Let [F;] € M($, &) and [Ejj] €
M(R, £) be blocks of linear relations, and let E and F be the linear relations
generated by these blocks. Since multivalued operators are allowed, the following
arguments must take care of this extra complication.

The next lemma is based on Lemmas 7.1, 7.2, and 7.3. Its statement is simple to
state, but it contains a lot of information, as will be shown below.

Lemma 8.2 Let [Fjj] € M(9, R]) and [E;j] € M(K, £) be blocks of linear relations,
and let E and F be the linear relations generated by these two blocks. Then the
following equality holds

EF = (?‘ )(F” L Fp) + (le)(le : Fa). (8.2)

21 22

Proof The key is the interpretation of the relations E and F as a row and a column,
respectively; cf. Lemma 5.1. Thus E will be written as a row of columns:

E=(EV; E?), where EV = (E” )7 £ — (Elz),
Ex Ex

and, likewise, F' will be written as a column of rows:

E11> Ep
= (Fii; Fio) + (Fa1; Fn),
<E21 Ey

which gives the identity (8.2). O

It is instructive to describe all the elements in the relation EF. By Lemma 8.2

they are of the form
{(n) (eZe))
, € EF,

due to the sum in the right-hand side of (8.2), where
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(C-() < (22 ()} (2er

Hence there exist elements I’ and /" such that

(o)} e {e (o)} ()
{(hic2), 1"} € (Far 5 Fa), {l”, (2:)} € (22)

Note that this description, provided by the identity in (8.2), agrees with the one in
Lemma 8.1 for the case of operators.

Parallel to the operator case, one may ask the question what the relationship is of
the linear relation EF with the linear relation E% F generated by the formal product
[Ejj] - [Fj] of the relations Ej; and Fy;:

E\Fi1 + EnnFy E11F12+E12F22>
EyFi1 + EnFa EyFip+EnFyn )

and

EXF = ( (8.3)

Recall that this block can be seen as a row of columns, or as a column of rows; cf.
Lemma 5.1. The following result shows that the relationship between the product
EF and the formal product EXF is fuzzy.

Lemma 8.3 Let [Fjj] € M(9, R]) and [E;j] € M(K, £) be blocks of linear relations,
and let E and F be the linear relations generated by these two blocks. Then for both
X = EF and X = EXF the following inclusions hold:

Eq Eq Ep Ep
(Cen ) (o)) = (o ) (i) )
E>) E>) Ey Ey

(Ell(Fll i Fi2) + E1a(Far Fzz))
cXC .
E>i(Fi1; Fi2) + Exn(Far 5 Fa)

(8.4)

It is straightforward to obtain the above inclusions. First consider the case that
X = EF. It follows from (8.2), Lemmas 7.1 and 5.5 that

En Ep
EF—( >(F11;F12)+<E )(le;Fzz)

Ey) 2

E11 E]] E12 E12
D Fir; Fpo | + Fyy; Fy
E> E> E> E>

which proves the first inclusion in (8.4) for X = EF. Similarly, it follows from (8.2),
Lemma 7.2 (see also (5.3)), and Lemma 5.5 that

(8.5)
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EF — (Z”)(F”  Fro) + <?2)(F21 ; F)

21 2
<E11(F11 ; F12)) n (EIZ(F21 ; Fzz)) (8.6)
Eri(Fii; Fi2) Exn(Fai; Fn)
<E11(F11 s F12) + Ena(Fay; Fao)
) b

E> (F11; Fr2) + Exn(Far 5 Fa)

which proves the second inclusion in (8.4) for X = EF.

Next consider the case that X = E%F. By rewriting (8.3) as a sum (cf.
Lemma 5.5) and then applying Lemma 7.2 to each column (cf. Lemma 5.1) it is
seen that (see also (5.3))

E\Fyy E11F12) <E12F21 E12F22>
E> Fyy E>Fip ExnFy ExnFy»

En En Ep Ep
> (oo () = (s (i) )
E> E> E>» Ex

which proves the first inclusion in (8.4) for X = E%F. To prove the other inclusion
rewrite the first identity in (8.7) and then apply Lemma 7.1 to each entry (see also
(5.3)) to obtain

EXF = ( .

E%F — ((EnFn i EvFi2) + (EnFar; E12F22)>

(
(E21F115 ExiF12) + (ExFor s ExnFr)
(En(Fu i Fi2) + Enn(For s Fzz))
Ey(Fi1; Fro) + En(Fa15 F) )’

+
+

which proves the second inclusion in (8.4) for X = ExF.
Observe that if one of the inclusions in (8.4) of Lemma 8.3 holds as an equality,
then these two products are related to each other by an inclusion. More precisely:

(a) if equality prevails in (8.5) or in (8.8), then EF C EXF;
(b) if equality prevails in (8.6) or in (8.7), then ExF C EF.

If, in particular, F is an operator, then one has case (b), i.e.,
mulF = {0} = E%F CEF.

Namely, in this case the condition (ii) of Lemma 7.2 needed for equality in (7.5) is
automatically satisfied and, therefore, inclusions in (8.6) and (8.7) both hold as
equalities, hence E%F C EF. This observation covers the case of operators as
indicated in (8.1).

To guarantee the equality EF = EF, it suffices to find conditions such that the
implications (a) and (b) above hold simultaneously. Such conditions are made
explicit in the next proposition; they guarantee equalities in (8.6) and (8.8).

W Birkhiuser



1222 S. Hassi et al.

Proposition 8.1 Ler [F;] € M(9,R) and [Ej] € M(K,8) be blocks of linear
relations, and let E and F be the linear relations generated by these two blocks.
Assume that

{fium} € Fii, {fa, i} € Fia
h—hy —hy € kerEj (89)

for some hy,h; € domE;

{ {fi®fa,h} € (Fi1; Fi2)
he dOI’l’lEil

withi=1,2;

{fism} € Far, {fo, a} € F
h—hy —hy, € kerEp (810)
for some hy,h; € domEj

{ {fi®fo,h} € (Far; Fa)
h € domEj

with i = 1,2;
mul (Fy;; F12) N (dom Ey; Ndom Ey;) 8.11)
Cmul(F”;F]z)ﬂkerEn+mul(F]1;F12)ﬂkerE2], '
mul (F5;; F») N (dom Ej; Ndom E
(Fa1; F) N ( 12 2) (8.12)

C mul (F21 ; F22) Nker E1» + mul (F21 ; Fzz) NkerEy.
Then EF = EXF.

Proof For the proof of this result it is shown that under the given conditions
equalities prevail in (8.6) and (8.8). The first two conditions together with Lemma
7.1 show that

E\(Fi1; Fr2) B (Ev1F11; EnFro)
(eatr ) = )

Ex(Fii; Fia) ) \(ExFi1; ExFpp)

and

(Elz(le ; Fzz))

Exn(Fa1; Fn)

( (E1nFa1; EnoFn) >

(ExnFay 3 ExnFn)

Thus, equality holds in (8.8). The last two conditions together with Lemma 7.2 show

that
En E\(Fi1; F)
( )(F11§F12):(
E> Esi(Fui; Fia)
and
Eps Epn(Far; Fo
< )(le;F22)=< ( ))
Ex» Exn(Fa1; Fn)
Thus, equality holds in (8.6). Now EF = EF follows from (a) and (b). O
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Corollary 8.2 Let [Fj] €« M(9H,R8) and [Ej] € M(K,8) be blocks of linear
relations, and let E and F be the linear relations generated by these two blocks.
In addition, assume that F;; € B(9,R) and

Fi1hy + Fiohp € domE;y =  Fyh,Fpphy €domE;, i=1,2,

Forhy + Fphy € domE, = Fyh,Fph €domE,, i=1,2.

Then EF = EXF.
Proof This follows from Corollary 7.1 (a). U
Corollary 83 Let [F;] e M(9H,R8) and [E;j] € M(K,8) be blocks of linear

relations, and let E and F be the linear relations generated by these two blocks.
In addition, assume that E;; € B(K, ) and

mul (F“ ) FlZ) C mul (F]l ) F12) Nker Eyq + mul (F“ ; FIZ) Nker Eyy,

mul (Fa; ; Fpp) C mul (Fyy 5 Fa) Nker Ejy + mul (Fyy 5 Fa) Nker Ex;.

Then EF = EXF.
Proof This follows from Corollary 7.1 (b). O

Another set of sufficient conditions which are similar, but actually guarantee

equalities in (8.5) and (8.7), is given in the next proposition.

Proposition 8.2 Let [F;] € M(9,R) and [Ej] € M(K,8) be blocks of linear
relations, and let E and F be the linear relations generated by these two blocks.
Assume that

i} € Fi, {fa, e} € Fia
h—hy —hy, € kerEj; Nker Ey
for some hy,h, € dom E;; Ndom Eyy;
(8.13)

{{fl ©fr,h} € (Fi1; Fi2)
h € dom Ej; Ndom E»,

{fism} € Far, {fo, o} € Fy
h—hy —hy € kerEj; Nker Ey
for some hy,hy, € dom Ej; Ndom Eyy;

{h @ fr,h} € (Far; F)
h € dom E{, N dom E»)

(8.14)
mul Fy; N (dOIIlE]] ﬂdOl’nEz]) (8 15)
C mul Fi; NkerEy; +mul Fi; NkerEy;, withi=1,2; '
mul Fp; N (dom £, Ndom E
2i N ( 12 22) (8.16)

C mul Fp; NkerEjp + mul Fy; NkerEy, withi=1,2.
Then EF = EXF.

Proof The first two conditions together with Lemma 7.1 show that
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and

Ep Ep Ep
< )(le;Fzz): << )le; ( )F22>~
E22 E22 E22

Thus, equality holds in (8.5). The last two conditions together with Lemma 7.2 show

that
En En EnFn EnFio
(e ) G )ee) = () G )
E> E> E>Fiy EyFip
and
Ep Ep EppFy EpFy
Fr; Fy | = ; .
E> E> ExnFo ExnFi
Thus, equality holds in (8.7). Now EF = EF follows from (a) and (b). O

It is of interest to compare the conditions in Propositions 8.1 and 8.2. For
instance, notice that

mul (F]l ; F]z) = mu1F11 —|—mulF12 and mul (F21 ] F22) = mulel —‘r—Il’llllez.

Therefore the condition (8.15) implies the condition (8.11) and the condition (8.16)
implies the condition (8.12).

9 An application for the product of block relations

In this section the product of two simple looking blocks of linear relations is treated
by means of the general results in the previous two sections. For this purpose, the
following version of the distributive law for linear relations will be useful.

Lemma 9.1 Let H be a linear relation from $ to K, and let K and G be linear
relations from K to L. Then:

@) (K+G)H C KH + GH;
(b) if G€B(K,L) and G(mul H) C mul K, then

(K + G)H = KH + GH.

Proof

(@) Let {f,g} € (K+ G)H. Then for some k € & one has {f,k} € H and
{k,g1} € G and {k,g,} € K with g=g; +g. Hence {f,g} € HG,
{f,g2} € KH and {f,g} = {f, g1 + g2} € KH + GH, which proves the stated
inclusion.
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(b) It suffices to prove KH + GH C (K + G)H. Let {f,g} € KH + GH. Then for
some £,¢, € & one has {f,¢;} € GH and {f,{,} € KH with ¢, + ¢, = g.
Hence, {f, k]} €H, {kl,él} € G with #; = Gk; and {f, kz} €H, {kz,gz} ek
for some ky,k, € K. This implies that e = k; — k, € mul H and by assump-
tion this gives that Ge € mulK. Therefore, {k;,¢ + Ge} € K,
{k2,G(k; — e)} € G, and since {f,k,} € H this leads to

{f.g} =1{f,Gki + &L} ={f,G(ki —e) + (&> + Ge)} € (K + G)H.
This proves KH + GH C (K + G)H and thus (K + G)H = KH + GH holds.

O

The next result has useful applications elsewhere; see [19, 24]. One can prove it
directly via the definition of blocks and the product of the corresponding linear
relations. Here the result is derived by applying some general formulas and
identities presented in Sect. 7.

Proposition 9.1 Let S be a linear relation from $ to K and let T be a linear relation
from ] to 9. Then

(N0 D=0 ) e

Proof To rewrite the product in a different form apply Lemma 9.1 with the choices

T 0 0 -1 S I
K= 3 G= 5 H= )
0 S 1 0 -1 T
and note that G is everywhere defined and bounded. Then the left-hand side of (9.1)
can be rewritten in the form (K + G)H. Observe that

mulH=mulS@®&mul7 and G(mulS@®mul7)=mul7 @ mulS = mulK.

Therefore G satisfies Lemma 9.1 (ii) and thus (K + G)H = KH + GH. Next the
products HK and GH are calculated. For GH it is clear from the definition of block

relation that
I -T
GH = .
S 1

For KH first observe that mul H = mul S & mul T and that
mulS @ {0} C ker(0;S), {0} @ mulT C ker(T; 0).

Hence the condition for mul H N dom K in Lemma 7.2 (b) is satisfied and it follows
that
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((T;0)> ((T;O)H>

KH = H= .

(0:9) (0; $)H

Next observe that domH = dom S @®dom7 and then apply Lemma 7.3 to the

entries (T'; 0)H and (0; S)H to obtain

K — T(S;1ldomT) +0(—I[domS; T)\ [ T(S;I[domT)
B (O(S; I}domT) + S(—I| dom S’; T)) B (S(—I[dornS; T))'

Here each entry satisfies the condition in Lemma 7.1 (ii) and hence

S T
KH = .
(—S ST)

This combined with the expression for GH leads to

S +1 T-T
KH + GH = .
S-S ST +1

Since T—T=domT7 xmul7, S—S=domS x mulS and one has inclusion
mul 7 C mul 7S, mul S C mul 7, this last block formula corresponds to the same
linear relation as the one on the right-hand side of (9.1).

Remark 9.1 The arguments in the above proof are based on the general results in
the previous sections. It is instructive to look at the difficulties that may appear if,
for instance, one starts directly with the formula (8.2). In the circumstances of
Proposition 9.1 the left-hand side of the identity (8.2) takes the form

(?)(S;I)—k(_sl)(—l;T). (9.2)

In order to proceed, note that the domain of the sum is contained in dom S x dom 7',
which gives

G)(S; ITdomT) + (;I)(—I[domS; 7).

Now the condition in Lemma 7.1 (ii) is satisfied and one can write

() G)) = () ()

However, the following inclusions

T TS —1I -T
S C , T C ,
1 S S ST
are, in general, strict by Lemma 7.2: this is the case if, for instance, ker T = {0},
mulSNdom7 # {0} and kerS = {0}, mul 7 N dom S # {0}, respectively. Thus a
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separate treatment of the summands in (9.2) does not lead to the desired identity
(9.1) in Proposition 9.1.
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