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Abstract

This paper investigates the simultaneous estimation of two drift parameters of a Cox—
Ingersoll-Ross (CIR) model, for which observations can be made either continuously or at
discrete time instants. For continuous-time observations, we establish the joint asymptotic
normality of the strongly consistent parameter estimators introduced in Dehtiar et al.
(Comm. Statist. Theory Methods, 51(19):6818-6833, 2022). Additionally, we study the
discrete counterparts of these estimators and prove their strong consistency and joint
asymptotic normality.

Keywords: CIR model, continuous observations, discrete observations, strong consistency,
joint asymptotic normality.

1. Introduction

To improve the modeling of short-term interest rate evolution, compared to the Vasicek model,
Cox, Ingersoll, and Ross (1985) proposed the following equation for the dynamics of the short
interest rate:

T’t:(a—th)dt—i-O'\/Eth, t >0, (11)

where W = {W;,t > 0} is a Wiener process modeling the random market risk factor, a, b
and o are positive constants. The parameter b corresponds to the speed of adjustment to the
mean a/b, and o represents volatility. It is well-known that this model has several empirically
relevant properties. Notably, in this model, r never becomes negative, and the randomly
moving interest rate is elastically pulled towards the long-term constant value a/b. Currently,
the model (1.1) is widely used in mathematical finance, particularly for valuing interest rate
derivatives.

In this paper, we investigate the estimation of the drift parameters (a,b) by observations
of a solution r. The diffusion parameter ¢ is assumed to be known, a typical assumption in
parameter estimation for diffusion models, as explained in Remark 2.1 below. It is worth men-
tioning that the theory of parameter estimation for stochastic differential equations driven by
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a standard Wiener process, especially homogeneous ones, is well-developed. Comprehensive
resources on this topic can be found in the books Bishwal (2008); Tacus (2008); Kutoyants
(2004); Liptser and Shiryaev (2001). However, standard approaches for such models usually
assume that the diffusion coefficient is Lipschitz continuous. For the coefficient o/z of the
CIR model, this assumption does not hold, and moreover, this coefficient is not bounded
away from zero. Therefore, the parameter estimation in the CIR model requires a special
investigation.

The case of continuous-time statistical inference in the CIR model (when the entire sample
path {r¢, ¢t € [0,T]} is observed) was studied by Ben Alaya and Kebaier (2013). They proved
the consistency and asymptotic normality of the maximum likelihood estimator (MLE), which
has the following form:

Jo et [ & T(TT —70) mle  (To—77) Jo & fT i
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(1.2)

Note that the maximum likelihood estimator is well-defined only if 2a > o2, as it includes
the integral fOT r—ltdt, which exists with probability one if and only if 2a > 02, see (Ben Alaya
and Kebaier 2012, Prop. 4).

To overcome this restriction, Dehtiar, Mishura, and Ralchenko (2022) proposed an alternative
estimator that does not require the assumption 2a > ¢2. This estimator is based on the
ergodic properties of the CIR model and is presented in subsection 2.2 below, see (2.4)—(2.5).
Dehtiar et al. (2022) proved the strong consistency of this estimator. In this paper, we further

study their approach and establish the asymptotic normality.

Furthermore, since in practice the data is discrete, we focus significantly on the estimation of
the parameter (a, b) of the CIR model from discrete-time observations. We concentrate on the
case of high-frequency sampling, where the sampling step tends to zero, and the observation
horizon increases.

A similar problem was addressed in the recent paper Chernova, Dehtiar, Mishura, and
Ralchenko (2024), where a discretized version of the continuous-time MLE (1.2) was in-
troduced. The authors found the conditions for weak and strong consistency and asymptotic
normality of the estimators and established the rate of convergence of these estimators in
probability. A similar approach was studied by (Ben Alaya and Kebaier 2013), where the
continuous maximum likelihood estimators were first transformed by the Itd formula and
then discretized. Both approaches require the additional condition a > o2, which arises when
the integral fOT %dt is approximated by the corresponding Riemann sum. An alternative
method was proposed by Tang and Chen (2009). Rather than discretizing continuous-time
MLESs, they considered a discretization of the CIR model and constructed MLEs by maxi-
mizing a discrete-time pseudo-likelihood function. Notably, this approach also requires the
condition a > 2. Recently, parameter estimation under high-frequency sampling was studied
by Cheng, Hufnagel, and Masuda (2022) using a Gaussian quasi-likelihood approach, where
an even more restrictive assumption 2a > 50% was required.

In this paper, we investigate the discrete analog of the strongly consistent estimator proposed
in (Dehtiar et al. 2022, Thm. 5). As detailed in subsection 2.3, we prove the strong consistency
and asymptotic normality of this estimator. We also present a comparison of our approach
with alternative approaches for similar sampling schemes. The main advantage of our method
is its validity for any positive a and b, in contrast to other known approaches.

The problem of drift parameter estimation for the CIR model in discrete-time settings for
different observation schemes was studied in De Rossi (2010); Kladivko (2007); Overbeck
and Rydén (1997), where various methods were proposed. Moreover, the case b = 0 was
explored by Ben Alaya and Kebaier (2013), where they derived the consistency and asymptotic
distribution of the maximum likelihood estimator. Additionally, it is important to note there
is no consistent estimator for a when b < 0, as demonstrated by Overbeck (1998, Thm. 2(v)).
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The paper is organized as follows. In Section 2, we describe the statistical problem and
formulate the main results. Section 3 contains some simulation experiments. All the proofs
are collected in Section 4.

2. Main results

2.1. Model description: the CIR process and its properties
Let (Q, F,P) be a probability space. We analyze the following stochastic differential equation

t t
rt:r0+/(a—brs)ds—|—a/ VrsdWs, t>0, (2.1)
0 0
where W = {W,,t > 0} is a Wiener process, and

a, b, o and rg are positive constants. (2.2)

Under assumption (2.2) the equation (2.1) possesses a unique non-negative strong solution.
This solution is called the Coz—Ingersoll-Ross (CIR) process.

If the additional assumption 2a > o2 (often referred to as Feller’s condition) is satisfied, then
the CIR process r remains strictly positive. For 0 < a < 202, it almost surely hits zero, with
the state 0 being instantaneously reflecting.

When 2a > o2, the CIR process is ergodic, and its stationary distribution is a Gamma
distribution with the following density:

(217/02)261/(72 2a/0%—1,—2bx/c>
=(0) = TFgaery ©T asne (23)
Ergodicity implies that for any function f € L!(ps.), the time average % fOT f(r)dt converges
a.s. to the space average [p f(x)poc(dx), as T' — oo.

More details on the properties of the CIR process can be found, for example, in Géing-Jaeschke
and Yor (2003) or Alfonsi (2015).

The primary focus of this paper is the estimation of the unknown drift parameter (a,b)
through observations of the trajectory of the CIR process r. We investigate two scenarios for
the observations:

1. Continuous observations: The process r is observed continuously over the interval [0, T']
(see Subsection 2.2).

2. Discrete observations: The process r is observed at deterministic and equidistant time
points, under the conditions of high frequency and infinite horizon (see Subsection 2.3).

Further details are provided in the respective subsections below.

Remark 2.1. In both continuous and discrete frameworks, we assume that the diffusion pa-
rameter ¢ is known. This assumption is standard in the context of parameter estimation for
diffusion models (see, e.g., Kutoyants (2004); Sgrensen (2002)) because there are straightfor-
ward estimators, such as those utilizing LP-variation of ¢, which converge much more quickly
than the estimators for the parameters a and b.

For example, the parameter o can be estimated independently of the drift parameters as
follows. For any fixed t > 0, let {tx,k =0,...,n}, n > 1, be a sequence of partitions of the
interval [0, t], with diameter J,, — 0 as n — oo. It is well known that as n — oo,

¢
Z (74, —rtk_l)z — 02/0 redt  a.s.

tp <t
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(see, e.g., (Jacod and Shiryaev 1987, p. 52)). Therefore, by substituting the integral with a
Riemann sum, we derive the following strongly consistent estimator for o2:

2
2 _ Etkgt (rtk - rtkfl)
" On Dt <t Tty

%

Additional methods for estimating the diffusion coefficient of the CIR process are available in
Cheng et al. (2022); Dokuchaev (2017); Mishura, Ralchenko, and Dehtiar (2022); Tang and
Chen (2009).

2.2. Estimation by continuous observations

Assume that we observe a sample path {r;, ¢ € [0,7]} continuously. The following strongly
consistent estimator of the parameter (a,b) was constructed in (Dehtiar et al. 2022, Thm. 5):

2
5 0—2 (fOT Tt dt)
ar = ? . T T 35 (24)
T [y ridt— (fo rtdt)
~ 2 r
by = 2 T ridt . (2.5)

' 2
2om ez dt— (f redt)

In the following theorem, we establish its asymptotic normality. This theorem represents the
first main result of our paper.

Theorem 2.2. The estimator (ar, I;T) is asymptotically normal:

\/T(%T_Z> i>/\f(0,2), as T — oo,
-

where

s _ ¢(2a+0?)  2a+0°
T\ 2a+0?2 Z(a+o?))

Remark 2.3 (Comparison with MLE). Let us compare the estimator (ar,br), as defined by
(2.4)—(2.5), with the maximum likelihood estimator, studied in Ben Alaya and Kebaier (2013).
On one hand, the maximum likelihood estimator is well-defined only under the additional
condition 2a > o2. In contrast, the estimator (@r,br) is suitable for all @ > 0, which is a
crucial advantage. On the other hand, according to (Ben Alaya and Kebaier 2013, Thm. 5),
the maximum likelihood estimator is asymptotically normal with the following covariance

Sile = (2 (20— %2) 20— UQ) . (2.6)

matrix:

2a — o 2b

Comparing ¥ and X1, we see that when the maximum likelihood estimator is well-defined,
it is always more efficient than the estimator (ar, br).

2.3. Estimation by discrete observations

Now let us introduce a discrete counterpart of the estimator (ar,br). Following Chernova
et al. (2024), we adopt the following observation scheme, which enables the construction of a
consistent estimator. Let n be a positive integer. We consider an equidistant partition of the
interval [0,n] with a step size of §,, = n™”, where 3 > 0. Observations are made at the times
ty, = ké, = kn~P. Consequently, the total number of observations is m, = n’+1.

85
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We define the estimator of (a, ) based on the discrete observations {r,,k =0,...m, —1} as
follows:

2
n—1
A o? ( ;cn:O Ttk) 97
n = ? ' mp—1 2 mp—1 2 ( ' )
mn Y gl T — (zkzo Ttk)
2 n_]-
by =2 M Yito T (2.8)

2
mnp—1_.2 mp—1
Mn 2o Ty _( k=0 Ttk)

Our second main result states that (G, En) is a strongly consistent and asymptotically normal
estimator of the parameter (a,b).

Theorem 2.4. 1. For any 5 > 0,

an — a, by, —b, a.s asn — oo,

i.e. (Qn, Bn) is a strongly consistent estimator of the parameter (a,b) respectively.

N

2. Let > 1. Then the estimator (an,by) is asymptotically normal:

N (%n : Z) 4, N(0,Y), asn— oo, (2.9)

where X is defined in Theorem 2.2.

Remark 2.5 (Comparison with discretized MLE). Recently, Chernova et al. (2024) studied
a discretized version of MLE and established the conditions for its (strong) consistency and
asymptotic normality. Notably, compared to our estimator (&n,l;n), the discretized MLE
requires the additional condition a > o2, which is even more restrictive than the condition

2a > 02 needed for the continuous-time MLE, see (Chernova et al. 2024, Thm. 2.2).

Furthermore, the discretized MLE is strongly consistent for 8 > 2, whereas our estimator
(G, Bn) is strongly consistent for all 5 > 0. However, if the condition a > o2 is satisfied, then
the discretized MLE is asymptotically normal with the asymptotic covariance matrix >,
see (26) This implies that, under these condition, the discretized MLE is more efficient than
(G, br)-

Remark 2.6 (Comparison with pseudo-MLE). Tang and Chen (2009) proposed an alterna-
tive method for parameter estimation in the CIR model using discrete observations. Their
approach is based on a discrete-time approximation of the CIR model, followed by the maxi-
mization of the discrete-time pseudo-log-likelihood function. They utilized a different parame-
terization of the drift coefficient, specifically x(a—r;) instead of a—br,. Within this framework,
they also examined the parameter estimation problem using an observation scheme where the
observation horizon increases while the interval between observations tends to zero.

In particular, their estimator for the drift parameters (k,«) is asymptotically normal with
the following asymptotic covariance matrix:

2k 2
N )
2 o

as presented in (Tang and Chen 2009, Thm. 3.2.4).

By setting a = ka and b = &, defining the estimator for (a,b) accordingly, and applying the
delta method, it can be shown that their estimator for (a,b) is asymptotically normal with
the following asymptotic covariance matrix:

5 ~ (%(2a+0?+4b) 2(a+Db)
pseudo 2(a +b) 2b
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Comparing Ypseudo With 3, we observe that our estimator (2.7) for the parameter a is more
efficient than that proposed by Tang and Chen (2009). Conversely, their estimator for b has
the same asymptotic variance as the discretized MLE and is more efficient than our estimator
(2.8).

It should also be noted that Tang and Chen (2009) assume the condition a > o2 is satisfied.
This restriction is similar to the one described for the discretized MLE in Remark 2.5. We
emphasize that our approach does not require such a restriction.

Remark 2.7 (Comparison with Gaussian quasi-MLE). Cheng et al. (2022) proposed an al-
ternative approach for parameter estimation in the CIR model, based on Gaussian quasi-
likelihood estimation. Similar to our approach, they considered the case of high-frequency
sampling, where the observation horizon approaches infinity while the observation step size
approaches zero. As a result, Cheng et al. (2022) constructed an asymptotically efficient
estimator of the drift parameters, characterized by an asymptotic covariance matrix e
(see (2.6)). Additionally, they formulated a practical two-stage method that avoids numer-
ical optimization. However, their approach imposes a rather restrictive assumption on the
parameters, specifically 2a > 502 (see condition (1.2) in Cheng et al. (2022)).

3. Simulations

To demonstrate the quality of the constructed discretized estimators, we conducted a simula-
tion experiment using the R programming language. We selected the initial value rg = 1 and,
for certain fixed parameter values, generated 1000 trajectories for the process r as a solution
to the stochastic differential equation (2.1) through Euler—-Maruyama approximations.

A~

To investigate the influence of a, b, and o on the behavior of the estimator (ay,b,), we
considered 12 different sets of model parameters, namely (a,b, o) € {1,2} x {1,2} x {1,2,3}.
We set the parameter 5 equal to 1.5. For each set, we computed the estimates for various
horizons of observations, namely n = 24,26, 28 The biases of the estimators are reported
in Table 1. The theoretical and empirical standard deviations of a,, and IA)n are reported in
Tables 2 and 3, respectively.

Table 1: Biases of a,, and Bn

n=2%103679 0.1924 0.5203 0.3644 | 0.4219 0.3593 0.3298 0.3908
n=2%10.1087 0.0569 0.1596 0.1005 | 0.1286 0.1175 0.0990 0.1116
n=2% 100254 0.0121 0.0365 0.0211 | 0.0301 0.0249 0.0226 0.0235

o=2

n=2%104927 03115 0.7356 0.4717 | 0.7497 0.7945 0.5377 0.5981
n=2510.1670 0.1008 0.2412 0.1442 | 0.2438 0.2635 0.1686 0.1843
n=2%10.0450 0.0247 0.0596 0.0320 | 0.0623 0.0627 0.0407 0.0409

oc=3

n=2%106350 0.4189 0.9386 0.6109 | 1.2819 1.3760 0.8269 0.9225
n=200.2322 0.1424 0.3320 0.2014 | 0.4110 0.4447 0.2632 0.2928
n=2%10.0709 0.0415 0.0912 0.0503 | 0.1107 0.1161 0.0673 0.0697

We observed that the numerical results confirm our theoretical results. Namely, the biases
and the standard deviations of the estimators approach zero as n increases. Moreover, the

87
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empirical standard deviations are close enough to the corresponding theoretical values. This
fact serves as confirmation for the asymptotic normality stated in Theorem 2.4.

Table 2: Empirical and theoretical standard deviations of a,

a=1 a=1 a=2 a=2
b=1 b=2 b=1 b=2
‘ emp theor ‘ emp theor ‘ emp theor ‘ emp theor
oc=1

n=2%10.4427 0.4330 | 0.2916 0.3062 | 0.7988 0.7906 | 0.5696 0.5590
n=25102039 0.2165 | 0.1461 0.1531 | 0.3819 0.3953 | 0.2740 0.2795
n=2%10.1047 0.1083 | 0.0763 0.0765 | 0.1937 0.1976 | 0.1410 0.1398

oc=2

n=2%104965 0.6124 | 0.3445 0.4330 | 0.8797 1.0000 | 0.6232 0.7071
n=2510.2481 0.3062 | 0.1856 0.2165 | 0.4375 0.5000 | 0.3239 0.3536
n=2%10.1384 0.1531 | 0.1028 0.1083 | 0.2358 0.2500 | 0.1732 0.1768

c=3

n=2%105780 0.8292 | 0.3947 0.5863 | 0.9795 1.2748 | 0.6907 0.9014
n=25102909 0.4146 | 0.2244 0.2932 | 0.5047 0.6374 | 0.3801 0.4507
n=2%10.1728 0.2073 | 0.1317 0.1466 | 0.2846 0.3187 | 0.2124 0.2253

Moreover, we observed that among the considered parameter values, the estimator a,, demon-
strates the best performance when ¢ = 1 and b = 2, while the estimator bn, performs best
when a = 2 and b = 1. This observation holds true from both bias and standard deviation
perspectives. More generally, we notice the following pattern: a decrease in the parameter
a and an increase in b result in improved performance of the estimator a,. Conversely, the
estimator by, exhibits the opposite behavior.

The increase of the volatility parameter o negatively affects the performance of both estima-
tors.

The mentioned facts align perfectly with the formulas for asymptotic variances in Theorem 2.4.

Moreover, our estimators indeed work regardless of whether Feller’s condition 2a > o2 is

satisfied or not. In the case when it is satisfied, we can compare our results with the corre-
sponding results for discretized MLEs from the paper Chernova et al. (2024). The discretized
MLEsS slightly outperform our estimators a,, and Bn However, our estimators still seem quite
reasonable.

4. Proofs

In the following proofs, let C' denote a generic constant whose value may change from one
occurrence to another.

4.1. Asymptotic behavior of the integrals

In this subsection we investigate the properties of the integrals fOT rydt and f(;[ r2dt, which
are involved into the estimator (a, b). In particular, we express the above-mentioned integrals
through the It6 martingales fOT rtl / 2th and fOT rf / Qth. The joint asymptotic normality of
these martingales is established as well.

For further reference, let us recall some well-known facts about the CIR process from the

papers Ben Alaya and Kebaier (2013); Chernova et al. (2024); Deelstra and Delbaen (1995);
Dehtiar et al. (2022).
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Table 3: Empirical and theoretical standard deviations of by

a=1 a=1 a=2 a=2
b=1 b=2 b=1 b=2
‘ emp theor ‘ emp theor ‘ emp theor ‘ emp theor
oc=1

n=2%10.5152 0.5000 | 0.6408 0.7071 | 0.4608 0.4330 | 0.6230 0.6124
n=2%10.2455 0.2500 | 0.3422 0.3536 | 0.2173 0.2165 | 0.3057 0.3062
n=2%10.1245 0.1250 | 0.1807 0.1768 | 0.1084 0.1083 | 0.1573 0.1531

oc=2

n=2%10.838 0.7906 | 1.0524 1.1180 | 0.6360 0.6124 | 0.8448 0.8660
n=2%10.3827 0.3953 | 0.5312 0.5590 | 0.2968 0.3062 | 0.4213 0.4330
n=2%10.1923 0.1976 | 0.2832 0.2795 | 0.1513 0.1531 | 0.2213 0.2165

c=3

n=2%]13543 1.1180 | 1.6015 1.5811 | 0.9300 0.8292 | 1.1789 1.1726
n=2510.5647 0.5590 | 0.7581 0.7906 | 0.4064 0.4146 | 0.5631 0.5863
n=2% 102680 0.2795 | 0.3944 0.3953 | 0.2016 0.2073 | 0.2969 0.2932

1. The following convergences hold a.s. as T — oo:

1 T
T/ rdt = 5, (4.1)
2
2
T/ r2dt — aerU /2) (4.2)

The convergences (4.1) and (4.2) were proved in (Deelstra and Delbaen 1995, Thm. 1)
and (Dehtiar et al. 2022, Thm. 4) respectively. Note that under additional condition
2a > o2 (when the process r is ergodic with stationary density (2.3)), (4.1) and (4.2)
follow from the ergodic theorem, see, e.g., (Dehtiar et al. 2022, Cor. 2).

2. For any g > 1 there exists a constant Cy > 0 such that

1 /T al’
E| /0 rdt — 7| < C, =2, (4.3)

This inequality was proved in (Chernova et al. 2024, Lemma 4.3 (1)). It is worth noting
that the statement of that lemma includes an additional condition, 2a > 2. However,
a detailed analysis of the proof indicates that this condition is necessary only for the
second part of the lemma, and not for the bound (4.3).

3. For any p > —2a/c?
iglo) Erf < oo, (4.4)

see (Ben Alaya and Kebaier 2013, Prop. 3).

Lemma 4.1. For any p > 0 and g > 1 there exists a constant C = Cp 4 > 0 such that

q

1 /T _q
E 7/ AW, < CT 3. (4.5)
0

T

Proof. In view of Lyapunov’s inequality between Lg-norms for different ¢, it suffices to prove
the lemma for ¢ > 2. Using successively the Burkholder—-Davis—Gundy and Hélder inequalities
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we derive that for any q > 2,

T q T 3 . T .
E / 2 dW,| < CE / P ds| < oTi! / ErP dt < CTS, (4.6)
0 0 0
where the last inequality follows from (4.4). Dividing both sides of (4.6) by TY, we get
(4.5). O

Remark 4.2. For the particular case p = %, Lemma 4.1 was proved in (Chernova et al. 2024,
Lemma 4.2).

In the following lemma we express the integrals fOT ridt and fOT r2dt via fOT r, /2 aw, and

L
OT rf’/z dW;. As usual, we denote by —% the convergence in the space L, =Ly, F,P).

Lemma 4.3. Let g > 1.

(i) For any T > 0,

14 [ = $03 4 ok [ aw ) (17)
where o L
p1(T) = %\/TT =50, asT — oo. (4.8)
(ii) For any T > 0,
_3 T ? a> 1 2a0._1 (T 1/2
T 2 (/0 mlt) =Lt T2 | " AW+ po(T), (4.9)

where

o s ([T 1 2 pH(T) 2a
T)= -T2 / AWy | + + —p (T
) ([ rimaw) + A0 2

2 T
+ %T_lpl(T)/ 7‘,51/2 dWy La, 0, asT — oo. (4.10)
0

(iii) For any T > 0,

T 2 2 T
T—%/ r?dt—a(a—;; /2) Té+0(a+b2a /2)T—%/ i aw,
0 0

T
+%T—%/O {2 AW, + ps(T), (4.11)

where
3 —r3 (a+0?/2)

20T b

Proof. (i) The representation (4.7) is a direct consequence of the equation (2.1); the conver-
gence (4.8) follows immediately from (4.4).

p1(T) La, 0, asT — oo. (4.12)

p3(T) =

(ii) By squaring (4.7), we get the representation (4.9). The convergence (4.10) is derived from
the bound (4.5) together with (4.8).

(iii) By application of the It6 formula with the function H(z) = 22, we derive from (2.1) that

2 2 T / UQTt 1" T /
r2 — 12 :/0 (0~ bre) - H'(r) + 7 HY (1) dt+/0 o JFoH! (1) AW,
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T 3
_/ (a—bry) - 2ry+ 0 rt) dt+2a/ rZdW,

a(2 T T s
= (2a + 0?) (/ rtdt— ) —2b/ dt—l— a—ZU ) +20‘/ ridWr.
0 0

We express the integral fOT r? from this equality and get

T 2 2 _ .2 2 [ T
9 a(a+ 0°/2) ro—ry  2a+40 / /
= I + + - — W (4.1
/0 Tt dt b2 % % 0 Ttdt b d t- 3)

Now in order to establish (4.11), it suffices to substitute the representation (4.7) for fOT re dt
into the right-hand side of (4.13). The convergence (4.12) follows from (4.4) and (4.8). O

In the next two lemmas we estimate the rate of convergence of the normalized integrals

=+ OT r2ds and £ fOT 73 ds to their limits. As a corollary of (4.11) we get the following result.

Lemma 4.4. For any q > 1 there exists a constant Cy > 0 such that

2
2
T/ 2 ds _:U/) <o, %, (4.14)

Proof. By (4.11), we have

1T, a(a+02/2)|"

q 2/9vd |1 T 3 1
SC’(WE T/o 1/2th +b—q E T/ rEdWy| +T 2E\p3(T)q>

Now the proof follows from (4.5) and (4.12). O

The following lemma deals with the integral fOT r3dt. Although it is not directly included in

the estimators, it represents the quadratic variation of the martingale int rt/ dW;. Therefore,
it is essential for subsequent proofs, which rely on the central limit theorem for martingales.

Lemma 4.5. (i) The integral fOT r3dt admits the following representation.:

3 ala+o?) (a+0%/2) r3—1r2
vdt =
T/ b3 + 36T

4.15)
a+ao? (1 (T, ala+ 0?/2) (
= dt — 2 dW,
T (T/o A A bT/ "
(i) Moreover, for any q > 1 there exists a constant C = C(q) > 0 such that
1 T 2 2 9 q
E|T/ rfdt—“(“+0)b§“+g/ ' <ot (4.16)
0

Proof. (i) Similarly to the proof of Lemma 4.3(iii), we apply the It6 formula with the function
H(x) = 23 to the stochastic differential equation (2.1). We obtain

3 3 T / ‘727} " T y
P — :/0 (a=br) - H'(re) + L H' () dt+/0 o/ H! (1) AWV,

:3/0T((CL—}—(J’Z)rg—bT?)dt+3O’/OTTtgth
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:3<a+02) </0T7‘?dt—(a:02/2 )—Bb/

3a(a 4 0°)(a + */2)
b2

T s
+30/ rédWy + T,
0

whence

/Trfdt (a+02)(a+a2/2)T+7“S’—r%
0

b3 3b
2 T 2 2 T 5
+a+a / r?dt—a(a+a / )T +E/ rt2th-
b 0 b2 b Jo

Thus (4.15) is proved.

(74) The bound (4.16) is derived from (4.15) similarly to the proof of Lemma 4.4. The equality
(4.15) implies

LT a(ato?) (ato?/2))f

3q 3q

rot + Er a+o
< 0 T
—C< Ty *( )

ala+0?/2) |
r2dt — a(a
i

b2

o\¢ 1 T 5 q
— | E|= FdWy| .
+(5) Bz )
The first term in the right-hand side of (4.17) can be bounded using (4.4). For the second
term, we use the bound from Lemma 4.4, and for the third term, we apply Lemma 4.1. This

completes the proof of (4.16). O

(4.17)

Remark 4.6. It is possible to establish the convergence

2
2
T/ 3 dt — a—l—a)bga—i—a/) a.s., as T — 00, (4.18)

in addition to L,-convergence, which follows from (4.16) (and is sufficient for further proofs).
The proof of (4.18) is derived from (4.16) by a standard application of the Borel-Cantelli
lemma, similarly to the proof of the convergence (4.32) in Lemma 4.12 below. Note that in
the case 2a > o2 (when the process 7 has ergodic properties), (4.18) follows from the ergodic
theorem.

Lemma 4.7. AsT — oo

where

2
F_( ; 0+ %)
e ( a
Proof. Note that the vector process

T 1/2
L 0 T‘t th
MT'( T3/2 )7 Tzov

is a two-dimensional Brownian martingale with the quadratic variation matrix

A S raw,  — [ r2aw,
< >T - N T Qd T Sd .
fo rdWy fo rydWy
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According to (4.1), (4.2) and Lemma 4.5, we have

1
FM)r BT asT— oo

Hence, the required convergence
1
VT

follows from the central limit theorem for multidimensional martingales, see, e.g., Heyde
(1997, Thm. 12.6). O

Mr % N(0,T), asT — oo,

4.2. Proof of Theorem 2.2

We split the proof into several steps. Denote

1T 17\
== —| = . 4.1
Dr T/o ri dt (T/o T dt) (4.19)

It follows from (4.1) and (4.2) that
2

o
D —_— .S. T . 4.2
T — e a.s.as T — oo (4.20)

Further, in the following two lemmas we express /T (a7 — a) and v/T'(br — b) via fOT rtl 2w,
T 3/2
and [, ;' "dW;.

Lemma 4.8. For any T > 0,

~ +a%/2 (T 1/2 T 32
VT (ar —a) = —22 _ (2 / dW—/ AW, | + R.(T), 421
O =) = DT oy W fy AW (D), (420
where
Rl(T)£>0, as T — oo. (4.22)

Proof. By the definition (2.4) of the estimator ar, taking into account the notation (4.19),
we have

VT (a gl ()
Tler—a)=vT ?.ngrfdt—ogrtdt)z

—a

(%2 —i—a) T-3/2 (fOTrt dt)2 —aT3 fOTrtz dt
— Dy :

(4.23)

Next, we transform (4.23) by expressing the integrals in the numerator according to Lemma 4.3
(if)—(iii). We get

1 2 2 2 92 2 9 T
VE(or— )= L[Sy 20 a2y (T gy,
Dy b2 b2 0
o? a*(a+0%/2) 1
- (a+ 2) pa(T) — =2 T
2/2 T T
- CLU(Q—;J/)T_% 7"1:1/2 AWy — C%UT_% 7“?/2 dW; — aps(T)
0 0
1 2/2 T T
= WT%/O rtl/Qth—%T*% 0 2 aw,
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0.2
+ (a + 2) p2(T) — aﬂs(T)]-

Hence, (4.21) holds with the following remainder

1 o2
Ry(T) = Dr {(a—k 5 ) p2(T) — apg(T)],
for which the convergence (4.22) is valid due to (4.10), (4.12) and (4.20). O

Lemma 4.9. For any T > 0,

- T T
VT (br = b) = 7 (Z /O ri2dw, — /0 rf’/2th> + Ry(T), (4.24)

DT

where
RyT) 20, asT — oo (4.25)

Proof. From (2.5), (4.19) and Lemma (4.3), we derive the following representation
STE [ rodt = b7 [ rFdt+ 0773 (f) rtdt)
T
T Jo r2dt— <% i rtdt)
2

T T
[G;T% ; ri/? AW, — oT 2 /0 7y aWi + o pi(T) — bps(T) + bpa(T)

VT (br —b) =

1

~ Dr 2

whence we obtain the formula (4.24) with

1 |o?
By(T) = 5~ l p1(T) = bp3(T) +bPQ(T)] :
T
The convergence (4.25) follows from (4.20) and Lemma 4.3. O

Proof of Theorem 2.2. According to Lemmas 4.8 and 4.9, we have the following representation

~ a o2 a LJ‘T 1/2dW R(T
VT ar—ay) _ 9 b7(a+7> b VT 70 t + 1(T) ) 4.96
br—b) ~ Dy a )\ o raw | \Ra) (4.26)

Taking into account the convergence (4.20), Lemma 4.7, and the Slutsky theorem, we derive
that the right-hand side of (4.26) converges to the bi-variate normal distribution N(0,X)

with
- (Y (B ) )( % “ii (0 %) )(sa(w;) )
ac & 1 —g%(a—l—”;) b%(a+02)<a+%2) a 1
_ (2; (a+%2) 2(@—1—”22))
2 (a—i— ";) 2 (a+0?)
This completes the proof. 0

4.3. Approximation of integrals by sums. Asymptotic behavior of sums

In this subsection, we focus on the sums ) ;""" rtk and Y ;" ! rtk, which are part of the

discrete-time estimators (2.7)—(2.8). Our objective is to estimate the difference between these
sums and the corresponding integrals fOT r¢dt and f(;f r2dt discussed in subsection 4.1. Sub-
sequently, we will utilize the asymptotic properties of these integrals and continuous-time
estimators to establish the corresponding properties of the discrete-time estimators.

Let us recall the following facts from Ben Alaya and Kebaier (2013); Chernova et al. (2024):
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1. Let 0 < s <t such that 0 <t—s < 1. Then for all ¢ > 1, there exists a constant C; > 0
such that
q
E|ry —rs|? < Cyt — s)2, (4.27)

see (Ben Alaya and Kebaier 2013, Prop. 4).

2. According to (Chernova et al. 2024, formula (4.17)), for any ¢ > 1,

mp—1 q

1T 1 _8q
E f/ redt — = Y 10, < Cn 2 (4.28)
nJo " =0
for some constant C' > 0.
3. By (Chernova et al. 2024, Lemma 4.6),
mn—l
= Z T4, 0n -2 , 35 a8 n — 00, (4.29)

To prove Theorem 2.4, in addition to the cited results for the process r, we need their analogs
for the process 2. These analogs are stated in the following three lemmas.

Lemma 4.10. Assume that 0 < s < t, such that 0 <t —s < 1. Then for any q > 1 there
exists a constant C' = C(q) > 0 such that

E|r? -2 < C- 57 (4.30)

Proof. Applying the Cauchy—Schwarz inequality, we obtain

q
E ‘rt? — 2 =E[(ry + 1) |y — 7|7 < \/E(rt + 1) - E|r; — 1|,

The first term under the square root is bounded due to (4.4), and the second term, according
to (4.27), admits the upper bound E |r; — r4|*? < C(t — 5)?, which completes the proof. [

Lemma 4.11. For any q > 1,

q
<on~%. (4.31)

mp—1

1 r 2 1 2
7\/(; ’I"tdt—g Z Ttk5n

n k=0

E

Proof. For ¢ =1 using (4.30) we get
1 m 1Mt
E|- 2dt — —

ML ety

<Z/tk

For ¢ > 1 we apply Holder’s inequality and obtain

n mn 1
2
/ rtk)]lte(tkythrl)dt

E‘rf—rfk‘dtgn_l-C-nﬁ/Q-n:Cn_ﬁ/Q.

1 [ 1 mp—1 mn—l q
2 2
E 5/0 Tt dt — E k;) T'tk Ttk ]ltE(tk tk+1)dt
n |Mmn—1 n q—1
2 2

>~ EE 0 kz: (Tt — Ttk) ﬂte(tk tk+1) dt </0 dt)
mn 1 th 1

S—nq ! / ' rt Ttkqgnfl-C-n*ﬁq/Z-n:C'rfﬁq/Z.

23

Thus, (4.31) is proved. O
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Lemma 4.12. One has the following convergence:

1 et 2/2
— Z Tfkdn — a(a—i_i;/) a.s., as n — oo. (4.32)
n b
k=0
Moreover, for any g > 1
1Mt a(a+ 02 /2) ! _(Br1)g
k=0

Proof. Combining Lemmas 4.4 and 4.11, we establish the bound (4.33). Moreover, Lemma
4.11 and Markov’s inequality reveal that for any € > 0 and any ¢ > 1 the following inequality

holds:
1 m 1 et C _ga
P(A,) ::P{‘n/o ridt — - ,;) r?kén 25} < priCER

Choosing sufficiently large ¢, we can guarantee that the condition -, ~; P(A;) < oo is satis-
fied. Then the Borel-Cantelli lemma yields the convergence

1 m 17!
—/ ridt — — Z rfk5n — 0, a.s.,asn — oo.
n Jo n
k=0
Combining this convergence with (4.2) we obtain (4.32). O
Lemma 4.13. Let 5 > 1. Then
i mnfl 1 n
n-2 T 0n =n" 2 / ridt + 11 (n), (4.34)
k=0 0
5 mp—1 2 3 n 2
n 2 ( Z Ttk6n> =n 2 (/ ’I“tdt> +’7’2(7’L), (435)
k=0 0
; mn—l 1 n
n 2 Z r?kén = n_i/ r?dt%—m(n), (4.36)
k=0 0
where
() 50 asn—oo, i=1,23 (4.37)

Proof. The asymptotic relations (4.34) and (4.36) follow from the bounds (4.28) and (4.31)
respectively.

The formula (4.35) is derived from (4.34) as follows:

o —1 2 n 2 ) n 2
n(; 5> —k (w [Mndeen)) =k ([Mna) 4 ),
k=0 0 "

where

1 n
T2(n) = 211(n) E/o redt 4+ n_%Tf(n) 20 asn— 00,

because 71 (n) 2, 0 and L redt 2, 7 by (4.1). O
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4.4. Proof of Theorem 2.4

Proof of strong consistency. In order to prove the strong consistency of a,, we divide both
the numerator and the denominator of (2.7) by n?, and use (4.29) and (4.32):

_ 2
o (7 Szt rudn) 2 )

% R
2 n—1 1 2 9 a2 | ao® _ (a\2
%EZL:O r?kén - ( oy 0 ) (b)

=a a.s.asn — oQ.

T
The strong consistency of by, is derived from (2.8), (4.29) and (4.32) in the same way. O

Proof of asymptotic normality. Let us denote

R 1 mp—1 1 mp—1 2
D, = - Z rfkén — (n Z rtk5n> .
k=0 k=0
Then (see the proof of strong consistency)
~ ac?
D, — o &S as T — oo, (4.38)

and /n (4, — a) can be represented as follows
2
( EZ?%;IT% )
2
Zmn 1 26 (1 znnolrtk(s)

2
02 B mp—1 B mp—1
<a+2>n 3/2 ( Z rtk5n> —an1/? Z rfkén )

k=0 k=0

—a

1
Dy,
Then using Lemma 4.13 and the representation (4.23), we get
1 2 n 2 n
Vn (Gn —a) = A[ a+Z | nt (/ rtdt> —anfl/z/ ridt
D, 2 0 0

o2
+ (a + 2) To(n) — aTg(n)}

Vn (an — a) + Q1(n), (4.39)

SR

where

Q1(n) = (a il 7) T%(n) ~ ons(n) P20 asn— o0,

by (4.37) and (4.38). Similarly, we can prove that

Vit (B =) = 22V (b = ) + Qal) (4.40)

with ,
Q2(n) = F7n) - bg,(n) +bma(n) 250 asn— co.

Note that D, /D, Py lasn — oo, by (4.20) and (4.38). Thus, now the convergence (2.9)
follows from representations (4.39)—(4.40) and Theorem 2.2 by the Slutsky theorem. O
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