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Abstract. Asymptotic expansions of generalized Nevanlinna functions @ are
investigated by means of a factorization model involving a part of the gener-
alized zeros and poles of nonpositive type of the function @. The main results
in this paper arise from the explicit construction of maximal Jordan chains
in the root subspace R (SFr) of the so-called generalized Friedrichs exten-
sion. A classification of maximal Jordan chains is introduced and studied in
analytical terms by establishing the connections to the appropriate asymp-
totic expansions. This approach results in various analytic characterizations
of the spectral properties of selfadjoint relations in a Pontryagin space and,
conversely, translates spectral theoretical properties into analytic properties
of the associated Weyl functions.
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1. Introduction

Let N be the class of generalized Nevanlinna functions, i.e. meromorphic functions
on C\ R with Q(z) = Q(z) and such that the kernel

NQ(Zv)‘):wv 2, A € p(Q), Z%X
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has k negative squares on the domain of holomorphy p(Q) of @, see [20]. If the
function @ € N, belongs to the subclass N,; _a,,, n € N, (see [6]) then it admits
the following asymptotic expansion

2n+1 s 1
_ -1 ,\
Qz) =~ - E g 1 (22"+1> y 200, (1.1)

j=1

where v,s; € R and z2—oo means that z tends to oo nontangentially (0 < ¢ <
argz < m —e < 0). Asymptotic expansions for @Q € N, of the form (1.1) (with
~v = 0) were introduced in [21]. They naturally appear, for instance, in the indefi-
nite moment problem considered in [22]. The expansion (1.1) is equivalent to the
following operator representation of the function @ € Ny _a:

Q(z) =7+ [(A—2) " w,w], (1.2)

where w € dom A™ and A is a selfadjoint operator in a Pontryagin space §; see
[21, Satz 1.10] and Corollary 3.4 below. The representation 1.2 can be taken to be
minimal in the sense that w is a cyclic vector for A, i.e.,

H=span{(A—2)"'w: z€p(4)},

in which case the negative index sq_(9) of 9 is equal to . The representation
(1.2) shows that oo is a generalized zero of the function Q(z) — ~y, or equivalently,
that oo is a generalized pole of the function Q. (z) = —1/(Q(2) — 7). This means
that the underlying symmetric operator S is nondensely defined in $) with

domS ={fedomA: [fw] =0} (1.3)

and that

Sg = ST ({0} x span {w}) (1.4)
is a selfadjoint extensions of S in $ with oo € 0,(Sp). Here + stands for the
componentwise sum in the Cartesian product $ x $. In other words, the extension
Sr is multivalued and, in fact, can be interpreted as the generalized Friedrichs
extension of S, see [5] and the references therein. It follows from (1.1) and (1.2)
that

s0 = [w,w] € R.

If K > 0 then it is possible that sg < 0, in which case oo is a generalized pole of
nonpositive type (GPNT) of the function Q, cf. [23]. More precisely, if co is a
GPNT of Qo with multiplicity Koo := Koo (Qoo) (see (2.2) below for the definition),
then in (1.1) one automatically has

so=---=s5;=0, foreveryj < 2rs — 2.

Furthermore, if m is the first nonnegative index in (1.1) such that s, # 0 (if
exists), then, equivalently, the function Q. admits an asymptotic expansion of
the form

Qoo(z) = P12 4 —|—p25+12%+1 + o0 (22“1) , 200, (1.5)
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where pyy1 = 1/8m, pi € R, i =m+1,...,20+1, and the integers m, n, and ¢ are
connected by £ = m —n with m > 2¢; see Theorem 5.4 below for further details.
It turns out that (1.5) holds for some ¢ < 0 if and only if co is a regular critical
point of Sg, or equivalently, if and only if the corresponding root subspace

o(Sp)={he$H: {0,h} € Sk for some k € N}

of the generalized Friedrichs extensions Sp in (1.4) is nondegenerate. In this case
the GPNT oo of Q4 as well as the corresponding root subspace Ry (SF) are
shortly called regular. On the other hand, if co is a singular critical point of Sg,
then in (1.5) £ > 0 and, moreover, the minimal integer ¢ such that the expansion
(1.5) exists coincides with the dimension k%, of the isotropic subspace of the root
subspace Ry (SF), see Theorem 5.6. In this case the GPNT oo of Qo and the
corresponding root subspace R (SF) are shortly called singular with the index of
singularity k%, .

The above mentioned results reflect the close connections between the as-
ymptotic expansions (1.1), (1.5), and the root subspace Ry (Sg) of Sg. The given
assertions are examples of the results in the present paper which have been derived
by means of the factorization model of the function Q. recently constructed by
the authors in [9]. This model is based on the following “proper” factorization of
the function @ € Ny:

Qoo (2) = 4(2)d* (2)Qo(2), (1.6)

where ¢ is a (monic) polynomial, ¢*(2) = ¢(2), and Qo € N, such that
Koo(Qo) =0 and k' =k —deggq,

see Lemma 4.3 below. Such a factorization for Q) is in general not unique, but the
factorization model based on such a factorization carries the complete information
about the root subspace Ry, (Sg) of Sp.

A major part of the results presented in this paper is associated with the
structure of the root subspace R, (Sr) of Sg in a model space and the various
connections to the asymptotic expansions (1.1) and (1.5). By using the factoriza-
tion model based on a proper factorization (1.6) of @ maximal Jordan chains in
Roo(SF) are constructed in explicit terms. Their construction leads to three dif-
ferent types of mazimal Jordan chains in Ry (SF). Each of these three types of
maximal Jordan chains admits its own characteristic features, reflecting various
properties of the root subspace Ry (SF). The construction shows explicitly, for
instance, when the root subspace Ro(SF) is regular and when it is singular. The
length of the maximal Jordan chain as well as the signature of the root subspace
Reo(SF) can be easily read off from their construction. In the case that the root
subspace R (SF) is regular, the three types of maximal Jordan chain can be char-
acterized by their length. The first type of maximal Jordan chain is of length 2k+1,
where k£ = deg ¢ = Koo(Qo0), and the second and third type of maximal Jordan
chains are of length 2k and 2k — 1, respectively. The classification of these maximal
Jordan chains remains the same in the case when the root subspace R (Sp) is
singular. In that case the index of singularity x’  as introduced above enters to
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the formulas, while the difference k_(Ry (Sr)) — K+ (Roo(SF)) of the negative and
the positive index of Ry (SF) remains unaltered, see Theorem 4.12. All of these
facts can be translated into the analytical properties of the functions Q. and
Q = v — 1/Qo via the asymptotic expansions (1.1) and (1.5), and conversely.

The classification of maximal Jordan chains in R (Sp) motivates an analo-
gous classification of generalized zeros and poles of nonpositive type of the function
@ € N, which turns out to be connected with the characterization of the mul-
tiplicities of GZNT and GPNT of the function @ due to H. Langer in [24]; see
Subsection 3.2 for the definitions of generalized zeros and poles of types (T1)—
(T3). This induces a classification for the asymptotic expansions for the functions
Q@ and @ ; see Theorems 5.3 and 5.4. Some further characterizations of the three
different types of generalized zeros and poles are obtained by means of the fac-
torized integral representations of the functions @ and @, which are based of
their canonical factorizations, see [11]; for definitions, see Subsection 2.1, cf. also
[5]. In particular, Theorem 6.1 and Theorem 6.3 extend some earlier results by the
authors in [6] (where x = 1) and in [8], from the regular case to the singular case
in an explicit manner involving the index of singularity 2, which is characterized
in Theorem 5.6 below.

The construction of the maximal Jordan chains in Ry (SF) using the fac-
torization model for Qo in (1.6) is carried out in Section 4. The most careful
treatment of the model is required in the construction of maximal Jordan chains
which are of the third type (T3). The reason is that the factorization of Q. does
not produce a minimal model for the function @, directly. In the minimal fac-
torization model the maximal Jordan chains of type (T3) are roughly speaking
the shortest ones, cf. (4.21), (4.24), (4.28); see also Theorem 5.3 and Theorem 6.3.
The results in Lemma 4.11 and part (iii) of Theorem 4.12 characterize maximal
Jordan chains of type (T3). In this case the underlying symmetric relation S(Q) is
multivalued (before the auxiliary part of the space is factored out). This statement
is true more generally: for an arbitrary N-function @ the occurrence of general-
ized zeros and poles of type (T3) in RU{co} is an indication that point spectrum
0,(S(Q)) of S(Q) is nonempty, see Lemma 6.4 below, which by part (i) of Theo-
rem 4.6 is equivalent to S(Q) being not simple. In fact, the existence of maximal
Jordan chains of type (T3) or, equivalently, the existence of GZNT and GPNT
of type (T3) can be used to give criteria for minimality of various factorization
models for N -functions, see Propositions 6.6 and 6.7 below.

The topics considered in this paper have connections to some other recent
studies involving asymptotic expansions of N-functions, see in particular [6], [§],
[9], [12], [13], [15], and their canonical factorization, see e.g. [3], [5], [7], [11], [14].
For instance, in [13] the authors investigate the subclass of N -functions with x =
Koo (Q) and extend some results e.g. from [6], [8]. General operator models based on
the canonical factorization of N-functions have been introduced in [3]; for another
model not using the canonical factorization of @, see [18]. The construction of a
minimal canonical factorization model by using reproducing kernel Pontryagin
space methods has been recently worked out in [12], cf. also [3, Theorem 4.1].
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Some of the results in the present paper can be naturally augmented by the results
which can be found from [15], where characteristic properties of the generalized
zeros and poles of N-functions have been studied with the aid of their operator
representations.

The present paper forms a continuation of the paper [9], where the details
concerning the construction of the announced factorization model can be found.
Some basic definitions and concepts which will be used throughout the paper
are given in Section 2. In Section 3 some additions concerning the subclasses
Ny, —¢ as introduced in [6] are given, including a proof for [6, Proposition 6.2]
as announced in that paper, cf. Theorem 3.3 below; see also Theorem 5.4 for
an extension of these results. Asymptotic expansions are introduced in Section 3
and a classification of generalized zeros and poles is given. In Section 4 the main
ingredients concerning the factorization model are given and the construction of
maximal Jordan chains in R (SF) is carried out. The connection between the
properties of the root subspace Ry (SF) and the asymptotic expansions of the form
(1.1) and (1.5) is investigated in Section 5. Finally, in Section 6 the classification
of GZNT and GPNT is connected with factorized integral representations of the
functions @ and Qoo(z). In this section also the generalized zeros and poles of
nonpositive type of N-functions which belong to R are briefly treated and some
consequences as announced above are established.

2. Preliminaries

2.1. Canonical factorization of () € N

The notions of generalized poles and generalized zeros of nonpositive type were
introduced in [23]. The following definitions are based on [24]. A point « € R is
called a generalized pole of nonpositive type (GPNT) of the function € N, with
multiplicity ko (Q) if

—00 < lim (2 — a)**T1Q(2) <0, 0< lim(z — a)?***'Q(z) < 0. (2.1)

zen zewn

Similarly, the point oo is called a generalized pole of nonpositive type (GPNT) of
Q@ with multiplicity koo (Q) if

0< lim 20

z€00 2’2’%0—’_1

< oo, —oo< lim ?(z)
z€o00 Z°Moo™

T <0. (2.2)

A point 8 € R is called a generalized zero of nonpositive type (GZNT) of
the function @ € N, if § is a generalized pole of nonpositive type of the function

—1/@Q. The multiplicity m3(Q) of the GZNT [ of @ can be characterized by the
inequalities:

0 < lim Q) < oo, —oo< lim Q)

B G pp = e =h B
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Similarly, the point co is called a generalized zero of nonpositive type (GZNT) of
Q@ with multiplicity 7o (Q) if
—00 < lim 2%™=T1Q(2) <0, 0< lim 22™="1Q(z) < oco. (2.4)
z€e00

z€e00

It was shown in [23] that for Q € N, the total number (counting multiplic-
ities) of poles (zeros) in C; and generalized poles (zeros) of nonpositive type in
R U {oo} is equal to k. Let as,...,a; (B1,...,0m) be all the generalized poles
(zeros) of nonpositive type in R and the poles (zeros) in C, with multiplicities
Kiy...,K (T1,...,7Tm). Then the function @ admits a canonical factorization of
the form _
p

Q(z) = r(2)r*(2)Qoo(2), Qoo € Ng, 7= 7 (2.5)

where p(2) = [[JZ,(z — 8;)™ and q(2) = ngl(z — ;)" are relatively prime
polynomials of degree k—7oo (@) and k—keo (Q), respectively; see [11], [5]. It follows
from (2.5) that the function @ admits the (factorized) integral representation

1 t p
Q) =@ (avvet [ (2 - ) o). =2 o
where a € R, b > 0, and p(¢) is a nondecreasing function satisfying the integrability

condition ap(t)
p(t

. 2.7

/R t2+1 < 27)

2.2, The subclasses N,. ; and N, o
A function @ € N, is said to belong to the subclass N, 1, if

limM:()and /mwdy<oo,
. Y

z€00 z

with > 0 large enough. Similarly @) € N is said to belong to the subclass N, o,

if
lim Qk) =0 and limsup |z2Im Q(2)| < oo,

z€00 2 200

see [5]. In the following theorems the subclasses N, ; and N, o are characterized
both in terms of the integral representation (2.6) and in terms of operator repre-
sentations of the form (1.2). Let E; be a spectral function of a selfadjoint operator
A in a Pontryagin space ), see [1]. Denote by $, := $¢(A), £ € N, the set of all
elements h € $ such that [, [t|*d[E;h, h] < oo for some neighborhood A of +oo.
Moreover, let $_¢(A), £ € N, be the corresponding dual spaces. Here, for instance,
$H-1(A) can be identified as the set of all generalized elements obtained by com-
pleting § with respect to the inner product [, (1+ [t[)~'d[E;h, h] < co with some
neighbourhood A of +o00. The operator A admits a natural continuation A from
$) into $H_1, see [5] for further details. The classes N, ; and Ny, ¢ are characterized
in the following two theorems, see [5].

Theorem 2.1. ([5]) For Q € N, the following statements are equivalent:
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(1) @ belongs to N, 1;
(i) Q(z) =+ [(A —2)"w,w], z € p(A), for some selfadjoint operator A in a
Pontryagin space 9, a cyclic vector w € H_1, and v € R;
(iil) @ has the integral representation (2.6) with degq — degp = 7o (Q) > 0, or

with degp = degq (moo(Q) =0), b =0, and
/ (1+ [t])"dp(t) < oo. (2.8)
R

Theorem 2.2. ([5]) For Q € N, the following statements are equivalent:
(1) @ belongs to N, o;
(ii) Q (Z) =7+0 (1/2:), Z=00;
(iii) Q(2) = v+ [(A—2)"tw,w], 2 € p(A), for some selfadjoint operator A in a
Pontryagin space $, a cyclic vector w € 9, and v € R;
(iv) @ has the integral representation (2.6) with degq — degp = 7o (Q) > 0, or
with degp = degq (10(Q) =0), b =0, and

/ dp(t) < . (2.9)
R

Remark 2.3. If Q € N then the operator representation of @) in part (iii) of
Theorem 2.2 implies that
lim —2(Q(2) —7) = [w,w].

z€e00

Hence, the statement (ii) in Theorem 2.2 can be strengthened in the sense that
for every function @) € N, o there are real numbers v and s¢, such that

Q(z)=vy— S;O +o (i) R (2.10)

3. Asymptotic expansions of generalized Nevanlinna functions

Asymptotic expansions of generalized Nevanlinna functions (as in (2.10)) can be
used for studying operator and spectral theoretical properties of selfadjoint exten-
sions of symmetric operators in Pontryagin and Hilbert spaces, see [20], [16]. In
this section a subdivision of the class N, of generalized Nevanlinna functions is
given along the lines of [16], [6]. Moreover, a classification for generalized zeros of
nonpositive type is introduced and interpreted via asymptotic expansions.

3.1. The subclasses N,. _, of generalized Nevanlinna functions
Definition 3.1. A function Q € N is said to belong to the subclass N, _2,, n € N,

if there are real numbers « and s, ..., Sop—1 such that the function
2n s
A _ .2n _ Jj—1
Qz) =2 | Q=) =7 + ; = (3.1)
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is O(1/z) as z=o0. Moreover, ) € N, is said to belong to the subclass Ny, _o,41
if the function @ in (3.1) belongs to N,/ ; for some ' € N.

The next lemma clarifies the above definition of the subclasses N, _¢, £ € N.

Lemma 3.2. If the function Q belongs to the subclass Ny o, (N _2n41) for some

n € N, then the function @Q in (3.1) belongs to the subclass Ny o (resp. Ny 1) with
k' < k. Moreover, the following inclusions are satisfied

- C Nn,72n71 C N/{,72n C Nn,f2n+1 c---C NK,O C le- (32)

Proof. Rewrite the expression for the function @ in (3.1) in the form Q(z) =
22"Q(z). Then Q(z) as a sum of two generalized Nevanlinna functions is also a

generalized Nevanlinna function, and therefore, in view of (2.5), @ is a generalized
Nevanlinna function, too. Next it is shown that the inequality #(Q) < k(Q) is
satisfied. First observe that the condition Q(z) = O(1) and hence, in particular,
the condition Q(z) = O(1/z) as z=oco implies that

cf. (2.2), (2.4). Clearly, £4(Q) = ko(Q) for every o # 0,00, while for « = 0 one
derives from (2.1) the estimate

Ko(Q) < Ko(Q). (3.4)

Therefore, one can conclude from (3.3) and (3.4) that x(Q) < k(Q). Now by
Theorem 2.2 the condition Q(z) = O(1/z), 200, is equivalent to Q € Ny o
with k" < k, which proves the first statement for the subclasses Ny _g,. If Q €
N, _2n41, then Q(z) = O(1) and since x(Q) < k(Q), one actually has Q € Ny
for k' < k.

Since N o C Ny ; the inclusions N, _2, C Ny _2y41, n € N, follow from
the first part of the lemma. Now let Q € N,; _2,_;. Then by definition

22@(2) + 2S2n + Sont1 € Ny 1, (3.5)

where @ is as in (3.1) and &’ < k. It is clear from (3.5) (see Theorem 2.1) that

Q(z) = O(1/z) as z—o0. Hence, Q € N, _5, and this proves the remaining
inclusions in (3.2). O

The subclasses N,; _¢, £ € N, are now characterized by means of the operator
and the integral representation of @ in (1.2) and (2.6), respectively.

Theorem 3.3. For Q € N, the following statements are equivalent:
(1) Q S Nfc,—b le N;
(i) Q(z) =7+ [(A - 2)"tw,w], 2z € p(A), for some selfadjoint operator A in a
Pontryagin space 9, a cyclic vector w € Hy, and v € R;
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(iil) @ has an integral representation (2.6) with T (Q) = degq — degp > 0 (and
b=0if 1(Q) =0), such that

/ (14 )2 dp(t) < oo, (3.6)
R

Proof. (i) = (iil) Let @ € N, _;, where £ is either 2n or 2n — 1, n € N. In view of
(3.2) and Theorems 2.1, 2.2 one has 7o, (Q) = degg—degp > 0, and if 75,(Q) =0
then b = 0 and (2.8) or (2.9) is satisfied. By Lemma 3.2 the function Q in (3.1)
belongs to Ny 2,—¢ with &' < k. Hence, @ admits the factorization

Q =7(2)7(2) <a+6z + /R (15_12 - 1+tt2>> a), 7=, (3.7)

q2

where ps and ¢ are the polynomials associated to Qv, cf. (2.5). Moreover, the

inequality 7 (Q) = degga — degpa > 0 holds by Theorems 2.1 and 2.2. On the
other hand, it follows from (2.6) and (3.1) that @ admits also the representation

@) =) (e vt [ (- ) )@ +m), 6

where p; is a polynomial with degp; < 2n. An application of the generalized
Stieltjes inversion formula (see [19]) shows that the measures dp(¢) in (3.7) and
dp(t) in (3.8) are connected by

[F()[Pdp(t) = 2" [r(t)|* dp(t). (3.9)

Therefore, if Q € N,/ 1\ Ny o so that £ = 2n — 1, then degp, = deg g2 and dp(t)
satisfies the condition (2.8) in Theorem 2.1. The condition (3.6) follows now from
(3.9). If Q € N,/ ¢ so that £ = 2n, then either degps = deg g2 in which case dp(t)

satisfies the condition (2.9) in Theorem 2.2, or 7o (Q) = degga — degps > 0 in
which case dp(t) satisfies the condition (2.7). In both cases

/ [7(t)|?dp(t) < oo,  for M > 0 large enough.
[t]|>M

Hence, again the condition (3.6) follows from (3.9).

(i) < (iil) Let E; be the spectral function of a selfadjoint operator A in the
minimal representation (1.2) of Q. It follows from (1.2), (2.6), and the generalized
Stieltjes inversion formula that

d[Ew,w] = [r(t)]*dp(t), te A,
in some neighbourhood A of +o00. This implies that

/(1 + [t]) 2= dp(t) < oo if and only if / (1 + [t)* d[Erw,w] < oo,
R A

ie., w € 9y, which proves the equivalence of (ii) and (iii).
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(ii) = (i) First consider the case £ = 2n. Then w € £, means that w €
dom A™. Define the function @ in (3.1) by setting
sj=[Aw,w], spy;=[Aw,A], j=0,...,n (3.10)
Then a straightforward calculation shows that @ admits the operator representa-
tion
Qz)=[(A-2)"1W W], W =A"weES$H. (3.11)
Therefore, Q(z) = O(1/z) and Q € \\ R
Now let ¢ = 2n —1. Then w € $H, means that ' = A"w € $H_;. Hence
Son—1 := [Aw’,w'] is well defined. Moreover, by defining sg, ..., s2,—2 as in (3.10)
it follows that the function @ in (3.1) admits the operator representation
Qz)=[(A—2)""W W], W =A"weESH_1. (3.12)
Hence, by Theorem 2.1 (:? € N, 1 for some v’ € N and thus Q € N, _,. This
completes the proof. O

From Theorem 3.3 one obtains the following result of M.G. Krein and H.
Langer, see [21, Satz 1.10]

Corollary 3.4. ([21]) The function Q € N, admits an operator representation
Q) =7+ [(A—2)"tw,w] withy € R and w € H2, (= dom A™) if and only if

there are real numbers v and sq, ..., Son, such that
2n+1 s 1
- e
=1
In this case the numbers s, ..., sa, are given by (3.10).

Proof. The proof of Theorem 3.3 shows that the condition w € dom A™ is equiv-
alent to the operator representation (3.11) of the function Q(z) in (3.1). Now
by applying (2.10) in Remark 2.3 to the function @(z) in (3.11) and taking into
account (3.1) the equivalence to the expansion (3.13) follows. O

The criterion of M.G. Krein and H. Langer in Corollary 3.4 does not hold in
the case of an odd number ¢ = 2n — 1. However, it is clear that if w € $s,,_1 then
the analog of the expansion (3.13) exists.

Corollary 3.5. If the function Q € N, admits an operator representation Q(z) =
Y+ (A= 2)"'w,w] with v € R and w € Ha,_1 (= dom |A|"~/2) then there are

real numbers v and sq, ..., Son, such that
2n s 1
i—1 —
Q(2) :’y—z sz +0(Z2n) ,  Z—00. (3.14)
j=1

Proof. Since w € $)a,—1 the operator representation (3.12) in the proof of Theo-
rem 3.3 shows that Q(z) = o(1). The expansion (3.14) for the function @ follows
now from the definition of @ in (3.1). O



Asymptotic expansions 11

It is emphasized that the existence of the expansion (3.14) does not imply
that w € $9,_1 or, equivalently, that w’ := A"w belongs to $H_1. In this case

[Aw’,w'] need not be defined and hence it cannot coincide with the coefficient
Soan—1 in (314)

3.2. A classification of generalized zeros of nonpositive type

For what follows it will be useful to give a classification for generalized zeros and
poles of nonpositive type of a function @) € N,.

Let co be a GZNT of @ with multiplicity 7, > 0. It follows from (2.4) that
precisely one of the following three cases can occur:
(T1) —sor, = lim,gs 22 T1Q(2) < 0, lim,as 22™"1Q(2) = 0;
(T2) lim,goe 2°™=*1Q(2) = 00,  lim,gee 22> 71Q(2) = 0;
(T3) lim, g 22" T1Q(2) = 00, —S2p —2 = lim,gq 22" 1Q(2) > 0.
In these cases oo is said to be a generalized zero of type (T1), (T2), or (T3), respec-
tively; the shorter notations GZNT1, GZNT2, and GZNT3 are used accordingly.
The corresponding classification for a finite generalized zero g € R of @) is defined
analogously:

. Q . Q

(Tl) llmzeg (z—ﬁ(;)’TﬁH > 0, hmze,@ (Z—ﬂ()z;)ﬂﬁl =0;
. Q . Q

(T2) lim,ep (zﬂ()?”ﬁ*‘l =00, lim,gg (zﬂ()z)ﬂﬁ—l =0;

Q(2) Q(2)

(z — g)zmatt %O g (z — p)2ms—t <0.

(T3) lim,ep
A generalized pole of nonpositive type 8 € R U {oco} of @ is said to be of type
(T1), (T2) or (T3), if B is a generalized zero of nonpositive type of the function
—1/Q which is of type (T1), (T2) or (T3), respectively.

To give some immediate implications of the above classification consider the
generalized zero oo of Q. If it is of the first type, then it follows from (T1) that
Q € Ny _or_ . Moreover, @ has the following asymptotic expansion:

ST oo 1 —~
Qz) = T +o (z%mH) , 2900, Sap., > 0. (3.15)

If the generalized zero oo of @ is of type (T3), then @ € Ny o2 and @ has
the following asymptotic expansion

89700 —2 1 —
Qz) = i +o (22%0_1) , 29500, Sap—2<0. (3.16)
In the case that the generalized zero oo is of type (T2) there are two possibilities:
either () belongs to N,; _a,__, in which case both of the moments s, __; and sor__
are finite and @ has the asymptotic expansion

S Son 1 —
Qz) = — Mool T2 +0<z2”°°+1>’ 2500, Sopr-17#0, (3.17)

Z27‘ro<J 227Too+1
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or @ belongs to N, _o(r..—1) \ Nk 27, and it has the asymptotic expansion

S27o0—1 1 o~
Q(Z) - 22Too to <22‘n'00) » B0, (318)
or
1 —~

Observe, that the expansions (3.17) and (3.18) are also special cases of the ex-
pansion (3.19). Hence, if oo is a generalized zero of type (T2), then @ has an
expansion of the form (3.16), but now with so.___2 = 0; however, @ does not have
an expansion of the form (3.15). Similar observations remain true for generalized
zeros 8 € R and poles o € RU{oo}. For instance, to get the analogous expansions
for a generalized zero 8 € R apply the transform —Q(1/(z — 3)) to the expansions
in (3.15)—(3.19); cf. also [15]. The role of the above classification for generalized
zeros and poles of nonpositive type will be described in detail in Sections 4—6.

4. An operator model for the generalized Friedrichs extension

4.1. Boundary triplets and Weyl functions

The construction of the model uses the notion of a boundary triplet in a Pontryagin
space setting. Let $) be a Pontryagin space with negative index &, let S be a closed
symmetric relation in §) with defect numbers (n,n), and let S* be the adjoint of S.
A triplet IT = {C", T, T'; } is said to be a boundary triplet for S*, if the following
two conditions are satisfied:

(i) the mapping I': f—> {I‘Of, I‘lf} from S* to C™ & C™ is surjective;

(ii) the abstract Green’s identity

[f' 9] = 1f, ') = (1 £,T0g) — (Tof,T19) (4.1)

holds for all fz {f,f'}g={9,9} €5

see e.g. [2], [10]. It is easily seen that Ay = kerT'y and A; = kerI'; are selfadjoint
extensions of S. Associated to every boundary triplet there is the Weyl function
Q@ defined by

Q()Tof. =T1f., 2 € p(Ao),

where f: =A{f.,2f.} € ‘flz, and 91, = ker (S* — z) denotes the defect subspace of
S at z € C. It follows from (4.1) that the Weyl function @ is also a Q-function of
the pair {5, Ao} in the sense of Krein and Langer, see [20]. If S is simple, so that

H =span{MN.: 2 € p(Ao)},

then the Weyl function @ belongs to the class N, otherwise @ € N,/ with &’ < k.
Moreover, if S is simple and H is a selfadjoint extension of S in §, then the point
spectrum of H is also simple, that is, every eigenspace of H is one-dimensional,
and if & € RU {oo}, then the root subspace at « is at most 2k + 1-dimensional.
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In the case where S is given by (1.3) one can define a boundary triplet for
S* as follows.

Proposition 4.1. (cf. [5]) Let A be a selfadjoint operator in a Pontryagin space $)
and let the restriction S of A be defined by (1.3) with w € 9. Then the adjoint S*
of S in 9 is of the form

S*={{f,Af +cw}: fedom A, ceC}
and a boundary triplet II1*° = {C,T'§°,T'S°} for S* is determined by
Ief=fwl, I¥f=c J={/Af+aw}es"
The corresponding Weyl function Q« is given by

1

Qoo(2) = —m» z € p(A). (4.2)

4.2. The model operator S(Q),) corresponding to a proper factorization

Operator models for generalized Nevanlinna functions whose only generalized pole
of nonpositive type is at co have been constructed in [6] and [14]. Such functions
admit a canonical factorization of the form

Qoo(2) = 4(2)¢* (2)Qo(2), (4.3)
where Qo € Ny, q(2) = 2" + qx_12""1 +--- 4+ qo is a polynomial, and ¢*(z) =
q(%). In general, models which are based on the canonical factorization of Q €
N, are not necessarily minimal, i.e., the underlying model operator S(Q ) need
not be simple and it can even be a symmetric relation (multivalued operator).
However, with the canonical factorization the nonsimple part of S(Qo) can be
easily identified and factored out to produce a simple symmetric operator from
S(Qw0), cf. [3]. The model constructed for S(Q) in [6] uses an orthogonal coupling
of two symmetric operators. In [9] this model was adapted to the case where the
function (g is allowed to be a generalized Nevanlinna function, too. In this case
the situation becomes more involved and, in general, one cannot represent S(Q)
as an orthogonal sum of a simple symmetric operator and a selfadjoint relation.
However, such a simple orthogonal decomposition for S(Q) can still be obtained
if the factorization (4.3) of Q« is proper. This concept is defined as follows.

Definition 4.2. ([9]) The factorization Qu.(2) = q(2)¢*(2)Qo(2) is said to be proper
if ¢ is a divisor of degree £koo(Qs) > 0 of the polynomial ¢ in the canonical
factorization of the function Q, cf. (2.5) .

Clearly, proper factorizations of Qo € N, always exist, but they are not
unique if ¢ has more than one zero and ko (Qs) < k. Proper factorizations Qs =
9q¢"* Qo can be characterized also without using the canonical factorization of Quc.

Lemma 4.3. Let Q. € Ny have a factorization of the form
Qoo (2) = ¢(2)¢*(2)Qo(2), degq=Fk >1, (4.4)
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where q(2) is a monic polynomial, and let « € o(q) be a zero of q with multiplicity
ko. Then the following statements are equivalent:

(i) the factorization (4.4) of Qoo is proper;

(ii) the multiplicities Koo (Qoo) and mo(Qoo) satisfy the following relations:

Foo(Qoo) = degq and 74 (Qwo) > ko for all a € o(q); (4.5)
(i) Koo(Qo) and K(Qw) = Kk satisfy the following identities
Koo(Qo) = 0 and k(Qo) = degq + k(Qo). (4.6)

Proof. (i) < (ii) In a proper factorization (4.4) koo(Qoo) = degq and clearly the
inequalities in (4.5) just mean that ¢ divides the polynomial ¢ in the canonical
factorization of Q.

(i) = (iii) If the factorization (4.4) is proper, then in the canonical factor-
ization of the function @y the numerator gy and denominator po (= p) of the
corresponding rational factor rg are of the same degree k(Qp), and this implies
(4.6).

(iii) = (i) It follows from the second equality in (4.6) that ¢ and the poly-
nomial py in the canonical factorization of the function @ are relatively prime
and, therefore, ¢ is a factor of the polynomial ¢ in the canonical factorization
of Qoo. Moreover, mo(Qo) = 0. Now the assumption ko (Qo) = 0 implies that

Koo(Qoo) = deggq. O

The construction of factorization models is now briefly described. Let g be a
polynomial as in (4.4) of degree k = deg g. Define the k x k matrices B, and C, by

@ qee1 1 0 1 ... 0
: . 1 : S

Gt 0 0 ... 1
1 0 .. 0 —q —9 - —Qk-1

so that o(Cq) = o(q). Moreover, let $, be a 2k-dimensional Pontryagin space
defined by
((Ck@(cka<6v>)a B = ( 0 Bq)

Bg 0

A general factorization model for functions Qo of the form (4.4) was constructed
in [9] and can be applied, in particular, for proper factorizations of Qu.

Theorem 4.4. (cf. [9]) Let Qoo € N, be a generalized Nevanlinna function and let
Qo (V) = (N (NQo(N), (4.7)

be a proper factorization Q, where q is a monic polynomial of degree k = degq >

1. Let Sy be a closed symmetric relation in a Pontryagin space o with the boundary
triplet TI° = {H, T3, T} whose Weyl function is Qq. Then:

(i) the function Qg in (4.7) belongs to the class N _g;
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(i) the linear relation

fo £ fo={fo, £} € S,
S(QOO) = -}: ) NCq”fA : flf F?f(), (48)
F) \Cof + T3 oex fi=0

is closed and symmetric in § = Ho B H, and has defect numbers (1,1);
(iii) the adjoint S(Qwo)* of S(Qoo) is given by

fo fo N f'():{fbvfé}/\e 565
! Cyf + T3 foer peC
(iv) a boundary triplet 1 = {H,Ty,T1} for S(Qeo)* is determined by
To(fo@F)=fi. TiheF)=5 fioFecSQx)" (4.9)

(v) the corresponding Weyl function coincides with Q-

Proof. Since the factorization (4.7) is proper the statement (i) is immediate from
the equality (4.6) in Lemma 4.3. All the other statements are contained in [9]. O

In fact, the statement (iv) in Theorem 4.4 can be obtained directly also from
Proposition 4.1, since S(Q) in (4.8) is a restriction of the selfadjoint relation

fO f6 T / *
AQu =S S L)o| | Gy | s o7 M BEESE R )
f Cqf + TG foex Lo
to the subspace $) © wp, where wy = col(0, e, 0); compare (1.3). The generalized
Friedrichs extension of S(Q«) is given by

fo 5 fo={fo, fi} € ¢,
SF(QOO) = Ji ) C(Lﬁf + @:?k : ~f1 = F?f07 . (411)
f Cof + T8 foer f1i=05eC

According to (4.2) in Proposition 4.1 the Weyl function Q«(z) corresponding to
the boundary triplet (4.9) is of the form
1

Q=) = a0 — 9 el
Thus the function @Q = —1/Q has the representation
Q(2) = [(A(Quo) — 2)'w, 0], (4.12)

which is, however, not necessarily minimal, since mul S and ker (S — ), « € o(q),
can be nontrivial. The following lemma describes these subspaces.

Lemma 4.5. ([9]) Under the assumptions of Theorem 4.4 let Sy be a simple closed
symmetric operator in the Pontryagin space $g, let A} = kerT'?(D Sp), i = 0,1,
and let ko be the multiplicity of o € C as a zero of the polynomial q. Then:
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(i) mul S(Qw) is nontrivial if and only if mul A is nontrivial and in this case
mul Qo) = {(9,0,T6Gex) " = G = {0, 9} € AV} (4.13)

(ii) of mul S(Qoo) is nontrivial, then it is spanned by a positive vector;
(iii) 4f mul A is nontrivial, then it is spanned by a positive vector;
(iv) 0,(S(Qw0)) = 0p(AY) N (q*) and for a € a,(A) No(q*) one has

ker (S(Qoo) — @) = { (90, T9GoA|r=0,0) " : go € ker (A — ) }; (4.14)
where A = (1, \,...,\F=1), X\ € C;

(v) if ker (S(Qoo) — @) or, equivalently, ker (A — «) is nontrivial, then it is
spanned by a positive vector.

It follows from (ii) and (iv) that the linear relation S(Qs) can be decomposed
into a direct sum of an operator S’ with an empty point spectrum and a selfadjoint
part in a Hilbert space which is the sum of mul S(Q) and ker (S(Qs) — @),
a € 0,(A3) N o(g*). The next theorem shows that the reduced operator S’ is
simple.

Theorem 4.6. Let the assumptions of Theorem 4.4 be satisfied and let S(Qoo),
A(Qwo), and Sr(Qoo) be given by (4.8), (4.10), and (4.11), respectively. Then:

(1) S(Qwo) is simple if and only if 0,(S(Quo)) = 0. In this case the linear rela-
tions S = S(Qw), A = A(Qw), and SF = Sr(Qs) satisfy the equalities (1.3)
and (1.4) with w = wo and the operator representation (4.12) of Q@ = —1/Q
is minimal.

(ii) If S(Qoo) is not simple, then the subspace

§” = span { mul $(Quo), ker (S(Quo) — @) : @ € 0, (AJ) Na(q) } (4.15)

is positive and reducing for S(Qso). The simple part of S(Qoo) coincides with
the restriction S’ of S(Quo) to $' := H S H'. The compressions S, A’, and
St of S(RQx); A(Qx), and Sp(Qoo) to the subspace ' satisfy the equalities
(1.3) and (1.4), with w € $ given by

w— { wo, L ka‘ > 1,
(ga_l/FO./g\aFO/g\)Tv ka =1,
and the function Q = —1/Qo admits the minimal representation

Q) = ~1/Qu(N) = [(4" = X)'w,w].
4.3. The root subspace of the generalized Friedrichs extension at co.
Let the assumptions of Theorem 4.4 be satisfied and let S(Qwxo), A(Qso), SF(Qoo)
and S’, A’, S be the same as in Theorem 4.6. Since S’ is a simple symmetric
operator in the Pontryagin space $)’ its selfadjoint extension Sj has a simple
point spectrum. In particular, the multivalued part mul S% of S% is at most one-
dimensional. The corresponding root subspace

Roo(S)) =span{g € &' : {0,g} € 4", for some k € N}
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is at most 2k+1-dimensional. The root subspace R (S%) is spanned by the vectors
w; which form a maximal Jordan chain in Ro(S%):

Roo(S7) =span{w; € 9" : {wj_1,w;} € Sk, j=0,...,v -1},
where v = dim Ry (%) and w_; = 0.

The main properties of the root subspace Ry, (S5) of the selfadjoint extension
St of S” are given in Lemmas 4.7-4.11 below. The proofs of these lemmas are
constructive, since they are based on the factorization model for S(Q~) given in
Theorem 4.4, cf. also [9]. As a consequence a detailed description for the structure
of the corresponding Jordan chains in the factorization model is obtained. It turns
out that three different types of maximal Jordan chains can appear in this model.
In each of these cases maximal Jordan chains in Ry (SF) can be regular or singular
and the signature of Ry (SF) has its own specific nature in each case.

The first lemma concerns the dimension and nondegeneracy of the root sub-
space Roo(S%); further equivalent conditions and descriptions (without a specific
model space) for arbitrary generalized poles and zeros of @ € N, with direct
(nonconstructive) proofs can be found from [15].

Lemma 4.7. Let Qo € Ny, let koo(Qoo) = degq(= k) > 0, and let S', Sk, and
w € N, lw,w] <0, be as in Theorem 4.6. Then:

(1) dim R (S%) > degg;

(i) dim R (S}) is equal to v if and only if w € dom Sp" "'\ dom S}." ;

(i) Roo(Sk) is a regular subspace of dimension v if and only if

w € dom S\ dom S%" and [w,w,_1] # 0 for {w,w,_1} € Sp"
(iv) Roo(STk) is a singular subspace of dimension v if and only if
w € dom S%" "\ dom S and [w,w,_1] =0 for {w,w,_1} € Sp" "' (4.16)

Proof. (i) Consider a proper factorization (4.7) for Q» and the model operator

S(Qs0) constructed in Theorem 4.4 and denote by Ay = kerT'y the selfadjoint
extension Sr(Q) in (4.11) of S(Qs) in (4.8). Clearly, the vectors

0 0 0
Wy = €k yeeeyWp—2 = €9 , Wp—1 = €1 (417)
0 0 0

form a Jordan chain in Ry (Ay), that is, wy € mul Ay and {w,_1,w;} € Ap for
j=1,...,k—1.If S(Qu) is simple then Ay = S} and this proves (i). In the case
when S(Q ) is not simple, but mul S(Q ) is trivial the vectors wy, . .., wg_1 still
belong to R (S%) since for all a € 0,(A3) No(g*) these vectors are orthogonal to
the eigenspaces ker (S(Qx) — &) which were described in (4.14).

Assume that mul S(Qs) is not trivial. Again it follows from Lemma 4.5
that the vectors wy,...,wi_1 are orthogonal to ker (S(Q) — ) for all a €
o,(A8) N (g*). Moreover, by using (4.13) in Lemma 4.5 it is seen that the vectors
Wo, . . ., Wg—2 are orthogonal to mul S(Q). Since mul S(Qoo)[-L]ker (S(Qso) — @)
for all a € 0,(AY) Na(g?), it is easy to check that the projections w) = P'w; of
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wj, j =1,...,k — 1, to the subspace § = $ © H”, where $" is given by (4.15),
take the form
/ / / —(T99)g
Wy = Wo, ..., W_g = Wk—2,W),_; = €1
—|0g1%ex

, (4.18)

where g € mul A9, [g,9] = 1,9 = {0, g} € A, and I'§g # 0. Therefore, the sequence
{wy, ..., wj,_,} forms a Jordan chain in R, (S%) and hence again dim R (S%) > k.
(ii) This statement holds true since S% has a simple spectrum.
(ili)&(iv) Let wp, . . . ,w,—1 be a maximal chain in Ry (S%). Since {0,wo} € Sk
one obtains immediately [wo,w;] = 0 for all j < v — 1. Therefore, the subspace
Reo(S%) is regular if and only if [wo,w,—1] # 0. This proves (iii) and (iv). d

The explicit construction of a maximal Jordan chain {wp,...,w,—_1} span-
ning R (S%) in the factorization model will be carried out by a continuation of
the chains (4.17) and (4.18), which correspond to the cases mul S(Q+) = {0} and
mul S(Qs) # {0}, respectively. Observe, that by Lemma 4.5 mul S(Q) is non-
trivial if and only if mul A} is nontrivial. Moreover, since Sy is simple at most one
of the selfadjoint extensions A§ or AY of Sy can be multivalued.

Case I: mul S(Qs) = {0}. The proof of Lemma 4.7 shows that {wo,...,wy_1}
can be constructed as a continuation of the chain (4.17) if v > k with w; = wyj,
j=0,...,k— 1. The formula (4.11) implies that the vector wy should be of the

form wy, = (go, f, f) T, where

Go=1{0,00} €S, T%Go=1, f=Cgper+per, f=T3G0e

By choosing per = —C,:e;1 one obtains
9o
wg = 0 , Go=1{0,90} € S5, T%go=1. (4.19)
I0go0er

Here go # 0 if and only if wy # 0. Therefore, one can continue the chain (4.17) if
and only if mul S§ is nontrivial. This proves the following

Lemma 4.8. If mul S§ = {0}, then Roo(S}) is isotropic and
dim R (S%) = ko(Reo (SF)) = k.

Now assume that mul S§ is nontrivial, so that one can continue the chain
(4.17) by a vector wy, # 0 of the form (4.19). Here two further different cases can
occur: either mul A} is nontrivial, in which case mul A} = mul S§, or mul A =
{0}. These two cases give rise to two different types of maximal Jordan chains in

Roo (S%)-
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Lemma 4.9. Let mul A} be nontrivial. Then R (SF) is reqular if and only if v =
2k + 1. If Reo(S%) is singular then k+1 <v < 2k and

ko(Ro(SF)) =2k +1—v, k_(Ru(Sp))=v—k—-1, ri(Ru(Sp))=v—k.

(4.20)
Proof. Since mul A # {0} one has I'}gy = 0. It follows from (4.11) and (4.19)
that the chain {wy, ..., w,_1} can be taken to be of the form
9o 9 Jv—k—1
we=[0],wkp1=1 0 |,.cc;wpa=1| 0 ) (4.21)
0 fay Jw—k-1)

with {g;_1,9;} € A} and
f(j) = agk,jﬂ + ch,i/éikif’h Cji € C, j=1,....,v—Fk—1,
=0
where
a = F8{907gl} - [wk—lawk—l—l] = [wkawk} = [907g0] > 07

since the vector gy € mul A is positive in view of Lemma 4.5. There are two

reasons for the chain to break: either g, 1 & dom A{, or one has (fo—k—1))1 #0
in which case v = 2k + 1. Since [w,_1,wo] = (fu—k—1)1, the subspace Roo(Ao) is
regular if and only if v = 2k + 1.

Observe, that the maximal chain {wq,...,w,—1} in Ry (SF) is also a max-
imal chain in Ry (S%), because the vectors w; € Roo(Sr) (j = 0,...,v — 1) are
orthogonal to the eigenspaces ker (S(Qx) — a) for a € a,(AJ) Na(q).

If R (S%) is singular then k41 < v < 2k. The isotropic subspace of R (S%)

is spanned by the vectors w;, 7 =0,...,2k — v, and
[w2k—v+1vwv—l] = [Wlmwk] = [90390} =a>0.
Therefore, the Gram matrix of the chain wy,...,w,_1 is a Hankel matrix of the
form
0 a
a=(° %) with go=| . |, (4.22)
0 Go a *

where the left upper corner of G is the matrix Og;y1_,. The other two equalities
in (4.20) are implied by the structure of Gy in (4.22), since a > 0. O

Lemma 4.10. Let mul Ay = mul A} = {0} and let mul Sg # {0}. Then R (S%) is
reqular if and only if v = 2k. If Roo(Sk) is singular then k +1 <v <2k —1 and

Ko(Roo(S)) = 2k — v, ki (Roo(S})) = ki (Roo(S})) = v — k. (4.23)
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Proof. By assumptions I'Jgo # 0. In this case the chain {wy,...,w,_1} takes the
form

90 9 Gv—k-1
W = 0 y W41 = ~0 e, Wpy—1 = N 0 5 (424)
aeg f(l) f(u—k—l)

where a :=T§gy # 0, {gj—1,9;} € A}, and ]?(j) are given by

j—1
f(j) = agk_j +ch,igk—ia c;i€C, j=1,...,v—k—1. (4.25)
i=0
As in Lemma 4.9 it is seen from (4.24) that the subspace Ry (SF) is regular if and
only if v = 2k.
If Rw(S%) is singular then k 4+ 1 < v < 2k — 1. The isotropic subspace of
Reo(S%) is spanned by the vectors wj, j =0,...,2k —1 — v, and

[wok—v, wp—1] = [wg,wk—1] = a # 0.
Therefore, the Gram matrix of the chain wy, .. .,w,_1 takes the form (4.22), where
the left upper corner of G is the matrix Ozx—,. The equalities in (4.23) are implied
by the structure of G. O

Case II: mul S(Q) # {0}. The proof of Lemma 4.7 shows that a maximal Jordan
chain {wp,...,w,—1} in Re(S%) can now be constructed as a continuation of the
chain (4.18) with w; = w}, j =0,...,k - 1.

Lemma 4.11. Let mul S(Qx) # {0}. Then Roo(S%) is regular if and only if v =
2k — 1. If Ruo(S%) is singular then 1 <k <v <2k —2 and

ko(Ro(SF)) =2k —1—v, k_(Ru(Sp))=v—k+1, ri(Ru(Sp))=v—k.
(4.26)

Proof. If k = 1 then wy = (—(I'09)g, 1, —|T9g|?>) " and it follows from (4.11) that
the chain (4.18) cannot be continued, in which case v = k = 1 and [wo,wo] =
—|9g]? < 0.

Now let k& > 1 and consider the continuation of the chain (4.18). According
to (4.11) the condition {wy_1,wr} € Ap for some wy, means that for some vector
g1 one has
where g = {0,g} € AY, [g,9] = 1, I'3g # 0. Observe, that here the conditions
I'Yh =1 and [g,g] = 1 are equivalent, since by Green’s identity (4.1)

~I3glg, g = T9GTh — D3GR = ~TogT 9.

Observe also, that g ¢ dom AY, since g € mul A} and the vector g is positive.
Moreover, it follows from (4.11) that the continuation of the chain (4.18) can be
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taken to be of the form

g1 Jv—k
W = ~0 e, Wy = ~0 , (4.28)
fa Tk

where {g;_1,g;} € AY for j =2,...,v — k and J?(j),jz 1,...,v —k, are given by
(4.25), where
a = 7|F8?]\|2 = [wk_l,wk_l] < 0.

By (4.13) the vector w; is orthogonal to mul S(Q) for all j = k,...,v — 2.
In addition, one can select g,_j in (4.28) such that [g,_x,g] = 0 and then also
wy—1 is orthogonal to mul S(Qs). Moreover, the vectors w;, j = k,...,v — 1, are
orthogonal to the eigenspaces ker (S(Qoo) — @), a € 0,(AJ) No(q). Hence (4.18)
together with (4.28) forms a maximal Jordan chain in Ry (S%). Moreover, the
subspace Ro(S%) is regular if and only if v = 2k — 1.

If R (S%) is singular then k > 1 and k < v < 2k—2, see (4.27). The isotropic
subspace of Ry (S%) is spanned by the vectors wj, j =0,...,2k —v —2, and

[Wok—p—1,wp—1] = [Wk—1,wk—1] = a < 0.

Therefore, the Gram matrix of the chain wy,...,w,_1 is a Hankel matrix of the
form (4.22), where the left upper corner of G is the matrix Ogx_1—, and a < 0.
This proves the equalities (4.26). O

The above considerations show that three different types of maximal Jordan
chains in R (S%) can occur, cf. (4.21), (4.24), and (4.28). The longest Jordan
chains appear in the first case, where mul A) # {0}, see (4.21), while the shortest
Jordan chains appear in the third case, where mul A} # {0}, or equivalently,
mul S(Qs) # {0}, see (4.28). The main properties associated with each of these
maximal Jordan chains in Lemmas 4.8-4.11 are collected in the next theorem.

Theorem 4.12. Let Qoo € Ny, Koo(Qoo) = k > 0, v = dim (R (Sy)), and let S,
St be as in Theorem 4.6. Then one of the following three cases occurs:

(i) Ifmul A is nontrivial, then k+1 < v < 2k+1, k_ (R (S5)) = k4 (Roo(S5))—
1, and ko(Roo(Sk)) = 2k + 1 — v. Moreover, Roo(S%) is singular if and only
if v < 2k.

(i) If mul AY = mul AY = {0}, then k < v < 2k, £_(Roo(S%)) = k4 (Rao(Sk)),
and ko(Rwo(S%)) = 2k — v. Moreover, Roo(S%) is singular if and only if
v<2k-—1.

(iii) Ifmul A? is nontrivial, then k < v < 2k—1, k_(Roo(S%)) = k1 (R (S5)) +1,
and rko(Reo(SF)) = 2k — 1 — v. Moreover, Ry (Sk) is singular if and only if
v<2k—2and k> 1.

Proof. Tt is enough to prove the statement (ii). For this one combines the results
in Lemma 4.8 and Lemma 4.10. Indeed, if mul S} = {0} then by Lemma 4.8 one
has v = dim R (S%) = k < 2k — 1 and k(R (SF)) =k =2k —v. O
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5. Analytic characterizations of the root subspace at co

Let Qo € N, have a minimal operator representation (1.2) with v = 0, where A
is a selfadjoint operator in ), and let S and S be defined by (1.3) and (1.4), re-
spectively. In Section 4 one such minimal operator representation was constructed
in Theorem 4.6 by using the factorization (4.2) of @, in Theorem 4.4. By unitary
equivalence general statements concerning S, A, and Sg in a minimal representa-
tion of the function @), can be obtained by considering the corresponding objects
S’, A’ and S% in the model of Theorem 4.6. In this section the results concerning
the root subspace of the generalized Friedrichs extension Sg in Section 4 are con-
nected with the asymptotic expansions in Section 3. In particular, the connection
between the classification of generalized poles and zeros introduced in Subsec-
tion 3.2 and the three different types of maximal Jordan chains in Section 4 is
explained.

5.1. The root subspace of the generalized Friedrichs extension at co and operator
representations.

In order to establish the connection between the Jordan chains in the root subspace

Roo (SF) of the generalized Friedrichs extension Sg and the asymptotic expansions

in Section 3 the following lemma will be useful.

Lemma 5.1. Let A be a selfadjoint operator in a Pontryagin 9, let w € $, and let
S and Sg be defined by (1.3) and (1.4). Then:

(i) domS" = {f € dom A" : [A/f,w] =0 for all j <n}, n € N;
(ii) w € dom S™ if and only if w € dom S, n € N;

(iil) if wo, w1, ... ,wn With wg = w is a Jordan chain in R (SF) such that
wi,wj] =0 forall i+j<li<2n, l€LZ, (5.1)
then
[S'w,S7w] = [wi,w;]  forall i+j <1< 2n. (5.2)

Proof. (i) If f € dom S™, then the definition of S in (1.3) shows that f € dom A™
and [A7 f,w] = 0 for all j < n, since A7 f € dom S for all j < n and w is othogonal
to dom S. Conversely, assume that f € dom A" and [A7f, w] = 0 for all j < n.
Then the definition (1.3) shows that A7 f € dom S for all j < n. Hence f € dom S™.

(ii) Note that the condition w € dom S} means that there is a chain of vectors
W, W1, - -, Wn, Wy = w, such that {w;_1,w;} € Sp for j < n. According to (1.4)
this is equivalent to

wj =8wj_1+cjw forsomec; €C, j=1,...,n. (5.3)

Hence, if w € dom S%, then w; € dom S and w;_; € dom 52 for all j < n, and this
leads to w € dom S™. The reverse implication is also clear from (5.3).
(iii) It follows from (5.1) and (5.3) with I > 1 that

[w07 wl] = [wo, SWO].
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Now, if [S%wy, S7wg] = [wi,w;] = 0 for all i+j < m < [, then one obtains from (5.3)
that

i J—1
[wi+1,wj] = [SZHWO + Z Cit1—aS%wo, Swo + Z ijﬁsﬁwo}
a=0 B=0

= [Si—Hwo, Sjo.)o],
which completes the proof. O

The statements (iii) and (iv) in Lemma 4.7 can now be reformulated in terms
of the moments s; = [A7w,w] of the operator A, cf. also [15].

Proposition 5.2. Let S, Sp, w € 9, and [w,w] <0, be as in (1.3) and (1.4), in a
minimal representation of Qoo € Ny with koo(Qoo) =k > 0. Then:

(i) Roo(SF) is a regular subspace of dimension v if and only if

w e domAY™L, and s,_1 # 0, s; =0 forallj <v—1; (5.4)
(ii) Reo(SF) is a singular subspace of dimension v if and only if

w € dom A¥~ '\ dom A”, and s; =0 for all j <v — 1. (5.5)

Proof. (i) Assume that R, (SF) is a regular subspace of dimension v. Then by
Lemma 4.7 w € dom S% '\ dom S% and by Lemma 5.1 w € dom S~ C dom A~
This implies that s; = [AJw,w] = [Sw,w] = 0 for j < v — 1. Moreover, if
{w,wy_1} € S;_l then

Sy_1 = [A”flw,w] = [S”*lw,w] = [wy—1,w] # 0,

so that (5.4) follows.
Conversely, if (5.4) holds, then w € dom S;_l by Lemma 5.1. Moreover, for
{w,w,_1} € S% ! one has

[wu—law] = [Ay_lw7w] = Sy-1 7& 07

so that w & dom S%. Hence, Ry (SF) is a regular subspace of dimension v.

(ii) Assume that R (SF) is a singular subspace of dimension v. Then it
follows from Lemma 4.7 and Lemma 5.1 that w € dom S¥~! C dom A¥~! and
[Aw,w] = [SPw,w] = 0 for all j < v — 1. If w € dom A, then by Lemma 5.1
w € dom S%, a contradiction to (4.16). Thus, w ¢ dom A" and (5.5) follows.

Conversely, assume that (5.5) holds. Then one has w € dom S% '\ dom S%
by Lemma 5.1. Moreover, by (5.2) one has

[wy_1,w] = [A" tw,w] = 5,1 = 0.

Hence, (4.16) holds and R (SF) is a singular subspace of dimension v. O
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5.2. Asymptotic expansions and the classification for the generalized zero (pole)
oo in the model space.

The classification of generalized poles of Q. or, equivalently, of the generalized
zeros of Q = —1/Q in Subsection 3.2 is now connected with the maximal Jordan
chains constructed in Section 4. For this purpose observe that the assumptions of
Theorem 4.12 can be expressed in terms of the Weyl function Qo(A) of Sy in the
following equivalent form:

mul A) = {0} < lim QOT(Z) =0, (5.6)
mul A = {0} < lim 2Qo(2) = . (5.7)

Now one can reformulate Theorem 4.12 in the form which makes clear the con-
nection with the classification of generalized zeros and poles of nonpositive type
introduced in Section 3.

Theorem 5.3. Let Q € N, have a minimal representation (1.2) and let S and Sp
be defined by (1.3) and (1.4). Let oo be a generalized zero of negative type of @
with multiplicity 7o (Q) = k > 0 and let the root subspace Roo (SF) be of dimension
v. Then Ry (SF) is regular if and only if Q has an asymptotic expansion of the
form

v— v— 1 -
Q(z) ~ _871 ____ ziy—? +o <Z2u—1> , Z—00, su—1 # 0. (5-8)

Moreover, precisely one of the following three cases occurs:
(i) Ifoois a GZNTI, then k+1 < v < 2k+1 and Q has the asymptotic expansion

Sok Soy—2 1 —
Q) ~ g~ o1 1O <Z2u—1> 200, (5.9)
where so, > 0. In this case k_(Roo(SF)) = £+ (Reo(SF)) — 1, ko(Roo(SF)) =

2k +1—v, and R (SF) is singular if and only if v < 2k.
(ii) If oo is a GZNT2, then k < v < 2k and for v > k+1 Q has the asymptotic

expansion
S2k—1 Sou—2 1 —
Qz) ~ — 2k T v +o <Z2u—1) )y B0, (5.10)
where sop_1 # 0, and for v =k @Q has the asymptotic expansion
1 —
Q(z) ~o (,22"—1> ,  Z—00. (5.11)

In this case k— (R (SF)) = k+(Roo (SF)), k0(Reo (SF)) = 2k—v, and R (SF)
is singular if and only if v < 2k — 1.
(iii) If oo is @ GZNTS, then k <v <2k —1 and Q has the asymptotic expansion

S2k—2 S2p—2 1 —
Q) ~ =1~ Lt 1O (Z2u—1> » FT00, (5.12)
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where sok—o < 0. In this case k— (Roo(SF)) = ki (Roo(SF))+1, ko(Roo(SF)) =
2k — 1 — v, and Ry (SF) is singular if and only if v < 2k — 2 and k > 1.

Proof. Since the root subspace R, (SF) is of dimension v it follows from Proposi-
tion 5.2 that w € dom A¥~!. By Theorem 3.3 this means that Q € N, —2(v—1)- Now
Corollary 3.4 and (5.4) show that in the regular case the asymptotic expansion is
of the form (5.8).

If the root subspace R (SF) is singular then Proposition 5.2 and Theorem 3.3
yield w € dom A*~!\ dom A” and Q € N, —2w-1) \ Nk, —2,. Now consider the
classification given in Subsection 3.1.

(i) Assume that oo is a GZNT1 of Q). Then by (T1) the following limit exists:

lim 2**71Q(z) < 0.
z€e00

It follows from the factorization (4.7) that
Qo(2) Qe (2) : 1

lim = lim =—lim ————— >0.
z€o0 z z€00 22k+1 z€00 Z2k+1Q(Z)

According to (5.6) this means that mul A # {0}. The asymptotic expansion (5.9)
is implied by (3.15) and Corollary 3.4. The remaining statements are obtained
from part (i) of Theorem 4.12.

(ii) Assume that co is a GZNT2 of Q. Then by (T2) one has

lim 2**T1Q(2) = 00, lim 2*71Q(2) = 0.
z€e00 z2€e00

It follows from the factorization (4.7) that
Qo(2) 1 1

zhengo e zhenolo 22k+1Q(2) =0, zhengo 2Qolz) = = zhergo 22k=1Q(2) -
According to (5.6) and (5.7) this means that mul A = mul A} = {0}. The as-
ymptotic expansion (5.10) is implied by (3.17), (3.18), and Corollary 3.4, while
the expansion (5.11) is obtained from (3.18), (3.19). The remaining statements are
obtained from part (ii) of Theorem 4.12.
(iii) Finally, assume that oo is a GZNT3 of ). Then by (T3) the following
limit exists:

lim 2%*71Q(z) > 0.

zeo0
It follows from (4.7) that
. . 1
M 2Qo®) = = lm g <O

and in view of (5.7) this means that mul AY # {0}. The asymptotic expan-
sion (5.12) is implied by (3.16) and Corollary 3.4, and the remaining statements
are obtained from part (iii) of Theorem 4.12. O
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The characterizations in Theorem 5.3 can be translated also for the gener-
alized poles of nonpositive type of the function (), by means of the following
theorem. In fact, this result is an extension of [6, Theorem 5.2] and can be seen to
augment also the result stated in Theorem 3.3.

Theorem 5.4. Let Q € Ny, Q # 0, with lim,gs Q(2) = 0 and let Qs = —1/Q.

Then the following statements are equivalent:

(i) @ € Ni, 2, \ Ny _2n—2 and m > 0 is the mazimal integer such that s; = 0
for all j <m — 1(< 2n);

(i) Q(z) = [(A — 2)"tw,w], 2 € p(A), for some selfadjoint operator A in a
Pontryagin space $ and a cyclic vector w € dom A™ \ dom A"t satisfying
[Alw, A'w] =0 for alli+j <m—1(<2n), i,j < n;

(iil) @ has an asymptotic expansion of the form

Sm Son 1 o~
Q(Z) = —W ———— 22n+1 +o0 (,2;2”“) y Z—00, (513)
where m(< 2n+1) and n are mazimal nonnegative integers, such that (5.13)
holds;
(iv) Qoo = —1/Q has an asymptotic expansion of the form
Qoo(2) = prmgp12™ ™+ F o2 40 (z”“) , 200, (5.14)

where ppmy1 # 0 if m > 20 and £ € 7 (with 20 < m + 1) is minimal such
that (5.14) holds.
In this case the integers m,n > 0 and ¢ are connected by £ = m — n. Moreover, in
(5.13) sy # 0 if and only if pmy1 # 0 in (5.14), in which case py41 = 1/5m and
m < 2n or, equivalently, 20 < m.

Proof. (i) < (ii) This equivalence follows from Theorem 3.3 and the formulas
(3.10) for the moments s;, j < 2n.

(i) < (iii) If (i) holds then by Corollary 3.4 @ has an asymptotic expansion of
the form (5.13) and maximality of n in this expansion follows from the assumption
Q & Ny _ont2. The converse statement is also clear.

(iii) < (iv) Assume that @ satisfies (5.13). If m < 2n then s, # 0. Otherwise
m = 2n + 1 and the expansion (5.13) reduces to

Q) = o (Zrmlﬂ> . (5.15)

In the case that m < 2n, s,,, # 0 and the expansion (5.13) can be rewritten in the
form

m—+1 _ Son 1 —
2MTQ(2) = =8y — 0 — Tanm +o <z2"—m> ,  Z—00. (5.16)
Since Q» = —1/Q, by inverting the expansion (5.16) one concludes that the

expansion (5.13) for @ with s, # 0 is equivalent for Q. to admit an expansion
of the form

Qoo(2) = P12 oy 122 40 (Zz(m_n)H) . 2500,
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where py,+1 = 1/8,, # 0. This means that Q has an asymptotic expansion of the
form (5.14), where the integer £ = m — n, 2¢ < m + 1, is minimal if n is maximal,
and conversely. Hence the equivalence of (iii) and (iv) is shown in the case that
m < 2n.

Next consider the case that m = 2n + 1. Then @ satisfies (5.15) and this is
an expansion of the form (5.13) with the maximal integers n > 0 and m = 2n + 1.
Since Qo = —1/@Q, one concludes that

Q(2) = o(z2"+3), 25500,

so that Q) has an expansion of the form (5.14) with £ :=n+1 > 0 and m+1 = 2¢.
Moreover, here £ = n+1 is the minimal integer, such that @), admits an expansion
of the form (5.14). Observe, that since £ = n + 1 is minimal, the maximal m in
(5.13) is equal to m = 2n + 1, so that the equality £ = m — n holds also in this
case. In particular, (5.13) and (5.14) are still equivalent if m = 2n + 1, in which
case one can take m + 1 = 2¢. (]

To establish the classification of the asymptotic expansions for the function
Qoo along the lines of Theorem 5.3 it is enough to consider expansions of the form
(5.14) with £ = m —n > 0 (so that in (5.13) n < m) and then apply the last
statement of Theorem 5.3. In this case (5.14) takes the form

Que(2) = P(2) 10 (7)), 250,
where
P(2) = pg12™ T 4 pop 1 22 >0,

is a real polynomial of degree deg P = m + 1, whose leading coefficient is given by
DPmt1 = 1/8pm, if deg P > 20. If m + 1 = 24, then one can take P = 0.

5.3. Asymptotic expansions and the index of singularity.

As another consequence of Theorem 5.4 some characterizations for the index of sin-
gularity of the generalized pole (zero) of nonpositive type of Qs (of @ = —1/Qx0)
at oo are given. The motivation for this notion is given in the end of this section.

Definition 5.5. Let co be a generalized pole of Qs (zero of Q) of nonpositive
type of order v (= dimR,,(Sr)) and let H, = (5i+j)zl‘j,g_‘:10 be the v x v Hankel
matrix which is determined by the finite moments s;, 0 < j < 2v — 2, of Q). Then
k%, = dim (ker H,) is called the indez of singularity of Q. at oo.

Theorem 5.6. Let n and m be mazimal nonnegative integers with n < m, such
that Q € Ny _op and s; =0 for all j <m —1(< 2n), and let S, A, Sp, w be from
the minimal operator representation (1.2) of Q. Then the following assertions are
equivalent:

(i) oo is a generalized zero of nonpositive type of Q with the index of singularity
equal to k2, ;
(i) k2 =m —n(>0);
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(iil) Qoo = —1/Q admits an asymptotic expansion of the form
Qoo(2) = Poy1(2) + o(z2%=11), 2500, (5.17)

where Py, 1 is a polynomial of degree n+1 > 2k% and k% > 0 is the minimal
integer such that (5.17) holds;

(iv) k%, is equal to the dimension of the isotropic subspace of Roo(SF).

Proof. (i) < (ii) It follows from Theorem 5.3 and the maximality of n and m,
n < m, that n = v—1, where v = dim R (SF), cf. [15, Theorem 5.2]. Since clearly
dim (ker H,) = m — n(> 0) the equivalence of (i) and (ii) is shown.

(ii) < (iii) This follows immediately from Theorem 5.4 with £ = m —n =
k%, > 0. Here minimality of %, > 0 in (5.17) is equivalent to the maximality of
n(=m— k%) in (5.13).

(ii) < (iv) To prove this equivalence the indices m and n are calculated in
each of the cases (i)—(iii) in Theorem 5.3. In the case (i) one obtains from (5.9)
m =2k, n=v — 1. Hence

K =m—n=2k—v+1=ro(Roo(SF)).

o0

Similarly in the case (ii) for both expansions (5.10) and (5.11) one has m =
2k —1,n=v —1. Thus

kY =m —n =2k —v=rko(Re(SF)).

o0
Finally in the case (iii) m =2k — 2, n =v — 1, and

K =m—n=2k—1—v=ro(Re(SF)).

o0

This completes the proof. O

The equivalence of (i) and (iv) in Theorem 5.6 is also a direct consequence
of [15, Corollary 4.4]. From Theorem 5.6 one obtains immediately the following
characterization for the regularity of a critical point.

Corollary 5.7. ([6, Theorem 4.1], [17, Proposition 1.6]) The root R (SF) is non-
degenerate (equivalently oo is a regular critical point of Sg) if and only if Qs
admits the representation

Qoo(2) = P(2) + Qo(2), where Qo(z) =o0(2), z—oo0.
Proof. This is immediate from the equivalence of (iii) and (iv) in Theorem 5.6. O
The index % measures the degree of singularity of the singular critical point
oo of Sg. The characterization of k2 via the asymptotic expansion (5.17) in The-

orem 5.6 is particularly appealing: it extends the result stated in Corollary 5.7 to
the case of singular critical points in an explicit manner.
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6. Spectral characterizations via the underlying Weyl functions

In this section the structure of the underlying root subspace corresponding to the
three different types of maximal Jordan chains constructed in Section 4 is studied
by means of the factorized integral representations of the underlying Weyl func-
tions. First detailed results are presented for the point co. Then the case of finite
generalized zeros and poles of nonpositive type is treated briefly. Furthermore, it is
shown how the classification of all generalized zeros and poles of Q) € N, belonging
to RU {oco} can be applied in establishing analytic criteria for the minimality of
(not necessarily canonical) factorization models of N -functions.

6.1. The classification of generalized zeros and poles at oc.

The canonical factorization of generalized Nevanlinna functions in (1.6) implies
that Q(z) = —1/Qx(z) has the following integral representation:

__ A DEFGE) (L, R
Q(2) = -1/Qu(2) = BrIE) ( +b +/R (tz t2+1) dp(t)), (6.1)
where p and ¢ are as in (2.5), a € R, b > 0, and p(t) satisfies
dp(t)
/R Zr1 (6:2)

In the case that [, dp(t) < oo, denote ag = a — [, t/(t* + 1) dp(t) € R.

In the next theorem the classification of the Jordan chains is characterized
via the spectral properties of the function @ using the factorized integral repre-
sentation (6.1).

Theorem 6.1. Let Qs € Ny, let k = koo(Qoo) > 0, and let Q(z) = —1/Qo0(2)
have the factorized integral representation (6.1). Then:

(i) the GZNT oo of Q is regular and of type (T1) if and only if
b= a0 =0, /de(t) >0, and /R(H— 1#)25 dp(t) < oo (6.3)

(ii) the GZNT oo of Q is reqular and of type (T2) if and only if
b=0, ap #0, and /R(l + [t)2*Vdp(t) < oo; (6.4)

(iii) the GZNT oo of Q is regular and of type (T3) if and only if
b>0 and /R(l + [t)2*=Ddp(t) < oo; (6.5)

(iv) the GZNT oo of Q is singular and of type (T1) with the index of singularity
k9, (> 0) if and only if b= ag =0 and

7"?/0 7K/0
[t <oo. [P ap — 0 (66)
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(v) the GZNT oo of Q is singular of type (T2) with the index of singularity
(0 <)k < k if and only if b= 0, ag # 0, and

/ (L Jt])**71)dp(t) < oo, / (L4 ) dp(t) = 00, (6.7)
R R
and with the index of singularity k%, = k(> 0) if and only if b =0 and

/R dp(1)

(vi) the GZNT oo of Q is singular and of type (T3) with the index of singularity
k9, (> 0) if and only if b > 0 and

A<1+\t|>2<k-2-ﬁ&>dp<t><oo7 A<1+|t|>2<k-1-ﬁ&>dp<t>=oo. (6.9)

o0; (6.8)

Proof. By Proposition 5.2 the root subspace R (SF) is regular (singular) of dimen-
sion v if and only if (5.4) holds (respectively (5.5) holds). According to Theorem 3.3
the condition w € dom A”~! is equivalent to the condition

/(1 )2 5D dp(t) < oo (6.10)
R

This leads to the integrability conditions in (6.3)—(6.5) in the regular case and to
the integrability conditions (6.7)—(6.9) in the singular case, see Theorem 4.12.

It follows from the expansions (5.9)—(5.12) of @ in Theorem 5.3 and the
factorized integral representation of @ in (6.1) that

S5 = 0 fOI“j <2k —2, Sgk_Q(Q) = —b, (611)
and moreover, that
if / dp(t) <ocoand b=0, then sy,_1 = —ao, (6.12)
R
and
if / dp(t) <ocoand b=ag =0, then sg = / dp(t). (6.13)
R R
All the statements of the theorem can now be obtained from Theorem 5.3 by
combining Proposition 5.2 with (6.10)—(6.13). O

Observe that the regular cases (i)—(iii) are obtained from the singular cases
(iv)—(vi) by taking £2, = 0 and excluding the second condition in (6.6), (6.7), and
(6.9), respectively. All of the conditions in Theorem 6.1 are based on the canonical
factorization of Q@ = r7#Qgy in (6.1) involving the ordinary Nevanlinna function
Qoo € Ny in (2.5). In the factorization model of Theorem 4.4 the factor Qo belongs
to the class Ny _j, where k = koo (Qoo). The classification of Jordan chains was
described in Theorem 4.12 by means of the selfadjoint extensions Aj and A? of S
in the Pontryagin space £)9 whose negative index is equal to k(Qp) = k(@) —
Koo(Qo). Analogous descriptions remain true also for the canonical factorization

of Quo.-
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Proposition 6.2. Let Q = rrQqg be the canonical factorization of Q € N, in (6.1)
with k = 7o (Q) > 0, let Spo be a simple symmetric operator in a Hilbert space
oo with a boundary triplet Tog = {C,T3°, T} whose Weyl function is equal to
Qoo, and let A3 = kerT')? and A = kerT'\° be the corresponding selfadjoint
extensions of Sog in $Hoo- Then:

(i) the GZNT o of Q is of type (T1) if and only if mul AY° # {0};

(i) the GZNT oo of Q is of type (T2) if and only if mul AJ® = mul A = {0};
(iii) the GZNT oo of Q is of type (T3) if and only if mul AJ® # {0}.

Proof. The identities (6.11) and (6.12) concern the function Qgg. The conditions
which describe GZNT oo of type (T1) are b = ag = 0 and [, dp(t) < oo. These
conditions are equivalent to — lim, s 2Q00(2) < 00, which holds if and only if

: 1 00
—Zhengom >0 < muldj’ # {0},
where the last equivalence follows from the simplicity of the operator Syg in $Hgg-
Similarly, for type (T2) one has the conditions b = 0 and ag # 0 if [; dp(t) < oo,
or the conditions b = 0 and [, dp(t) = co. These conditions are equivalent to

lim Qoo(z) =0, lim 2Qp =oc0o< mulAY’ = mul A = {0}.
z€00 z z€00

Finally, for type (T3) one has the condition b > 0 which is equivalent to

lim Q“Z(z) >0 < muld? £ {0},
which completes the proof. O

The spectral theoretic characterization in Theorem 6.1 was based on the
canonical factorization of the function @ = —1/Q . Since oo is a GPNT of the
function Q) it is natural to translate this result for the canonical factorization of

Qo
Qulz) = m <aoo +booz+/R (tiz - t23—1> daoo(t)> . (6.14)

where p, g are as in (6.1), s € R, o > 0, and o (t) satisfies the analog of (6.2).
In the case that [, do(t) < 0o, denote Yoo = Gog — [ t/(t* + 1) doso(t) € R.

Theorem 6.3. Let Qo € Ny with k = koo(Qso) > 0 have the factorized integral
representation (6.14). Then:

(i) the GPNT oo of Quo is regular and of type (T1) if and only if b > 0 and
/(1 )25 Do (1) < 00; (6.15)
R

(ii) the GPNT oo of Qu is regular and of type (T2) if and only if b = 0,
Yoo # 0, and the integrability condition (6.15) is satisfied;

(iii) the GPNT oo of Qoo is reqular and of type (T3) if and only if boo = Yoo = 0,
Jg dp(t) > 0, and the integrability condition (6.15) is satisfied;
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(iv) the GPNT o of Qw is singular and of type (T1) with the index of singularity
k% (> 0) if and only if bso > 0 and

/(1+|t\)2(k_1_“2°)daoo(t) < 00, /(1+\t|)2(k_“2°)daoo(t):oo; (6.16)
R R

(v) the GPNT oo of Qo is singular and of type (T2) with the index of singu-
larity (0 <)k% < k if and only if boo = 0, Yoo # 0, and the integrability
conditions (6.16) are satisfied, and with the index of singularity kK2, = k(> 0)
if and only if boo = 0 and fR dooo(t) = oo;

(vi) the GPNT o of Qw is singular and of type (T3) with the index of singularity
k9 (> 0) if and only if boe = Yoo = 0, and the integrability conditions (6.16)
are satisfied.

Proof. In each case the conditions concerning the parameters b, Goo, and Vo, are
immediate from Proposition 6.2. It remains to establish the integrability conditions
for oo (t).

First observe that the integrability conditions for p(¢) in Theorem 6.1 concern
the function Qoo in (2.5), while the integrability conditions for o (t) concern the
function —1/Qqo. Now if the GPNT oo is of type (T1) then due to the conditions
b = ap = 0 the measure dp(t) has two more finite moments than the measure
doo(t). Therefore, the integrability conditions in (6.3) and (6.6) are equivalent
to those in (6.15) and (6.16), respectively; cf. [16, Theorem 4.2]. Similarly, due
t0 boo = Yoo = 0, the integrability conditions in (6.5) and (6.9) are equivalent
to those in (6.15) and (6.16), respectively. Moreover, by [16, Theorem 4.2] the
integrability conditions in (6.4) and (6.7) are equivalent to those in (6.15) and
(6.16), respectively, while the conditions b = 0 and (6.8) are clearly equivalent to
the conditions by = 0 and [, dos(t) = oo. O

In the case that kK(Qs0) = Foo(@oo) = 1 the result in Theorem 6.3 simplifies
to [8, Theorem 4.1]. Observe also that if the function o (t) has a compact support
in R, then (6.16) shows that oo cannot be a singular critical point of Sp. Moreover,
if [ doso(t) =0 and Koo (Qoo) > 0, then only the cases (i) and (ii) in Theorem 6.3
can occur.

6.2. The classification of generalized zeros and poles in R.

The classification of generalized zeros and poles of nonpositive type has been stud-
ied in detail at the point z = co. Similar results hold true also for finite generalized
zeros and poles of nonpositive type of @ € N,; which belong to R. Here some main
characterizations for the classification of finite generalized zeros 8 € R and finite
generalized poles a € R of () are presented.

First the classification of zeros and poles is characterized by means of the
canonical factorization of Q € N.

Lemma 6.4. Let Q € Ny, k > 0, be factorized as in (6.1). Then the types (T1)-
(T3) of a generalized zero B € R of @Q are characterized as follows:

(i) the GZNT B € R of Q is of type (T1) if and only if B € o,(AJ°);
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(ii) the GZNT B € R of Q is of type (T2) if and only if B & o,(A") U 0, (A°);
(iii) the GZNT B € R of Q is of type (T3) if and only if B € 0,(A3).
Moreover, the types (T1)-(T3) of a generalized pole o € R of Q are characterized
as follows:
(iv) the GPNT o € R of Q is of type (T1) if and only if o € o,
(v) the GPNT oo € R of Q is of type (T2) if and only if o & o)
(vi) the GPNT a € R of Q is of type (T3) if and only if o € o)

0,
3) U UP(A(l)O)?

).

one obtains the

0

A
AO
AY

~— M~~~

Proof. (1)—(iil) In view of the canonical factorization of @ in (6.1
following representation for the limits in (2.3):

: Q)
S pp

and if [p (ff(ﬂt))z < 00 and lim,gg Qoo(2) = 0, then

. Q(2) ~ im Qoo(2) _ dp(t)
Zher% (z — B)2matl Zleﬁ z-3) b+/R (t— B)2 (> 0), (6.18)

and otherwise the limit in (6.18) is not finite. Observe that the limit in (6.17)
is negative if and only if 8 € 0,(AY). The limit in (6.18) is finite if and only
if for the function —1/Qq the limit in (6.17) is negative, which is equivalent to
B € o,(A}%). The statements (i)—(iii) are now obvious from the defining properties
of the classifications given in Subsection 3.2.

(iv)—(vi) Apply the characterizations of generalized zeros in the first part of
the lemma to the function —1/Q. O

= lim (= = A)Qu(2) = ~(p(3+) = p(A-)) (S 0)  (617)

Next some characteristic properties of the underlying root subspaces associ-
ated with the classification of generalized zeros € R (generalized poles o € R)
are established in a minimal representation of @ (of —1/@Q), respectively).

Let S(Q) be a simple symmetric operator in a Pontryagin space ), let
{T'0,T'1, H} be a boundary triplet for S* such that the corresponding Weyl func-
tion is the given Ny-function @, and let A(Q) = kerT'g and A(—1/Q) = kerT';.
Moreover, let R, (A(Q)) and Rg(A(—1/Q)) be the root subspaces of the selfadjoint
extension A(Q) and A(—1/Q) of S(Q) associated with the generalized pole v and
the generalized zero 8 € R of Q, respectively. The following result is analogous to
Theorem 4.12. For simplicity, the classification of a GPNT «a € R and a GZNT
0 € R of Q is characterized here by using the signature of the corresponding root
subspace. Here the following notations will be used:

Vo :=dimR,(A(Q)), vg:=dimRg(A(-1/Q)),
RG = re(Ra(AQ)), i = re(Rp(A(-1/Q))).
kg = Ro(Ra(A(Q))),  rg = ra(Ra(A(-1/Q))).

Proposition 6.5. With the notations given above the following assertions hold for
a GPNT a € R and a GZNT € R of Q € N
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(i) ais of type (T1) if and only if K¢ = kS —1, in this case ka+1 < Vo < 260+1
and K =2k +1 — vy
(i) a is of type (T2) if and only if K* = K, in this case ko < Vo < 2Kq and
KY = 2Kq — Vaj
(iii) a is of type (T3) if and only if K* = K + 1, in this case ko < Vo < 2K — 1
and K = 2kq — 1 — vy
iv) B is of type (T1) if and only i kP = kK0 —1, in this case mg+1 < vg < 2mg+1
i 8 3 8
and l/g =213 +1—vg;
(v) B is of type (T2) if and only if K = lif_, in this case mg < vg < 2mg and
l/g = 2mg — vg;
vi) B is of type (T3) if and only i K’ =K + 1, in this case g < vg < 2mg — 1
+ 8 B B
and 1/63 =2mg—1—uvg.

Proof. The statements (i)—(iii) are obtained from Theorem 4.12 by considering the
transform Qo (2) := —Q(a + 1/z). Namely, the root subspace R,(A(Q)) associ-
ated with the generalized pole « of @ coincides with the root subspace Roo(S%)
associated with the generalized pole co of the function Q.-

The statements (iv)—(vi) follow by applying the results in (i)—(iii) to the
function —1/Q. O

The classification for a GZNT g € R and a GPNT « of @) can be characterized
also via asymptotic expansions of the function @ in a neighborhood of these points.
The defining properties of the types (T1)—(T3) are reflected in these expansions
in a similar manner as in Theorems 5.3 and 5.4 above. Such expansions have been
studied in [15] and, for instance, the analog of Theorem 5.3 for a GZNT g € R
of @ can be easily derived from [15, Theorem 5.2] and for a GPNT « of @ form
[15, Theorem 5.4]. Moreover, these expansions can be characterized also via the
canonical factorization of ) along the lines of Theorems 6.1 and 6.3 by using
Lemma 6.4; see also [15, Section 6]. A detailed formulation of these results is left
for the reader.

6.3. Analytic criteria for the minimality of (localized) factorization models.

The classification of generalized zeros and poles of nonpositive type of @ € N,
can be used to give analytic criteria for general (localized) factorizations models
based on (proper) factorizations of @ of the form

Q) = )P (2)0s, 7= g (6.19)

where p and ¢ are divisors of the polynomials p and ¢ in the canonical factorization
of @ in (6.1), with multiplicity of a zero equal to its original multiplicity. Such
factorization models can be used, for instance, in studying local spectral properties
of the function Q € Ny, along the lines carried out in the previous sections of
the present paper at oo with the aid of the model in Theorem 4.6 for proper
factorizations of Q at co.
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The basic observation here is that according to Lemma 4.11 the occurrence
of a maximal Jordan chain of type (T3) means that mul S(Q~) # {0}. Therefore,
the existence of such a Jordan chain is connected with the non-minimality of the
factorization model of . The next result is formulated for the canonical factor-
ization model as constructed in [3, Theorem 3.3]; by unitary equivalence the result
holds for all other canonical factorization models, too; cf. [12].

Proposition 6.6. The canonical factorization model constructed for Q € Ny in
[3, Theorem 3.3] is simple if and only if all generalized zeros § € RU {0} and
generalized poles a € RU {00} of Q of nonpositive type are either of type (T1) or
of type (T2).

Proof. By Lemma 6.4 a real GZNT 3 (a real GPNT «) of @ is not of type (T3)
if and only if 8 ¢ 0,(AJ) (respectively a & o,(AJ°)). Moreover, by Proposi-
tion 6.2 the GZNT = oo (the GPNT a = o0) is not of type (T3) if and
only if mul AJ® = {0} (respectively, mul A° = {0}). Now, according to [3, Theo-
rem 4.1], these conditions characterize the simplicity of the corresponding factor-
ization model for Q. O

These observations lead to the following analytic characterization for the
simplicity of the factorization model in Theorem 4.4 ([9, Theorem 4.2]) which is
based on a proper factorization of Q, at oo (see Definition 4.2).

Proposition 6.7. Let Qoo € N, with k = koo (Qoo) > 0 and let Qoo = q¢* Qo be a
proper factorization of Qs with some monic polynomial q, deg q = k. Moreover, let
the symmetric operator Sy be simple in the Pontryagin space $o (see Lemma 4.5).
Then the factorization model for Q. in Theorem 4.4 is minimal if and only if the
following two conditions are satisfied:

(1) @ =00 is not a GPNT of Q of type (T3);

(2) all the real zeros of ¢ as GZNT of Qo are either of the type (T1) or (T2).

Proof. By Theorem 4.6 the symmetric relation S(Qo) is simple if and only if it

has an empty point spectrum, or equivalently, the subspace $” in (4.15) is trivial.
In view of Lemma 4.5 the last condition is equivalent to

mul AY = {0} and o,(AJ)No(q) = 0. (6.20)

By Theorem 4.12 the first condition in (6.20) is equivalent to the property formu-
lated in part (1). The condition « € o, (AY) N o(g) means that g(o) = 0 and

zlg(ll(z —a)Qo(z) <0, (6.21)

since by Lemma 4.5 ker (A9 — ) is spanned by a positive vector, cf. [9, Lemma 2.3].
Hence, if the multiplicity of « as a root of ¢ is kK, then

lim 76200(2;)
zea (Z — 04)25'171
and thus 7, (Qs) = ke and « is of type (T3). Conversely, (6.22) implies (6.21)
with kKo = Ta(Qo). This completes the proof. O

<0, (6.22)
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Since the polynomial ¢ can be selected to be an arbitrary divisor of degree
k = Koo(Qoo) of the polynomial g in the canonical factorization of Q, the con-
dition (2) in Proposition 6.7 can be satisfied if, for instance, the total number
(counting multiplicities) of all generalized zeros in C, and all generalized zeros
of nonpositive type in R of Qs which are of type (T1) or (T2) is at least equal
t0 Koo(Qoo). Therefore, the factorization model in Theorem 4.4 can be minimal,
while the canonical factorization model of (), need not be minimal.

Remark 6.8. Similar facts can be derived for other (localized) factorization mod-
els which are build on some (proper) factorization of @ € N, cf. (6.19). The
construction of such (localized) factorization models can be based on the (orthog-
onal) coupling of two minimal models (a method studied in another context in
[4]), one of which is a finite-dimensional Pontryagin space model for the rational
2 X 2-matrix function

= 0 7(z

R(z) = (?ﬁ(z) (0)> , (6.23)
whose reproducing kernel space model has been identified in matrix terms with
Bezoutians and companion operators in [3 Proposition 3.3]. The other is a minimal
Pontryagin space model for the factor QO The model for the product Q= ??ﬂQo
in (6.19) is obtained from the orthogonal sum of the models for R and Qo as a
straighforward extension of the model constructed in [3, Theorem 3.3], simply by
allowing the factor CA20 to be a generalized Nevanlinna function, too. This procedure
can also be described in pure functlon theoretlc terms: perform suitable “block

transforms” to the orthogonal sum Ro Qo to get the product Q@ = ?FﬁQo, cf. 3,
Section 3.

Such factorization models are not minimal in general. Non-minimality of
such models reflects the fact that some poles and zeros of 77 and @0 may cancel
each others when these functions are multiplied. The simplest example here is the
function Q(z) = —z, which belongs to N; and whose canonical factorization is

given by
Q) =-==(-1),

where Qo(z) = —1 € Ny, cf. [9, Section 3]. Hence a model which is built on the
canonical factorization of Q(z) does not produce a minimal model for @ directly.
The general characterization for minimality of canonical factorization models was
established in [3, Theorem 4.1]. This result is equivalent to the analytic criterion
given in Proposition 6.6: @ does not have any generalized zeros or poles in RU{co}
which are of type (T3); cf. also [12, Theorem 4.4].

Finally, it is noted that the construction of a minimal model in the case
of the canonical factorization of @ € N, has been recently studied in [12] by
using reproducing kernel Pontryagin spaces. In particular, in that paper a detailed
analysis concerning the reproducing kernel space model for the matrix function R
n (6.23) has been carried out.
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