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SINGULAR PERTURBATIONS OF SELFADJOINT OPERATORS
VLADIMIR DERKACH, SEPPO HASSI, AND HENK DE SNOO

ABSTRACT. Singular finite rank perturbations of an unbounded selfadjoint operator Ag in
a Hilbert space $)o are defined formally as A(,) = Ao +GaG*, where G is an injective linear
mapping from H = C? to the scale space $_1(Ag), k € N, of generalized elements associated
with the selfadjoint operator Ay, and where « is a selfadjoint operator in H. The cases k = 1
and k£ = 2 have been studied extensively in the literature with applications to problems
involving point interactions or zero range potentials. The scalar case with k = 2n > 1
has been considered recently by various authors from a mathematical point of view. In this
paper singular finite rank perturbations A, in the general setting ran G C $_x(Aog), k € N,
are studied by means of a recent operator model induced by a class of matrix polynomials.
As an application singular perturbations of the Dirac operator are considered.

1. INTRODUCTION

Let Ap be an unbounded selfadjoint operator in a Hilbert space £ and let $,2(Ag) C
$Ho C H_2(Ag) be the triplet of Hilbert spaces, where $2(Ap) is dom Ay equipped with
the graph inner product and where $_5(Ag) is the corresponding dual space of generalized
elements, cf. [6]. Let G be an injective linear mapping from H = C¢ to $§_5(Ag). For each
selfadjoint operator a in ‘H there is a (singular) finite rank perturbation A, of Ao formally
given by

(1.1) A(a) = Ay + GaG".

Such perturbations can be found in many areas, especially in the theory of point interactions
or zero range potentials, see [1], [3], [40]. In order to give a meaning to A, in (1.1) introduce
a restriction Sy of Ag via

(1.2) dom Sy = dom Ay N ker G*.

Then S is a closed symmetric operator with defect numbers (d, d). A natural interpretation
for the perturbation A, in (1.1) is now as the selfadjoint extension of Sy corresponding to the
selfadjoint operator v in H via Krein’s formula [28], [42]. If the operator Ay is semibounded
and ran G C $_1(Ap), the (singular) perturbation (1.1) is said to be form-bounded and the
operator A(,) can be constructed directly via the first representation theorem [32], [36], [42].
For an extension of this approach to the case of a nonsemibounded operator Ay, cf. [2],
[20], [24], [26]. More general singular finite rank perturbations of Ay where ran G' belongs
to the scale space $_(Ap), k > 2, of generalized elements have received a lot of attention
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recently. For an extensive list of references, see [3]. Here $_4(Ap), k € N, is the dual
space corresponding to the space 9,,(A4y) = dom |Ay|*/? equipped with the graph norm.
Singular perturbations with k£ > 2 cannot be treated in terms of the extension theory of
the operator Sy in the original space £, since now the restriction of Ay to dom Ay N ker G*
is in general essentially selfadjoint. However, there exists an interpretation for the singular
perturbations A, in (1.1), in the general setting where k£ > 2 and d > 1, as exit space
extensions of an appropriate restriction of Ag. These extensions act in a space which is a
finite-dimensional extension of $)g. They are nonselfadjoint with respect to the underlying
Hilbert space inner product, but become selfadjoint when a suitable Pontryagin space scalar
product is introduced.

Singular rank one perturbations (d = 1) in the case k = 2n+ 2, n > 1, have been recently
studied in [17], [18], [41]. The approach in these papers is based on a construction involving
the Hilbert space $)g, a sequence of vectors in the scale spaces 9 _9,(Ag), k=0,1,...,n+1,
and some auxiliary set of parameters in C. After certain restrictions on these parameters,
a Pontryagin space II,, is constructed and the operator Ay is lifted (in the notation of the
present paper) to a selfadjoint relation Hy in I1,,. Then a one-dimensional restriction S of Hy
in II,, is introduced. These constructions are related to the model for generalized Nevanlinna
functions in [31]. The @-function M of the pair (S, Hp) is a generalized Nevanlinna function,
cf. [35], which characterizes this pair up to unitary equivalence; it has a representation of
the form

(1.3) M=r+ qﬁMOq,

cf. [18, Proposition 3.1]. Here q(\) = (A — )", ¢*(A) = q(\)*, r is a polynomial with real
coefficients of degree at most 2n — 1, and M, is the Q-function of Ay and a one-dimensional
(densely defined) restriction Sy of Ay, so that Mj is an ordinary Nevanlinna function.

In the present paper singular finite rank perturbations of the form (1.1) are considered
with G an injective linear mapping from H = C¢ to the space $_o,_2(Ag) or H_o,_1(Ag)
with n > 1. These perturbations are interpreted by means of a general operator model
which was given for a class of matrix polynomials in [13], see also [8]. The construction is as
follows. Select an n-th order monic d x d matrix polynomial ¢, and define Gy = q(A4y)'G.
Then Gy maps H = C? into §_2(Ag) or H_1(Ag), respectively. Introduce the restriction
So of Ay to dom Ay N ker G, so that Sy is a closed symmetric operator in £, with defect
numbers (d,d). The polynomial ¢, together with a selfadjoint d x d matrix polynomial r of
degree at most 2n — 1, determine a matrix polynomial ¢) of the form

(1.4) Q= <§ﬁ g) .

The function () gives rise to a model involving a reproducing kernel Pontryagin space $¢
and a corresponding multiplication operator Sg in it, cf. [13]. Via Gy the polynomial ¢
determines the operator Sy in $y and the coefficients of the polynomials ¢ and r serve as
parameters for the model space $g. The orthogonal coupling of the symmetric operator S
in the Hilbert space $)y and the symmetric operator Sg in the Pontryagin space ¢ leads
to a symmetric extension S of Sy @ Sg and its selfadjoint extension H, in the Pontryagin
space 9o @ g, such that the corresponding Weyl function M is given by (1.3), cf. [13].
The symmetric operator S associated to M is maximally nondensely defined in the sense
that the dimension of the multivalued part of S* is maximal, and the extension Hj is the
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generalized Friedrichs extension of S in the sense of [10]. The selfadjoint parameters 7 in H
generate selfadjoint extensions H; of S in $Hy @ Hg via Krein’s formula relative to S and H,.
The pair (S, Hy) in Ho @ Hg is the lifting of (Sp, Ag) in $Ho. The singular perturbations A
of Ay in (1.1) are now “identified” with those extensions H, of S for which the parameter
7 is a selfadjoint operator in H. The motivation for this identification is obtained from a
perturbation result for the extended resolvent acting in the rigging of $, generated by A,
(see Theorem 4.8). Now the singular perturbations A, can be seen as exit space extensions
of Sy, whose compressed resolvents are characterized by the exit space version of Krein’s
formula. This gives the connection between the singular finite rank perturbations A,y and
the selfadjoint extensions H, as perturbations in £y @ ¢ that were studied in [10], [11],
[12]. Since the extensions H, are described by means of abstract boundary conditions for
the adjoint S* in $Hy ® Hg as well as via interface conditions for the adjoint S in $o, the
results in this paper are directly applicable for studying singular finite rank perturbations
of differential operators.

In the case of rank one perturbations (d = 1) with ¢(\) = (A — )", the model in this
paper with k = 2n+ 2 is unitarily equivalent to the model in [18] since the Weyl function M
coincides with the @-function in [18]. For n = 1 a similar description for the model operator
S, based on abstract boundary conditions, was given in [12, Theorem 3.1]. Therefore the
results in [12] can be used to analyse singular rank one perturbations with ranG C $_3 or
ran G C §)_4; see also [38] for a different approach.

The paper is organized as follows. Some preliminary results are given in Section 2. They
include necessary facts concerning boundary triplets, Weyl functions, and generalized re-
solvents of symmetric operators. In addition, the model concerning a class of matrix poly-
nomials from [13] is briefly recalled. In Section 3 the factorization model from [13] is pre-
sented and the selfadjoint extensions H, of the model operator S are defined via abstract
boundary conditions. The compressed resolvents Py, (H, — A)~!| o, and the corresponding
Straus extensions in o are described in terms of “interface conditions” which in general are
A-depending. Singular finite rank perturbations (1.1) of a selfadjoint operator Ay are con-
sidered in Section 4. In the case where ranG C $_1(Ap) or ran G C §_5(Ay) the boundary
triplets for S; are expressed in terms of G and Ay. The general case ran G C $_9,_;(Ay),
j = 1,2, is reduced to the previous two by replacing G by Gy = q(Ay) 'G. In Section 5
certain two-dimensional perturbations Ay + GaG* of the Dirac operator Ay = D with

p-isnremon a=(11). a=( 5)
are considered. In the case, where Gh = 6§ ® h, h € C2, an application of Theorem 3.1 leads
to a description of the perturbations A, in $H_5(Ay),
y € dom Ay & y(0+) = Ay(0-),
where A is a linear-fractional transformation of o given by
A = (2icoy — a) ! (2ico) + a).

This coincides with the descriptions of A, in [1], [2], [3], [5], [21]. The case Gh = —icd’ ®
o1h + (c*/2)6 ® ozh, h € C?, leads to perturbations in $_4(A4). Then the function y =
Py, (H,; — X\)7'z is shown to be a solution of a boundary value problem with the A-depending
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interface conditions of the form
y(0+) = ANy (0-), AN = (2icor — N°7) " (2icoy + \*7).

Some further applications of the model for singular perturbations will be studied elsewhere.

2. PRELIMINARIES

The necessary ingredients for the present paper are briefly reviewed in this section. They
involve the extension theory of symmetric linear relations in Pontryagin spaces, and the
construction of operator models for a class of polynomials.

2.1. Boundary triplets and abstract Weyl functions. Let $ be a Pontryagin space
with negative index k, cf. [4]. Let S be a not necessarily densely defined closed symmetric
relation in $ with equal defect numbers d(S) = d_(S) < oo and let S* be the adjoint linear
relation of S. The symmetry of S can be expressed by S C S*. Here and later operators
will be identified with their graphs. In the rest of this paper [$] stands for the set of all
boundNed everywhere defined linear operators in $. If T is a closed linear relation in $, i.e.
T € C($), then domT, kerT, ranT, and mulT indicate the domain, kernel, range, and
multivalued part of T', respectively. Moreover, p(T) denotes the set of regular points of the
linear relation 7. Recall (see [23], [7]) that a triplet IT = {H,To,T'1} of a Hilbert space H
with dim H = n4(S) and two linear mapplngs I';, 7=0,1, from S* to H is called a boundary

triplet for S*, if ' = (Lo, )" f — (Fof Flf) is a surjective linear mapping from S*
onto H & H and the abstract Green s identity

(21) (f.9) = (f,¢") = (O f. Tod)n — (Dof. 1§ = i(TG)* J(Tf), J= <’L?H _%IH> ’

holds for all f = {f,f'},9=19,9'} € S*. The adjoint S* of any closed symmetric relation
S with equal defect numbers has a boundary triplet IT = {H, Ty, 1 }. Every other boundary
triplet I = {H, FO, 1} is related to II via a J-unitary transformation W: [ = WI. In
particular, the transposed boundary triplet 11" = {H,T},T]}, is defined by I'" = 4JT.
When S is densely defined, S* can be identified with its domain dom S*, in which case the
boundary mappings are interpreted as mappings from dom S* to H.

Let IT = {H,Ty,I';} be a boundary triplet for S*. The mapping I'" : - {Flf, —Fof}
from S* onto ‘H & H establishes a one-to-one correspondence between the set of all selfadjoint
extensions of S and the set of all selfadjoint linear relations 7 in H via

(22) Ari=ker(To+7I) ={fe S {TI\f,-Toftert={fes T fer}
When the parameter 7 is an operator in H the equation (2.2) takes the form

(2.3) Tof +701f =0.

For 7 = 0o, meaning that 7-! = 0 or 7 = {0, I;}, the equation in (2.2) reads as I'; f = 0.
More generally, there is a similar interpretation, when 7 is decomposed orthogonally in terms
of an operator part and a multivalued part. To each boundary triplet II one may naturally
associate two selfadjoint extensions of S by Ay = ker 'y, A; (= A ) = ker ', corresponding
to the linear relations 7 = 0 and 7 = oo via (2.2).
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Let M\(S*) = ker (S* — \), A € p(S), be the defect subspace of S and let My (S*) =
{0 AN 0 [ € 9(S) }; here the notations N, and I, are used when the context is
clear. Associated with the boundary triplet II are two operator functions

(24) 7(N) = pr(Tol M) 7' (€ [H,9]),  M(N) =T1(Tol M)~ (€ [H]), A€ p(Ao) (# 1),

which are holomorphic on p(Ap). Here p; denotes the orthogonal projection onto the first
component of H & H. The functions v and M are called the v-field and the Weyl function
of S corresponding to the boundary triplet II, cf. [7], [15], [16], [39] (or the @-function
corresponding to the pair (S, Ag), cf. [35]). The 7-field v" and the abstract Weyl function
M corresponding to the transposed boundary triplet II" are related to v and M via

7Y =AM, M) = MO A€ p(Ay) (£ 0).

If $ is a Hilbert space, a Weyl function M of S is a so-called Nevanlinna function, that
is, M is holomorphic in the upper halfplane C,, Im M (\) > 0 for all A € C,, and M
satisfies the symmetry condition M(\)* = M()) for A € C, UC_. In the case where §
is a Pontryagin space of negative index x, the Weyl function M of S belongs to the class
Ny, k < k, of generalized Nevanlinna functions which are meromorphic on C; U C_, satisfy

M(N)* = M(A), and for which the kernel

_ M\ - M(p) N
(25) NM()‘MM) - )\_ﬂ ) NM()‘v)‘) - d)\M()‘)v )\,MEC+,
has k negative squares [35]. When S is simple, that is,
(2.6) H =span { M\ (") : A € p(Ao) (#0) },

then S is an operator without eigenvalues. Moreover, in this case the Weyl function M
belongs to the class N, so that k = k, and the domain of holomorphy p(M) of M coincides
with the resolvent set p(Ap).

The resolvent of the extension A, and its spectrum o(A,) can be expressed in terms of 7
and the Weyl function M via Krein’s formula. In the terminology of boundary triplets the
result can be formulated as follows, see [7], [15], [16].

Proposition 2.1. Let S be a closed symmetric relation in the Pontryagin space $ with equal
defect numbers (d,d), d < oo, let Tl = {H,To,T'1} be a boundary triplet for S* with the Weyl
function M, let T be a linear relation in H connected with A, via (2.2). Then the resolvent
of A, is given by

(2.7) (Ar =27 = (Ao = N7 =N+ M) (V)" A€ p(Ar) N p(Ao).
Moreover, for every X € p(Ag) the following equivalences hold:

(i) X € p(A,) if and only if 771 + M()) is invertible;
(i) X € 0,(A,) if and only if ker (171 + M(N)) is nontrivial.

In a similar way, for a (generalized) Nevanlinna family 7(\) the function
(Ao = M) = v(NE) + M) ()7,

is the compressed resolvent of an exit space extension of S in a Hilbert (or a Pontryagin)

space, cf. [35], [43], [15], [39], [7], [9].
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2.2. A model for a class of matrix polynomials. The construction of a model for a
class of matrix polynomials as given in [13] is now briefly reviewed. Let ¢ be a monic d X d
matrix polynomial of the form

(2.8) q(A) = LA™ + g ANV - @A o,

and let r be a selfadjoint d x d matrix polynomial of the form

(29)  T(A) =712 AT 2N P A g, =7, j=0,....2n—1.
Observe, that the function @) in

(2.10) o= {40y 1)

is a 2d X 2d matrix polynomial whose leading coefficient is, in general, noninvertible. Let
the n x n block matrices B, and C, be defined by

@ G2 - qu1 Iy 0 Iy O . 0
q2 cee Gn—1 I’H 0 0 0 I’H
Q) B=| i o0 0foe=|
dn—1 I’H 0 0 0 I’H
IH 0 0 e 0 —G —q1 ... —Qqn-—2 —(Qn-1

Define the operators

0 B C C n— —
(2.12) B = <Bn Bj) , C = < 6111 Clq2> , Br = (Tj+k+1)j7kiov 612 = Bqﬁ:lD?

q

where

Tn I’H
Tn+1 0

(213) D: . (q(]vqlv“‘vqn—l) - : (T(]vrlv“‘vrn—l)'
Ton—1 0

Denote A = (Ijy, My, ..., \""1I};), and define

Tn+1 e Ton—1 0

(2.14) A = )\"Ag(T)Bq_l, [5;(7.) = 0 . 0
Ton—1 L L :

0 0 ... 0

In terms of these notions the kernel Ng (¢, ) has the following factorization

(2.15) N (£, \) = <LLl 2) B @ 2)

where L and L; are defined similar to A and A;. Hence, @ is a strict generalized matrix
Nevanlinna function with dn negative (and dn positive) squares. The representation (2.15)
leads to an explicit form for the reproducing kernel Pontryagin space (@) associated with @
in (2.10) and the corresponding operator S(Q) of multiplication by the independent variable

in H(Q), cf. [13].
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Theorem 2.2. Let the matriz polynomial Q) be given by (2.10) with q¢ and r as in (2.8),
(2.9). Let B and C be given by (2.12). Then:

1) The reproducing kernel Pontryagin space $ 1s isometrically isomorphic to the space
p g yagin sp Y 4 P
N = H" @ H" (= C*™) equipped with the inner product (-,-)g, = (B-,-).
(ii) The operator C is selfadjoint in $¢. Its restriction Sg to the subspace

domSQ:{F:<§>ES§Q:f1:E:O}

is a closed simple symmetric operator in $g with defect numbers (2d,2d), which is
unitarily equivalent to S(Q).
(iii) The adjoint linear relation Sqg* of Sg takes the form

&f:{ﬁ:{F£F+BA<§§2>};Feﬁ%%QEH}.
(iv) A boundary triplet Il = {H & H, Fg?, F({?} for Sg* can be defined by

. tﬁ) 0n <¢> .
9F = (%), T9F=(%), FeSy
0 <f1 1 © Q

(v) The Weyl function of Sg associated with Ilg coincides with Q) and the corresponding

v-field is given by
AT AN (R
vth=<0 ﬁ)(é),hhMEH.

3. CONSTRUCTION OF THE FACTORIZATION MODEL

3.1. The model for symmetric operator. Let Sy be a closed symmetric operator in
a Hilbert space $), with defect numbers (d,d) whose Weyl function is M. Let Sg be a
symmetric operator in a Pontryagin space $)o with the Weyl function (2.10) where ¢ and
r are d X d matrix polynomials, ¢ is monic and r is selfadjoint. In [13] a Pontryagin space
symmetric linear relation S was constructed as a coupling of the operators Sy and Sg, such
that the following function is a Weyl function for S:

(3.1) M(X) = r(A) + ¢*(\) Mo(N)g(N).

Theorem 3.1. ([13, Theorem 4.2]) Let Sy be a closed symmetric operator in the Hilbert
space 9o and let TI° = {H,T5, TV} be a boundary triplet for S with the Weyl function M,
and the y-field vy. Let Sg be the symmetric operator in H¢g as defined in Theorem 2.2 with

the boundary triplet Ty = {H & H, TS, T} and with q, v, and Q as in (2.8), (2.9), and
(2.10), respectively. Then:

(i) The linear relation

0F _T0F
= {{re (e e (W) oo 75 |

is closed and symmetric in Hy B Hg and has defect numbers (d, d).
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(ii) The adjoint S* is given by

0F _ 107
v {{ne (7) s (e (f) o (Vi) oo 200}

(i) A boundary triplet 11 = {H, Ty, Ty} for S* is determined by

To(fo® F)=fi, TWh@®F)=¢, fi®Fes"
(iv) The corresponding Weyl function M is of the form (3.1) and the ~y-field v is given by
(3.2) YN =% (N)g(Mh & (AT Mo(M)g(A) + A )h+ATh), heH.

If the operator Sy is densely defined in ¢, then S is an operator. When r = 0 the formulas
for S and S* in Theorem 3.1 can be simplified and the Weyl function is factorized as

(3.3) M(X) = ¢ (\) Mo(N)a(N).

Theorem 3.1 was obtained earlier in [12, Section 3] in the special case that d = n = 1 and
q(A) = A —a, a € C. The problem of simplicity of the model operator S was investigated
in [12, 13].

3.2. Selfadjoint extensions of the model operator. The model in Theorem 3.1 leads
to an explicit form for the extension H, = ker (I'g 4+ 7I';).

Proposition 3.2. Let the assumptions be as in Theorem 3.1, and let v and M be given by
(3.2) and (3.1), respectively. Then:

(i) The selfadjoint extensions H. of S in $ = Ho ® Hg are in a one-to-one correspondence
with the selfadjoint relations T in H via

_ AN f -1 Fof®e>>} x % NleFOJ?O
HT_{{f0@<f>vf0@<C<f>+B <%g§€11 €5,® 5p: flJrT@l:O .

(i) The resolvent (H, — \)™! is given by
(34)  (Hy =N =(Ho—= A" =y (" + M) (A), A€ p(H:) N p(Hp).
(iii) For every A € p(Hy) the following equivalences hold:

A€ o,(Hy) & 0€a,(r !+ M),
Aep(H;) & 0€p(t™ + M(N)).

Proof. By part (iii) of Theorem 3.1 the condition ]?0 @ F € ker (T'g + 7I'1) is equivalent
to {¢, fi} € —7, or to fi + 7¢ = 0, when correctly interpreted if 7 is multivalued. The
representation of H, now follows from (ii) of Theorem 3.1. This proves (i). The form of the
resolvent of H, in (ii) is obtained from Proposition 2.1 and Theorem 3.1. The statement
(iii) is immediate from Proposition 2.1. O

Define the block matrices
0 0O ... 0

(35) Xn = I 0 : ) Xn—l = : B
: . . 0 )\n—2 - I
)\n—2 . I 0
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The following properties of the companion matrix C, are useful and easily checked, e.g. the
last one is a simple corollary of the Frobenius formula.

Lemma 3.3. Let C, be the companion matriz corresponding to the polynomial q of the
form (2.8). Then:

()(C—)\)Aglh:((),. ,0,—qg(Mh)T forall A\ e C, h € H;

(ii) o(Cy) = a(q) and ker (C; — A) = {Ayh : h € kerq(N)};

(i) (Cy — N X, = D — ( Ny ) e T = (s 4 )
grAn—1
(iv) For every A€ C\ o(q), g € H",

(3.6) (Cq— )‘)_19 = X9 — AEI;L) (gn + D Xn-1(91, - - - 79%—1)T)'

ﬂM
Proposition 3.4. Let the assumptions be as in Theorem 3.1 and let Hy = ker 'y be as in
Proposition 3.2 (with 7 =0). Then:

(i) p(Ho) = p(Ao);
(ii) the compression of the resolvent of Hy to the subspace $ is given by
(3.7) Pyy(Ho = A\) ' 190 = (Ao — N)7', X € p(Ho);
(iii) the subspace L = {0} @ H" @ {0} of H = Ho @ Ho is maximal neutral and invariant
under the resolvent (Hy — \)™'. It satisfies (Ho — \)™"L = {0}, X\ € p(Ho).

Proof. (i) Let G = (go,9,9)" € $ and let Fo= {fo, f{} € S§. By Proposition 3.2 the relation
G € ran (Hy — \) can be rewritten as a system of equalities

fo = Afo = go, N R
(38) ( gt — )f+cl2f+§0®€n_8 T(Fng Q?ven) =9,

(Cq_)‘)f 0f0®€n:§7 leF(l)f()v leO

Since f; = 0 the third identity in (3.8) and Lemma 3.3 (iii) yield

(39) (.Ev cee 7};)—'— = X7L—1(§17 cee 7§7L—1)T7
N n—1 N N
(3.10) T0fo =0+ Y aifis1 + Aa-
j=1

Clearly, ho = ]?()—%()\)Fgfo € Ap. The first equality in (3.8) implies h—Aho = fi—Afo = go.
This means that {hg, go} € Ag — A, or equivalently, that {go, ho} € (AO A)~L. Now assume
that A € p(Ap). Then hy = (Ag — \)"'g and

(3.11) fo= (A0 =X "0 + (NS for - fy = Mo+ 0
The second equality in (3.8) can be rewritten as
(3.12) Cp—Nf+o®e, =k,

where k = g — C12f+ B;Br(rgfo ® e,). Using f1 = F(l)fo and applying Lemma 3.3 (i), (iii)
0 (3.12) one obtains

(3.13) (foreeos fu) " = Xasa (B, oo knmt) T+ Ao T o,
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n—1
(314) 6 = kn + Z q;fijl + )\fn'
=0
This shows that A € p(Hy), and thus p(Ay) C p(Hy).
Conversely, assume that A\ € p(Hy). Then with G = (go,0,0)" one obtains from the third
identity in (3.8) and Lemma 3.3 (iii) that f = 0 and T')fy = 0. Now the first identity in
(3.8) gives ran (Ag — ) = 9o and, therefore, A € p(Ap). In fact, Lemma 3.3 (i) yields

(315) (HO - )‘)_1(907 07 O)T = ((AO - )‘)_1907 AEI;L)F(l).]/%v O)T

(ii) The equality (3.7) follows immediately from (3.15).
(iii) Clearly, £ is a neutral subspace of $y @ 9o and has dimension dn, so that it is
maximal neutral, cf. [4]. Moreover, again using Lemma 3.3 (iii) one obtains from (3.8) that

for G = (0,¢4,0)" € L,
(Ho—A)""(0,9,0)" =(0,X,9,0)", (Ho—A)"(0,9,0)" =(0,X9,0)" =0.
[

A more complete description of the structure of root subspaces in the scalar case can be
found in [12]. The selfadjoint extensions H, = ker (I'y+7I";) of S described in Proposition 3.2
can be interpreted as standard range perturbations of the selfadjoint extension H,, = kerI';
in the Pontryagin space $) = $, © ¢, see [14]; cf. also [27], [29] for the Hilbert space case.
These perturbations can be seen as liftings of the singular perturbations A, of Ay from $,
to the extended space ), cf. Corollary 3.6. Various properties of range perturbations in a
Pontryagin space setting were considered in [10], [11], [12]. A more detailed study of this
connection leads to intermediate symmetric extensions of S and their generalized Friedrichs
extensions which can be described by means of so-called extremal boundary conditions, cf.

14].

3.3. Straus extensions. Let S, be a closed symmetric operator in $, and let H be a
selfadjoint extension of Sy in an exit space § (D $g). A family { T'(\) : A € C} of extensions
of Sy in the original space $)( defined by

(3.16) TA) ={{Poof. Poo [} {f. F'Y e H, [ = Af €50}

is called the family of Straus extensions of Sy corresponding to the selfadjoint extension H,
cf. [43], [19], [9]. Recall that Sy C T'(A\) C Sj for all A € C. It follows from (3.16) that the

compressed resolvent of H can be expressed by means of the family 7'(\) as follows:
(3.17) Pyy(H =X 190 = (T(A) =\, A€ p(H).
In fact, the family of Straus extensions can be characterized in terms of boundary operators.

Let {H,T9,T9} be a boundary triplet for S¢ and let the extension H of Sy be related to a
generalized Nevanlinna family 7 via Krein’s formula

(3.18)
Poo(H = X) 7' 190 = (Ao = A) 7" = (M) (F(N) + Mo(N) 0N, A€ p(H) N p(Ao).

Then the family T'(\) of Straus extensions is given by the equality
(3.19) P70 = {{T8fo. T0fo } : o € TV | = =7,
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see [16], [7].

Theorem 3.5. Let the assumptions be as in Theorem 5.1. Then the compressed resolvent
and the Straus family T-(\) of the extension H, in Proposition 3.2 are given by

(3.20) Poy(Hr = N) 7' $90 = (Ao = A) 7" = 30(0) (FO) ™ + Mo(N) ™ 7(A)",
and

321) T ={fo={fo i} €Si: C+FNINH =0}, X€p(H)Np(A0).
where T(\) = q(\) (771 +r(\) Lg* (V).

Proof. The resolvent of H, is given by (3.4) in Proposition 3.2. In view of the identity (3.7)
and the form of the ~-field in (3.2) the compression of this formula to £ gives

Poo(Hy = A) 7' 80 = Pog (Ho = A) 7 1 90 = Poy v(A) (771 + M(A)) 7(A)[ 55

= (Ao — N = 7Na(\) (771 M) T EF (NN

Taking into account (3.1) this leads to (3.20) with 7 = ¢(771 +7)~1¢*. The second statement
follows now from (3.19), since

T.0) = {foe S {T8h T} € 7N |,
and this coincides with (3.21). g

1

The next result gives a connection between the selfadjoint extensions of S in $H® $Hg and
the selfadjoint extensions of Sy in . A similar result was obtained in [29, Theorem 3.2] in
a simpler situation.

Corollary 3.6. The selfadjoint extensions H. of S in HoBHg and the selfadjoint extensions
Az of Sy in 99 are connected by

Az =ker (I +71Y) = {{P , F,G}: {F,G}y € H,, G € Hy},
where T = qo(77' + 70)"'q} and this product is understood in the sense of relations.

Proof. When 0 € p(H,) N p(Ap) this result follows directly from Theorem 3.5. To prove it in
the general case one can proceed as in the proof of Proposition 3.4. Consider the first three
equalities in (3.8) with A = 0 and ¢ = g = 0. Then it follows from the third equality in
(3.8) that Fgfo =qof1 and fo =--- = f, = 0. Next a simple calculation using (2.12), (2.13)
shows that

k= _Cl2f+ 8;1187(118]?0 ® en) - TO.fl X €.
Now the second equality in (3.8), or equivalently (3.12), implies that C f = (TOE —Q)®e,.

This gives ¢5fi = ¢ —rof1 and fo = --- = f, = 0. Hence, together with the description of
H. in Proposition 3.2, one arrives at the following conditions for fy:

Tofo=qofi, @lfo=¢—rofi, {@ fi} €

It can be checked that these three conditions are equivalent to

{F?fo,FSfo} € —q(t7'+ To)_IQSo
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The linear relation 7 = qo(77* + 79) !¢ (where the products and inverses are to be under-
stood in the sense of relations) is selfadjoint. Therefore, Az is a selfadjoint extension of Sy
and the claim follows. O

Of course, when rg = 0 and gy = I the “inverse compression” of H, in Corollary 3.6 gives
the extension A, with precisely the same parameter 7 = 7. In this sense the selfadjoint
extensions H, of S can be seen as liftings of the selfadjoint extensions of Sj.

According to (3.20) the exit space for Sy is determined by the d x d matrix function
771 = ¢ %771 + r)¢!. This observation yields another construction of the model space
associated with M. Namely, one may use the coupling methods as presented in [9], [25] of
the model spaces corresponding to the sum of two Nevanlinna functions My and 7-!. Here
the degree of the rational matrix function 7! is equal to 2n and therefore the corresponding
exit space will have the dimension 2nd. However, it is not clear if the exit spaces £)z-1 can be
taken to be equal for different values of 7 € C(H). In the present approach the situation is
different. To see this observe that 771 = ¢~#(771 + r)g~! is obtained from @ given in (2.10)
by using a Schur complement and a transposed boundary triplet via the following steps,

0 q —1\—1 4 ~—1 — —1y, —1
Q— <qti r+7—1> — —qr+77) ¢ =T =g T )
This shows that for each 7 the exit space determined by 7! can be taken to be £4. Moreover,
the model operator Sz-1 for 77! is a closed symmetric extension of the model operator Sg
in Theorem 2.2 with smaller defect numbers (nd, nd) in $q.

4. SINGULAR FINITE RANK PERTURBATIONS

Let Ag be a selfadjoint operator in the Hilbert space £ and let G' be a linear injective
mapping from H = C? into $. For a d x d matrix o = a* define the operator A by (1.1)
so that A, is a finite rank perturbation of Ay, cf. e.g. [32]. Let Sy be the restriction of
Ap defined by (1.2). Then Sy is a closed, symmetric, and nondensely defined operator with
defect numbers (d, d). Its adjoint S is a closed linear relation, given by

(4.1) St ={f={fAof —Gh}: f€domAg, heH}.
A boundary triplet for S§ can be defined by
(4.2) H=C' T3f=h T0f=G"f [eS;

where T'§ is well defined, since ker G = {0}. The corresponding v-field and the Weyl function
are given by

(4.3) NN = (A= NG, Mo(A) = G*(Ag = N)7'G, A € p(A).

The perturbations A(,) in (1.1) are now selfadjoint operator extensions of Sy. The Weyl
function characterizes Ay and Sy, up to unitary equivalence, cf. [35]. It also can be used to
describe the spectrum of each perturbation A, cf. Proposition 2.1. Such and more general
perturbations have been considered in several recent papers, see e.g. [3], [22], [27], [33], [34],
[42].

The perturbations A, in (1.1) with ran G’ C $), are ordinary (range) perturbations of the
selfadjoint operator Ay. To introduce perturbations of Ay of a more general type consider a
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rigging of the Hilbert space ), generated by the operator |Ag|:

(4.4) D CCHP2CHACHCHI1CTH2C - CH g,
where $,;, = dom |Ao|*?, k € N, equipped with the graph inner product and $_j is the
corresponding dual space, cf. [6]. Here the notation $, for $14(|Ag|) is used for simplic-
ity. If ranG C 9 _;\9g, the perturbing term GaG* becomes unbounded in £, and the
expression in (1.1) needs an interpretation. In the sequel, interpretations for such (singular)

perturbations will be presented for each of the following cases, respectively:
ranG C$H_ 1, ranGCH o, ranGCH_y, k>2.

4.1. Perturbations in $_;. Let G be an injective linear mapping from H = C¢ into $_;
and denote by G* its adjoint operator from $,; into H. The identity (1.2) gives again rise

to a symmetric operator Sy in $9. Let Ay be the [$,1,9_;]-continuation of Ay to all of
$41. Then the expressions for the y-field 7 and the Weyl function M in (4.3) are still well

defined, after A is replaced by Ag. The connection of the finite rank perturbations A to
the extension theory in this case can be given in terms of boundary triplets as follows, cf.
[10, Theorem 6.2] for the scalar case.

Theorem 4.1. Let Ay be a selfadjoint operator in the Hilbert space $q and let /Nlo be its
(941, H_1]-continuation. Let G be an injective linear mapping from H = C% into $_, and
define the restriction Sy of Ag by (1.2). Then:

(i) The operator Sy is closed and symmetric in $o and has defect numbers (d,d).
(ii) The adjoint linear relation S§ of Sy is given by
(4.5) So={F=1{f Aof —Gh}: f €91, Aof —Gh € Ho, he H}.
iii) A boundary triplet for S§ can be defined by (4.2).
iv) The corresponding ~y-field and Weyl function are given by
6) (N = (A = NG Mo(h) = G (4 — V)G
) The perturbation

(4.7) Ay = {{f, (Ao + GaG") f} i f € H41, (Ao + GaG*)f € 0}

coincides with the selfadjoint extension A, = ker (T)+7IY) of Sy with o = 7 = 7* € [H]
and the resolvent of A is given by (2.7).

Proof. As a restriction of Ay, Sy is symmetric and its closedness follows from the closedness

of ker G* in $,1 (D $H2). The defect numbers are equal and they cannot be greater than

(d,d), since ker G* has co-dimension d in $),;. The continuation A is a selfadjoint operator
from $ ., into $H_; and, in particular, in the sense of the duality between these spaces, the

equality (Ao f, g) = (f, Agg) holds for all f,g € H,4, cf. [24]. The resolvent Ry = (Ao — At

of Ag is a [9_1, $H1]-continuous operator for A € p(Ag). Therefore, it follows from the
definition (1.2) that for all f € dom Sy and all A € p(Ay):

(48) (Ao = 271Gy (S0 = X) faw = (Gh, sy = (A, G Floe = 0.
Hence, Ry(ranG) C M, (S5) and a dimension argument shows that

(4.9) Ry(ranG) = MA(SE), A € p(Ao).
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In particular, the defect numbers of Sy are (d, d), and hence (i) has been proved.
To see (ii), recall the decomposition
(4.10) Sy = AgFM(S;), A€ p(Ag).
It follows from (4.9) and (4.10) that every {f, f'} € S§ admits the representation
{£.£} = {fo + RiGh. Aofo +iRGh} = {f. Af — Gh},
where fy € dom Ay, h € ‘H and, hence,

[ = f0‘|“§z‘Gh € N1, /Nlof—Gh € 9.
This gives (4.5).
As to (iil), it is clear from (4.5) that the mapping : S¢g - HeH determined by (4.2) is
surjective. With the vectors {f, f'} = {f, Aof — Gh} € S; and {g,¢'} = {9, Aog — Gk} € S}

one obtains

(flvg) - (f: g/) = (AvOf - Ghv g) - (f: Avog - Gk) = (G*fv k)?‘( - (hv G*g)'Hv
so that the abstAract AGreen’S identity holds.
Each vector f\ € 91\(S5) admits the representation

{fv A} = {R\Gh, A\R\Gh} = {R\Gh, AgR\Gh — Gh}.
This implies
Tof=h, T9f =G (A - NG,

which gives (iv) in view of (2.4).
Finally to prove (v), observe that with f € S§,

ng?Jr TF?]?: h+71G"f.

Thus, fE ker (T'§ 4+ 7TY) precisely when h = —7G* f. Substituting this into (4.5) gives the
representation (4.7) for the extension ker (I'j + 7I'Y) with a = 7. O

If ran G C $)g, then the statements in Theorem 4.1 clearly reduce to the facts presented in
the introduction of the present section. When ran G C $_1, the operator in the righthand
side of (4.7) will be written shortly as

A(a) = AVO + GaG*, a € [H]

Observe, that if ran G C $_1\9g, then the operator Sy in Theorem 4.1 is densely defined and
its adjoint S in (4.5) is an operator. In the case where Aq > 0, the operator A, is a form-
bounded perturbation of Ay in the sense of [2]. When the operator Ay is not semibounded,
but ran G C $_1\$o, the lifting of the extensions A, = ker (I} + 7I'%) to the space triplet
N1 C Ho C H_1 gives rise to a situation where the lifted extensions A, behave like usual
finite rank perturbations of Ay in o and they give rise to a generalized Friedrichs extension
of Sy in the original space §)¢. Such results, involving so-called Kac subclasses of Nevanlinna
functions, have been obtained in [24], [26], and then extended in [10] to Pontryagin spaces.
The next results shows that perturbations in $)_; as described in Theorem 4.1 are additive
with respect to the parameter a € [H].
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Proposition 4.2. For each selfadjoint T € [H] the space triplets $11(A;) C $Ho C H_1(A,)
are (topologically) independent of T and A, is a representation of the additive group [H], i.e.

(4'11) Aoy = (An)Tzv TP = 7—; € [H], J=12

Proof. The equality of the domains dom |A,|2 for the extensions A, = ker (TS + 71Y) in
(4.7) corresponding to the selfadjoint (operator) parameters 7 € [H] can be proved along
the lines of [24], [29]. It follows then from the closed graph theorem that the norms on the
spaces $41(A,) are equivalent, and therefore the space triplets $,1(A;) C H9 C H_1(A,)
for 7 € [H] coincide, up to equivalent inner products.

In view of Theorem 4.1 the extension A, C S§, 11 € [H], is given by

(4.12) AL f=Aof +GnG*f, feE Ny,

with f € dom A,, if and only if leof + GniG*f € 9. Now, applying (4.12) again with A,
and 7, € [H] yields

(AVTl)TQ = Avﬁ + GTQG* = AVO + G(Tl + TQ)G* = AleJrTQ,
and clearly f € dom (A, ), if and only if f € dom A;,;,,. This proves (4.11). d

4.2. Perturbations in $_,. Let G be an injective linear mapping from H = C? into $_»
and let G* be its adjoint operator from $),5 into H. The identity (1.2) still gives rise to a
symmetric operator Sy in §y. However, when ran G C §_, the operator I'{ in (4.2) is not
well defined anymore, and it has to be regularized. Let /Nlo be the [$)o, $_o|-continuation of
Ag to all of . The resolvent E,\ = (;lo —\)7!of /Nlo is an [§)_,, H]-continuous operator for
A € p(Ap), see [44]. Then the expression for the y-field v in (4.3) is well defined, after Ag
is replaced by leO, but a regularization of the Weyl function M, is needed.

An operator R € [$)_o, 0] is said to be a reqularizing operator of Ryif R\—R € (92, 912],
and (R) —R)* = R; — R for A € p(Ay). For example, one can take R = %(EZ +R_;)asa
regularizing operator of é,\, cf. [44]. If Ry and Ry are two regularizing operators of R, then

clearly Ro — Ry € [$_2, H12].

Theorem 4.3. Let Ay be a selfadjoint operator in the Hilbert space $o, let NleO be the
(90, H_s]-continuation of Ay, and let R be a reqularizing operator of Ry = (Ay — \)~L.

Let G be a linear injective mapping from H = C? into $_o and define the restriction Sy of
Ap by (1.2). Then:

(1) The operator Sy is closed and symmetric in $o and has defect numbers (d,d).
(ii) The adjoint linear relation S§ of Sy is given by

(4.13) St={f={f Acf —Gh}: f €99, Aof — Gh € Ho, h € H }.
(iii) A boundary triplet for S§ can be defined by
(4.14) H=C% T9f=h TIVf=G"(f—RGh)+Bh, [e€S,

where B is a selfadjoint operator in H.
(iv) The corresponding v-field and the Weyl function are given by

(4.15) YA) = (Ao — NG, Moy(N\) = G*((Ag — \) ' = R)G + B.
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(v) The resolvent of the extension A, =ker (Do +711), 7 = 7 € C(H), is given by
(Ar =N = (A =N =N+ G (A= N =R)G + B) (M), A€ p(Ar) N p(Ay).

Proof. (i) Observe, that ker G* is closed in $) 5. This implies that Sy is a closed symmetric
operator in ) with equal defect numbers which cannot be greater than (d, d), since ker G*

has co-dimension d in $),5. The continuation /Nlo admits the following symmetry property

(fv AvOg) = (Aofvg)ﬁov f € dOIHA(), g€ 5:.)07

where (-, -) stands for the duality between $,5 and $_5. Hence, the equality (4.9) follows
from (4.8). In particular, the defect numbers of Sy are (d, d).
(ii) It follows from (4.9) and (4.10) that every {f, f'} € S5 admits the representation

(416) {f,fr={fo+ }N%,\Gh, Aofo+ )‘EAGh}v fo€dom Ay, heH, Xep(A),
which, due to the relation E,\Gh — RGh € dom Ap, can be rewritten as
{£. '} = {fo + RGh, Ao(f; + RGh) — Gh},  fy € dom Ay,

Hence, S; belongs to the left side o£ (4.13). Conversely, if leof — Gh € 9 f(g some [ € 9
and h € H, then equivalently f — R\Gh € dom Ay. In this case, f = fo + R\Gh for some
fo € dom Ay and [ = Agf — Gh = Ao fo + AR\Gh, so that {f, f'} € S§ by (4.16).

(iii) Tt is clear from (4.13) that the mapping ¥ : S5 — H @& H determined by (4.14) is
surjective. Moreover, for every {f, f'} € S of the form (4.16) and

{9,9'} = {90 + R5Gk, Aggo + AR5Gk} € S;, g € dom Ay, k€ H,
one obtains
(f'9) = (f,9) = ((Ao = A) fo, RxGE) — (R\Gh, (Ao — A)go)

= (va Gk) - (Ghv 90)
= (G*f() + Bh, /‘C)H — (h, G*g() + Bk‘)H
= (G*(f = RGh) + Bh, k) — (h,G* (9 — RGk) + Bk)x.

(iv) Decompose the defect vectors fi € M\(S;) as follows:
{f, Mot = {R\Gh, AR\Gh} = {R\Gh, AyR\Gh — Gh}.
Then according to (4.14),
f=h I =G (EA _ R) Gh + Bh,
which in view of (2.4) leads to (4.15).
(v) The statement follows from Proposition 2.1. O

The boundary operator I'Y in Theorem 4.3 depends on a free parameter B € [H]. When
this parameter B is fixed, the family of perturbations A, of Ay can be defined, in analogy
with Theorem 4.1, as the family of selfadjoint extensions

(4.17) A, =ker (T +7IY), 7=1"€C(H).

Some other, but equivalent, forms for defining these perturbations have been given in [22],
33], [2], [29]. Observe that the resulting family A, is not additive in the sense of (4.11).
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Remark 4.4. Comparing the statement (v) in Theorems 4.1 and 4.3 in the case where
ran G C $_; it is seen that A,y = A, if and only if

(4.18) 7' - G"RG+B=a"

It follows from (4.18) that the operator a should be equal to 0 for G satisfying ran G C $_o\
91 and 7 = 7" invertible. Such “perturbations” A, of Ay were called in [33] infinitesimal;
they can be interpreted as selfadjoint extensions of the symmetric operator Sy in Theorem 4.3
and hence they can be parametrized by the resolvent formula (v) in Theorem 4.3 with

T=T"€ 5(7‘()

Remark 4.5. If 0 € p(Ay), one can take Zgl € [9_2, 9] as a regularizing operator for the
resolvent Ry. Then the corresponding Weyl function M, takes the form

(4.19) My()) = G* ((210 A 2151) G+ B.

The case of perturbations in $)_» is general in the sense that every closed symmetric
operator S with defect numbers (d, d) can be obtained as a restriction of a selfadjoint operator
Ap via (1.2) with some linear injective mapping from H = C? into $_,, cf. e.g. [27].

The following lemma gives some formulas which will be useful in Subsection 4.3 in order
to describe the renormalization procedure for the resolvent Ry = (Ay — A\)~! and the Weyl
function generated by singular perturbations of Ag with ran G C $_, k > 2.

Lemma 4.6. Let G be a linear injective mapping from H = C¢ into 91, let q be a scalar
polynomial of degree n € N, such that o(q) No(Ag) =0, and let Gy = q(Ay)"'G. Define the
block matriz T by

(4.20) T =col(tonr, .. b1, t0), t;=GiAT Gy, j=0,1,...,2n 1.
Then the following identities hold

(4.21) G*(Ag = NG =r(\) + (NG Ay — N) ' Gog(N),

(4.22) G'(Ag =) {r( )+ (NGi(Ao — N Gog(M)},

where

(4.23) r(AN) = Nany(Byg @ DT, Aany = (I, Mgy o, N2 )

and By, is the matriz associated with the polynomial q*q via (2.11).

Proof. 1t follows from

g(M)fa(N) — g(2)%q(2)

(4.24) p(A, 2) = P

that the corresponding matrix polynomial admits the representation
2n—1

(4.25) PN 2) I = Nony (Bsg ® 1) Z 0 = > by N2 Iy,
4,k=0

where Z(5,,) is defined similar to A(z,). Moreover, (4.24) implies that
G*(Ay = NG = Gip(N, Ao)Go + ¢F (NG5 (Ag — N7 Goa(N).
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To prove (4.21), it remains to notice that due to (4.25),

2n—1
Gip(\, Ag)Go = Y by N GiAFGy = Aoy (Bysy ® L)T.
7,k=0
The identity (4.22) is obtained from (4.21) by differentiation. O

Remark 4.7. Staﬁements similar to those in Lemma 4.6 are still valid if ran G C $_5. In
this case to = G§AT" ' Gy is not well defined and the resolvent needs a regularizing term.
Let R be a regularizing operator of R, commuting with R). Then the difference

(4.26) to— G*RG = G*(¢*(Ag) AT 1q(A)) ' = R)G

makes sense and by incorporating the regularizing terms G*RG and ¢ G RGq in the formula
(4.21) one arrives at the following identity

(4.27) G*(Ry —R)G = r(\) + ¢*(Ng(N)[Gy(Ry — R)Gy + B,
where B = G{RG( and the matrix polynomial () is now given by
(4.28) T()\) = A(gn)(Bquq (24 [)T — G"RG.

In (4.28) r(X\) is well defined in view of (4.26). Differentiation of (4.27) gives again an

expression for G*(Ag — \)72G analogous to (4.22). Notice also that the selection of a regu-
larizing operator R or even two different regularizing operators Ry, R, in (4.27) results in
a difference for r and B only by some constant well-defined selfadjoint operators in H, since

R—Rj - [5:_)_2,57_)+2], j = 1,2

4.3. Perturbations in $_,,_; and $_,,_». In a number of papers singular rank one per-
turbations of Ay generated by w € $_5, o have been studied by means of exit space ex-
tensions of a symmetric operator S connected with Ay, see [41], [17], [18], [38], [37]. In
this subsection a model for finite rank singular perturbations of Ay generated by G with
ranG C $H_9,—;, 7 = 1,2, is established also in terms of exit space extensions of A,. Here
the model for such perturbations is derived from a basic assumption that in an extending
inner product space $ D ), the resolvents associated with the perturbations of A, should
be finite rank perturbations of the resolvent generated in § by (4g—A)~! (see Theorem 4.8).
First consider the case, where G is a linear mapping from H = C? into $_,,,_; and let
Ap be the [9_ 9,11, _2,_1]-continuation of Ag. The adjoint operator G* maps 9,1 into
H. Observe, that if ranG N H_, = {0}, then the identity (1.2) gives rise to an essentially
selfadjoint operator whose closure is equal to Ay. Moreover, the vector R,\Gh = (AO
AN)7LGh, h € H, X € p(Ay), does not belong to the space y. To give a sense to the vector

R,Gh and to the resolvent formula (2.7) one needs to extend the space $( by adding the
subspaces

(4.29) Aylran G, ..., Ay ran G,
assuming, for simplicity, that 0 € p(Ag). Then the vector
(4.30) YN = R\Gh = A;'Gh+ -+ + A" VA;"Gh + \"RyA; " Gh
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can be considered as a vector from an extended inner product space $) which contains both
$o and the subspaces (4.29):

(4.31) ﬁjspan{ﬁo,;lgjranG:jzl,...,n}.

In this space the continuation /Nlo of Ay generates an operator, say Hy, for which the operator
function v(A), A € p(Ap), can be interpreted to form its y-field in the sense that

(4.32) w = (Hy = N)7"(n), A p € p(Ag).

This identity implies that

(4.33) (A) = (Ho— N)""v(N),  Xe p(Ao).

57
The inner product (u, ¢)s in § should coincide with the form (u, ) generated by the inner

product in §g if the vectors u, ¢ are in duality, say, u € Ho;—j)41, ¥ € /ngjran G. Now, for
the other vectors in (4.31) it will be supposed that the conditions

(4.34) (4G, A5°GF) = (tynah, e Gk =1,...omi b f €N,

are satisfied for some operators t; =t} € [H], j =1,...,2n — 1. The next result shows that
under such weak conditions on the extending space the structure of perturbed resolvents
becomes already completely fixed even under some mild assumptions on Hy. This fact yields
an interpretation and a model for singular finite rank perturbations of Aj.

Theorem 4.8. Assume that 0 € p(Ap) and let ranG C H_9,-1\H_2,, let Gy = A" "G, let
$ D $Ho be (an isometric image of ) an inner product space satisfying (4.31), (4.34), and let
H and Hy be selfadjoint linear relations in $ such that

(i) p(Ho) = p(Ao); -
(ii) 7((?1)’): (Hy — N\)7'y(N) holds for (an isometric image of ) v(A) = (Ag — N)7'G, X €
PLA0);

(ii)) (H =)' = (Ho—A)"" = =y(N)a(A)v(A)*, A € p(H) N p(Hy);
for some matriz function o(\) holomorphic and invertible for X € p(Hy) N p(H). Then
o(N)™1 can be represented in the form

(4.35) o (A) = B+ t(N\) + A" My(N),

where B = 8% € [H], t(A) =t A + -+ + tan 1 AL, and Mo(\) = G3R\Gy is a Nevanlinna
function in H.

Proof. Denote Ry = (Hy — A\)%, Ry = (Ag — A\)~*. By assumption (i)

(4.36) YA =RV, (V)T =7(A)"Ra

Now, differentiation of (iii) yields

(437)  (H=XN)7" =R =—=1(N)a(N)7(A)" = Ray(N)a(A)7(N)" = 7v(N)a (A (N) Ry,
which together with (iii) implies that

(4.38) YN (A7) = =1 (N)a (M)A (N (A)r(A)"
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The identity (4.38) can be rewritten (by the assumption of isometry in (ii)) as
do~1
d\
It follows from (4.30) and (4.34) that for every h, f € H, j=1,...,n,

</ngj]§AGh, 2151@7>ﬁ — <I§AGh,/ngj‘1Gf>

(4.39) = 7NN = (BG) (RAG).

ﬁ 9
D A-1p_ _ /P2 -1
<RAGh, A RAGf>ﬁ - <RAGh, A Gf>ﬁ.
Therefore,
- - - EUE d / ~ -
_ _ A1 _a -1
(4.40) <RAGh,RAGf>ﬁ - <RAGh, (I + ARy)A; Gf>ﬁ - = <>\RAGh, A; Gf>
and by applying (4.30), with 2n — 1 instead of n, and (4.34) one obtains
D -1 _ -1 -1 . 2n—1 / A—2n+1 -1
<>\RAGh, A Gf>ﬁ — A <A0 Gh, A; Gf>ﬁ TR <A0 Gh, A; Gf>ﬁ

)
)

(441) + 22" <§>\AVE27L+1Gh7 AVEle>
9

= (t(N)h, fre + AT(GyRaGoh, f)x.

It follows from (4.39), (4.40), and (4.41) that o~"'()) in (iii) takes the form (4.35), where 3
is a selfadjoint operator in H and My(A) = GiR\Gy is a Nevanlinna function since ran Gy C

H-1. O

Remark 4.9. Observe that one arrives at the same formula (4.35) for o=!(\) by comparing
(4.39) with (4.22) in Lemma 4.6. Similarly, in the case o(q) No(Ag) = 0 one can derive from
Lemma 4.6 the following representation of o~(\):

(4.42) o (\) = r(A) + ¢ (\a(N)Mo(N),

where 7 is given by (4.23). One can extend Theorem 4.8 also to the case where ran G C
9 _2,_o. Then the function o~(\) in (iii) still has the same form (4.42), but the function

Moy(N) in (4.42) takes the form GG(Ry — R)Go + B, where R is a regularizing operator of
Ry, B = B*, and r with degr < 2n — 1 is given by (4.28); see Remark 4.7.

Remark 4.10. The function 7(\) + ¢*(A)g(\) My()) is the Weyl function of the model Pon-
tryagin space symmetric operator S considered in [13, Theorem 4.2] and does not belong
to the class of Nevanlinna functions. In fact, substituting the formula (4.42) with 8 = 771,

T =71"€ C(H), for ¢ in (iii) one obtains the resolvent formula (2.7) in Proposition 2.1 with
the Weyl function

(4.43) M =7+ ¢* Myq.

The formulas (4.21) and (4.27) can now be seen as a renormalization procedure for the
Weyl function associated with the ~y-field v(\) = (49 — A)7!'G. In view of Theorem 4.8
it is natural to identify the family of finite rank singular perturbations Ag + GaG* with
the family of selfadjoint extensions H, of the symmetric operator S in a Pontryagin space;
see Theorem 4.12. The formula (4.42) implies also that one cannot find a Hilbert space
selfadjoint family satisfying the properties (ii) and (iii) in Theorem 4.8. Of course, one can
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still give a description in purely Hilbert space terminology, but then the extensions will not
be selfadjoint anymore (cf. [38], [37]).

A model space $ and a selfadjoint relation Hy in $ which satisfy the assumptions in
Theorem 4.8 can be constructed directly from Ag and G without using riggings of the Hilbert
space g as follows. Let G be an injective linear mapping from H = C% into $_a,_;, 7 = 1, 2.
Let ¢ be an n-th order monic d x d matrix polynomial such that o(¢) No(Ag) = 0 and define
Go = q(Ay)7'G, so that Gy maps H = C? into H_1(Ag) or H _2(Ap), respectively. The
restriction Sy of Ay to dom Ay N ker G, is a closed symmetric operator in $, with defect
numbers (d,d). The corresponding Weyl function M, is as in (4.6), (4.15), or as in (4.19)
if in addition 0 € p(Ap), with G replaced by Gg. Let tg,...,ts, 1 be arbitrary selfadjoint
d x d matrices and define the matrix polynomial r, degr < 2n — 1, by (4.23) or (4.28).
Parallel to (4.21) or (4.27) depending on ranG C ) _o, 1 or ran G C $)_,,_»o, respectively,
the generalized Nevanlinna function M is defined by (4.43). The matrix polynomial @ of
the form (2.10) gives rise to a model involving a reproducing kernel Pontryagin space $¢
and a corresponding multiplication operator S¢ in it, see Theorem 2.2. The model for M in
(4.43) is now obtained by applying Theorem 3.1. For simplicity the result is formulated for
the case 0 € p(Ap) and ran G C §_9, 1\ _2x,.

Theorem 4.11. Let Ay be a selfadjoint operator in the Hilbert space ¢ such that 0 € p(Ap)
and let G - H = C — 9 5, 1\H_2, be injective. Let ty,... ta, 1 be arbitrary selfadjoint
d x d matrices and let the matriz polynomial r, degr < 2n — 1, be given by (4.23), let
Gy = (;lo)_"G, and let Sy be a symmetric restriction of Ag defined by

dom Sy ={fedomA,: Gjf =0}.

Let {H,T9, T} be a boundary triplet for S; with the Weyl function My and moreover, let the
symmetric operator Sq in g and the boundary triplet for Sg be as in Theorem 2.2. Then
the operator Sy is densely defined in $Ho and, moreover, the following statements hold:

(i) The linear relation S defined in Theorem 3.1 is a closed simple symmetric operator in
9 = 9Ho B Ho with defect numbers (d, d).

(ii) The adjoint linear relation S* and the boundary triplet for S* are as given in parts (ii)
and (iii) of Theorem 3.1.

(iii) The corresponding Weyl function has the form (4.43) where q(\) = A" and My is given
by (4.6).

(iv) The linear relations Hy = kerT'g and H, = ker (I'y + 7T1), 7 € [H], are selfadjoint
extensions of S in $H D NHg.

(v) The resolvent set p(H,) of H., 7 € [H], is nonempty, the spectrum o(H,) in p(Ap)
coincides with

{X € p(Ay) i det(I + (r(\) + A" My(\))7) =0},

and the compressed resolvent of Hy and H, are of the form (3.7) and (3.20).
(vi) The corresponding Straus extensions T,, T € [H], are given by the “interface conditions”
in (3.21).

The statements of the above theorem follow easily from Theorems 3.1, 3.5, Proposition 3.2,
and [13, Theorem 5.3]. One can state a similar result for the case when ran G C $_s, 2\ _2,
and with ¢ an arbitrary polynomial by using the formula (4.28) for the polynomial r and
the formula (4.15) for M.
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4.4. Completion theorem. Another construction of a model for singular rank one pertur-
bations generated by w € §_,,, was given in [18] via a completion procedure which resulted
in a symmetric operator in a Pontryagin space whose @-function was of the form (4.43). Al-
though the model in [18] differs from the one given in Theorem 3.1, the corresponding Weyl
functions coincide and, hence, the underlying selfadjoint extensions are unitarily equivalent.
In the next theorem the spaces $g, $, as well as Ag, and its lifting Hy in $ are connected
to each others after such a completion procedure, when applied to the model in the present

paper.
Theorem 4.12. Let ranG C 9 9, 1\H_2, and assume that 0 € p(Ag). Let {H,To,T1}
be a boundary triplet defined by the equality (4.2). Let Go = Ay"G, let Sy be defined by
dom Sy = dom Ay Nker G, let t; be selfadjoint operators in [H] (j = 1,2,...,2n — 1), let
Q be as in (2.10), where q(\) = X" and r is of the form (4.23), and let $ = Ho ® Ho and
Hy = ker 'y be constructed as in Theorem 3.1. Consider the linear space

P, = span {Ha,, Ay (ran G), ..., Ag?"(ran G},

and define the inner product of the vectors lenghj, hj € H, j =1,...,2n, by the identi-
ties (4.34) with j k= 1,...,2n, where t; = GEAY"77'Gy if j > 2n. Then:
(i) the mapping V' from P, to Ho & Hg defined by

2n 2n n
VeSS AiGh o (w Py AnghJ) o (T fi8e),
j=1 Jj=n+1 =

where
2n

fo=GiAF o+ Y tuopwihi, 1<k <n,

i=n+1
is isometric and ran'V' is dense in Ho D Hg;
(ii) the closure of the graph of the operator

2n 2n
Ao+ A7Ghy = Ao+ AUTGH, o € Do

=2 =2
comncides with the linear relation Hy in $o @ Hg under the isometry V.
(iii) V maps (Ao — A\)7LG, X € p(Ag), to the y-field v(\) in (3.2).
Proof. (i) Let g; = leathj, h; € H,j=1,...,2n. Since for i« < n the vector Ve, takes the

form

0
(4.44) Ve =0 < b €i> ,

one obtains for 7,7 <n
[VEZ‘, VEj] = (Brhz (29 gi, hj (29 gj)ﬁ(Q) = (ti+j—1hi7 hj) = <5i7 €j>,P
For j > n the vector Ve; takes the form

. Z:l tn—k+jhj X €k
(4.45) Vej=¢; @ ;

n

0
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and hence one obtains for s <n < j < 2n

hi ® En—it+1 n_ tn—k+ ih; @ eg
Ve, Vel = | ), k=1 it
Vei, Vej] << =1 biyi—1hi ® €i> < 0
= (tixj—1hi hj) = <5z‘75j>7>n‘
It follows from (4.45) that
[Vgiv ng] = <5i75j>’/>n ; Zvj > n.

Finally, the equality

n * Ak—1
(4.46) Ve=y& < k=1 GO%O P 6’“)
yields
[V§07 ng] = (vagj)ﬁo = <§075j>’pn , o J>mn,
and

[V, Vej] = (Go AT, hyj)n = (s@,;lajG*hj) =(p,&)p,, J<n

Thus, the mapping V' is isometric. It follows from (4.44), (4.45), (4.46) also that ranV is
dense in $y @ Hg, since Hy, is dense in §.
(ii) It follows from (3.9)—(3.13) that

n * AJ .
Hy'VAofo = fo® <ZJ:1 GOO ofo® €J> =V, Jo€ Nanya

Therefore, to prove the second statement, it remains to show that

(4.47) VAU ™Gh = Hy'VAZ'Gh, j=1,...,2n— 1.
For j < n it follows from (4.44) and (3.9)-(3.13) that
~ . 0 ~
—1 i — — (+1)
Hy ' VAJ’Gh=0& <hj ® €j+1> = VA, Gh.

If 7 = n one obtains from (3.9)—(3.13)

Ho—lvAvgnGh — (AvalGOh) D <Zi:1 t2n6i+1h X €i> _ VAV(;(HJFDG}L.

Similarly, for j > n one obtains from (3.9)-(3.13) that

Hy'V A Gh = (Z&UH)Gh) & <zi=1tn+j0—z‘+1h ® €i> _ VAU,

To see (iii) decompose RyG = (Ag — A)"'@ as in (4.30) with n replaced by 2n. Then
(Ag = N)7'Gh =g+ + A" leg, + A" Ryen,.

It is easy to see that V' maps the sum w; = 1 + --- + )\"_Nlen to the vector (0,0, ATh).
Moreover, the image of uy = AN (g,51 + -+ + N teg,) + A" Ryea, is of the form V(ug) =
(uz2,v,0). In view of (4.30)

Uy = )\"EAZE"Gh = q(\)(Ag — V) TGoh = q(M)y0(M)h.
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The expression for the components of v is obtained after several applications of (4.30) with
different values of n and by taking into account the definition of Ay in (2.14). The results is

v = AAT(GE(Ag — N)7EGo)h + AT h = g(NAT Mo(\)h + AT h.
Therefore, V(R\G) = 7(X), A € p(Ay). O

Remark 4.13. An analog of Theorem 4.12 is still true when ran G C $_3,,_2\$_2,. Then
ton, the resolvent E,\ on the left side of (4.30) and the constant term ;151 on the right
side of (4.30) should be regularized. If {5, is replaced by ts, = GS(Zgl — R)Gy + B then
V(R\G) = ~()\) is still given by (3.2) with My(\) = GS(E,\ — R)Gy + B; here also the

selection R = A;* is allowed since 0 € p(Ap).

Finally, it is emphasized that the model constructed above for singular perturbations
admits all the properties in Theorem 4.8. The property (i) in Theorem 4.8 was shown in

Proposition 3.4. Part (iii) of Theorem 4.12 shows that the isometric image ~v(\) of (Ag —
A)7'G is the v-field associated with Hp, so that it satisfies (4.32) and hence also (4.33):
y(A) = (Hy — N)71y(A\). (One can check this last identity also directly by applying the
formulas given for (Hy— A)~! in the proof of Proposition 3.4 with G' = v(\).) Moreover, the
property (iii) in Theorem 4.8 was proved in Proposition 3.2).

5. THE DIRAC OPERATOR

As an application of the model constructed in Section 3 some singular perturbations of
the Dirac operator are studied.

5.1. Perturbations in $)_,. Let Ay be the free Dirac operator in £, = L*(R) & L*(R)
given on the domain W3 (R) & W, (R) by the expression

dx

0 1 1 0
01:<1 0)7 03:<0 _1>7

are Pauli matrices in C? and ¢ > 0 is the velocity of light. The spectrum of Ay coincides
with the set (—oo, —c?/2] U [c?/2,00), and the resolvent operator (Ag — \)~! is given by the
integral kernel

! ’ ¢(A) sgn (T — ')\ ik(\)je—a’
(5.2) Rk()\,x—x):%<sgn(x_x/) gC(A)—l )e Wla—e'|

. d 9 2 _jed
(5.1) D=—ic—®o1 + (c /2)®03=< izcd é“>,

where

where

k()) = %\/v oA, Tmk(\) >0, C(A) = %

Define g : H = C? — H by 79(\) = Ri(\, ), so that in particular

1 1 1SN T\ _o/olx
(5.3) 70(0) ( e ) f2lal,

~ 9% 1sgnx
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Consider the two-dimensional perturbations of Ay,
(5.4) Aw) = Ao + GoaGy,  a € [H],

with the operator Gy : H — $_5 given by Goh = 6®h, h € H. Then G§ : $42 (= dom D) —
H is given by G f = f(0). Let Sy be the domain restriction of Ay given by

dom Sy = {y = (y1,92)" € Wy(R) ® W5 (R) : y(0) =0},

and let Ay be the [§, §_s]-continuation of Ag. Then ~o(A) = (A — A) "Gy and according
to Theorem 4.3,

(5.5) Se = {{vo +10(0)h, Agy — 6 @ h} : yo € WS (R) ® W5(R), h € H }.

The boundary operators I’y and T'{ for Sg can be given by (4.14). It follows from (5.3) and
(5.5) that

(5.6) [oy = h = —icoy(y(0+) — y(0-)),

and, for the special choice of B = %03, that

(5.7) Iy = o(0) + googh = L IVO)

Due to (4.17) the perturbations A, are determined by the selfadjoint extensions A, =
ker (I'g + 71';) with 7 a selfadjoint 2 x 2 matrix in H. Now f € A, can be rewritten as

(5.8) y(0+) = Ay(0—),

where A is a oj-unitary matrix given by

LN
(59) A= <’LO’1 - %7') <’LO’1 + %7') .

In view of (5.7) the corresponding Weyl function is given by

90 (A) (N i (N 0
Mo(h) = 2 B 20< 0 C(A)‘1>’
Clearly, lim, .o Mo(iy) = (i/2c)Iy is not selfadjoint and therefore, by [26, Section 2] or
[10, Theorem 4.4], ran Gy C $H_2\$H_1. The description (5.8), (5.9) of selfadjoint extensions
A, of the operator Sy was given in [5]. In [3] it was shown that the extensions A, can be
considered as perturbations of Ay. In fact, the definition of A, depends on the choice of a
free parameter B. In the present paper the choice B = %03 is made in order to obtain the
same family A, as in [5] and [3], cf. also [30]. For the special cases

a 0 00
T:<0 0) 0r7=<0 b>’ a,beR,

one obtains the boundary conditions

(5:10)  a(0+) —52(0-) = —Zai(0) or yu(0+) — y(0-) = —=bya(0),

which characterize the one-parameter families D, and T}, of perturbations of Ay,
D,=Ay+ad®e(-,0®e1) or Ty=Ag+bd®es(-,0® eq)

respectively, cf. [1] and [21]. Here (f,6®e;) = f1(0) and (f, 6®es) = f2(0) for all f € dom D.
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5.2. Perturbations in $§_,. Now assume that G maps H = C? into $_4. For the sake of
simplicity let

Gh = AyGoh = —icd' @ o1h + (3/2)6 ® o3h, h e H = C2.
Then G* : § 4 (= dom D?) — H is given by G*f = (D [)(0). Setting q(\) = I\ one obtains

in the model in Theorem 2.2:
C,=Cp =0, B=01®Iy.
According to Theorem 3.1 and [13, Theorem 5.3], the operator

Y Soy
(5.11) S = My |, 0 cye€domSy p,
0 Iy

is a simple symmetric operator in the Pontryagin space $ @ C* whose inner product is
determined by I, @ B. The finite rank perturbations Ay + GaG* are identified with the
selfadjoint extensions H,, 7 € [H], of the operator S, as specified in the following theorem.
It is obtained by applying Theorem 3.1 with the data given above.

Theorem 5.1. Let the operator S in $o ® C* be defined by (5.11). Then:

(i) The adjoint linear relation S* takes the form

N y S0Y N
S* =) F = ngy N cyedomSy, f,oeH
f oy

(i) The boundary triplet {C?,To,T'1} for S* and the corresponding Weyl function M, which
has two negative squares, are given by

2¢\ 0 ¢V
(iii) The selfadjoint extensions H, = ker (I'y + 71'1) are given by

(512) TP =7 DF—g MO =2 <<(A) 0 ) ENEEIS

y Soy .
(5.13) H, = Dy |, | @ ry€dom Sy, f+T19=0
f oy
(iv) The spectrum of H, in C\((—o0, —c*/2]U[c?/2,00)) is characterized by the equivalence
N cn) 0 _
(5.14) A€ o,(H,) < det <I + o < 0 () 7] =0.

(v) The compression of the resolvent (H, — \)™! to $¢ takes the form

515) Po(t =N = (=07 = xar (1450 (40 D))

(vi) The function y = Py,(H, — X\)"'2 is a solution of the boundary value problem with the
A-depending interface condition

(5.16) (So =Ny =2, y(0+) = A(N)y(0—),
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where A(\) is given by the formula
(5.17) A(N) = (2icoy — N27) 71 (2icoy + A7),

By special choices of 7 € [H] it is possible to generate frequently occuring cases. For

instance, if
a 0 0 0
T—<0 0) or T—<0 b)’ a,b e R,

then one obtains the one-parameter families of “perturbations” DM or T b(l) of Ap,

2
DY = Ay + aw (-w1), w = <(C /2)6> )

—1cd’

1 10’
Tb( ) — AO + bwg(-vwg), Wy = <(02/2)6> 5
respectively. Here (f,w;) = (¢*/2)f1(0) — icf}y(0) and (f,ws) = icf{(0) + (c*/2)f2(0) for
all f € dom D?. Their compressed resolvents are characterized by the following interface
conditions

(5.18) Y2(0+) — 42(0—) = —%Azayl(o) or y1(0+) —y(0—) = —é)\zbyz(O),

respectively. As is known [1], [5], [21], the perturbations A,y in (5.4) are related to the
corresponding nonrelativistic interactions of the Schrodinger operator via the nonrelativistic

limit. For perturbations in $_4 the situation is different. The nonrelativistic limit does not

)

distinguish the perturbations DY, Namely,

. 1 02 -t 1 1 0
clinolopﬁo <Dg)—<)\+5>> rf)(]:(_Aa,oo_)\)_ ®<0 0>,

where A, stands for

Avoe ={{y. =Dy} : y € W3 (R\{0}), y(0) = 0}.
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