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ABSTRACT The increased penetration of intermittent renewable energy sources and random loads has caused many uncertainties in the power system. It is essential to analyze the effect of these uncertain factors on the behavior of the power system. This study presents a new powerful approach called probability-boxes (p-boxes) to consider these uncertainties by combining interval and probability simultaneously. The proposed method is appropriate for problems with insufficient information. In this paper, the uncertainty of distribution functions is modeled according to the influence of natural factors such as light intensity and wind speed. First, the p-boxes load flow problem is studied using an appropriate point estimation method to calculate statistical moments of probabilistic load flow (PLF) outputs. Then, the Cornish–Fisher expansion series is used to obtain the probability bounds. The proposed approach is analyzed on the IEEE 14-bus, and IEEE 118-bus test systems consist of loads, solar farms, and wind farms as p-boxes input variables. The obtained results are compared with the double-loop sampling (DLS) approach to show the proposed method's precision and efficiency. 
INDEX TERMS Cornish-Fisher expansion series, Double-loop sampling, Parameterized p-boxes, 
Probabilistic load flow, Probability bounds 

I. INTRODUCTION Load flow (LF) problem has been used in electric power system fields, such as generation scheduling and operation [1], etc. LF's problem involves solving non-linear equations. Several reliable techniques, such as Fast-Decoupled and Newton Raphson [2], have been proposed to solve it. However, the LF problem's input data includes errors due to several different causes, such as power forecast errors [3]–[5], grid parameters measurement errors, etc. Ignoring these uncertainties will lead to errors in analyzing the behavior of the power network. So far, three general methods proposed to address these uncertainties in the LF problem; probabilistic, fuzzy, and interval methods. In probabilistic methods, it is assumed that input data obey precise probability distribution and, the parameters of the distribution functions are precisely specified. Three different approaches are proposed to solve the PLF [6]: numerical method, analytical method, and the approximation method. Monte Carlo simulation (MCs) is the most widely used 

solution between numerical methods and provides accurate results [7]. Nevertheless, MCs is time-consuming because it requires analyzing many samples to obtain accurate results. The analytical techniques operate based on assumptions and simplification of LF equations [8], [9]. The linearization can significantly reduce the computation burden, but simplifications cause more errors than the MCs. In approximation techniques, the PLF is studied by employing deterministic methods. They are faster than numerical and analytical methods [10], [11]. The uncertainty of renewable energy sources (RESs) and loads are typically complicated, and obtaining accurate data about probability distributions associated with them is challenging. However, to overcome these problems, the interval approach can be used to specify the output changes. In the interval approach, the uncertainty of an input variable is expressed as the interval. The interval calculation methods are performed in two ways: interval arithmetic or affine arithmetic. Several techniques have been suggested to solve the LF based on the 
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interval arithmetic method. They are largely based on non-linear equations through iterative approaches such as Newton's technique [12] and the Krawczyk-Moore technique, [13]. These techniques are not suitable for analyzing nonlinear equations due to interval increase, which is caused by the relationship among intervals [14]. To address this shortcoming, affine arithmetic has been suggested. The interval is illustrated as a central value and weighted partial deviation as the affine arithmetic’s independent uncertainty sources. In affine arithmetic, because the relationship among intervals is persistent, the interval calculation precision is improved [15].  The probabilistic model's main disadvantage is that the exact value of the probability distribution functions' (PDF) parameters must be precisely determined beforehand. However, construct an accurate probability distribution is difficult. Therefore, the use of probabilistic approaches is not always possible. In the interval LF, only the upper and lower bounds of the input uncertainties are determined, so its modeling is easy, and the results obtained are numerous intuitive. However, the probabilistic structure of the input uncertainties is not considered, which causes the probabilistic behavior of the variables to be ignored.  The fuzzy LF is represented by fuzzy set theory [16], [17] of which the random variables are illustrated as the possibility distribution, and the LF state possibility distribution is computed, but it is not easy to use directly in the LF problem. In short, fuzzy LF is difficult to be modeled, therefore the employment of which is bounded. In recent years, to consider uncertainties, a model based on probability and interval has been developed [18], [19] as the p-boxes; in this model, the uncertainty of a random variable is determined by the upper and lower bounds of the cumulative distribution function (CDF). The p-boxes model combines interval and probability models to express a stochastic variable's uncertainty, so it can be employed to deal with problems lacking adequate data efficiently. The p-boxes are divided into two varieties, parameterized and non-parameterized [20]. The parameterized p-boxes expressed all feasible distributions resulting from a specified distribution function, whose parameters are as the interval. In fact, for a parameterized p-box, the distribution type of a random variable is beforehand known, but some of its distribution parameters could only be given intervals due to insufficient data. The non-parameterized displaying contains all feasible non-decreasing distributions lying within its lower and upper CDFs. Theoretically, the interval-valued distribution parameters can be simply specified employing the interval estimation method [19]. In table 1, this method is compared with other methods. According to this table, p-boxes and simplicity in modeling can be utilized in problems without sufficient information.  In this paper, the uncertainty LF's is studied based on the parameterized p-box to consider the uncertainties of load and RESs,  and presents a new PLF model by combining interval 

and probability approaches to solve the problem of obtaining the exact CDF of PPF inputs in cases where historical data are insufficient. The proposed approach includes two procedures: (i) statistical moment estimation (ii) obtaining probability bounds. The moments of the PLF outputs are calculated by applying the point estimation method, and also, the Cornish-Fisher series is employed to obtain CDFs of outputs. Therefore, the proposed method estimates the statistical moments faster than the DLS method, and also the probability bounds are obtained with great accuracy. The proposed method is numerically studied, and the results obtained by the present method are compared with the DLS approach in the standard IEEE 14-bus and IEEE 118-bus systems. This paper is organized as follows. The problem definition is presented in section 2. In section 3, the proposed idea is explained; in section 4, the IEEE 14-bus and IEEE 118-bus systems numerical results are discussed, and the conclusion is provided in section 5.  II. PROBLEM DEFINITION 
A. BASIC CONCEPTS In many practical problems, adequate data are not available to obtain precise probability distributions of the input variables. In these cases, the p-box model can be applied to illustrate the uncertainty of a variable. The p-box of a random variable x is specified by its lower and upper bounds as 
      F X F X F X where  F X  shows the lower bound of the p-box and  F X shows the upper bound of the p-box.  The imprecision in the parameters of the distribution function is determined using the interval model. The p-box of random variable x is expressed as [20]: 

 

                                      :  
 

RPX X LF F ; ,x       (1) 
 .XF  is the CDF of the random variable, and   contains all distribution parameters that are defined as an interval. Also, L and R denote the lower and upper bounds of an interval value, respectively. The parameterized p-box of a normal random variable with an exact standard deviation and imprecise mean [ , ] L R   is express as: 

                { ; ,  :     , 
 

P L RX XN NF F x        (2) 
B.  P-BOX LOAD FLOW MODEL LF problem is the most important tool in the power system study to calculate the bus angle, voltage magnitude, etc.  LF equation is defined as follows:  

                           1 2, , ,    nW H X X X  (3) 
Where vectors X and W are input and output LF variables, respectively. According to the above equation, the input variables' stochastic behavior causes the LF outputs' stochastic
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TABLE I DIFFERENT METHOD FOR UNCERTAINTY LOAD FLOW ANALYSIS        behavior. The deterministic LF does not consider uncertainties of input data such as power generation and consumption.  Therefore, probabilistic, interval, and fuzzy approaches should be applied to consider the uncertain parameters in LF. In the PLF model, the input data distribution function must be    precisely specified beforehand, but accurate data are not available to calculate the exact distribution of input variables. In the interval approach, only the upper and lower bounds of inputs are specified, so the variables' probabilistic structure is not considered and makes the modeling of variables not real. Finally, the application of fuzzy LF is limited because modeled is hard. Therefore, the p-box can be employed to specify LF problem inputs. The purpose of the p-boxes analysis is to obtain output bounds considering p-box inputs. In the p-box model, inputs are as p-box, so the output are also p-box. Assume that vector  1 2, , ,   
TmX x x x represents an m-dimensional independent input random variable vector of the LF problem. Which are defined by the distribution functions (𝐹𝑋1

(𝑥1; 𝜃1), 𝐹𝑋2
(𝑥2; 𝜃2), … , 𝐹𝑋𝑚

(𝑥𝑚; 𝜃𝑚)), Where 𝐹𝑋(. ) is the CDF of a random variable;𝜃 contains all interval distribution parameters. The p-boxes analysis needs to calculate the CDFs as follows:                              X F X FW min H f ; ,  W max H f ;                (4)  Where XW and XW are lower and upper bounds of the p-boxes LF outputs, respectively. These bounds will include all feasible CDFs of the outputs with the changes 𝜃. In this paper employing the point estimation method to calculate statistical moments and the Cornish-Fisher series to calculate the CDFs, the PLF outputs probability bounds are obtained with high accuracy.  III. PROPOSED ALGORITHM This section proposes the LF problem with parameterized p-box input variables. DLS is an easy method for analyzing p-boxes to obtain probability bounds [21]. The DLS has two sampling loops: 1- parameter loop: This loop is associated with distribution functions' parameters. The parameter loop includes a sampling of different values for a set of distribution parameters specified as intervals. 2- Probability loop: This loop is associated with PDFs. This loop includes a sampling of distribution functions whose parameters are known. The probability loop is essentially a MCs that determines the statistical moments of the outputs. These two sampling loops cause the very low efficiency of this method. In the proposed approach, the MCs in the probability loop of DLS is removed, 

and the point estimation method is used to calculate the statistical moments. Finally, the CDF of outputs is calculated using the Cornish-Fisher series. The proposed approach is divided into two main steps, 1) the statistical moment bounds of the PLF outputs are computed using the point estimation method, 2) the probability bounds are obtained by applying the Cornish-Fisher expansion series. The calculation step of the proposed approach is shown as follows: Step 1. In the first step, set the number of iterations in the parameter loop (n= number of iteration). Step 2. Define all input uncertain parameterized P-box          
𝑋 = (𝑥1, 𝑥2, … 𝑥𝑝), Where x is the input random variable, and p is the number of input parameterized P-boxes. Step 3. Define interval distribution parameters (parameter space), as, 𝜃 = (𝜃1, 𝜃2, … 𝜃𝑝), 𝜃 ∈ [𝜃𝐿, 𝜃𝑈], Which 𝜃 indicates interval distribution parameters and the L and R represent the upper and lower bounds of the interval distribution parameters, respectively. These bounds are essential because they express all imprecision in the PLF model. Step 4. From the previous step, randomly select a point of the parameter space as 𝜃𝑝,𝑗 = 𝜃𝐿 + [𝜃𝑈 − 𝜃𝐿] × 𝑈[0,1], where U is a uniform distribution function. Step 5. Calculate the statistical moments of the outputs for the selected points 𝜃𝑝,𝑗 in step 4, using the appropriate point estimation method, 𝑚𝑘,𝑗 = [𝑚1,𝑗, 𝑚2,𝑗] where k is moments order. In the appropriate point estimation, to calculate the PLF's statistical moments, the appropriate conversion is applied to transform non-normal input stochastic variables to their standard space. The description of this approach is provided in [9]. Step 6. Go back to Step 4; repeat forj = 1, … , n. The process of computing moments, iterated for n random points in the parameter space. If the number of iterations is over, compare the results to determine the statistical moment's interval,   𝑚𝑘

𝐿 = 𝑚𝑖𝑛 [(𝑚𝑘,𝑗)], 𝑚𝑘
𝑈 = 𝑚𝑎𝑥 [(𝑚𝑘,𝑗)]. Step 7. In each using the calculated statistical moments in Section 5, the CDFs obtain using the Cornish-Fisher series [22]. Step 8. Connect all the CDFs from the previous Step to specify the PLF outputs' probability bounds. The flowchart of the above method is given in Fig. 1.  IV.  RESULTS The performance of the proposed method is studied using the modified IEEE 14-bus and IEEE 118-bus systems. These cases consist of loads, solar farms, and wind farms. 

Model Reference Status of input data Type of input data Modeling 

Sketchy Acceptable 
Probability 
distribution 

Membership 
function 

Uncomplicated Complicated 

Probabilistic [6]–[11]       Interval [12]–[15]       Fuzzy [16], [17]       Probability-boxes [18]–[20]       
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FIGURE 1. Flowchart of the proposed method   The results calculated by the proposed method are compared with the DLS method. The probabilistic models of wind turbines power generation and the output power of the solar farms are taken from [23]. We evaluate the precision of the proposed approach, with used relative error-indices. These definitions can be illustrated as follows: 
 
 

100%
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DLS
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  (5) 

100%
 DLSE
 


  (6) 

Where  is the mean value, and is the standard deviation. These indices determine the error of moments computed by the proposed method from DLS. The simulations were produced in the MATLAB environment, and MATPOWER  [24] was employed to solve the deterministic LFs on a personal system with a 2.2-GHz processor and 4GB of  RAM. 

A. IEEE 14-BUS TEST SYSTEM In the modified IEEE 14-bus test system, six additional RESs are integrated that consist of three wind farms at bus numbers 4, 5, and 6 and three solar farms at bus numbers 9, 13, and 14. The probabilistic model of loads are taken from [25]. The correlations among loads, solar farms, and wind farms are defined as a correlation coefficient matrix. The correlation coefficient  = 0.2 is considered for uncertain loads. The correlation coefficient between the wind farms located in buses 6 and 13 is  = 0.6 and wind farms located at buses 3 and 6 are considered independent. The correlation coefficient between the solar farms located in buses 5 and 9 is  = 0.4 and the solar farm located at bus 14 is considered independent. For both methods, 100 iterations are executed in the parameter loop, and the selected points of the parameter space are the same for both methods. The number of simulations in the probability loop (MCs) of the DLS method is 10000, considered to stop MCs, and the stopping rule based on the second moment is used [26]. For the proposed approach, the appropriate point estimation method needs    1   simulations [9], if the number of iterations is n in parameter loop, the computational burden of the proposed method would be  1 n   . In this modified IEEE 14-bus test case, there are 17 random variables ( ), and the number of points ( ) is four considered in univariate integration. Therefore, the number of iteration is 69 for each iteration in the probability loop. The CDFs are estimated to employ the Cornish-Fisher series. In this case, to analyze the uncertainty in the parameters of distribution functions, the level of uncertainty is 10% in the middle of the mean of the normal distribution function [ 0.1 ,   0.1 ]        and 5% uncertainty in the middle of the Weibull and beta distributions parameters[ 0.05 ,   0.05 ],  [ 0.05 ,   0.05 ]              supposing. The proposed approach is used to analyze the LF problem with p-boxes inputs. Fig. 2 show the probability bounds of active power flow from bus 4 to bus 9 for the DLS method and the proposed method. As can be seen from Fig. 2, the CDF acquired by the two approaches is almost the same, and the fitting, in this case, is perfect. Also, the cumulative curve of the lower and upper probability distributions is almost the same, which shows that the standard deviation does not change much; therefore, it is the mean of outputs that creates two different probability bounds.  Table 2 lists the bounds of mean and standard deviation values given using two methods. In this table, 2magV  is the voltage magnitude at bus 2, and 4angV is the voltage angle on bus 4.   
,4 9brP  is the active power flow through line 4–9, and ,2 3brQ  is 

the reactive power flow through line 2-3. It can be seen from Table 6, that the changes in mean values computed by the proposed method based on (5) fall within 0.0356% comparing to the DLS method; which verifies the efficiency of the proposed approach, and the standard deviation bounds are close to each other, which corresponds to the results shown in  
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TABLE 2 SAMPLE RESULTS (PU)            

FIGURE 2. P-box of active power flow from line 4-9 (MW) 
 Fig. 2. 
B. COMPARISON OF RESULTS WITH PLF In this section, p-boxes LF is compared with the PLF, which includes precise distribution parameters. The random variables with exact parameters are replaced with p-box variables. The PLF model is performed in two scenarios. In the first scenario, the mean values of the interval distribution parameters are considered in PLF inputs and in the second scenario, the values randomly are selected. Fig. 3 show the comparison of different scenarios with the p-box LF. As it is observed from the figure, the obtain CDFs, in these cases, are between the probability bounds obtained by the p-box LF method. Table 3 shows the mean and standard deviation values of the selected variables given for two scenarios. It is seen that the results obtained from these scenarios are between the values obtained by the proposed method. 
C. IEEE 118-BUS TEST SYSTEM In the modified IEEE 118-bus system, eight additional energy sources consist of five wind farms at bus numbers 2, 28, 38, 57, and 108 and three solar farms at bus numbers 67, 70, and 71. The solar irradiation and wind speed characteristics are given in Tables 4 and 5, respectively. sfP  and wfP  are the rated power of solar farms and capacity of wind farms, respectively.  stdS is solar irradiation and cS is certain irradiation. iV ,   rV  and oV  denoted the cut-in, cut-out, and rated wind turbine speed.  L and  U are the lower and upper bounds of the scale parameter of distribution functions, respectively.    Land   U are the lower and upper bounds of the shape 

FIGURE 3. Comparison of p-box load flow with probabilistic load flow for active power flow from line 4-9 (MW)  parameter of distribution functions, each node's active power obeys the uniform and normal distribution as given in [25]. Also, the parameters of loads that are modeled as p-boxes are given in Table 6. According to the quantity of available information for each of the input random variables, each distribution function's accuracy can be different. Therefore, in this case, the value of changes in the parameters is considered various. In this test case, for the p-box LF analysis, all energy sources added and 20 loads, considered as the p-box random variables; other loads are considered as distribution functions with precise parameters. Similar to the previous case, the correlation coefficients among the uncertainties are considered. The correlation coefficient 𝜌 = 0.2 is considered for uncertain loads. The correlation coefficient between the wind farms located in buses 2 and 28 is 𝜌 = 0.6, and the correlation coefficient between wind farms located at buses 38 and 57 is 𝜌 = 0.4.   TABLE 3 RESULT OF SCENARIOS (PU)          

variable Moment DLS Proposed method Relative error 
Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound 

2  magV    
   

1.014 1.145e-3 1.0142 1.178e-3 1.014 1.145e-3 1.0142 1.178e-3 0.0019 0.0865 0 0018 0.0874 

4angV    
σ  

-11.4556 0.4213 -10.9503 0.4425 -11.4556 0.4213 -10.9503 0.4425 0.0177 0.2091 0.0119 0.1977 
,4 9brP    

σ  
0.1561 0.0147 0.1792 0.0153 0.1561 0.0147 0.1792 0.0153 0.0083 0.0983 0.0091 0.1008 

,2 3brQ    
σ  

0.0038 0.0042 0.0067 0.0044 0.0038 0.0042 0.0067 0.0044 0.0347 0.3034 0.0356 0.3483 

Variable Moment Scenario 1 Scenario 2 
2  magV    

σ 
1.0141 1.155e-3 1.0141 1.161e-3 

4angV    
σ  

-11.2083 0.4283 -11.0967 0.4303 
,4 9brP    

σ  
0.1681 0.0149 0.1615 0.0149 

,2 3brQ    
σ  

0.0052 0.0041 0.0059 0.0041 
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TABLE 4 CHARACTERISTICS OF SOLAR FARMS 

  TABLE 5 CHARACTERISTICS OF WIND FARMS 

  TABLE 6 PARAMETERS OF LOADS                     The wind farms located at 108 is considered independent. The correlation coefficient between the solar farms located in buses 67 and 71 is 𝜌 = 0.4, and the solar farm located at bus 83 is considered independent. In this case, for both methods, 100 iterations are executed in the parameter loop. In this modified IEEE 118-bus test case, there are 107 random variables, and the number of points is two considered in univariate integration. Therefore, the number of iteration is 215 for each iteration in the probability loop. Fig. 4 show the p-boxes of active power flow from bus 19 to bus 34 for both methods, respectively. Based on this fig, the two approaches' CDFs are almost the same, and the fitting, in this case, is also perfect. As shown in Fig 4, the range of changes in the mean parameter includes both negative and positive values. This indicates that the uncertainty of the distribution function parameters has a significant effect on 

FIGURE 4. P-box of active power flow from line 19-34 (MW)  

FIGURE 5. Comparison of p-box load flow with probabilistic load flow for active power flow from line 19-34 (MW)  the outputs. Table 7, shows the mean and standard deviation values obtained by the two methods. In this table, 28magV  is the voltage magnitude at bus 28,  32angV  is the voltage angle on bus 32, ,19 34brP is the active power flow through line 19–34, and 
,64 68brQ is reactive power flow from bus 64 to bus 68. As can be seen, the proposed method's accuracy in estimating statistical moments is very close to the DLS method. 

D.  COMPARISON OF RESULT WITH PLF In this section, to compare the p-box LF results with PLF, two scenarios are considered. In the first scenario, the parameters' main values are considered in PLF inputs, and in the second scenario, the values are randomly selected. The results of this comparison are shown in Fig. 5. Based on this fig, the PLF results are located between the probability bounds of p-box LF. In the Table 8 mean and standard deviation values of the selected variables are given for both scenarios. It can be seen that the values obtained are in the intervals of the p-box LF. The calculation time required for calculations in the IEEE 14-bus system in the DLS method is 57.24 seconds and for the proposed method is 5532.67 seconds. In the 118-bus system, the DLS method takes 11819.74 seconds and, the proposed method takes 227.69 seconds. So not only the proposed approach provides accurate results, but also it is faster than the DLS method. 
E.  CONVERGENCE ANALYSIS As a stochastic simulation method, more simulations in the parameter loop increase the accuracy of the results. However, by solving the problem in different sample sizes, some studies 

PDF Type Bus No ,  
L U   ,  

L U   cS  stdS  sfP  
Beta 67 [2.7, 3.1] [3.9, 4.1] 150 1000 10 
Beta 71 [2.1, 2.7] [4.1, 4.5] 150 1000 10 
Beta 83 [3, 3.5] [3.7,4.1] 150 1000 10 

PDF Type Bus No iV  rV  oV  ,  
L U   ,  

L U   wfP  
Weibull 2 3 12 25 [7,8.8] [3,3.1] 20 
Weibull 28 3 12 25 [5.9,6.2] [3.1,3.2] 20 
Weibull 38 3 12 25 [6.6,6.9] [1.9,2.2] 20 Weibull 57 3 12 25 [6.3,7.3] [2.2,2.7] 20 
Weibull 108 3 12 25 [7.7,9] [2.2,3.1] 20 

PDF Type Bus No Active Power (pu) 
,  

L U     

 24 [0.115,0.14] 0.0195 28 [0.15,0.18] 0.0255 29 [0.22,0.26] 0.036 32 [0.55,0.63] 0.0885 33 [0.21,0.24] 0.0345 39 [0.25,0.28] 0.0405 40 [0.61,0.68] 0.099 45 [0.52,0.56] 0.0795 51 [0.81,0.89] 0.1305 55 [0.60,0.65] 0.0945 66 [0.39,0.42] 0.0585 70 [0.63,0.69] 0.099 80 [1. 25,1.32] 0.195 84 [0.105,0.12] 0.0165 90 [1. 59,1. 71] 0.2445 95 [0.42,0.45] 0.063 105 [0.30,0.33] 0.0465 106 [0.41,0.45] 0.0645 113 [0.15,0.18] 0.0255 116 [0.178,0.192] 0.0276 
Normal 
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TABLE 7 
SAMPLE ESULTS (PU)             TABLE 8 RESULT OF SCENARIOS (PU)            TABLE 9 MEAN VALUE FOR DIFFERENT ITERATION OF PARAMETER LOOP )IEEE 14-BUS( 

 
 TABLE 10 MEAN VALUE FOR DIFFERENT ITERATION OF PARAMETER LOOP )IEEE 118-BUS( 

 can be performed to determine convergence. In this subsection, sensitivity to the number of parameter loop iterations is studied. For this study, the p-box LF was made for different iterations in the parameter loop (5, 30, 100, 300, and 500). Mean have been used to measure the parameter loop the accuracy. The results are shown in Tables 9, 10. It is observed  

 that 100 iterations are appropriate for two case studies, and in more iterations, the changes in the means bounds are low. 
V.  CONCLUSION In this paper, PLF based on the parameterized p-box is analyzed; loads and renewable energy sources (RESs) are modeled as p-boxes and the results obtained are probability 

variable Moment DLS Proposed method Relative error 
Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound 

28  magV    
  

0.9619 9.38e-4 0.9631 9.9e-4 0.9619 9.38e-4 0.9631 9.9e-4 0.0012 0.0971 0 0013 0.0983 
32angV    

σ 
13.3943 1.9944 14.8911 2.0833 13.3943 1.9944 14.8911 2.0833 0.0091 0.1641 0.0096 0.1632 

,19 34brP    
σ 

-5.628e-3 0.0245 0.01358 0.0261 -5.628e-3 0.0245 0.01358 0.0261 0.0064 0.0762 0.0059 0.0823 
,64 68brQ    

σ 
-0.1493 0.0443 -0.1357 0.0473 -0.1493 0.0443 -0.1357 0.0473 0.0263 0.2934 0.0264 0.2947 

variable Moment Scenario 1 Scenario 2 
28  magV    

  
0.9623 9.971e-4 0.9622 9.95e-4 

32angV    
σ 

14.1013 2.0128 14.1002 2.0354 
,19 34brP    

σ 
0.0047 0.0249 0.0013 0.0252 

,64 68brQ    
σ 

-0.142 0.0444 -0.1446 0.0458 

variable Number of iteration 5 30 100 300 500 Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound 
2  magV  1.0141 1.0141 1.0141 1.0142 1.014 1.0142 1.014 1.0142 1.014 1.0142 

4angV  -11.233 -11.079 -11.3687 -11.028 -11.4556 -10.9503 -11.4576 -10.9503 -11.4579 -10.9489 
,4 9brP  0.1613 0.1678 0.1607 0.1743 0.1561 0.1792 0.156 0.1792 0.1559 0.1792 
,2 3brQ  0.0052 0.0056 0.0049 0.0061 0.0038 0.0067 0.0038 0.0067 0.0037 0.0067 

variable Number of iteration 5 30 100 300 500 Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound 
28  magV  0.9623 0.9627 0.9619 0.9629 0.9619 0.9631 0.9619 0.9631 0.9619 0.9632 

32angV  13.7425 14.3218 13.3974 14.5218 13.3943 14.8911 13.3938 14.8911 13.3938 14.8922 
,19 34brP  4.84e-3 0.0114 3.69e-4 0.0125 -5.63e-3 0.0136 -5.63e-3 0.0136 -5.65e-3 0.0137 
,64 68brQ  -0.1399 -0.1383 -0.1413 -0.1363 -0.1493 -0.1357 -0.1498 -0.1355 -0.1502 -0.1355 
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bounds of the PLF outputs. There are p-box variables in the input data, so the obtained result is not the precise probability distribution of the outputs. However, they include a set of feasible distributions between the upper and lower probability bounds. The proposed approach framework allows uncertainty in the parameters of distribution functions to be analyzed. Therefore, it can be used in problems that lack sufficient information. This approach was analyzed, in the IEEE 14-bus and IEEE 118-bus test systems, including loads, solar farms, and wind farms. Load power, solar radiation, and Wind speed were modeled by Gaussian, Beta, and Weibull distribution functions as p-boxes random variables, respectively. The precision of the results was compared with the DLS approach. In the proposed method, statistical moments are calculated by replacing the point estimation method with MCs in the DLS method's probability loop. The CDFs of outputs computed using the Cornish-Fisher expansion series. Comparing the results showed that the proposed approach provides results close to the DLS method, and the computation time is much lesser than the DLS method. 
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