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GENERALIZED GAUSSIAN BRIDGES
TOMMI SOTTINEN AND ADIL YAZIGI

ABSTRACT. A generalized bridge is the law of a stochastic process that
is conditioned on linear functionals of its path. We consider two types
of representations of such bridges: orthogonal and canonical. In the
canonical representation the filtrations and the linear spaces generated
by the bridge process and the original process coincide. In the orthogo-
nal representation the bridge is constructed from the entire path of the
underlying process. The orthogonal representation is given for any con-
tinuous Gaussian process but the canonical representation is given only
for so-called prediction-invertible Gaussian processes. Finally, we apply
the canonical bridge representation to insider trading by interpreting
the bridge from an initial enlargement of filtration point of view.

Mathematics Subject Classification (2010): 60G15, 60G22, 91G80.

Keywords: Canonical representation, enlargement of filtration, fractional Brow-
nian motion, Gaussian process, Gaussian bridge, Hitsuda representation, insider
trading, orthogonal representation, prediction-invertible process, Volterra process.

1. INTRODUCTION

Let X = (Xt)e[o,r) be a continuous Gaussian process with positive def-
inite covariance function R, mean function m of bounded variation, and
Xo = m(0). We consider the conditioning, or bridging, of X on N linear
functionals Gr = [G%]Y ;| of its paths:

N

(1) Grx) = [ saxi= | [ aax)]

We assume, without any loss of generality, that the functions g; are linearly
independent. Indeed, if this is not the case then the linearly dependent, or
redundant, components of g can simply be removed from the conditioning
(1.2) below without changing it.

i=1

The integrals in the conditioning (1.1) are the so-called abstract Wiener
integrals defined properly in Definition 2.5 later. Informally, the generalized
Gaussian bridge X&Y is (the law of) the Gaussian process X conditioned
on the set

T N T
(1.2) { / g(t)dxtzy} . ﬂ{ / gi<t>dxt=yi}.
The rigorous definition is given in Definition 1.3 later.
Date: August 2, 2012.
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For the sake of convenience, we will work on the canonical filtered prob-
ability space (2,.#,F,P), where Q = C([0,T]), .Z is the Borel o-algebra
on C([0,T]) with respect to the supremum norm, and P is the Gaussian
measure corresponding to the Gaussian coordinate process X;(w) = w(t):
P = P[X € -]. The filtration F = (J)icpo,r) is the intrinsic filtration of
the coordinate process X that is augmented with the null-sets and made
right-continuous.

1.3. Definition. The generalized bridge measure P%Y is the regular condi-

tional law
T
/ gt)dX; = y} :
0

A representation of the generalized Gaussian bridge is any process X8&Y
satisfying

Pg;y:[pg;)'[Xe -]:]P’[XE .

PIXEY € .| = P&V [X € -]:IP’[XG - ’/OTg(t)dXt:y].

Note that the conditioning on the P-null-set (1.2) in Definition 1.3 above
is not a problem, since the canonical space of continuous processes is small
enough to admit regular conditional laws. Also note that as a measure
P&Y the generalized Gaussian bridge is unique, but it has several differ-
ent representations X%V . Indeed, for any representation of the bridge one
can combine it with any P-measure-preserving transformation to get a new
representation.

In this paper we provide two different representations X&Y . The first rep-
resentation, given by Theorem 3.1, is called the orthogonal representation.
This representation is a simple consequence of orthogonal decompositions of
Hilbert spaces associated with Gaussian processes and it can be constructed
for any continuous Gaussian process for any conditioning functionals. The
second representation, given by Theorem 4.24, is called the canonical rep-
resentation. This representation is more interesting but also requires more
assumptions. The canonical representation is dynamically invertible in the
sense that the linear spaces .£;(X) and £ (X8Y) (see Definition 2.1 later)
generated by the process X and its bridge representation X&Y coincide
for all times t € [0,7). Moreover, the bridge X&Y can be interpreted as
the original process X with an added “information drift” that bridges the
process at the final time T'. This dynamic drift interpretation should turn
out to be useful in applications. We give one such application in connection
to insider trading in Section 5. This application is, we must admit, a bit
classical.

On earlier work related to stochastic bridges, we would like to mention
first Alili [1], Baudoin [2] and Gasbarra et al. [7]. In [1] generalized Brow-
nian bridges were considered. It is our opinion that our article extends [1]
considerably, although we do not consider the “non-canonical representa-
tions” of [1]. The article [2] is, in a sense, more general than this article,
since we condition on fixed values y, but in [2] the conditioning is on a
probability law. However, in [2] only the Brownian bridge was considered.
In that sense our approach is more general. In [7] bridges were studied in
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the same general Gaussian setting as in this article. In this article, however,
we generalize the results of [7] to generalized bridges. Secondly, we would
like to some related works on Markovian and Lévy bridges: [5, 6, 8, 10].

This paper is organized as follows. In Section 2 we recall some Hilbert
spaces related to Gaussian processes. In Section 3 we give the orthogonal
representation for the generalized bridge in the general Gaussian setting.
Section 4 deals with the canonical bridge representation. First we give the
representation for Gaussian martingales. Then we introduce the so-called
prediction-invertible processes and develop the canonical bridge representa-
tion for them. Then we consider Gaussian Volterra processes, such as the
fractional Brownian motion, as examples of prediction-invertible processes.
Finally, in Section 5 we apply the bridges to insider trading. Indeed, the
bridge process can be understood from the initial enlargement of filtration
point of view.

2. ABSTRACT WIENER INTEGRALS AND RELATED HILBERT SPACES

In this section X = (Xi)icpo,r) is a continuous (and hence separable)
Gaussian process with positive definite covariance R, mean zero and Xy =
0.

Definitions 2.1 and 2.2 below give us two central separable Hilbert spaces
connected to separable Gaussian processes.

2.1. Definition. Let ¢t € [0,7]. The linear space Z;(X) is the Gaussian
closed linear subspace of L?(f2,.#,P) generated by the random variables
X5, s <t.

The linear space is a Gaussian Hilbert space with the inner product
Covl|,]. Note that since X is continuous, R is also continuous, and hence
Z:(X) is separable, and any orthogonal basis (&£,)22; of Z(X) is a col-
lection of independent standard normal random variables. (Of course, since
we chose to work on the canonical space, L%(Q,.%,P) is itself a separable
Hilbert space.)

2.2. Definition. Let ¢t € [0,7]. The abstract Wiener integrand space A¢(X)
is the completion of the linear span of the indicator functions 15 := 1),
s <t, under the inner product {-,-) extended bilinearly from the relation

(1s,1,) = R(s,u).

The elements of the abstract Wiener integrand space are equivalence
classes of Cauchy sequences (fy,)>2, of piecewise constant functions. The
equivalence of (fy)02; and (gp)52; means that

Ifn—gnl — 0, as n — o,
where |- | = /().

2.3. Remark. (i) The elements of A4(X) cannot in general be identi-
fied with functions as pointed out e.g. by Pipiras and Taqqu [14] for
the case of fractional Brownian motion with Hurst index H > 1/2.
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However, if R is of bounded variation one can identity the function
space |A¢(X) C Ay(X):

) = {7 exon | [ 15l imy@s.a < .

(ii) While one may want to interpet that As(X) C A¢(X) for s <t it
may happen that f € Ay(X), but fls & As(X). Indeed, it may be
that |f1s] > 1f]. See Bender and Elliott [3] for an example in the
case of fractional Brownian motion.

The space A4(X) is isometric to Z;(X). Indeed, the relation
(2.4) IXL] =X, s<t,
can be extended linearly into an isometry from A;(X) onto £ (X).

2.5. Definition. The isometry 7% : Ay(X) — Z(X) extended from the
relation (2.4) is the abstract Wiener integral. We denote

/ Cf(s)dX, = AN,

3. ORTHOGONAL GENERALIZED BRIDGE REPRESENTATION

Denote by (g) the matrix
T T
(g).; == {9, 95) == Cov {/0 gi(t)d Xy, /0 9 (t) dXt} .

Note that (g) does not depend on the mean of X nor on the conditioned
. o« . . _ . N
values y: (g) depends only on the conditioning functions g = [g¢;];L; and
the covariance R. Also, since g;’s are linearly independent and R is positive
definite, the matrix {g) is invertible.

3.1. Theorem. The generalized Gaussian bridge X&Y can be represented
as

T
62 X=X @7 ([ swax-y),
Moreover, any generalized Gaussian bridge X&Y is a Gaussian process with
; T 1 T
B =m0 - () (" ([ sant)-y).
Cov [XFY, X8Y] = (1;,1) — (1, 8) ' (g) '(Ls.g).

Proof. 1t is well-known (see, e.g., [15, p. 304]) from the theory of multi-
variate Gaussian distributions that conditional distributions are Gaussian
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with
E{Xt /0 Tg(u)qu—y}
= m+ () @ (- [ swan).
Cov [Xt,Xs /0 Tg(u)qu:y]
(1) — (lee) (e) (L),
The claim follows from this. 5

3.3. Corollary. Let X be a centered Gaussian process with Xo = 0 and let
m be a function of bounded variation. Let X8 := X&9 be a bridge where
the conditional functionals are conditioned to zero. Then

T
(X 4 m)EY = XxE +(m<t>—(1t,g)T<g>—1 / g(u)dm<u>)

+ {1,8) (g) 'y

3.4. Remark. Corollary 3.3 tells us how to construct, by adding a deter-
ministic drift, a general bridge from a bridge that is constructed from a
centered process with conditioning y = 0. So, in what follows, we shall
almost always assume that the process X is centered, i.e. m(t) =0, and all
conditionings are to y = 0.

3.5. Example. Let X be a zero mean Gaussian process with covariance R.
Consider the conditioning on the final value and the average value:

Xr
1 (T
= Xydt = 0.
T /0 !
This is a generalized Gaussian bridge. Indeed,

T T
XT = / 1 dXt = / gl(t) dXt,
0 0

1 T TT—t T
— X;dt = —dX; = t) dX;.
T/o t /0 T ¢ /0 g2(t) dX;
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Now,

(1t)gl) = E [XtXT] = R(t) T)a

r T T

(1t792) = E _Xt 71—,/0 X d5:| = 11.,/0 R(tys) dSv
{91,91) = E[X7X7r]=R(T,T),

1
{91,92) = EXTT/ de}— /RTs

(92)92) - E / X dS / Xudu:| = 2// R(S,U) deU,
0 T 0J0

D = /O /O R(T,T)R(s,u) — R(T, s)R(T\ u)ds du,
and
@ =g G
Thus, by Theorem 3.1,
XE - Xt_(1t,91)(92,92?(;)(|1t,gz)(91,gz)/ b dx,
_(1t,gz)(ghgl‘)(;)(‘lt,gl)(gl gz)/ P dx,

B foT foT R(t,T)R(s,u) — R(t,s)R(T, s)ds du x
foT foT R(T,T)R(s,u) — R(T,s)R(T,u)dsdu

T [ R(T.T)R(t,s) — R(t,T)R(T, s)ds /T T ¢
fOT fOT R(T,T)R(s,u) — R(T,s)R(T,u)dsdu T

dX;.

3.6. Remark. (i) The conditioning on N conditions can also be done
iteratively as follows: Let X™ := X91:29n¥L¥n and let X0 := X
be the original process. Then the orthogonal generalized bridge
representation XV can be constructed from the rule

_ (1tagn) —1 |: T _
XN — X" 1 n / w)dXx" 1 7
! ! (gnvgn)n_l gn(u) “ n

where (-,-},—1 is the inner product in Zp(X"1).

(ii) If the conditioning variables g; are indicator functions 1 then
the corresponding generalized bridge is a multibridge. That is, it
is pinned down to values y; at points ¢;. For the multibridge
XN = Xlolini¥iUN the orthogonal bridge decomposition can
be constructed from the iteration

X} = X,
Ro_1(t,ty) [xpt

XN = Xn—l o X -
t t Rn—l(tm tn) tn yn] )
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where
Ro(t,s) = R(t,s),
Rnfl(tytn)Rnfl(tnas)

R,(t,s) = Rp_1(t,s)— Ry 1 (b )

4. CANONICAL GENERALIZED BRIDGE REPRESENTATION

The problem with the orthogonal bridge representation (3.2) of X8V is
that in order to construct it at any point ¢ € [0,7") one needs the whole path
of the underlying process X up to time 7. In this section we construct a
bridge representation that is canonical in the following sense:

4.1. Definition. The bridge X8V is of canonical representation if, for all
te[0,7), XY € 4(X) and X, € Z(X8Y).

4.2. Remark. Since the conditional laws of Gaussian processes are Gauss-
ian and Gaussian spaces are linear, the assumptions X£Y € %(X) and
X; € Z(X8Y) of Definition 4.1 are the same as assuming that X8V is
FX -measurable and X; is .Z;X°" -measurable (and, consequently, .#;X =
FXEY). This fact is very special to Gaussian processes. Indeed, in general
conditioned processes such as generalized bridges are not linear transforma-

tions of the underlying process.

We shall require that the restricted measures Ptg’y = P&Y|.% and P, :=
P|.#; are equivalent for all ¢ < T (they are obviously singular for t = T).
To this end we assume that the matrix

(43)  {g)y() = E[(GHX)-Gi(X))(64H(X) - Gi(x))]

- E [/tT gi(s) dXs /tT 4;(s) dXS]

is invertible for all t < T'.

4.4. Remark. On notation: in the previous section we considered the matrix
(g), but from now on we consider the function {g})(:). Their connection is
of course (g) = (g)(0). We hope that is overloading of notation does not
cause confusion to the reader.

Gaussian Martingales. We first construct the canonical representation
when the underlying process is a continuous Gaussian martingale M with
strictly increasing bracket (M) and My = 0. Note that the bracket is strictly
increasing if and only if the covariance R is positive definite. Indeed, for
Gaussian martingales we have R(t,s) = Var(Mias) = (M )ins-

Define a Volterra kernel

(4.5) lg(t,s) = —g' () (g) () g(s).
Note that the kernel g depends on the process M through its covariance
(-, ), and in the Gaussian martingale case we have

T
(g);,(t) = / 6i(3)g; () A(M) .
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The following Lemma 4.6 is the key observation in finding the canonical
generalized bridge representation. Actually, it is a multivariate version of
Proposition 6 of [7].

4.6. Lemma. Let {g be given by (4.5) and let M be a continuous Gaussian
martingale with strictly increasing bracket (M) and My = 0. Then the
Radon-Nikodym derivative dP§/dP; can be expressed in the form

dps t rs 1 [t s 2
—t —exp / / lg(s,u) dM,dMs — / </ lg(s,u) dMu) d(M)s
dPy 0 Jo 2 Jo \Jo

for all t €[0,T).

Proof. Let
i D) = e d oy ) TSy — )
be the Gaussian density on RY and let
af(dy) =P [Gr(M) € dy ‘ M)
T

be the conditional law of the conditioning functionals Gr (M) = [; g(s) dM;
given the information .FM.

First, by the Bayes’ formula, we have
dPf  dof (0)
d]P)t N da% '

Second, by the martingale property, we have
daf _ P(0:G0D. &)0))
—e)= :
daf " p(0:Go(M), {£)(0))

where we have denoted G(M) = [ g(s) dM;.
Third, denote

p(o;Gt(M),(g)(ﬂ) , <\§3\|(((t))))26xp{m7 M) — F(0. M)}

p(0:Go(M), (£)(0))

with
pon =L ([swan) @0 ([ swam).

Then, straightforward differentiation yields

t t s 2
aaF(s,Ms)ds _ —;/ (/ Kg(s,u)dMu> (M),
0o 0s 0 0

t t s
OF (o M) dM, = /O/Oég(s,u)dMudMs,

0o Ox
R IO
2 ), a7 (5 M) M) = lg<|<g)|<o>>
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and the form of the Radon—Nikodym derivative follows by applying the It6
formula. g

4.7. Corollary. The canonical bridge representation M® satisfies the sto-
chastic differential equation

t
(4.8) dM, = dME — / (a(t, s) AME (M),
0
where lg is given by (4.5). Moreover (M) = (M#¥).

Proof. The claim follows by using the Girsanov’s theorem. O

4.9. Remark. (i) Note that

T—
/ /€ S,u) duds<oo

In view of (4.8) this means that the processes M and M# are equiv-
alent in law on [0,7"). Indeed, equation (4.8) can be viewed as the
Hitsuda representation between two equivalent Gaussian processes,
cf. Hida and Hitsuda [9]. Also note that

/ / (s,u) 2duds = oo

meaning that the measures P and P& are singular on [0,7T7].
(ii) In the case of y # 0, the formula (4.8) takes the form

(4.10) th—thg?er( (t){g) " /e (t,s) ng> d(M);.

Next we solve the stochastic differential equation (4.8) of Corollary 4.7.
In general, solving a Volterra—Stieltjes equation like (4.8) in a closed form is
difficult. Of course, the general theory of Volterra equations suggests that
the solution will be of the form (4.13) of Theorem 4.11 below, where (g is
the resolvent kernel of /g determined by the resolvent equation (4.14) given
below. Also, the general theory suggests that the resolvent kernel can be
calculated implicitly by using the Neumann series. In our case the kernel
lg is a quadratic form that factorizes in its argument. This allows us to
calculate the resolvent (3 explicitly as (4.12) below.

4.11. Theorem. Let s <t € [0,T]. Define the Volterra kernel

(4.12) C(ts) = —zg(t,s)"g"((g
g(s)

= e)l(t)g' () {g)~ ()‘( M)

Then the bridge M® has the canonical representation

t
(4.13) dAME — dM, — / 03¢, 5) AM, d(M),,
0

e., (4.13) is the solution to (4.8).
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Proof. Equation (4.13) is the solution to (4.8) if the kernel (3 satisfies the
resolvent equation

(4.14) la(t,8) + £5(t, ) = / la(t,u)C5(u, 5) A(M),,

Indeed, suppose (4.13) is the solution to (4.8). This means that

aM, = <th— /Otﬂg(t,s)dMsd<M)t)

_/Otzg(t, s) (dMS —/Osz;(s,u) dM, d<M>s> d(M)s,

or, in the integral form, by using the Fubini’s theorem,

i - [ [ s o,
—/t/t lg(u,s) d(M),dM,
// /ﬁ 5, 0)lg (v, w)d{M)y d(M)yd M.

The resolvent criterion (4.14) follows by identifying the integrands in the
d(M),dMjs-integrals above

Finally, let us check that the resolvent equation (4.14) is satisfied with /g
and (g defined by (4.5) and (4.12), respectively:

/ lg(t,u)lg(u, s)d(M),

Y A -1 " e () le) " (1 g(s)
= / 8" (1)(8) " ()& (w) Ka)(w)g" (1) () () By s dlM
_ g(s) MY
— —g ()(g)" <>|( G / g(w)l{g)(we (u)(g) " (u) d(M),
= 0 0 [ it Wi w
- g(s) s
— &' (&) <>‘( (o @10~ te)(5))
— 2T(t{e) (e <>|§ ;ﬂ(”) & () (De(s)
= E*(t s) +Lg(t, s),
d(g) () = —g (Hg(t)d(M);.
So, the resolvent equation (4.14) holds. O

Gaussian Prediction-Invertible Processes. Let us now consider a
Gaussian process X that is not a martingale. For a Gaussian process X its
prediction martingale is the process X defined as

X, =E[Xr|F].
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Since for Gaussian processes X; € Z(X), we may write, at least formally,
that

t
Xt:/ p(t, s) dXs,
0

where the abstract kernel p depends also on T (since X depends on T ). In
Definition 4.15 below we assume that the kernel p exists as a real, and not
only formal, function. We also assume that the kernel p is invertible.

4.15. Definition. A Gaussian process X is prediction-invertible if there
exists a kernel p such that its prediction martingale X is continuous, can
be represented as

t
Xt:/p(t,s)dXs,
0

and there exists an inverse kernel p~! such that, for all ¢ € [0,77], p~(¢,-) €
L*([0,T],d(X)) and X can be recovered from X by

t
Xt:/ pL(t,s)dX,.
0

4.16. Remark. In general it seems to be a difficult problem to determine
whether a Gaussian process is prediction-invertible or not. In the discrete
time non-degenerate case all Gaussian processes are prediction-invertible. In
continuous time the situation is more difficult, as Example 4.17 below illus-
trates. Nevertheless, we can immediately see that if the centered Gaussian
process X with covariance R is prediction-invertible, then the covariance
must satisfy the relation

A

tAs
R(t,s) = /0 p_l(t,u) p_l(s,u) d(X )y,

where A
(X)y = Var (E [X7|Z)) .
However, this criterion does not seem to be very helpful in practice.

4.17. Example. Consider the Gaussian slope X; = t&, t € [0,T], where £ is
a standard normal random variable. Now, if we consider the “raw filtration”
94X = (X455 < t), then X is not prediction invertible. Indeed, then
Xo=0but X;=Xp,ift e (0,T]. So, X is not continuous. On the other
hand, the augmented filtration is simply .Z;X = o(¢&) for all ¢ € [0,7]. So,
X = Xr. Note, however, that in both cases the slope X can be recovered
from the prediction martingale: X; = %Xt

In order to represent abstract Wiener integrals of X in terms of Wiener—
It6 integrals of X we need to extend the kernels p and p~! to linear oper-
ators:

4.18. Definition. Let X be prediction-invertible. Define operators P and
P~! by extending linearly the relations

P[lt} = p(t,‘),
PHL] = p7i(,).

Now the following lemma is obvious.
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4.19. Lemma. Let f be such a function that P~1[f] € L2([0,T],d(X)) and
let g € L*([0,T),d(X)). Then

T T
(4.20) | rmaxe = [ e
0 0
T . T
(4.21) / gt)dX, = / Plg](t) dX;.
0 0
4.22. Remark. (i) Equation (4.20) or (4.21) can actually be taken as

the definition of the Wiener integral with respect to X .
(ii) The operators P and P~! depend on T.
(iii) If p~1(-, s) has bounded variation, we can represent P~1 as

T
P[f](s) = f(s)p~ (T 5) +/ (f(t) = f(s)) p~H(dt, ).

Similar formula holds for P also, if p(-, s) has bounded variation.

(iv) Let {g)¥(t) denote the remaining covariance matrix with respect
to X, ie.,

(@0 -£| [ Caeax. [ 6) ax,].

Let (&)~ (t) denote the remaining covariance matrix with respect
to X, ie.,

~ T
@)X = / 6:(5)g5(5) d(X)s.
Then

X

T
(g); () = (P'[g]);; (®) :/t P~ gi](s)P " [g;(s) A(X)s.

Now, let X®& be the bridge conditioned on fOTg(s) dXs; = 0. By Lemma
4.19 we can rewrite the conditioning as

T T
(4.23) | staxi= [ gt ax —o
0 0
With this observation the following theorem, that is the main result of this
article, follows.

4.24. Theorem. Let X be prediction-invertible Gaussian process. Assume
that, for all t € [0,T] and i =1,...,N, g;1y € Ay(X). Then the generalized
bridge X® admits the canonical representation

(4.25) X8 =X, — /0 t / t p ()P [ég(u,.)} (s) (X )y dX,
where
g = P Mgl
() = \(g)X|<u>gT<u><<g)X>‘l<u>Hgg)ﬁ%,

. T
@%@ = / 3i()3;(5) (M), = ()X (1),
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Proof. Since X is a Gaussian martingale and because of the equality (4.23)
we can use Theorem 4.11. We obtain

dX8 = dX, — / 03(s,u) dX, d(X)s.
0

Now, by using the fact that X is prediction invertible, we can recover X
from X, and consequently also X& from X8 by operating with the kernel
p~!in the following way:

t
xg — / pl(t,5) AXE
0

(4.26) ~ X, /0 it s) ( /0 it (s,u) qu> A(X),.

In a sense the representation (4.26) is a canonical representation already.
However, let us write it in terms of X instead of X . We obtain

XE o= Xi- /%—uﬁls[@mahw¢naxx
- X - //“ P [f3u. )] (5) A()., dX..

4.27. Remark. Recall that, by assumption, the processes X8 and X are
equivalent on %, t < T'. So, the representation (4.25) is an analogue of
the Hitsuda representation for prediction-invertible processes. Indeed, one
can show, just like in [16, 17|, that a zero mean Gaussian process X is
equivalent in law to the zero mean prediction-invertible Gaussian process X
if it admits the representation

Xt:Xt—/Otf(t,S)dX

where

ft.s) = [ 576 0P fo(w )] () (),
for some Volterra kernel v € L2([0,T]2,d(X) ® d(X)).

An important class of prediction-invertible processes is the class of the
so-called invertible Gaussian Volterra processes:

4.28. Definition. V is an invertible Gaussian Volterra process if it is con-
tinuous and there exist Volterra kernels k& and k~! such that

t
(4.29) v, = / k(t, ) AW,
0

t
(4.30) Wy = / k=t s) AV
0

Here W is the standard Brownian motion, k(t,-) € L([0,t]) = A¢(W) and
k=L(t,) € Ay(V) for all t € [0,T].
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4.31. Remark. (i) The representation (4.29), defining a Gaussian
Volterra process, states that the covariance R of V' can be written
as

R(tjs):/o sk(t,u)k‘(s,u)du.

So, in some sense, the kernel k is the square root, or the Cholesky
decomposition, of the covariance R.

(ii) The inverse relation (4.30) means that the indicators 14, ¢t € [0, 7],
can be approximated in L?([0,¢]) with linear combinations of the
functions k(t;,-), t; € [0,t]. Le., the indicators 1; belong to the
image of the operator K extending the kernel & linearly as discussed
below.

Precisely as with the kernels p and p~!, we can define the operators K

and K~! by linearly extending the relations
K[l :=k(t,-) and K7'1]:=k71(,).

Then, just like with the operators P and P!, we have
T T
| roan = [ xinmaw,
0 0
T T
[ owawe = [ Kigoav.
0 0

The connection between the operators K and K~! and the operators P and
P! are
Klg] = k(T,)P~'[g],
K9l = kT, )Plg.

So, invertible Gaussian Volterra processes are prediction-invertible and the
following corollary to Theorem 4.24 is obvious:

4.32. Corollary. Let V be an invertible Gaussian Volterra process and let
K[g;] € L*([0,T]) for alli=1,...,N. Denote

- . Klgl(t)
&) =T
Then the bridge V8 admits the canonical representation
(4.33) VE—V— /0 / WKl (65 (u, )] (5) dudVi,
where
fawo) = (&) we @ (E"Y) ™ () o

@)’
T
@Y = / 3i(5)3;(s) ds = ()X (0).
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4.34. Example. An important example of an invertible Gaussian Volterra
process is the fractional Brownian motion B with Hurst index H € (0,1).
It is a centered Gaussian process with By = 0 and covariance function

1
R(t,s) =5 (27 4 22— |t — s2H)

It is well-known that the fractional Brownian motion is an invertible Gauss-
ian Volterra process with

H-1
2
Here I,_

[0,7] of order H — 5 and 3 — H, respectively:

1
5—H . . . . .
and 17_ " are the Riemann-Liouville fractional integrals over

H-1 LH-3)Jt (_p3-H
Ip_ 2 [f1(t) = 2 Ul

and cg is the normalizing constant

<2HF(H +Hreé - H))é
cy = .

I'(2-2H)
Here -
I'(z) :/ e itrat
0

is the Gamma function. (For the proofs of these facts and for more infor-
mation on the fractional Brownian motion we refer to the monographs by
Biagini et al. [4] and Mishura [13].)

5. APPLICATION TO INSIDER TRADING

We consider insider trading in the context of initial enlargement of filtra-
tions. Our approach here is motivated by Imkeller [11].

Consider an insider who has at time ¢ = 0 some insider information of
the evolution of the price process on a financial asset S over a period [0,7].
We want to calculate the additional expected utility for the insider trader.
To make the maximization of the utility of terminal wealth reasonable we
have to assume that our model is arbitrage-free. In our Gaussian realm this
boils down to assuming that the (discounted) asset prices are governed by
the equation

ds,
(5.1) ?t = ay (M) + dM;,
t
where Sop = 1, M is a continuous Gaussian martingale with strictly in-

creasing (M) with My = 0, and the process a is F-adapted satisfying
fOT a?d({M); < oo P-as.

Assuming that the trading ends at time T — ¢, the insider knows some
functionals of the return over the interval [0,7]. If € = 0 there is obviously
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arbitrage for the insider. The insider information will define a collection
of functionals G%(M) = fOTgi(t) dM;, where g; € L*([0,T],d(M)), i =
1,..., N, such that

T

dS;

(52) | e =y =i

0 t
for some y € RY. This is equivalent to the conditioning of the Gaussian
martingale M on the linear functionals G = [G5|Y ;| of the log-returns:
N

Gron = [ ewar = [ g au]

Indeed, the connection is

T
/0 g(t)dM; =y — {a,g) =y,

i=1

where
N

(a,8) = [{a, .}, = [/OT atgi(t) d<M>t} i=1

As the natural filtration F represents the information available to the or-
dinary trader, the insider trader’s information flow is described by a larger
filtration G = (%, );c[o,7] given by

gt:ytVU(G%w,...,Gg).

Under the augmented filtration G, M is no longer a martingale. It is a
Gaussian semimartingale with the semimartingale decomposition

(5.3) thszt+( / egu,s)dMs—gT<t>(g>—1<t>y') Aoy,

where M is a continuous G-martingale with bracket (M), and which can
be constructed through the formula (4.10).

In this market, we consider the portfolio process 7 defined on [0,T—¢| x 2
as the fraction of the total wealth invested in the asset S. So the dynamics
of the discounted value process associated to a self-financing strategy 7 is

defined by Vy = vy and

d d

‘Ef = Wtsi’t, for t € [0,T —¢],
or equivalently by

t t 1
(5.4) Vi = v exp (/ s dM, +/ (Wsas — 27r§> d(M)s> :
0 0

Let us denote by (-,-)c and | - |¢ the inner product and the norm on
L2([07 T— 8]7 d<M>) :

For the ordinary trader, the process 7 is assumed to be a non-negative
[F-progressively measurable process such that

() P[I7]2 < oo = 1.
(ii) P[{m, f)e < oo] =1, for all f € L3([0,T — ¢],d(M)).
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We denote this class of portfolios by II(F). By analogy, the class of the
portfolios disposable to the insider trader shall be denoted by II(G), the
class of non-negative G-progressively measurable processes that satisfy the
conditions (i) and (ii) above.

The aim of both investors is to maximize the expected utility of the ter-
minal wealth Vp_., by finding an optimal portfolio 7 on [0,7 — €] that
solves the optimization problem

mfrlXE [U(Vr—e)].

Here, the utility function U will the logarithmic utility function, and the
utility of the process (5.4) valued at time T — ¢ is

T—e T—e 1
(5.5Jog Vr_. = loguy —I—/O e dM, +/O (71'3(15 — 2%?) d(M)
T—e 1 T—e
= logvo+/ wdes—i—z/ s (2as — ms) d{M)s
0 0
T—e 1
= logv0+/ 7rSdM5—|—§(7r,2a—7r)‘E
0

From the ordinary trader’s point of view M is a martingale. So,
E < OTfs Ts dMs> =0 for every 7 € II(F) and, consequently,
1
E[U(Vr_.)] = logvy + LB [{r, 20— 7).].

Therefore, the ordinary trader, given II(F), can solve the optimization prob-
lem
1

max E|[U(Vr_.)|] =logvg+ = max E|{m,2a — 7

e B(U(Ve-0)] = logu + 5 mwx B[(m 20— 7).
over the term (m,2a—7). = 2{m,a).—|r]?. Using the polarization identity
gives

{m.2a — 7). = JalZ — |7 — al? < |alZ,

where the maximum is at 7 = a on [0, 7 —¢]|. This means that the optimal
portfolio is m; = a; defined for all ¢ in [0, T —¢]. The corresponding maximal
expected utility value is

1
Jmax B[U(Vr—.)) = log g + 5 I HE

From the insider trader’s point of view the process M is not a martingale
under his information flow G. The insider can update his utility of terminal
wealth (5.5) by considering (5.3), where M is a continuous G-martingale.
This gives

T—e
~ 1
logVr_. = loguvg + / medMg + 5(77, 2a — ).

0
e / (e, 0)dM, — g7 (g) 1Y)
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Now, the insider maximizes the expected utility over all 7 € II(G):

Ellog Vr—
g Bllog V-

= logwyg
+3 82 (a4 [ g0 - g7 @) y) - ).
0

Tell(G)

The optimal portfolio 7 for the insider trader can be computed in the same
way as for the ordinary trader. We obtain

T = ar + /Ot le(t,s)dM; —g " (t){g) ' (t)y', €[0T —¢].
Since
E o [ )00 87 (8) V)] 0.
we obtain that

Ap_. = o E[U(VT—E)]_Wrerlr?é(F)E[U(VT—e)]

)
1 ' _
= 5E[1 [t g7 ye].
Now, let us use the short-hand notation

t
G, = /g(s)dMs,
0

(g)(t,s) (2)(1) — {8} (s),
(8)7'(t,s) = (&)7'(t) — (&) '(s).

Then, by expanding the square | - |?, we obtain

_ [ [ s L Tgon—1rg2
202 = 5] [ttt -t Ve
= Elg’(e) ' (v + G) I

r pl—e
il y'T(g)—1<t>g<t>gT<t>(g)—1<t>y'd<M>t]

T—e¢
E [ | el (g)‘l<t>g<t>gT<t>(g>-1<t>Gtd<M>t] .
0
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Now the formula E[x " Ax] = Tr[ACovx] + E[x] " AE[x] yields
2nre = [y e (04e) 0y o)

- U () s (06e) () 0.0)] ald),

= ¥y (g) (T —¢,0)

T—e -
<[0T @ =0 (06 06 0)] 4o,

T—¢ -
- [ T [@ " 0ewe" 0] a0,

= (y—(ga) (&) (T 2,0 (y - (g.a))
+Tr [(g) (T — 2, 0){g)(0)]

[{)(T —¢)
(g}I(0)

We have proved the following proposition:

+ log

5.6. Proposition. The additional logarithmic utility in the model (5.1) for
the insider with information (5.2) is
Ar—. = ngr%)E [U(Vr—e)] = nggé;)E [U(Vr—c)]

= o) (2T -0~ (2) ') &y (&)

5T [(() T2 (2) ') (&) (0)]
1 ()T —e)
2

{g}1(0)

5.7. Example. Consider the classical Black and Scholes pricing model:

5 = pdt + odWr, So=1,

St
where W' = (Wy),¢(o,rp 18 the standard Brownian motion. Assume that the
insider trader knows at time ¢t = 0 that the total and the average return of
the stock price over the period [0,7] are both zeros and that the trading
ends at time T — €. So, the insider knows that

+—log

T
Gl = aw, =2 —Heg1y = —Hega
T /091() b= 0(91, T) 0(91, T)

T
G = Naw, =2 g 1) = —Eige1
T /092() t o 0(927 T) 0(92, T):
where
qi(t) = 1r(t),

92(t) = ——
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Then, by Proposition 5.6,

A = (M) e )T (&) 71T -0 - (e) ') de 1)

5T [((@) 1T — o) (@) ) (=)(0)]

LT —o)
T8 @)

with

@@= 7 (;“T> “# ()

for all t € [0,T — ¢]. We obtain

Ap . = %(5)2 f3T<Z>3—6T<Z)2+4T<Z)—T
(1) s() 2 () (T

Here it can be nicely seen that Ay = 0 (no trading at all) and Ay = oo
(the knowledge of the final values implies arbitrage).
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