
 

 
This is a self-archived – parallel published version of this article in the 

publication archive of the University of Vaasa. It might differ from the original. 

Driven by Brownian motion Cox–Ingersoll–Ross and 

squared Bessel processes: Interaction and phase 

transition 

Author(s): Mishura, Yuliya; Ralchenko, Kostiantyn; Kushnirenko, Svitlana 

Title: Driven by Brownian motion Cox–Ingersoll–Ross and squared Bessel 

processes: Interaction and phase transition 

Year: 2025 

Version: Accepted manuscript 

Copyright ©2025 American Institute of Physics. This article may be downloaded 

for personal use only. Any other use requires prior permission of the 

author and AIP Publishing. This article appeared in Mishura, Y., 

Ralchenko, K., & Kushnirenko, S. (2025). Driven by Brownian motion 

Cox–Ingersoll–Ross and squared Bessel processes: Interaction and 

phase transition. Physics of Fluids 37(1), 017115 and may be found at 

https://doi.org/10.1063/5.0244168 

Please cite the original version: 

 Mishura, Y., Ralchenko, K., & Kushnirenko, S. (2025). Driven by 

Brownian motion Cox–Ingersoll–Ross and squared Bessel processes: 

Interaction and phase transition. Physics of Fluids 37(1), 017115. 

https://doi.org/10.1063/5.0244168 

 



CIR and squared Bessel processes

Driven by Brownian motion Cox–Ingersoll–Ross and squared Bessel

processes: interaction and phase transition
Yuliya Mishura,1 Kostiantyn Ralchenko,1, 2, a) and Svitlana Kushnirenko3

1)Department of Probability, Statistics and Actuarial Mathematics, Taras Shevchenko National University of Kyiv,

Volodymyrska St., Kyiv, 01601, Ukraine.
2)School of Technology and Innovations, University of Vaasa, P.O. Box 700, Vaasa, FIN-65101,

Finland.
3)Department of General Mathematics, Taras Shevchenko National University of Kyiv, Volodymyrska St., Kyiv, 01601,

Ukraine.

(*Electronic mail: yuliyamishura@knu.ua, kostiantynralchenko@knu.ua, svilana_kushnirenko@knu.ua)

(Dated: December 9, 2024)

This paper studies two related stochastic processes driven by Brownian motion: the Cox–Ingersoll–Ross (CIR) process
and the Bessel process. We investigate their shared and distinct properties, focusing on time-asymptotic growth rates,
distance between the processes in integral norms, and parameter estimation. The squared Bessel process is shown to
be a phase transition of the CIR process and can be approximated by a sequence of CIR processes. Differences in
stochastic stability are also highlighted, with the Bessel process displaying instability, while the CIR process remains
ergodic and stable.

I. INTRODUCTION

A. Some historical information

Probability theory (stochastics), which deals with the de-
scription and analysis of stochastic objects, is connected with
the most diverse phenomena, manifestations of the surround-
ing reality and with technical phenomena. Stochastics cre-
ates theoretical basis of applied applications, that is, adequate
models of existing phenomena. At the same time, the cre-
ated model should allow a simple but flexible image with the
help of certain mathematical formulas. Once a good model
is created, further development proceeds in two directions:
first, the theory of related and more general models itself be-
gins to develop, and second, the model begins to cover more
and more applications, since approximately the same regulari-
ties are manifested in physics, financial mathematics, biology,
economics, climatology, and even in some social sciences.
Therefore, the same model or any of its variants can be used
in a wide variety of areas. Furthermore, as it is well-known,
Brownian motion (Wiener process) is the best possibility to
involve randomness into the model.

In 1827, the botanist Robert Brown (1773–1858) first ob-
served the phenomenon, which was later called Brownian mo-
tion. A brief description of the observed movement is as fol-
lows: imagine a laboratory dish, something like a cup, in
which there is a liquid, and in the liquid is poured flower
pollen. So, Brown observed the movement of pollen parti-
cles in this cup. The phenomenon so impressed him that he
described it in detail. Namely, according to observations, the
specified movement was chaotic, the trajectories of the par-
ticles constantly changed direction, were broken, in fact, at
no moment in time did any particle have a fixed direction of
movement. Robert Brown could not create a certain simple,

a)Corresponding author

non-random description of this system, but only noted that the
movement of pollen in a liquid is described by a very chaotic
process. From a modern point of view, he actually observed
a random process that took on a value of a small part of the
plane (the surface of the cup) and that changed in time non-
deterministically. At that time, there were no explanations for
this phenomenon. They appeared much later.

The next step in the development of the theory of Brow-
nian motion was made by outstanding physicists. Namely,
in 1905–1906, the famous works of Albert Einstein (1879–
1955) and Marian Smoluchowski (1872–1917),1 and2, were
published independently of each other; then their original Ger-
man papers on the specified topic, in which the phenomenon
of Brownian motion was explained, were combined into a
collection3. English translations of Einstein’s papers were
published in4. Einstein and Smoluchowski explained, in par-
ticular, the random movement of flower pollen in a liquid by
such a phenomenon as the thermal chaotic movement of atoms
and molecules.

According to this theory, liquid or gas molecules are in con-
stant thermal motion, and the impulses of different molecules
are unequal in magnitude and direction. If the surface of
a particle placed in such an environment is small, as is the
case for a Brownian particle, in particular, a particle of flower
pollen, then the shocks felt by the particle from the surround-
ing molecules will not be precisely compensated. Therefore,
as a result of “bombardment” by molecules, the Brownian par-
ticle begins to move randomly, changing the magnitude and
direction of its velocity approximately 1014 times per second.
This is how a seemingly purely biological phenomenon was
explained from a physical point of view.

It also turned out that the random process Bt is needed to
describe this thermal motion and to create this kinetic theory,
i.e. Brownian motion is an adequate model for this kinetic the-
ory. Einstein and Smoluchowski not only described this ran-
dom process from the point of view of its growth and from the
point of view of its dependence on cases, but they found the
so-called distribution of process values and formulated a par-
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CIR and squared Bessel processes 2

tial differential equation that is satisfied by the transition den-
sity of the distribution of Brownian motion. It turned out that
Brownian motion has a Markov property. This was written
using so-called transition probabilities, or rather using partial
derivative equations for densities, that is, derivatives of transi-
tion probabilities. These equations showed that Brownian mo-
tion has a Markov property: independence of the future from
the past with a fixed current. This property significantly helps
to simplify at least the formulas related to transition probabil-
ities.

Thus, the theory of Brownian motion found a serious rein-
forcement from physicists and became “overgrown” with in-
teresting properties. However, the real world cannot always
be described by a linear model, it is much more complex.
Therefore, integration over Brownian motion was constructed
first with non-random (N. Wiener), and then with random (K.
Itô) integrands, and the theory of stochastic differential equa-
tions driven by the Brownian motion was developed. The ex-
istence, uniqueness and properties of solutions of such equa-
tions, depending on their drift and diffusion coefficients, are
thoroughly described and classified in books5,6. One very in-
teresting class of equations are those that have a unique non-
negative solution. Such a solution has a natural physical (or fi-
nancial) meaning. This class includes the Cox–Ingersoll–Ross
and Bessel processes, which are solutions of stochastic dif-
ferential equations with a diffusion coefficient equal to σ

√
x

and which differ only in the drift coefficient. However, this
drift coefficient, without changing their non-negativity, sig-
nificantly affects their asymptotic properties. These processes
are discussed in more detail in the next sections.

B. Overview of the results presented in the paper

In the present paper we shall consider two closely related
stochastic processes, namely, Cox–Ingersoll–Ross and Bessel
process, both of them being strictly positive solutions of
the respective stochastic differential equations. Strictly pos-
itive values make them convenient to model real processes in
physics, biology, economics. In finances they are used to fore-
cast interest rates and in bond pricing models, see e.g.7–10.
Similar models are used to simulate changes in the membrane
voltage of a neuron11. In our research we combine the meth-
ods of stochastic analysis and methods based on the explicit
formulas for probability distributions of CIR and Bessel pro-
cesses.

In a certain sense, the square of the Bessel process can
be considered the result of a phase transition in the Cox–
Ingersoll–Ross process. We underline their common and dis-
tinct properties. More precisely, we begin by presenting sev-
eral results that provide upper and lower bounds for the time-
asymptotic growth rates of both processes. These bounds ex-
hibit notable similarities between the two models.

Next, we explore the approximation of CIR and squared
Bessel processes by a sequence of CIR processes. We prove
the convergence of this sequence in integral norms, assuming
that the corresponding coefficients converge. Additionally, we
establish upper bounds on the rate of convergence. It turns out

that the CIR and squared Bessel processes are closely related,
as the squared Bessel process can be represented as the limit
of a sequence of CIR processes. However, as anticipated, the
upper bounds involve coefficients that depend on the length
of the time interval and tend to infinity as the interval length
increases. In this sense, the processes diverge, or, in other
words, they move apart. Nevertheless, the coefficients can be
sufficiently close such that, over slowly increasing time inter-
vals, the processes remain comparable.

We then apply this approximation to the problem of param-
eter estimation for the squared Bessel process using the max-
imum likelihood method. To establish the strong consistency
of the constructed drift parameter estimator, we approximate
the squared Bessel process by a sequence of CIR processes,
for which the necessary convergence can be derived from their
ergodic properties. Furthermore, we show how to estimate
the diffusion coefficient of the process based on the realized
quadratic variations.

Finally, we investigate both processes using the concept
of stochastic instability. From this perspective, the proper-
ties of the squared Bessel and CIR processes are fundamen-
tally different. We demonstrate that the squared Bessel pro-
cess exhibits stochastic instability, whereas the CIR process
is ergodic and, in this sense, stochastically stable. In addi-
tion, we consider an alternative sequence of approximations
for the squared Bessel process and show that these approxi-
mating processes are also stochastically unstable. Moreover,
we prove that, when appropriately normalized, this sequence
converges to the (non-squared) Bessel process.

C. Structure of the paper

The remainder of the paper is organized as follows. In Sec-
tion II, we introduce the CIR and squared Bessel processes
as unique solutions to the corresponding stochastic differen-
tial equations. We also provide preliminary information on
their distributional and pathwise properties that are essential
for the subsequent sections. In particular, this section presents
formulas for their densities and the first three moments.

Section III contains several results that describe the growth
rates of the CIR and squared Bessel processes as functions
of time and their coefficients. Section IV focuses on the dis-
tance between the CIR and squared Bessel processes in terms
of integral norms, expressed through their coefficients. We es-
tablish the rate of convergence of CIR processes to either CIR
or squared Bessel processes in integral norms over any fixed
interval, under the condition that the respective coefficients
converge.

Section V addresses the statistical problem of identifying
the Bessel process from continuous-time observations of its
trajectory. Finally, in Section VI, we demonstrate that the
squared Bessel process is stochastically unstable, in contrast
to the CIR process. This section also presents some functional
limit theorems.

For the reader’s convenience, several auxiliary results used
in the proofs are provided in the appendix. Specifically,
we include definitions and properties of special functions, a
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CIR and squared Bessel processes 3

limit theorem for stochastic differential equations with non-
Lipschitz diffusion terms, as well as additional limit theorems
for solutions of stochastic differential equations.

II. PRELIMINARIES

Let (Ω,F ,P) be a probability space and W = {Wt , t ≥ 0}
be a Wiener process on it. In this paper we study two stochas-
tic differential equations, namely

Xt = x0 +
∫ t

0
(a−bXs)ds+σ

∫ t

0

√
Xs dWs, (1)

and

Yt = y0 +at +σ

∫ t

0

√
Ys dWs, (2)

where x0 > 0, y0 > 0, a > 0, b ≥ 0, and σ > 0.
It is well known that both equations (1) and (2) admit

unique non-negative strong solutions, X = {Xt , t ≥ 0} and
Y = {Yt , t ≥ 0}, respectively.

The process X = {Xt , t ≥ 0} was introduced in12 for the
purpose of interest rates modeling. It is commonly referred
to as the Cox–Ingersoll–Ross (CIR) process. The process
Y = {Yt , t ≥ 0} is the squared Bessel process, see, e.g.,13 or14

(Chapter XI) for details.
It follows from the comparison theorem15 (Proposition

2.18, p. 293) that if x0 ≤ y0, then

P(Xt ≤ Yt for all t ≥ 0) = 1.

In what follows we additionally assume that 2a ≥ σ2. In
this case, the trajectories of both processes X and Y with prob-
ability 1 remain strictly positive, while in the case 0 < a <
σ2/2, they almost surely hit zero, where the state 0 is instan-
taneously reflecting (see, e.g., classical paper13 and the more
recent ones16,17 for more details). For the sake of technical
simplicity, we assume throughout the paper that

2a > σ2.

A. Distributional and path-wise properties of CIR process

It is well known12 that Xt follows a non-central chi-squared
distribution with the following probability density function:

pt(x) =
1

c(t)

(
x

x0e−bt

)ν/2

× exp

{
−x+ x0e−bt

c(t)

}
Iν

(
2e−bt/2√xx0

c(t)

)
1x>0,

where

c(t) =
σ2

2b

(
1− e−bt

)
, ν =

2a

σ2
−1,

and Iν is the modified Bessel function of the first kind. For
ν > −1 and x ∈ R this function is defined by the following
power series18 (Formula 50:6:1):

Iν(x) =
∞

∑
j=0

(x/2)2 j+ν

j!Γ( j+1+ν)
,

where Γ stands for the Gamma function. Obviously, Iν(0) = 0
for all ν > 0, more precisely Iν has the following behavior as
x → 0:

Iν(x)∼
(x/2)ν

Γ(ν +1)
.

Using this relation, one can show that, as t → ∞,

pt(x)→
(2b/σ2)2a/σ2

Γ(2a/σ2)
x2a/σ2−1e−2bx/σ2

1x>0 =: p∞(x) (3)

Note that the limiting distribution is a Gamma distribution.
Moreover, the CIR process X is ergodic12 (see also19 (Sec-

tion 1.2) and20). Ergodicity implies that for any function
f ∈ L1(R, p∞(x)dx), the time average 1

T

∫ T
0 f (Xt)dt converges

a.s. to the space average
∫
R

f (x)p∞(x)dx, as T → ∞. In partic-

ular, for a > σ2

2 ,

1

T

∫ T

0

dt

Xt

→
∫

R

p∞(x)

x
dx =

b

a−σ2/2
, a. s., when T → ∞.

(4)
The first two moments of Xt are equal to

EXt = x0e−bt +
a

b

(
1− e−bt

)
, (5)

and

EX2
t =

x0(σ
2 +2a)

b

(
e−bt − e−2bt

)

+
a(σ2 +2a)

2b2

(
1− e−bt

)2
+ x2

0e−2bt . (6)

The formula for higher moments of the CIR processes is
presented in21 (Proposition 1). In particular,

EX3
t = x3

0e−3bt +

(
1+

3σ2

2a
+

σ4

2a2

)

×
(

a3

b3

(
1− e−bt

)3
+

3x0a2

b2

(
e−bt −2e−2bt + e−3bt

))

+
3x2

0a

b

(
1+

σ2

a

)(
e−2bt − e−3bt

)
.

B. Distributional and path-wise properties of squared Bessel
process

The probability density function of the squared Bessel pro-
cess Yt is given by

gt(x) =
1

2

(
x

y0

)ν/2

exp

{
−2(x+ y0)

σ2t

}
Iν

(
4
√

xy0

σ2t

)
1x>0,
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CIR and squared Bessel processes 4

where, as before, ν = 2a
σ2 −1 (see, e.g.,14 (Chapter XI, Corol-

lary (1.4))).
Unlike the CIR process X , the squared Bessel process Y is

non-ergodic. For a detailed discussion on the properties of
squared Bessel processes, we refer the reader to14 (Chapter
XI). A comparison of the properties of both ergodic and non-
ergodic processes, X and Y , can be found in22.

Since Iν(0) = 0, we see that

gt(x)→ 0, t → ∞. (7)

Therefore, for the squared Bessel process, the limiting distri-
bution does not exist.

The first and second moments of Yt are equal to:

EYt = y0 +at, EY 2
t = y2

0 +

(
σ2

2
+a

)(
2y0t +at2

)
. (8)

Both equalities can be derived directly from the equation (2),
taking into account that the stochastic integral

∫ t
0

√
Ys dWs is

a square-integrable martingale with zero mean whose second
moment equals

∫ t
0 EYs ds.

Remark II.1. We see from (5) and (6) that the first two mo-
ments of the CIR process exist for all t. Moreover, they are
totally bounded. Indeed, as it was established in22 (Proposi-
tion 3), supt≥0 EX

p
t < ∞ for any p > −2a/σ2. In contrast,

the first and second moments of the squared Bessel process
exhibit linear and quadratic growth with respect to t, respec-
tively.

The general formula for the moments of the Bessel process
has the following form: for any p ≥− 2a

σ2

EY
p

t =
(

σ2t
2

)p Γ

(
2a

σ2 +p
)

Γ

(
2a

σ2

) exp
{
− 2y0

σ2t

}
1F1

(
2a
σ2 + p, 2a

σ2 ,
2y0
σ2t

)
,

see the proof of Proposition 3 in22. Here 1F1 is the conflu-
ent hypergeometric function, see Appendix A. Using formula
(A1) in Appendix, we can derive for p = 3

EY 3
t =

(
aσ4

2 + 3a2σ2

2 +a3
)

t3

+3
(

y0σ4

2 + 3ay0σ2

2 +a2y0

)
t2 +3y2

0

(
σ2 +a

)
t + y3

0. (9)

III. TIME-ASYMPTOTIC GROWTH RATE FOR CIR AND
QUADRATIC BESSEL PROCESSES

Now we establish several results that provide a growth rate
for the solution to equations (2) and (1), as the function of time
and coefficients. As usual, time is included in the constants,
since the time interval is fixed in many situations, but for us it
is the asymptotic behaviour of functionals of solutions that is
most important. We demonstrate what growth rates can be ob-
tained by different methods, and compare the results. The first
result follows from the Grönwall inequality therefore gives an
exponential growth rate. This growth rate is determined by
coefficients a, x0 and σ and is valid both for solution to (1) or
(2).

Proposition III.1. Let Z = {Zt , t ≥ 0} be a unique solution to

(1) or (2) (i.e., Z = X or Z = Y ). Then, for all t ≥ 0,

E

(
sup
s≤t

Zs

)2

≤ 2
(
(x0 +at)2 +2σ2t

)
e4σ2t . (10)

Proof. Consider the equation (1), i.e., Z = X . Define

τN := inf{t ≥ 0 : Xt ≥ N}, N ≥ 1.

Then

0 ≤ Xt∧τN
= x0 +a(t ∧ τN)−b

∫ t∧τN

0
Xu du (11)

+σ

∫ t∧τN

0

√
Xu dWu

≤ x0 +a(t ∧ τN)+σ

∫ t∧τN

0

√
Xu dWu, (12)

which implies

E

(
sup
s≤t

Xs∧τN

)2

≤ 2

(
(x0 +at)2 +σ2Esup

s≤t

(∫ s∧τN

0

√
Xu dWu

)2
)
. (13)

Since

E

(∫ t∧τN

0

√
Xs dWs

)2

= E

(∫ t

0
1s≤τN

√
Xs dWs

)2

=
∫ t

0
E
(
1s≤τN

√
Xs

)2
ds ≤ Nt,

we see that
∫ t∧τN

0

√
Xs dWs is a square-integrable martingale.

Therefore, by the Doob maximal quadratic inequality,

Esup
s≤t

(∫ s∧τN

0

√
Xu dWu

)2

≤ 4E

∫ t

0
Xs∧τN

ds

≤ 2E

∫ t

0

(
1+X2

s∧τN

)
ds

≤ 2t +2
∫ t

0
E

(
sup
u≤s

Xu∧τN

)2

ds. (14)

Combining (13)–(14), we derive the inequality

E

(
sup
s≤t

Xs∧τN

)2

≤ 2

(
(x0 +at)2 +2σ2t +2σ2

∫ t

0
E

(
sup
u≤s

Xu∧τN

)2

ds

)
.

By the Grönwall inequality,

E

(
sup
s≤t

Xs∧τN

)2

≤ 2
(
(x0 +at)2 +2σ2t

)
e4σ2t .

Letting N → ∞ concludes the proof for X . The equation (2) is
considered similarly.

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
4
4
1
6
8



CIR and squared Bessel processes 5

Remark III.2. Similarly to the above proof, one can establish
that for the solution X = {Xt , t ≥ 0} of the equation (1), the
following inequality holds:

Esup
s≤t

(
Xs +b

∫ s

0
Xu du

)2

≤ 2
(
(x0 +at)2 +2σ2t

)
e4σ2t .

The disadvantage of these upper bounds is that being expo-
nential, they grow quickly in time t, but their advantage is that
they do not depend on coefficient b.

Now our goal is to obtain the upper bounds for

Esups≤t (Xs +b
∫ s

0 Xu du)
2 that will grow not so quickly. We

will not apply the Grönwall inequality that always gives expo-
nential growth, but apply directly the values of the moments
of CIR-process. Oppositely to previous bounds, the next ones
will depend on b and the next goal will be to analyze this de-
pendence when b ↓ 0.

Proposition III.3. Let X = {Xt , t ≥ 0} be a solution to (1).
Then, for all t ≥ 0,

Esup
s≤t

(
Xs +b

∫ s

0
Xu du

)2

≤ 2(x0 +at)2 +
8σ2

b

(
x0 −

a

b

)(
1− e−bt

)
+

8σ2a

b
t. (15)

Proof. Similarly to the proof of Proposition III.1, we get

Esup
s≤t

(
Xs +b

∫ s

0
Xu du

)2

≤ 2(x0 +at)2 +2σ2Esup
s≤t

(∫ s

0

√
Xu dWu

)2

≤ 2(x0 +at)2 +8σ2
∫ t

0
EXs ds.

Integrating (5), we obtain
∫ t

0
EXs ds =

1

b

(
x0 −

a

b

)(
1− e−bt

)
+

a

b
t. (16)

Combining these two formulas we conclude the proof.

Remark III.4. It follows from (6) and (16) that

Esup
s≤t

(
Xs +b

∫ s

0
Xu du

)2

≥ EX2
t +b2E

(∫ t

0
Xu du

)2

≥ EX2
t +b2

(∫ t

0
EXu du

)2

=
x0(σ

2 +2a)

b

(
e−bt − e−2bt

)
+

a(σ2 +2a)

2b2

(
1− e−bt

)2

+ x2
0e−2bt +

((
x0 −

a

b

)(
1− e−bt

)
+at

)2

Comparing this lower bound with the upper bound in (15),
we observe that both the upper and lower bounds for
Esups≤t(Xs +b

∫ s
0 Xu,du)2 exhibit a quadratic rate of growth,

as t → ∞. The upper bound follows the asymptotic behavior

2a2t2 +4a(x0 +
2σ2

b
)t +O(1), while the lower bound behaves

as a2t2 +2a(x0 − a
b
)t +O(1).

Remark III.5. (i) Arguing as in the proof of Proposition III.3
and using (8) instead of (5), we get the bound

Esup
s≤t

Y 2
s ≤ 2(y0 +at)2 +4σ2

(
2y0t +at2

)
. (17)

Note that the right-hand side of (17) is a limit, as b ↓ 0, of the
right-hand side of (15). This can be easily seen from the rela-

tion 1−e−bt = bt− b2t2

2 +o(b3), b ↓ 0. However, if to fix b and
consider the asymptotic behaviour, as t →∞, of the right-hand
sides of (15) and (17), we see that the main part of the right-
hand side of (15) equals 2a2t2 while the main part of the right-
hand side of (17) equals (2a2 + 4aσ2)t2. It means (a bit un-
expectedly) that the difference between asymptotic behaviour
of Esups≤t Y 2

s and Esups≤t X2
s is very significantly determined

by the diffusion coefficient σ as well as (more expected) of the
drift coefficient a. Of course, this difference in some latent
way depends on b because the value 8σ2

b

(
x0 − a

b

)(
1− e−bt

)

in the right-hand side of (15) is bounded in t for any b > 0,
however, it is growing as t2 if we come to the limit, as b → 0.

(ii) The second formula in (8) implies the following lower
bound:

Esup
s≤t

Y 2
s ≥ EY 2

t = (y0 +at)2 +
σ2

2

(
2y0t +at2

)
. (18)

It can be observed that, compared to the upper bound in (17),
this lower bound contains the same terms, but with smaller
coefficients. Therefore, we conclude that Esups≤t Y 2

s grows
quadratically as a function of t.

(iii) Let us compare two upper bounds for the squared
Bessel process, specifically (10) and (17). On the one hand,
the bound given by (17) is clearly more advantageous for large
values of t. On the other hand, when t is near zero, the bound
(10) may provide greater accuracy. More precisely, the bound

(10) is superior to (17) if and only if e4σ2t ≤ 2x0 + at. If
x0 > 1/2, this condition is satisfied for sufficiently small val-
ues of t.

IV. DISTANCE BETWEEN CIR AND SQUARED BESSEL
PROCESSES IN INTEGRAL NORMS

In this section, we establish the rate of convergence of a se-
quence of CIR processes to a limiting CIR process in two in-
tegral norms, L1([0,T ],P) and L2([0,T ],P), over any fixed in-
terval [0,T ], under the assumption that the corresponding co-
efficients converge. Additionally, we analyze the rate of con-
vergence of the CIR processes to a squared Bessel process in
both norms, demonstrating a close relationship between these
two classes of processes in this context.

However, as expected, the upper bounds of the distance be-
tween them contain coefficients depending on the length of
the interval and tending to ∞, as the length tends to ∞. In this
sense, the processes disperse, or, in other words, move away.
Despite this fact, the coefficients can be so close that, under
slow growth of time interval, the processes can be still close.
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CIR and squared Bessel processes 6

So, consider the following sequence of stochastic differen-
tial equations:

Xn(t) = x0 +
∫ t

0
(an −bnXn(s))ds+σn

∫ t

0

√
Xn(s)dWs, (19)

n ≥ 0, where x0 > 0, an > 0, bn ≥ 0, and σn > 0 for all n ≥ 0.
Assume that

an → a0, bn → b0, σn → σ0, as n → ∞.

Note that the equations in (19) satisfy conditions (Y1n)–
(Y4n) from Section 4 of23, see Appendix B. According to
Theorem B.1, we have that for any T > 0

sup
t∈[0,T ]

E |Xn(t)−X0(t)| → 0, as n → ∞.

In the following theorem, we establish an upper bound for rate
of convergence.

Theorem IV.1. (i) Let b0 > 0. Then for any T > 0, the

following upper bound holds:

sup
t∈[0,T ]

E |Xn(t)−X0(t)|

≤ ebnT
(
|an −a0|T + |bn −b0|A2

0(T )+ |σn −σ0|A0(T )
)
,

(20)

where

A2
0(T ) :=

1

b0

(
x0 −

a0

b0

)(
1− e−b0T

)
+

a0

b0
T. (21)

(ii) Let b0 = 0. Then for any T > 0, the following upper

bound holds:

sup
t∈[0,T ]

E |Xn(t)−X0(t)|

≤ ebnT
(
|an −a0|T +bnB2

0(T )+ |σn −σ0|B0(T )
)
, (22)

where

B2
0(T ) = x0T +

a0

2
T 2.

Remark IV.2. The function A2
0(T ), defined by (21), is positive,

since A2
0(T ) =

∫ T
0 EX0(s)ds, according to (16). Moreover, it

exhibits linear growth and satisfies the following bounds:

min

{
x0,

a0

b0

}
T ≤ A2

0(T )≤ max

{
x0,

a0

b0

}
T.

To verify these inequalities, we consider two cases.
Case 1: x0 − a0

b0
≥ 0. Using the inequality 0 ≤ 1− e−b0T ≤

b0T , we obtain that

a0

b0
T ≤ A2

0(T )≤
1

b0

(
x0 −

a0

b0

)
b0T +

a0

b0
T = x0T. (23)

Case 2: x0 − a0
b0

< 0. In this case, both inequalities in (23)
are reversed.

Proof of Theorem IV.1. (i) Define an auxiliary process

X̃n(t) = x0 +
∫ t

0
(an −bnX0(s))ds+σn

∫ t

0

√
X0(s)dWs.

Then using the Cauchy–Schwarz inequality and the Itô isom-
etry, we get

E

∣∣∣X̃n(t)−X0(t)
∣∣∣= |an −a0| t + |bn −b0|

∫ t

0
EX0(s)ds

+ |σn −σ0|E
∣∣∣∣
∫ t

0

√
X0(s)dWs

∣∣∣∣

≤ |an −a0| t + |bn −b0|
∫ t

0
EX0(s)ds

+ |σn −σ0|
(∫ t

0
EX0(s)ds

) 1
2

. (24)

Note that, by (16),

∫ t

0
EX0(s)ds ≤

∫ T

0
EX0(s)ds = A2

0(T ), (25)

therefore, (24) becomes

E

∣∣∣X̃n(t)−X0(t)
∣∣∣

≤ |an −a0|T + |bn −b0|A2
0(T )+ |σn −σ0|A0(T ). (26)

Now let us follow the Yamada method from24. Define

αm = exp

{
−m(m+1)

2

}
, m ≥ 0.

It follows that 1 = α0 > α1 > α2 > · · ·> 0 and

∫ αm−1

αm

1

x
dx = m, m ≥ 1.

Thus, for every m ≥ 1, there exists a continuous function
ψm : R→ R with compact support in (αm,αm−1) such that

0 ≤ ψm(x)≤
2

mx
, x ∈ (αm,αm−1), and

∫ ∞

0
ψm(x)dx = 1.

Next, we define

ϕm(x) =
∫ |x|

0

∫ y

0
ψm(u)dudy, x ∈ R.

The function ϕm satisfies the following properties:

0 ≤ ϕm(x)≤ |x| and
∣∣ϕ ′

m(x)
∣∣≤ 1,

and it is twice continuously differentiable since ϕ ′′
m(x) =

ψm(|x|).
Moreover, by the Lebesgue dominated convergence theo-

rem, limm→∞ ϕm(x) = |x|, since limm→∞

∫ y
0 ψm(u)du = 1.

By applying the Itô formula, we obtain

Eϕm

(
Xn(t)− X̃n(t)

)
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CIR and squared Bessel processes 7

=−bn

∫ t

0
E
[
(Xn(s)−X0(s))ϕ ′

m (Xn(s)−X0(s))
]

ds

+
σ2

n

2

∫ t

0
E

[(√
Xn(s)−

√
X0(s)

)2
ϕ ′′

m (Xn(s)−X0(s))

]
ds

≤ bn

∫ t

0
E |Xn(s)−X0(s)|ds

+
σ2

n

2

∫ t

0
E

[
|Xn(s)−X0(s)|

2

m |Xn(s)−X0(s)|

]
ds

= bn

∫ t

0
E |Xn(s)−X0(s)|ds+

σ2
n t

m
,

Here, we have used the facts that |ϕ ′
m(x)| ≤ 1, ϕ ′′

m(x) =

ψm(|x|)≤ 2
m|x| , and |√x−√

y| ≤
√

|x− y|. By taking the limit,

as m → ∞, and applying Fatou’s lemma, we obtain

E

∣∣∣Xn(t)− X̃n(t)
∣∣∣≤ bn

∫ t

0
E |Xn(s)−X0(s)|ds.

Then

sup
t∈[0,T ]

E |Xn(t)−X0(t)|

≤ sup
t∈[0,T ]

E

∣∣∣X̃n(t)−X0(t)
∣∣∣+ sup

t∈[0,T ]
E

∣∣∣Xn(t)− X̃n(t)
∣∣∣

≤ sup
t∈[0,T ]

E

∣∣∣X̃n(t)−X0(t)
∣∣∣

+bn

∫ T

0
sup

u∈[0,s]
E |Xn(u)−X0(u)|ds.

Applying the Grönwall inequality yields

sup
t∈[0,T ]

E |Xn(t)−X0(t)| ≤ ebnT sup
t∈[0,T ]

E

∣∣∣X̃n(t)−X0(t)
∣∣∣ .

Finally, utilizing the bound from (26), we arrive at (20).
(ii) The proof of (22) follows similar steps as the proof of

(20). In this case, instead of (25), we have

∫ T

0
EX0(s)ds = x0T +

a0

2
T 2 = B2

0(T ),

which is derived from (8).

Remark IV.3. Note that, as T → ∞,

A2
0(T )∼

a0

b0
T, B2

0(T )∼
a0

2
T 2.

Hence, as T → ∞, the right-hand sides of (20) and (22) are
asymptotically equivalent to

1

b0

(
b0 |an −a0|+a0 |bn −b0|

)
TebnT and

1

2
a0bnT 2ebnT

respectively.

If, in the above theorem, we take an ≡ a, σn ≡ σ , b0 = 0,
the resulting bound simplifies significantly. Specifically, we
obtain the following result concerning the approximation of
the squared Bessel process by a sequence of CIR processes.

Corollary IV.4. Let Y be a solution to (2). Consider a se-

quence of the stochastic differential equations:

Yn(t) = y0 +
∫ t

0
(a−bnYn(s))ds+σ

∫ t

0

√
Yn(s)dWs, n ≥ 1,

where bn ↓ 0, n→∞. Then, for any T > 0, the following bound

holds:

sup
t∈[0,T ]

E |Yn(t)−Y (t)| ≤ ebnT bnT
(
x0 +

1
2 aT

)
.

Corollary IV.5. Let bn ↓ 0, n → ∞, and let the sequence

{Tn,n ≥ 1} satisfy

Tn → ∞, ebnTn bnT 2
n → 0, as n → ∞. (27)

Then

sup
t∈[0,Tn]

E |Yn(t)−Y (t)| → 0, n → ∞.

Remark IV.6. For example, the condition (27) is fulfilled for
bn = 1/n, Tn = log(logn), n ≥ 2.

Remark IV.7. Note that the technique used in the proof of
Theorem IV.1 does not allow us to establish an upper bound
for the second moment E(Xn(t)−X0(t))

2. The proof of
Theorem IV.1 consists of two main steps: deriving inequal-
ity (24) and applying the Yamada method. While an in-
equality of the form (24) can be established for the second
moment E(X̃n(t)−X0(t))

2, the Yamada method is more in-
volved and provides only an upper bound for the first moment
E|X̃n(t)−X0(t)|. Nevertheless, as stated in the next result, it
is possible to derive an upper bound for E(Xn(t)−X0(t))

2 as
well.

Theorem IV.8. (i) Let bn > 0 for all n ≥ 0. Then for any

T > 0, the following upper bound holds:

sup
t∈[0,T ]

E(Xn(t)−X0(t))
2 ≤ 2(Rn(T )+R0(T ))

1
2 e

bnT
2

×
(
|an −a0|T + |bn −b0|A2

0(T )+ |σn −σ0|A0(T )
) 1

2
, (28)

where A0(T ) is defined in Theorem IV.1 and

Rn(T ) = x3
0 +

(
1+

3σ2
n

2an

+
σ4

n

2a2
n

)

×
(

a3
n

b3
n

(
1− e−bnT

)3
+

3x0a2
n

b2
n

(
1− e−bnT

)2
)

+
3x2

0an

bn

(
1+

σ2
n

an

)(
1− e−bnT

)
.

(ii) Let b0 = 0 and bn > 0 for n ≥ 1. Then for any T > 0,

the following upper bound holds:

sup
t∈[0,T ]

E(Xn(t)−X0(t))
2 ≤ 2

(
Rn(T )+ R̃0(T )

) 1
2

e
bnT

2
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CIR and squared Bessel processes 8

×
(
|an −a0|T +bnB2

0(T )+ |σn −σ0|B0(T )
) 1

2
,

where B0(T ) is defined in Theorem IV.1 and

R̃0(T ) =

(
a0σ4

0

2
+

3a2
0σ2

0

2
+a3

0

)
T 3

+3

(
x0σ4

0

2
+

3a0x0σ2
0

2
+a2

0x0

)
T 2 +3x2

0

(
σ2

0 +a0
)

T +x3
0.

Proof. (i) By the Cauchy–Schwarz inequality,

E(Xn(t)−X0(t))
2 ≤ E |Xn(t)−X0(t)|

1
2 |Xn(t)−X0(t)|

3
2

≤ (E |Xn(t)−X0(t)|)
1
2

(
E |Xn(t)−X0(t)|3

) 1
2
.

≤ 2(E |Xn(t)−X0(t)|)
1
2
(
EX3

n (t)+EX3
0 (t)

) 1
2 ,

where the elementary inequality (x+y)3 ≤ 4(x3+y3) has been
used.

Further, for any n ≥ 0 and any t ∈ [0,T ],

EX3
n (t) = x3

0e−3bnt +

(
1+

3σ2
n

2an

+
σ4

n

2a2
n

)

×
(

a3
n

b3
n

(
1− e−bnt

)3
+

3x0a2
n

b2
n

e−bnt
(

1− e−bnt
)2
)

+
3x2

0an

bn

(
1+

σ2
n

an

)
e−2bnt

(
1− e−bnt

)
≤ Rn(T ).

Then using the bound (20), we obtain

sup
t∈[0,T ]

E(Xn(t)−X0(t))
2

≤ 2(Rn(T )+R0(T ))
1
2

(
sup

t∈[0,T ]
E |Xn(t)−X0(t)|

)1/2

≤ 2(Rn(T )+R0(T ))
1
2 ebnT/2

×
(
|an −a0|T + |bn −b0|A2

0(T )+ |σn −σ0|A0(T )
) 1

2
.

The statement (ii) is derived from the second statement of
Theorem IV.1 in a similar manner, taking into account that
supt∈[0,T ] EX3

0 ≤ R̃(T ) for b0 = 0, according to the formula
(9) for the third moment of the squared Bessel process.

Now we can establish the upper bound for the same value,
supt∈[0,T ] E(Xn(t)− X0(t))

2, as in the previous theorem, but
using not knowledge of probability distributions, but methods
of stochastic analysis.

Theorem IV.9. (i) Let bn > 0 for all n ≥ 0. Then for any

T > 0, the following upper bound holds:

sup
t∈[0,T ]

E(Xn(t)−X0(t))
2

≤ e(bn+b0)T
(
2 |an −a0|+σ2

0 +2σ0 |σn −σ0|
)

×
(
|an −a0|T + |bn −b0|A2

0(T )+ |σn −σ0|A0(T )
)

T

+ eb0T 2eb0T |bn −b0|T
(
D2

n(T )+Dn(T )D0(T )
)

+ eb0T |σn −σ0|2 A2
n(T ), (29)

where

A2
n(T ) =

∫ T

0
EXn(s)ds

=
1

bn

(
xn −

an

bn

)(
1− e−bnT

)
+

an

bn

T,

D2
n(T ) =

x0(σ
2
n +2an)

bn

(
1− e−bT

)

+
a(σ2

n +2an)

2b2
n

(
1− e−bT

)2
+ x2

0.

(ii) Let b0 = 0 and bn > 0 for n ≥ 1. Then for any T > 0,

the following upper bound holds:

sup
t∈[0,T ]

E(Xn(t)−X0(t))
2

≤
(
2 |an −a0|+σ2

0 +2σ0 |σn −σ0|
)

×
(
|an −a0|T +bnB2

0(T )+ |σn −σ0|B0(T )
)

TebnT

+2bnT
(
D2

n(T )+Dn(T )E0(T )
)
+ |σn −σ0|2 A2

n(T ).

where B0(T ) is defined in Theorem IV.1 and

E2
0 (T ) = x2

0 +

(
σ2

0

2
+a0

)(
2x0T +a0T 2

)
.

Proof. (i) Let us apply the Itô formula to the function F(x) =
x2 and the process

Xn(t)−X0(t) = (an −a0)t +(bn −b0)
∫ t

0
Xn(s)ds

+b0

∫ t

0

(
Xn(s)−X0(s)

)
ds+(σn −σ0)

∫ t

0

√
Xn(s)dWs

+σ0

∫ t

0

(√
Xn(s)−

√
X0(s)

)
dWs.

We get that

(Xn(t)−X0(t))
2 = 2

∫ t

0
(Xn(s)−X0(s))d(Xn(s)−X0(s))

+σ2
0

∫ t

0

(√
Xn(s)−

√
X0(s)

)2
ds+(σn −σ0)

2
∫ t

0
Xn(s)ds

+2σ0(σn −σ0)
∫ t

0

√
Xn(s)

(√
Xn(s)−

√
X0(s)

)
ds. (30)

Taking expectation, which is zero for stochastic integrals, we
obtain from (30) that

E(Xn(t)−X0(t))
2 = 2(an −a0)

∫ t

0
E(Xn(s)−X0(s))ds

+2(bn −b0)
∫ t

0
E
[
(Xn(s)−X0(s))Xn(s)

]
ds

+b0

∫ t

0
E(Xn(s)−X0(s))

2 ds
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CIR and squared Bessel processes 9

+σ2
0

∫ t

0
E
(√

Xn(s)−
√

X0(s)
)2

ds

+(σn −σ0)
2
∫ t

0
EXn(s)ds

+2σ0(σn −σ0)
∫ t

0
E
[√

Xn(s)
(√

Xn(s)−
√

X0(s)
)]

ds.

(31)

The expectations in the right-hand side of (31) can be bounded
as follows:

E
∣∣(Xn(s)−X0(s))Xn(s)

∣∣≤ EX2
n (s)+EX0(s)Xn(s)

≤ EX2
n (s)+

√
EX2

0 (s)EX2
n (s),

E
(√

Xn(s)−
√

X0(s)
)2

≤ E |Xn(s)−X0(s)| ,

and

E
[√

Xn(s)
(√

Xn(s)−
√

X0(s)
)]

≤ E |Xn(s)−X0(s)| ,

where we have used inequalities

∣∣√x−√
y
∣∣≤
√

|x− y|,
√

x
∣∣√x−√

y
∣∣=

√
x√

x+
√

y
|x− y| ≤ |x− y| .

Hence, (31) implies

E(Xn(t)−X0(t))
2

≤
(
2 |an −a0|+σ2

0 +2σ0 |σn −σ0|
)∫ t

0
E |Xn(s)−X0(s)| ds

+2 |bn −b0|
∫ t

0

(
EX2

n (s)+
√

EX2
0 (s)EX2

n (s)

)
ds

+b0

∫ t

0
E(Xn(s)−X0(s))

2 ds+ |σn −σ0|2
∫ t

0
EXn(s)ds.

(32)

Now, the expectation E |Xn(s)−X0(s)| is the first term in the
right-hand side of (32) can be bounded with the help of The-
orem IV.1, the expectations EX2

n (s), EX2
0 (s) and EXn(s) can

be computed by explicit formulas (5) and (6). Thus taking
supremum over all t ∈ [0,T ] and denoting

Fn(T ) =
∫ T

0

(
EX2

n (s)+
√

EX2
0 (s)EX2

n (s)

)
ds,

we arrive at

sup
t∈[0,T ]

E(Xn(t)−X0(t))
2

≤
(
2 |an −a0|+σ2

0 +2σ0 |σn −σ0|
)

×
(
|an −a0|T + |bn −b0|A2

0(T )+ |σn −σ0|A0(T )
)

TebnT

+2 |bn −b0|Fn(T )+ |σn −σ0|2 A2
n(T )

+b0

∫ T

0
sup

u∈[0,s]
E(Xn(u)−X0(u))

2 ds. (33)

Finally, the Grönwall inequality yields

sup
t∈[0,T ]

E(Xn(t)−X0(t))
2

≤ e(bn+b0)T
(
2 |an −a0|+σ2

0 +2σ0 |σn −σ0|
)

×
(
|an −a0|T + |bn −b0|A2

0(T )+ |σn −σ0|A0(T )
)

T

+ eb0T
(

2 |bn −b0|Fn(T )+ |σn −σ0|2 A2
n(T )

)
.

It remains to note that (6) implies

sup
t∈[0,T ]

EXn(s)
2 ≤ x0(σ

2
n +2an)

bn

(
1− e−bT

)

+
a(σ2

n +2an)

2b2
n

(
1− e−bT

)2
+ x2

0 = D2
n(T ),

consequently,

Fn(T )≤ T
(
D2

n(T )+Dn(T )D0(T )
)
.

The proof of claim (ii) follows in a manner similar to that of
claim (i). However, in this case, the last term in (33) vanishes,
which simplifies the final steps of the proof, as the application
of the Grönwall inequality is no longer required.

Remark IV.10. Let us now discuss and compare the upper
bounds established in Theorems IV.1, IV.8, and IV.9.

1. A key advantage of all three theorems is that they provide
explicit rates of convergence in terms of the coefficients of
the corresponding equations. This makes them particularly
valuable for practical analysis.

2. Theorems IV.8 and IV.9 present upper bounds for the
second moments, which are often crucial for practical appli-
cations. These bounds cannot be directly obtained from the re-
sults for the first moments, such as those provided by Theorem
IV.1. Furthermore, it is worth noting that, in a similar manner,
one can derive upper bounds for supt∈[0,T ] E(Xn(t)−X0(t))

2p

for any p ≥ 1.
3. For a fixed T > 0, the convergence rates established in

Theorems IV.1, IV.8, and IV.9 can be compared as follows.
Assume that

|an −a0| ≤ δn, |bn −b0| ≤ δn, |σn −σ0| ≤ δn

for some sequence δn ↓ 0 as n → ∞. Then for the quantity
supt∈[0,T ] E |Xn(t)−X0(t)| Theorems IV.1, IV.8, and IV.9 yield

rates of convergence of orders O(δn), O(δ
1/4
n ), and O(δ

1/2
n ),

respectively. Hence, from the perspective of convergence
rates, Theorem IV.1 offers the fastest rate. Similarly, Theorem
IV.9 demonstrates a superior rate of convergence compared to
Theorem IV.8.

4. We can also compare Theorems IV.8 and IV.9 in the
asymptotic case as T → ∞. Note that the functions Rn(T ) are
bounded, while A2

0(T ) grows linearly with T . Consequently,

the right-hand side of (28) behaves as O(T 1/2ebnT/2), as T →
∞. In contrast, the right-hand side of (29) grows significantly
faster, at a rate of O(T 2e(bn+b0)T ). From this comparison, for
large T , Theorem IV.8 provides a tighter bound than Theorem
IV.9.
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CIR and squared Bessel processes 10

V. PARAMETER ESTIMATION

We now address the problem of identifying the squared
Bessel process, i.e., the estimation of its parameters. Sup-
pose we have continuous-time observations of a trajectory
{Yt , t ∈ [0,T ]} of the squared Bessel process (2) over some
interval [0,T ]. Note that these parameters are also defining
for the CIR process, and the corresponding estimates can be
easily modified for it. Moreover, we can assume that the pa-
rameter σ is known and focus on estimating the parameter a.
For continuous-time observations, this assumption is natural,
because σ can be determined almost surely from the obser-
vations on any fixed interval, as explained in the following
remark.

Remark V.1. (Estimation of σ ) Let T > 0 be fixed, δ = T
n

,
and tk = kδ , for 0 ≤ k ≤ n. Then

n

∑
k=1

(
Ytk −Ytk−1

)2 → σ2
∫ T

0
Ys ds a.s., as n → ∞.

Indeed, as it is clear, quadratic variation of the linear function
tends to zero with the diameter of the partition of the interval.
This implies that the parameter σ can be evaluated using the
following identity:

σ2 = lim
n→∞

∑
n
k=1

(
Ytk −Ytk−1

)2

∫ T
0 Ys ds

a.s.

To estimate the parameter a, we apply the maximum likeli-
hood method, see, e.g.,25 (Section 10.7). First, we transform
equation (2) using the Itô formula as follows:

√
Yt =

√
y0 +

1

2

∫ t

0

1√
Ys

dYs −
1

8
σ2
∫ t

0

1√
Ys

ds

=
√

y0 +
a

2

∫ t

0

ds√
Ys

+
σ

2
Wt −

1

8
σ2
∫ t

0

1√
Ys

ds

=
√

y0 +
1

2

∫ t

0

a− σ2

4√
Ys

ds+
σ

2
Wt .

It follows from the Girsanov theorem that the likelihood
function is then given by

dQ

dP

∣∣∣∣
[0,T ]

= exp





σ2

4 −a

σ

∫ T

0

1√
Ys

dWs −
1

2

(
σ2

4 −a

σ

)2 ∫ T

0

ds

Ys



 .

We aim to find the value of a that maximizes this likelihood
function.

To proceed, we set

−θ =
σ

4
− a

σ

and minimize the likelihood function with respect to θ , re-
placing

−θ

∫ T

0

1√
Ys

dWs =−2θ

σ

∫ T

0

1√
Ys

d
√

Ys +θ 2
∫ T

0

ds

Ys

.

Letting Zt =
√

Yt , the expression simplifies to minimizing the
following:

−2θ

σ

∫ T

0

dZs

Zs

+
1

2
θ 2
∫ T

0

ds

Z2
s

.

This minimization leads to the following maximum likelihood
estimator:

θ̂T =
2
∫ T

0
dZs
Zs

σ
∫ T

0
ds
Z2

s

.

Proposition V.2. Let 2a > σ2. Then θ̂T is a strongly consis-

tent estimator of θ , i.e.,

θ̂T → θ a.s., when T → ∞.

Proof. Using the equation dZt =
σθdt
2Zt

+ σ
2 dWt , we represent

the estimator θ̂T in the following form

θ̂T = θ +

∫ T
0

dWs
Zs∫ T

0
ds
Z2

s

= θ +
MT

⟨M⟩T

,

where MT =
∫ T

0
dWs
Zs

is a locally square-integrable martingale

with the quadratic variation ⟨M⟩T =
∫ T

0
ds
Z2

s
. According to the

strong law of large numbers for martingales26 (Ch. 2, §6,
Thm. 10, Cor. 1), if ⟨M⟩T → ∞ a.s., as T → ∞, then MT

⟨M⟩T
→ 0

a.s., as T → ∞. Thus, to establish strong consistency, we need
to show that

∫ T

0

ds

Z2
s

→ ∞ a.s., as T → ∞. (34)

Return to the equation

Z2
t = Z2

0 +at +σ

∫ t

0
Zs dWs.

We divide both sides by
∫ t

0 Z2
s ds:

Z2
t∫ t

0 Z2
s ds

=
Z2

0∫ t
0 Z2

s ds
+

at
∫ t

0 Z2
s ds

+σ

∫ t
0 Zs dWs∫ t
0 Z2

s ds
. (35)

Let bn ↓ 0, as n → ∞, and consider the approximating CIR
processes {Z2

t,bn
, t ≥ 0}, n ≥ 1, which solve the equations

Z2
t,bn

= y0 +
∫ t

0

(
a−bnZ2

s,bn

)
ds+σ

∫ t

0
Zs,bn

dWs, n ≥ 1.

It follows from (4) that for any n> 1 and any ε > 0 there exists
Tn > 0 such that for all T ≥ Tn,

∣∣∣∣∣
1

T

∫ T

0

ds

Z2
s,bn

− bn

a− σ2

2

∣∣∣∣∣<
ε

2
a.s.

Choose n0 > 0 such that for n ≥ n0

bn

a− σ2

2

<
ε

2
.
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CIR and squared Bessel processes 11

Then for all T ≥ Tn0

1

T

∫ T

0

ds

Z2
s,bn0

< ε a.s. (36)

By the comparison theorem15 (Proposition 2.18, p. 293), we
have

P
(

Z2
t,bn0

≤ Z2
t for all t ≥ 0

)
= 1.

Hence, (36) implies that for all T ≥ Tn0

1

T

∫ T

0

ds

Z2
s

< ε a.s.

Consequently,

1

T

∫ T

0

ds

Z2
s

→ 0, a.s., as T → ∞. (37)

This implies that

1

T

∫ T

0
Z2

s ds → ∞, a.s., as t → ∞,

since

1

T 2

∫ T

0
Z2

s ds

∫ T

0

ds

Z2
s

≥ 1

by the Cauchy–Schwarz inequality.
Thus, we obtain

t
∫ t

0 Z2
s ds

→ 0 and

∫ t
0 Zs dWs∫ t
0 Z2

s ds
→ 0 a.s., as t → ∞.

From (35), it follows that

Z2
t∫ t

0 Z2
s ds

→ 0 a.s., as t → ∞,

or

∫ t
0 Z2

s ds

Z2
t

→ ∞ a.s., as t → ∞.

Therefore, for almost all ω and for all C > 0 there exists t0
such that for all t ≥ t0

1

Z2
t

≥ C
∫ t

0 Z2
s ds

,

which implies that
∫ ∞

t0

ds

Z2
s

≥C

∫ ∞

t0

ds∫ s
0 Z2

u du
,

Letting C → ∞, we obtain
∫ ∞

t0

ds

Z2
s

= ∞ a.s.

Thus, condition (34) is satisfied, and we conclude that strong
consistency holds.

Corollary V.3. Let 2a > σ2. The maximum likelihood esti-

mator of the parameter a of the squared Bessel process (2) is

given by

âT = σθ̂T +
σ2

4
=

2
∫ T

0
d
√

Ys√
Ys∫ T

0
ds
Ys

+
σ2

4

and it is strongly consistent, as T → ∞.

VI. INSTABILITY AND SOME FUNCTIONAL LIMIT
THEOREMS FOR THE SQUARED BESSEL PROCESS

As we have already mentioned, the process X is ergodic,
while Y is non-ergodic. Now our goal is to establish how
these properties reflect in the notion of stochastic instabil-
ity. There are several approaches to stochastic instability of
the processes. We shall consider the following definition, see
book27.

Definition VI.1. A stochastic process ξ is called stochasti-

cally unstable if for any constant N > 0

lim
t→+∞

1

t

∫ t

0
P{|ξs|< N}ds = 0.

Proposition VI.2. Let N > 0 be an arbitrary constant.

(i) The CIR process X has the following property:

lim
t→+∞

1

t

∫ t

0
P{Xs < N}ds =

γ
(

2a
σ2 ,

2bN
σ2

)

Γ

(
2a
σ2

) ,

where γ(a,x) =
∫ x

0 ua−1e−u du is the lower incomplete

Gamma function.

(ii) The squared Bessel process Y is stochastically unstable,

i.e.,

lim
t→+∞

1

t

∫ t

0
P{Ys < N}ds = 0.

Proof. (i) Using the convergence (3), we obtain

P{Xt < N}=
∫ N

0
pt(x)dx →

∫ N

0
p∞(x)dx

=
(2b/σ2)2a/σ2

Γ(2a/σ2)

∫ N

0
x2a/σ2−1e−2bx/σ2

dx

=
1

Γ(2a/σ2)

∫ 2bN/σ2

0
u2a/σ2−1e−u du =

γ
(

2a
σ2 ,

2bN
σ2

)

Γ

(
2a
σ2

) ,

t → +∞. Taking into account continuity of the integrand and
applying the l’Hôpital’s rule, we get

lim
t→+∞

1

t

∫ t

0
P{Xs < N}ds = lim

t→+∞
P{Xt < N}=

γ
(

2a
σ2 ,

2bN
σ2

)

Γ

(
2a
σ2

) .
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CIR and squared Bessel processes 12

(ii) The proof is similar to that of the statement (i). How-
ever, we get zero limit, since the probability density gt(x)
of the process Y converges to zero, as t → ∞, according to
(7).

Remark VI.3. Proposition VI.2 justifies why we say that we
have phase transition when coefficient b of CIR process tends
to zero and we get squared Bessel process. Indeed, squared
Bessel process is stochastically unstable while, oppositely,
CIR process is ergodic, and in this sense, stochastically sta-
ble. Therefore, we use here the term “phase transition” in
order to describe principally different long-term behaviour of
the respective dynamical system. In more detail the differ-
ence of the asymptotic behaviour is described for example in
the paper28 where the authors analyze the transition from an
ergodic model to a non-ergodic one, for which standard an-
alytical and statistical methods are insufficient for fitting the
data, necessitating the development and application of alter-
native tools.

Now, note that in some sense, we were lucky because
knowledge of the distribution allowed us to establish instabil-
ity of the squared Bessel process directly, without application
of the tools of stochastic analysis. However, we can establish
instability for the approximations of the squared Bessel pro-
cess whose distribution is unknown. So, again, consider the
squared Bessel process determined as the unique solution of
the equation (2). Let for simplicity σ = 2. General condition

a ≥ σ2

2 leads in our case to a ≥ 2. So, we assume that a ≥ 2,
then the trajectories of the solution are strictly positive with
probability 1. Therefore, we can consider function F(x) =

√
x

and apply Itô formula to Yt , obtaining equation

√
Yt =

√
y0 +

1

2

∫ t

0

a− σ2

4√
Ys

ds+
σ

2
Wt

=
√

y0 +
1

2

∫ t

0

a−1√
Ys

ds+Wt ,

or, that is the same,

Vt =V0 +
1

2

∫ t

0

a−1

Vs

ds+Wt ,

where Vt =
√

Yt , V0 =
√

Y0. Note that a− 1 ≥ 1. Now our
goal is to consider a smooth version of Bessel process, i.e., a
solution of the stochastic differential equation

V ε
t =

∫ t

0

cds√
(V ε

s )
2 + ε2

+Wt , (38)

where ε ̸= 0, c > 0, V ε
0 =

√
y0 > 0. The coefficient c√

x2+ε2
is

Lipschitz because it has a bounded derivative:

∣∣∣∣
(

c√
x2 + ε2

)′∣∣∣∣=
c |x|

(x2 + ε2)3/2

≤ c
|x|

(x2 + ε2)1/2
· 1

x2 + ε2
≤ c

ε2
.

Also it is bounded, therefore, due the standard existence-
uniqueness theorem for stochastic differential equations,
equation (38) has a unique strong solution.

We want to achieve three goals. First, we establish the con-
vergence of V ε to the (non-squared) Bessel process V =

√
Y ,

as ε → 0, that is more or less the expected result.

Proposition VI.4. Let c= 1
2 (a−1), ε → 0. Then for any t > 0

V ε
t →Vt a.s.

Proof. Consider the difference

V ε
t −Vt = c

(∫ t

0

ds√
(V ε

s )
2 + ε2

−
∫ t

0

ds

Vs

)
. (39)

According to the comparison theorem, V ε
t ≤ Vt , t ≥ 0, ε > 0,

a.s. Therefore, (39) implies that

∫ t

0

ds√
(V ε

s )
2 + ε2

≤
∫ t

0

ds

Vs

, t ≥ 0, ε > 0, a.s.

Moreover, V ε
t increases in ε when ε decreases, therefore∫ t

0
ds√

(V ε
s )

2+ε2
also increases and has a limit.

Since
∫ t

0

ds√
(V ε

s )
2 + ε2

≥
∫ t

0

ds√
V 2

s + ε2
↑
∫ t

0

ds

Vs

, as ε ↓ 0,

we get from the double inequality

∫ t

0

ds√
V 2

s + ε2
≤
∫ t

0

ds√
(V ε

s )
2 + ε2

≤
∫ t

0

ds

Vs

,

that
∫ t

0

ds√
(V ε

s )
2 + ε2

→
∫ t

0

ds

Vs

, a.s., as ε ↓ 0,

whence

V ε
t =V0 +

∫ t

0

cds√
(V ε

s )
2 + ε2

+Wt →Vt , a.s., as ε ↓ 0,

for t ≥ 0.

Second, we wish to establish stochastic instability of V ε .

Proposition VI.5. Let c > 0. Then the processes V ε are

stochastically unstable for any ε ̸= 0, i.e.,

lim
t→+∞

1

t

∫ t

0
P{V ε

s < N}ds = 0

for any constant N > 0.

Remark VI.6. Stochastic instability of V ε does not follow
from Proposition VI.2 because V ε ≤V . Oppositely, stochastic
instability of V follows from Proposition VI.5. However, hav-
ing explicit formulas for the distributions of X and Y = (V )2,
we preferred to give the direct proof to Proposition VI.2.
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CIR and squared Bessel processes 13

Proof. We shall apply Theorem 3.1, item 2. from27, see The-
orem C.1 in Appendix. So, in terms of Section 3.1 from27, the
process V ε is the unique solution of the equation

dV ε
t = a(V ε

t )dt +dWt , t > 0, V0 > 0,

with the drift a(x) = c√
x2+ε2

. Applying the l’Hôpital’s rule,

let us check the value of the limit

lim
|x|→+∞

1

log |x|

∫ x

0
a(v)dv = lim

x→+∞
|x|a(x) = c > 0,

and the proof immediately follows from Theorem C.1 (c0 =
c > 0, 2c0 >−1).

And finally, we establish a bit unexpected statement: if
ε ̸= 0 is fixed, then the properly normalised procesess V ε

weakly converge to the (non-squared) Bessel process as time
tends to infinity. The definition of weak convergence is given
in Appendix, Definition C.2.

Theorem VI.7. Normalised stochastic process Zε(t) =
Y ε

tT√
T

converges weakly, as T → ∞, to the Bessel process Yt that is

the solution of the equation

Y 2
t = 3t +2

∫ t

0
Ys dWs, t ≥ 0. (40)

Proof. We shall apply Theorem C.4 from Appendix. In our
case

1

x

∫ x

0
vaε(v)dv =

1

x

∫ x

0

v√
v2 + ε2

dv →
{

1, x →+∞,

−1, x →−∞,

for any ε > 0. Therefore we have that c1 = 1, c2 = −1 in
Theorem C.4 and

2c1 = 2 > 1 and 2c2 =−2 < 1.

Then the stochastic process
Y ε

tT√
T

weakly converges, as T → ∞,

to the Bessel process satisfying equation (40).

ACKNOWLEDGMENTS

The first author is supported by The Swedish Foundation
for Strategic Research, grant Nr. UKR24-0004, by Japan Sci-
ence and Technology Agency CREST, project reference num-
ber 811JPMJCR2115 and the ToppForsk project no. 274410
of the Research Council of Norway with the title STORM:
Stochastics for Time-Space Risk Models. The second au-
thor is supported by the Research Council of Finland, decision
number 359815.

DATA AVAILABILITY STATEMENT

Data sharing is not applicable to this article as no new data
were created or analyzed in this study.

Appendix A: Special functions

In this subsection we provide definitions and selected prop-
erties of special functions, used in the paper. We refer to the
handbooks and29 (Chapter 13) or18 (Chapter 47) for more de-
tails.

The confluent hypergeometric function 1F1 (Kummer’s
function) is defined by the series:

1F1(a,c,x) =
∞

∑
j=0

(a) j

(c) j

x j

j!
,

where (a)n = a(a+ 1) . . .(a+ n− 1), (a)0 = 1. When a is a
negative integer, say a =−n, this function becomes a polyno-
mial of order n. Specifically, it is expressed via the generalized

Laguerre polynomial L
(c−1)
n :

1F1(−n,c,x) =
n!

(c)n

L
(c−1)
n (x) =

n

∑
j=0

(
n

j

)
(−x) j

(c) j

.

The following identity is known as Kummer’s transformation:

1F1(a,c,−x) = e−x
1F1(c−a,c,x).

Therefore, combining two above formulas, we derive that for
n ∈ N,

e−x
1F1(c+n,c,x) = 1F1(−n,c,−x) =

n

∑
j=0

(
n

j

)
x j

(c) j

.

In particular,

e−x
1F1(c+1,c,x) = 1+

x

c
,

e−x
1F1(c+2,c,x) = 1+

2x

c
+

x2

c(c+1)
,

e−x
1F1(c+3,c,x) = 1+

3x

c
+

3x2

c(c+1)
+

x3

c(c+1)(c+2)
.

(A1)

Appendix B: A limit theorem for equations with
nonhomogeneous coefficients and non-Lipschitz diffusion

Here we present a limit theorem from23. Consider the fol-
lowing sequence of stochastic differential equations:

Xn(t) = Xn(0)+
∫ t

0
bn

(
s,Xn(s)

)
ds+

∫ t

0
σn

(
s,Xn(s)

)
dW (s),

n ≥ 0, where the initial conditions Xn(0) are nonrandom. As-
sume that the coefficients of these equations satisfy the fol-
lowing conditions:

(Y1n) bn and σn are continuous with respect to all arguments;

(Y2n) linear growth:

|σn(t,x)|+ |bn(t,x)| ≤ L(1+ |x|), t ≥ 0, x ∈ R;
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CIR and squared Bessel processes 14

(Y3n) Lipschitz condition for bn:

|bn(t,x)−bn(t,y)| ≤ L|x− y|, t ≥ 0, x,y ∈ R;

(Y4n) there exists an increasing function ρn : R+ → R
+ such

that
∫

0+ ρ−2
n (u)du = ∞ and

|σn(t,x)−σn(t,y)| ≤ ρn(|x− y|), t ≥ 0, x,y ∈ R.

Additionally, assume that as n → ∞, the following conver-
gences hold:

Xn(0)→ X0(0), bn(t,x)→ b0(t,x), σn(t,x)→ σ0(t,x)
(B1)

for t ≥ 0 and x ∈ R.

Theorem B.1 (23 (Theorem 4.1)). If conditions (Y1n)–(Y4n)
and (B1) hold, then

E [|Xn(t)−X0(t)|]→ 0, n → ∞,

uniformly in any finite interval.

Appendix C: Functional and other limit theorems for the
solutions of stochastic differential equations

Let us consider an equation of the form

dξt = a(ξt)dt +dWt , t > 0, ξ0 = x0, (C1)

with real measurable drift coefficient satisfying additional as-
sumption: |xa(x)| ≤ M for a certain constant M and for all
x ∈ R. We use the following notation:

ψ(x,c) =
1

log |x|

x∫

0

a(v)dv− c.

Theorem C.1 (27 (Theorem 3.1, item 2.)). Let ξ be a solution

to equation (C1) and let

lim
|x|→+∞

ψ(x,c0) = 0.

Then for 2c0 >−1 the solution ξ is stochastically unstable.

For investigating the behavior when T → +∞ of the distri-

bution of the normalized random process ξT (t) =
ξtT√

T
, t > 0,

where T is parameter, we study the weak convergence to some
limit process ζ in the following sense.

Definition C.2. A family ξT = {ξT (t), t ≥ 0} of stochastic

processes is said to converge weakly, as T →+∞, to a process

ζ = {ζ (t), t ≥ 0} if, for any L> 0, the measures µT [0,L], gen-

erated by the processes ξT (·) on the interval [0,L] converge

weakly to the measure µ[0,L] generated by the process ζ (·).
Remark C.3. Since the processes ξT are continuous with prob-
ability 1 as the solutions to Itô’s stochastic differential equa-
tions, Definition C.2 is a definition of the weak convergence
of the processes ξT to the continuous process ζ in a uniform
topology of the space of continuous functions.

Theorem C.4 (27 (Theorem 3.3(2))). Let ξ be a solution to

equation (C1), and let there exist the constants c1 and c2 such

that

lim
|x|→+∞


1

x

x∫

0

va(v)dv− c(x)


= 0, c(x) =

{
c1, x ≥ 0,
c2, x < 0.

If 2c1 > 1 and 2c2 < 1, then the stochastic process |ξtT |T− 1
2

converges weakly, as T → +∞, to the process Y , which is the

solution of Itô’s stochastic differential equation

Y 2
t = (2c+1)t +2

t∫

0

Ys dWs

for c = c1.
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