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The paper is a continuation of Part I and contains several further results on gen-
eralized boundary triples, the corresponding Weyl functions, and applications of

this technique to ordinary and partial differential operators. We establish a con-
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1 | INTRODUCTION

This paper is a continuation of the author’s work [26] on generalized boundary triples and Weyl functions of symmetric
operators. In particular, it is shown how various specific classes of generalized boundary triples appearing in Part I actually
occur in the study of ordinary and partial differential operators. Both Part I and Part II are posed in Arxiv as a single
paper [25]. We will freely use notations and terminology of Part I, but for the convenience of the reader we will recall here
the most cited definitions and statements from Part I.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2022 The Authors. Mathematische Nachrichten published by Wiley-VCH GmbH.

Mathematische Nachrichten. 2022;295:1113-1162. www.mn-journal.org 1113

ASUAOI'T suowwo)) dAnear) a[qesrjdde ay) Aq pau1aa0d ale sa[anIE Y (SN JO SANI 10J AIRIQIT SUIUQ A[IAN UO (SUOHIPUOI-PUB-SULIA}/ WO K[ Im ATRIqI[aul[uo//:sdny) suonipuo)) pue swid I, a1 32S "[€70Z/10/¢1] uo Areiqry aurjuQ Ao[ip ‘eseeA JO ANSIaAIUN £q 600000 BUBW/ZO0 ] (1/10p/wod KajimK1eiqrjauljuo,/:sdiy woiy papeojumo( ‘9 ‘770Z ‘9197CTS1


mailto:seppo.hassi@uwasa.fi
http://creativecommons.org/licenses/by/4.0/
http://www.mn-journal.org
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmana.202000049&domain=pdf&date_stamp=2022-05-12

1114 MATHEMATISCHE DERKACH ET AL.
NACHRICHTEN
Let $ be a separable Hilbert space, let A be a not necessarily densely defined closed symmetric operator in $ with equal
deficiency indices n(A) = n_(A) < co. The adjoint A* of the operator A is a linear relation, see [17] and also [26] for the
terminology.

Definition 1.1 [30]. Let A, be a linear relation in § such that A C A, C A, = A*. Then the collection IT = {},T,,T; },
where H is a Hilbert space and T' = {FO,Fl} is a single-valued linear mapping from A, into H?, is said to be an
S-generalized boundary triple for A*, if:

(1) The following abstract Green’s identity holds for all f = < ]]:/ ) ,&= (g,> €A,
g

f.e-(f.gh= (Flﬁrog)y_ (Fof,rlg);.[? 1.1

k

(2) T :=col(Ty,T,) is maximal in the sense that if § = (g/) €9’ k= (k’
g

> € H? satisfies

(f'.9) = (f.8) = (T.f.k),, — (T, f.K'),,

f

foreveryf:( , ] EA, thenge A, andT'g = k.

(3) A, :=kerI\ is a selfadjoint extension of A.
A triple IT = {M,T,, T } with H, T as above, is called:

1. isometric boundary triple for A*, if (1) holds, see [26];

unitary boundary triple for A*, if (1), (2) hold, see [28];

essentially unitary boundary triple for A*, if the closure of I' : A, — H? is single-valued and it satisfies (1), (2) on the
domain Z* = domT, see [25, 47];

ordinary boundary triple for A*,if A, = A*, (1) holds, and I" : A* — H? is surjective, see [33, 38, 50];

B-generalized boundary triple for A*, if (1), (3) hold and I, : A, — H is surjective, see [33];

ES-generalized boundary triple for A*, if (1), (2) hold and A, is essentially selfadjoint, see [26];

quasi-boundary triple for A*, if (1), (3) hold and the range of T' : A, — H? is dense in H?, see [12].

w N

N o vk

Definition 1.2 [31, 32]. The abstract Weyl function and the y-field of A, corresponding to a unitary boundary triple
Il = {M,T,,T,} are defined by

MW, fy=Tif5 YT Fi=fi, 2 €p(A),

where

fﬂ.Eﬁl(A*) ‘= {</{;ﬂ> * e.ﬁ}ﬂA*.

Recall that R[H] (resp. R(H)) denotes the Nevanlinna class of all operator valued holomorphic functions on C, with
values in the set of bounded dissipative (resp. maximal dissipative, not necessarily bounded) linear operators in H. In
addition, a Nevanlinna function M(4), 4 € C \ R, which admits a holomorphic continuation to the negative real line
(—00,0) (in the resolvent sense) and whose values M(x) are nonnegative (nonpositive) selfadjoint operators for all x < 0
is called a Stieltjes function (an inverse Stieltjes function, respectively).

The set of Weyl functions corresponding to unitary boundary triples coincides with the set

RY(H) :={F() € R(H) : Im(F(i)h,h)=0= h =0, hedomF(i)} 1.2)

of strict Nevanlinna functions, see [28, Theorem 3.9]. Notice, that the set of Weyl functions corresponding to B-generalized
boundary triples coincides with the class R*[H] := RS(H)n R[H], see [33, Theorem 6.1]. Weyl functions M(-)
corresponding to S-generalized boundary triples are characterized by the following domain invariance property, see
[30, Theorem 7.39], [26, Theorem 1.12].
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Theorem 1.3. Let I1 = {H, Ty, Fl} be a unitary boundary triple for A* and let M(-) and y(-) be the corresponding Weyl
function and y-field, respectively. Then the following statements are equivalent:

(1) A, = kerT is selfadjoint, i.e. I1 is an S-generalized boundary triple;

(i) A, =A TN, and A, = Ay EJAZM for some (equivalently foral) A € C, and u € C_;

(iii) M(-) is domain invariant and dom M(A) = dom M(u) = ranTy forallA € C_ andallu € C_;

(iv) y(A) and y(u) are bounded and densely defined in H for some (equivalently foral) A € C_ and u € C_;
(v) Im M(Q) is bounded and densely defined for some (equivalently forall) A € C \ R;

(vi) the Weyl function M(-) belongs to RS(H) and it admits a representation

M@) =E+MyA), My()eR[H], 21€C\R, 1.3)
where E = E* is a selfadjoint (in general unbounded) operator in H.

To characterize the class of ES-generalized boundary triples in terms of the corresponding Weyl functions we associate

with each M(-) € R(H) a family of nonnegative quadratic forms t;\/I( n inH:

tl’w(l)[u, v] := )ﬁ [(Mu,v) — (u, M(A)v)], u,v € domM(1)), A€ C\R. (1.4)

According to [26, Theorem 1.14], Weyl functions M(-) corresponding to ES-generalized boundary triples are character-
ized by the following form domain invariance property: tﬁVI( D is closable for each 1 € C, and the domain of its closure

tyay = t;vz(/l)l’ called the form domain of the Weyl function M(-), does not depend on 4 € C,. In this case dom M(1)
may, or may not, depend on 4 € C \ R, while for S-generalized boundary triples the equality dom M(4) = ran T, follows
from the decomposition A, = A, F N ; in Theorem 1.3 (ii) and hence the Weyl function is always domain invariant and
then also form domain invariant by [26, Proposition 5.30], see also [24] for general invariance results on operator-valued
Nevanlinna functions. For an ES-generalized, but not S-generalized, boundary triple A, is only essentially selfadjoint
and then one has just strict inclusions A, & A, ¥ N - Therefore, the equality dom M(1) = ranT, is violated and a strict
inclusion dom M(4) & ranT, holds; cf. discussions following [26, Theorems 1.13, 1.14]. Another characteristic difference
between S-generalized and ES-generalized boundary triples appears in the y-field: by Theorem 1.3 (iv) for S-generalized
boundary triple y(4) is a bounded operator for all A € C \ R, while for ES-generalized boundary triple y(1) is, in gen-
eral, an unbounded operator, which is closable for all A € C \ R. Furthermore, as shown in [26, Theorem 5.24] for ES-
generalized boundary triples the form domain of the Weyl function M(-) is directly connected to the closures of y(1) and
Iy : A, = H by the following characteristic identities:

dom ty;y = domy() = ranT,.

These facts will be demonstrated in concrete boundary value problems: for Laplace operators on smooth domains in
Theorem 3.1, where the form domain of the Weyl function associated with the Krein-von Neumann Laplacian is described
explicitly; see (3.13). Similarly it is shown that ES-generalized boundary triples occur naturally when describing mathe-
matical models for various physical phenomena involving Schrédinger, Dirac, and momentum operators with local point
interactions; cf. [3, 35]. In particular, in Proposition 4.8 such an ES-generalized boundary triple occurs in the connection
with momentum operators. It is shown therein that the domain and the form domain of the associated Weyl function M(-)
admit the following explicit descriptions:
domM(2) = I*(N; {d;z}) = dom tI,\/I(/l) G domty, ;) = (N; {d;l}) =ranT,, 1€C,;

see (4.13), (4.14). Here X = {xn}clx’ C R, is a strictly increasing sequence of point interactions satisfying two condi-
tions lim X, = oo and d, :=inf,\d, = 0; here d,, = x,, — x,,_; > 0. Similar explicit descriptions for the domain

n—oo

I This notation is much better suited for applications than the notation in [26, (1.14)], where t M) Was used for the nonclosed form (1.4).
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and form domain of the function M(4) are also presented for local point interactions involving Schrodinger operators in
Theorem 4.10, see formulas (4.19)—(4.21), as well as in the case of Dirac operators in Proposition 4.19; see (4.48), (4.49).

Here is a short description of the contents of Part II. Section 2 contains a couple of further useful results which
are of preparatory nature for applications of unitary and, in particular, ES-generalized boundary triples. Namely, it is
shown how certain simple transforms of B-generalized boundary triples generate ES-generalized boundary triples; see
Theorems 2.1, 2.2. On the other hand, by applying some proper renormalization procedures for ES-generalized bound-
ary triples one can produce more regularly behaving boundary mappings; cf. Theorem 2.6. The key to find appropriate
kind of transforms and renormalization procedures is based on the behaviour of the corresponding Weyl functions under
such transforms, and hence these constructions are basically motivated by the analytic properties of the associated Weyl
functions. The connection of various classes of boundary pairs for nonnegative forms as defined in Post [62] to various
subclasses of generalized boundary triples is established in Theorem 2.16. For instance, we show that the so-called ellipti-
cally regular boundary pair as introduced in [62] generates an S-generalized boundary triple with a nonnegative operator
A and vice versa.

Section 3 is devoted to applications of the general results in the PDE setting by treating Laplace operators in smooth
bounded domain in Theorem 3.1 and for Lipschitz domains in Proposition 3.7. Mixed boundary value problems for
Laplacian are also considered and again an ES-generalized boundary triple occurs in the connection of so-called Zaremba
Laplacian; see Theorem 3.5. Laplacian on rough domains is shown to lead to a multivalued boundary mapping I" and
its multivalued transposed mapping I'" (called here unitary boundary pairs) where the corresponding Weyl function can
even be multivalued; see Theorem 3.12.

In Section 4 spectral problems for momentum, Schrédinger and Dirac operators with local point interactions are treated
from the point of view of boundary triples technique. The new subclasses of generalized boundary triples from Part I and
the corresponding analytic properties of associated Weyl functions allow to complete the results of [22, 52, 53], and [58]. In
particular, it is shown, see Proposition 4.8, Theorem 4.10, and Proposition 4.19, that in each of these three cases the Weyl
function is domain invariant and form domain invariant and we describe explicitly all of these domains. In these applica-
tions to local point interactions the underlying abstract results become demonstrated in a concrete way and the obtained
results simultaneously allow, for instance, a straightforward verification of the specific properties of the corresponding
Weyl functions associated with the different types of generalized boundary triples occurring therein.

We devote this paper to our dear friend and excellent mathematician Hagen Neidhardt who passed away in March,
2019. One of us collaborated with Hagen a lot in applications of boundary triples technique to the spectral and scattering
theory. It is a great loss for us as well as for the whole spectral theory community.

2 | SOME CLASSES OF ES-GENERALIZED BOUNDARY TRIPLES
2.1 | Transforms of B-generalized boundary triples

Let IT = {H,T,, T, } be an isometric (or unitary) boundary triple for A* with domain A,. Then IT" = {H,T,T]} :=
{H, Iy, —FO} defines the so-called transposed boundary triple for A*. It is well known that in the particular case of an
ordinary boundary triple IT = {H, Ty, I‘l} for A*, also the transposed boundary triple IT" is an ordinary boundary triple

for A*. Moreover, if W is any bounded J;,-unitary operator, then the composition

() =w(5) (= o, 70)

generates also an ordinary boundary triple {#, FSV, F‘f’} for A* and, conversely, all ordinary boundary triples of A* are

connected via some J;,-unitary operator W to each other in this way; cf. [27, 29, 33], see also [11, 34, 48].

The situation changes essentially when {H, Ty, Fl} is not an ordinary boundary triple for A*. In this section we treat
the simplest case of a B-generalized boundary triple and show that a simple J4,-unitary transform can produce a bound-
ary triple for A* which is not B-generalized and not even S-generalized. More precisely, the next result shows how any
B-generalized boundary triple {H, Ty, Fl} for A*, which is not an ordinary boundary triple, can be transformed to an
ES-generalized boundary triple, whose y-field becomes unbounded.
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Theorem 2.1. Let {H, Ty, Fl} be a B-generalized boundary triple for A* with A, = domT C A*, A, # A%, let M(-) and y(-)
be the corresponding Weyl function and y-field, and let A, = ker I',. Then:

(i) forevery fixed v € C \ R the transform

0\ _ [(-ReM() I\/(T,
1”1’ B =1 0><F1

defines a unitary boundary triple for A* whose Weyl function and y-field are given by
M,(A) = —(M(A) —ReM®))~L,  y,(1) =y(A)(M() —Re M)~ !, 2.1

and, moreover, M,(1) and v, (1) are unbounded operators for every A € C \ R;

(i) {H, e, 1“11’} is an ES-generalized boundary triple for A* with dom I’V = A, and, hence, M,,(1) is form domain invariant

and y,(4) is closable for every A € C \ R;
(iii) the Weyl function M,,(-) (equivalently the y-field y,(-)) is domain invariant on C \ R if and only if
N,(A,)C ran(AO,v - /1) forallA,u € C\R, whereA,, =kerly.

Proof.

(i) & (ii) Since {H, Lo, 1“1} is a B-generalized boundary triple for A*, we have M € R5[H], see [28, Proposition 5.7], i.e.,
M is a strict Nevanlinna function whose values M(4) are bounded operators on H with ker Im M(4) = 0 for
everyl € p (AO). In particular, the real part Re M(v) is a bounded operator when 1 € p (AO). Therefore, I'V is a
standard J;,-unitary transform of I'. According to [29, Proposition 3.11] this implies that I' is a unitary boundary
triple (a boundary relation in the terminology of [29]) with dom I'” = dom I whose Weyl function and y-field are
given by (2.1). The assumption A, # A* is equivalent to ranT # H? and therefore 0 & p(Im M(1)), 2 € p(4,);
see [28, Section 2]. It follows from (2.1) that

M, () = i(Im M())"" = =M, ()" 22)
and then (1.1) shows that for all 4,k € dom M,,(v) = domy, (v),
=D (r,Mh, 7, k) g = (M, Mk, k), — (B, M,()k),, = 2i(AmM@) "' h, k),

Hence, M, (v) and y,(v) are unbounded operators at the point v € C \ R. In this case M, (1) is an unbounded

operator for all 4 € C \ R; see [28, Proposition 4.18].
Next consider the y-field y,,(-). Since M(4) — Re M(v) is bounded, it follows from (2.1) that

7,()* = (M(1) —ReM(»)) 'y()*, 1€C\R.
This combined with (2.2) shows that
v, ) =imME) Y)Y, y,() = -iImME)~y@)". 23)
Since
y)y(®) = y@*y(®) = (Im») "' Im M(»),
it follows from (2.3) that

rany(v) @ kery(v)* c domy,(»)*, rany(¥) @ kery(¥)* C domy, (v)*.
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Hence, y,(v)* and y, (9)" are densely defined operators, which means that y,,(v) and y,,(9) are closable operators.
According to [26, Theorem 1.14] A4 ,, = kerI'] is essentially selfadjoint and the assertions in (ii) hold. The fact
thaty,(1),4 € C\ R, is an unbounded operator is seen e.g. from [26, Equation (5.36)]. Thus, (i) is proven.

(iii) This assertion is obtained directly from [26, Proposition 3.11].

O

Theorem 2.1 will now be specialized to a situation that appears often in system theory and in PDE setting where typically
the underlying minimal symmetric operator A is nonnegative; the simplest situation occurs when the lower bound is
positive. The first part of the next result follows the general formulation given in [30, Proposition 7.41] which was motivated

by the papers of V. Ryzhov; see [63] and the references therein.

Theorem 2.2. Let A, be a selfadjoint relation in $ with ker A, = {0}, let E be a selfadjoint operatorin H, and let the operator
G : H — $ be bounded and everywhere defined with ker G = {0}. Moreover, let

A, ={{A;'f"+Go,f'} : ' €ranA,, ¢ € domE} (2.4)
and define the operatorsT'),I'; : A, - H by
Tof=¢, T.f=Gf'+Ep; f={A;'f' +Go, [} €A, (2.5)
Then:

(i) I1 = {H,T,,T, } is an S-generalized boundary triple for A* = A, withkerTy = A,. For 1 € p(A,) and ¢ € domE the
corresponding y-field and the Weyl function are given by

yDe = (I-2471)'Gp, M@A)p = Ep +AG* (I — 245") " Gg;
(ii) I1is a B-generalized boundary triple for A* if and only if E is bounded;
(iii) I1is an ordinary boundary triple for A* if and only if E is bounded and G*(ran AO) = H, in particular, then ran G must
be closed;

(iv) the transform {I‘l —EI‘O,—FO} defines an essentially unitary boundary triple for A* whose unitary closure
M= {H, T, fl} is given by

(;())f: <G*£,> , fedomT={{AJ'f +Go,f'} : f €eranAy, ¢ € H}, (2.6)
| -
and whose Weyl function and y-field are given by

M@) = —(MyD)) ™, 7A) = YA (Mo(2)) ™, where 2.7)

My(2) = (M) —E) = AG*(1 - 247") 7’6, y() = (1-243")"'6,

and, moreover, the transposed boundary triple T1" is B-generalized with the Weyl function M(-);
W ifoep (AO) then Il is an ES-generalized boundary triple for A* and it is S-generalized if and only if ran G is closed, or
equivalently, domT in (2.6) is closed, i.e., if and only if I1 is an ordinary boundary triple;
(vi) the Weyl function M (equivalently the y-field 7(-)) is domain invariant on C \ R if and only if
ran P (I — ,uAal)_lG =ranPg(I — AAal)_lG forallA,u € C\R, (2.8)

where P, stands for the orthogonal projection onto ran G.
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Proof.
@)

(ii) & (iii)

(iv)

W)

(vi)

NACHRICHTEN

It was proved in [30, Prop. 7.41] that II is a unitary boundary triple for A* = A, and for (i) it suffices to note
that ker Iy = A, is selfadjoint by assumption. Hence, IT is an S-generalized boundary triple.
The formula for I'y shows that ran T, = H precisely when dom E = H or equivalently, E is bounded. Since

(£)7=( e)(7)=( Do e) () e

and in the last product the triangular operator is bounded with bounded inverse when E is bounded, we
conclude that ranT = H X H if and only if dom E = H and the diagonal operator in (2.9) is surjective, i.e.,
G*(ran A,) = H; in this case ran G* = H and ran G is closed.

It is clear from (2.5) that the transform {I'; — ET,;, —T, } has the same domain A, as I'. Moreover, using (2.5)

it is straightforward to check that the closure {T), T } = clos{T, — ET,, =T} is given by (2.6). In fact, the
transposed boundary triple {fl, —fo} is S-generalized and of the same form as I" in (2.5) when E = 0, i.e., in
view of (ii) it is even B-generalized. Applying (i) to this transposed boundary triple one also concludes that the
Weyl function and y-field of the boundary triple {T,, T, } are given by (2.7).
It follows from (2.6) that A, = ker I, is given by

Ay={{A;'f"+Go,f'} : f' €eranAy, G*f' =0,p € H}. (2.10)

Using graph expressions one can write A, = A, N (H x ker G*) F (ran G X {0}) and now using the properties of
adjoints it is seen that

A} = clos(AyFTan G x {0}) N (H x ker G*¥).

Observe that Ay N (Tan G X {0}) = 0, since ker A, = {0}. If 0 € p(A4,) then A+ Tan G x {0} is a closed subspace

of $? and this implies that Zg = ZO. Hence, ZO is essentially selfadjoint. Since 0 € p (AO), it is clear from (2.10)
that ran G is closed if and only if A, = ker I, is closed, or equivalently, dom I in (2.6) is closed.

Using for A, the formula (2.10) and the equalities N, (domT) = rany(u) = rany(x) the domain invari-
ance condition in [26, Proposition 3.11] can be rewritten as follows: for every h € H there exist h, € H and
f" € ran A; nker G* such that

(I - A 'Gh = (I-245")f' +Ghy
or, equivalently,
(1-24.1) " (1 - puA;" ) 'Gh = f' + (1= 247") 'Ghy, w,A€C\R.
Applying resolvent identity to the product term it is seen that the previous condition is equivalent to
(1 - A7) 'Gh = f + (I = 2A3") 'Ghy, (211)
for some h; € H and f’ € ran A, N ker G*. This condition is equivalent to the inclusion
ran Pg (I — uA;") "G C ran P (I — 2451)'G.

Since 4, u € C \ R are arbitrary, this last condition coincides with the condition (2.8). O

ASUAOI'T suowwo)) dAnear) a[qesrjdde ay) Aq pau1aa0d ale sa[anIE Y (SN JO SANI 10J AIRIQIT SUIUQ A[IAN UO (SUOHIPUOI-PUB-SULIA}/ WO K[ Im ATRIqI[aul[uo//:sdny) suonipuo)) pue swid I, a1 32S "[€70Z/10/¢1] uo Areiqry aurjuQ Ao[ip ‘eseeA JO ANSIaAIUN £q 600000 BUBW/ZO0 ] (1/10p/wod KajimK1eiqrjauljuo,/:sdiy woiy papeojumo( ‘9 ‘770Z ‘9197CTS1



1120 %ﬁggﬁ%ﬁ%@ﬁHE DERKACH ET AL.
[NACHRICHTEN |

Remark 2.3.

(i) The boundary triples ' and T are completely determined by A, (= ker I, = ker T';) and the operators G and E = E*.
If, in particular, 0 € p (AO) , then the Weyl function M(-) in (2.7) is form domain invariant (see [26, Theorem 1.14]) and
the y-field y(-) and the Weyl function M(-) as well as M(-) (in the resolvent sense) admit holomorphic continuations
to the origin 4 = 0 with

y(0) =G, M(0)=E.

If, in addition, E is bounded and G has closed range, then = {1“1 — ET,, —I‘O} is an ordinary boundary triple and
the condition (2.8) is satisfied. Indeed, in this case dom M(1) = ran M,(1) = H forallA € C\ R.

(ii) IfEisbounded, no closure is needed in part (iv), i.e., = {Fl — ET,, —FO}. In this case, I is a B-generalized boundary
triple and Theorem 2.2 can be seen as an extension of Theorem 2.1 to a point on the real line. Here the results are
formulated for v = 0. They can easily be reformulated also for v € R. In addition, for v = oo the resultsin Theorem 2.2
can be translated to analogous results for range perturbations (instead of domain perturbations as in Theorem 2.2);
for general background see [30, Section 7.5]. For v = oo the operator E appears as the limit value M(o0), while A,
and A, should be replaced by their inverses; see (2.15).

(iii) The criterion (2.8) for domain invariance of M can be derived also directly using dom M(4) = ran M,(1) and the
explicit formula for M(4) given in part (iv) of Theorem 2.2; see also the equivalent condition in (2.11).

When {H,T, T, } is not an ordinary boundary triple for A*, the condition (2.8) fails to hold in general. In particular, if
ran A, N ker G* = {0} (if e.g. ker G* = {0}), then the condition (2.8) is equivalent to

ran(I — /,LAal)_lG =ran(l - /1A0_1)_1G forallA,u € C\ R. (212)

Multiplying this identity from the left by % (I —2A;") itis seen that (2.12) implies

ran(I — on_l)_lG cranG forallu e C\R. (2.13)

Similarly it can be seen that (2.13) implies (2.12). Thus, if ran A, N ker G* = {0} then M is domain invariant if and only if
the operator range ran G is invariant under the resolvent (I —uA; 1)_1 forallu € C\ R.

Corollary 2.4. Assume that A, E and G are as in Theorem 2.2 and that ran Ay N ker G* = {0} and mul A, = {0}. If
A = (A,)" is densely defined, then the function M(-) defined in (2.7) is not domain invariant.

Proof. Since ran A, N ker G* = {0}, M(-) is domain invariant if and only if (2.13) holds. In other words, for every ¢ € H
there exists & € H such that (I — uA; 1)_1Ggo = Gh, or, equivalently,

-1 -1
(I + u(Ag — 1) )qu =Gh & u(Ay—u) Gp=Gh—o). (2.14)
If A is densely defined, then A* D> A, is an operator. Since ker A, = {0} one concludes from (2.4) that A, is an operator
if and only if dom Ay Nnran G = {0}. This condition applied to (2.14) implies that ¢ = 0 and h — ¢ = 0, since ker G = {0}.
This proves the claim. Ol
If A in Theorem 2.2 is nonnegative, one can specify further the type of the Weyl function as follows.
Corollary 2.5. Assume that in Theorem 2.2 A, = Ag‘ > 0and E = E* < 0. Then the Weyl functions

Mg = Ep +AG* (I = 247") 'Gp, M) = AG*(I - 2A71)'G, 2 € p(Ay),

are domain invariant inverse Stieltjes functions, while M(-) = —M,(-)~! in (2.7) is a Stieltjes function.
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Proof. Since A, is nonnegative and selfadjoint with ker A; = {0} and E = E* < 0, the Weyl function

M) = E +AG*(I - 247")"'G

admits a holomorphic extrapolation to the negative real line and, moreover,
M(x) = E +xG*(I - xA;") G = M(x)* <0 forall x <0.

Consequently M(-) and M,(-) are inverse Stieltjes functions. Moreover, ker M(x) = {0} and ker M(x) = {0}, since
ker G ={0}. In view of

(M) —ul) ™ = —(I+ uMy() " My(A), ueC\R,

also the function M(-) = —M,(-)~! admits a holomorphic extrapolation to the negative real line with nonnegative
selfadjoint values therein, i.e., it is a Stieltjes function. O

Let us also mention that analogously the function M) = -MQ /A) = G* (AO‘1 - /1)_1G — E admits a holomorphic
continuation to the negative real line and

M(x) = G*(A;' =x) "G —E =M(x)* 20 forallx <0 (215)

with ker M(x) = {0}. Hence, M(-)isa Stieltjes function and the transposed function MT(-) = =M(-)"lisan inverse Stieltjes
function. Observe, that M(-) is the Weyl function of the boundary triple {H, fo, r 1} given by

Lof=9¢. Of=-Gf' ~Ep f={f.A]'f +Go}eT
with kerfy = AS! and ker T’} = A7
We now assume that 0 € p(AO) and make explicit the renormalization procedure as described in [26, Theorem 5.32]

in the case of the ES-generalized boundary triple II in Theorem 2.2 (v). This also yields a representation for the form
domain invariant Weyl function M(-) in (2.7); cf. [26, Prop. 5.34]. To state the result decompose the bounded inverse Ay 1

2
according to § = ran G @ (ran G)* as ATl = <A; ) — This generates the following expression for an associated Schur
1L,]=
complement of the resolvent (A;" —1 //1)_1,
— —\F [ a— -1
So(d) = A}, —1/A1 — (A3;) (A, —1/AI) A5, A €p(A). (216)

Theorem 2.6. Let the notations and assumptions be as in Theorem 2.2 and, moreover, let 0 € p(AO) and assume that
ran G is not closed, so that the ES-generalized boundary triple T1 is not an S-generalized (or ordinary) boundary triple; see
Theorem 2.2 (v). Then:

(i) the closure of the y-field 7 satisfies dom 7(1) = ran G*, A € p (Ap);

(ii) the renormalized boundary triple I1, = {ﬁ G.Ty, I‘Lr}, being constructed as in [26, Theorem 5.32], is an ordinary
boundary triple for A* = A, ¥ (tan G x {0}) and is determined by

Gi’::){Aglf’ +hf'}= <Pf£/> , fle®, herangG, (2.17)

where P denotes the orthogonal projection onto ran G;
(iii) the Weyl function M,.(-) of II, coincides with the Schur complement in (2.16),

M,(1) = Sy(A), A€ p(A,),
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and the form domain invariant Weyl function M(-) in (2.7) has the form

M@) = G'S(MHG™™, 1€ p(A,), (2.18)
where G*) is the adjoint when G is treated as an operator from H into tan G.
Proof.
(i) By (v) Theorem 2.27(1) = m(MO(A))_l. Using the expressions for M(4) in (2.7) and S,(1) in (2.16) one obtains
M) = GT'S,G™®,  F(A) = —(I = 243")  1an 6So(A)G™®, (2.19)
where G~() stands for the inverse of G*, when G* is treated as an injective mapping from ranG to H. Since

(I-245") ! I..o» and Sy(4) are bounded with bounded inverse for 1 € p (Ap), we conclude that the form domain
of M(A) is equal to ran G* and that the closure of the y-field is given by

_ I

e L(a_1\7 ) - 1 e

Y = (A —=1) PgSy(MHG™ = = o1 e,
l( ) ) ) —<A22—II) A3

A € p(Ay). Here the last identity uses the standard block formula for the inverse (A;* — 1 //1)_1.

(ii) The assumption 0 € p(AO) implies that the closure of dom T is A* = Ay ¥ (tan G x {0}). In view of (i) one can use
G* : ranG — H as the renormalizing operator in [26, Theorem 5.32]. Now in view of expression for I in (2.6) this
renormalization gives the formula

() 7= ("), Fettans vcory: resoen) a0)
1,r ¢

The final expression for the renormalized boundary triple IT, is obtained by taking closure in (2.20); this leads to
(2.17), since 0 € p(AO). Now clearly domT, = A* and ranT, = ranG X ranG, i.e., I, is an ordinary boundary triple
for A*.

(iii) This follows from (2.19). For the equality M,(1) = S,(4) take the closure of GM(1)G* | fan G.

O

According to Theorem 2.6 A, , = kerT , is selfadjoint. Clearly, 4, , coincides with the closure of A, =kerT, in
Theorem 2.2; see (2.10). If, in particular, A, is strictly positive, then A, , = ker Iy , is the Krein-von Neumann extension
Ay of A and we have the following identities

kerT, = Ay = Ay, = ker[,, = AF (Tan G x {0}) = Ag, (2.21)

where A is the range restriction of Ay: A = {{A;'f', f'} : f' € $, G*f’ =0 }. Observe, that A is densely defined if and
only if A* is an operator, i.e.,

domA=$% << ranGndomA, = {0}.

By (2.18) M(-) is domain invariant if and only if the dense set S,(1)~!(ran G) does not depend on A; in the particular case
ker G* = {0} this also leads to Corollary 2.4.

In Theorem 2.2 we regularized the S-generalized triple { #,T, T, } via the transform {T,, ', — ET,, } before transposing
the mappings and closing up. In fact, the closure of this regularized triple clos{FO, r,— EFO} is of the same form as I"
in (2.5) with E = 0 and it is B-generalized; see Theorem 2.2 (iv).

The next example shows what happens for the boundary triple {H, Ty, I‘l} in Theorem 2.2 if it is transposed without
the indicated regularization of the mapping I';.
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Example 2.7. Let {},T, T, } be as defined in (2.5). Then ker Ty = A, is the unperturbed relation and

A ={{A;'f'+Go,.f'} : G'f'+Ep =0, f' €ranA,, ¢ € domE},

A= AT 2 ekerG) = ({1 € Ag s ) ekerGY).

In particular, if A, is an operator then A is a range restriction of A, to ker G* with n,(A) = dim (ran G).

Now, assume that ker E = {0} and ran G* Nnran E = {0}. Then the identity G*f’ + E¢ = 0 implies that G*f' = Ep =0
and, consequently, ¢ = 0 and this means that A; = A. This means that A; is not essentially selfadjoint and thus the
transposed boundary triple {H, I, —FO} is not ES-generalized. The corresponding Weyl function is given by

MT() = -(E+6"(1-247")7'G)

and according to [26, Theorem 1.14] it cannot be form domain invariant.
If, in addition, ker G* = {0}, then

domM"(A) ndomM (u) ={0}, forallA#u, Apu€p(A).
To see this assume that
g= (E +AG" (I - /11451)‘1c:)f1 - (E + uG* (I - ,uAgl)_lG>f2
holds for some g, f;, f, € H. Then
E(f,-f1) =G* [/1(1 —AAs) G — (I - /,tAgl)‘Isz] (2.22)

and the assumptions ran G* Nran E = {0} and ker E = {0} imply f; = f,. Now ker G* = {0} and an application of the
resolvent identity on the righthand side of (2.22) yields g = 0.

If, in particular, A, is a nonnegative selfadjoint operator with ker A, = {0} and E = E* < 0, then the function M(-) is
an inverse Stieltjes function and the transposed function M T(-) = —M(-)~! is a Stieltjes function, which need not be form
domain invariant; cf. Corollary 2.5. Analogously the function

~M(1/2) = G*(A; ' =2)'G-E

is a Stieltjes function while M(1/1)~! is an inverse Stieltjes function, which need not be form domain invariant.

Finally, it should be mentioned that later, in Section 3, it is shown how the standard Dirichlet and Neumann trace oper-
ators on smooth, as well as on Lipschitz, domains can be included in the abstract boundary triple framework constructed
in Theorem 2.2; hence the previous results can be made explicit in PDE setting.

2.2 | Graph continuity of boundary mappings

It is known that for a boundary triple {H, Ty, Fl} (as well as for a boundary pair {H, T}, see [26, Definition 3.1]) to be
an ordinary boundary triple it is necessary and sufficient that both boundary mappings I'y and I'; are continuous on A*
(with the graph norm on dom A* in case A is densely defined). In general the mappings I'; and I'; both can be unbounded
when dim H = co. In this section we establish analytic criteria for I'j or I'; to be continuous with the aid of the associated
Weyl function. Recall that the kernels A, = kerI'; and A; = kerI'; are always symmetric and it is possible that A, = A or
A, = A;see e.g. Example 2.7.

The next result characterizes boundedness of the mapping I'; for an ES-generalized boundary triple.
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Proposition 2.8. For a unitary boundary tripleI1 = {H, Iy, T } with A, = dom I the following conditions are equivalent:

(1) A, = kerT is essentially selfadjoint and Ty is a bounded operator (w.r.t. the graph norm) on A,;
(ii) A, is selfadjoint and the restriction T'; | M, (A,) is a bounded operator for some (equivalently for every) 1 € C \ R;
(iii) the form associated with Im(—M ‘1(1)) has a positive lower bound for some (equivalently for every) 1 € C \ R.

If one of the conditions is satisfied, then the triple I1 = {H, Iy, I } is B-generalized.
Proof.

(i)= (ii) IfT'; is bounded, the also I'; | A, and I'; | N 1(A,) are bounded. Now by [26, Corollary 5.6] A, is closed and,
therefore, A;, = Aj.

(ii) = (iii) Observe that (I';} N /I(A*))_1 =77(2) is the y-field of the transposed boundary triple IT" = {H,T,-T,}.
Hence the condition that T, } t,(A,) is bounded means that (yT(1))"yT(2) has a positive lower bound or,
equivalently, that the form corresponding to Im(—M _1(/1)) has a positive lower bound (cf. [26, Equation (3.6)
and Definition 5.21]).

(iii) = (i) As shown in the previous implication, the assumption concerning Im(—M ‘1(/1)) means that the restriction
ryt N 1(A,) is bounded. On the other hand, if the form corresponding to Im(—M ‘1(/1)) has a positive lower
bound, say ¢ > 0, then

M DS Nl = [(MTES f)| 2 Im (= (MY, f)) = el f1I3,-

Consequently, [[M(1)|| < ¢}, i.e., M(-) is a bounded Nevanlinna function. Now by Theorem 1.3 A, is selfadjoint and
hence according to [26, Corollary 5.6] the restriction I'; I A, is bounded. Moreover, by selfadjointness of A, one has the
decomposition A, = A, F N 1(A,). Since the angle between A, and N 1(A,) is positive, one concludes that I'; is bounded
on A,. This completes the proof of the implication.

Finally, if one of the equivalent conditions (i)-(iii) holds then, as shown above, M(-) is a bounded Nevanlinna function.
This is a necessary and sufficient condition for the boundary triple IT to be B-generalized. O

By passing to the transposed boundary triple gives the following analog of Proposition 2.8.
Proposition 2.9. Fora unitary boundary triple I1 = {H, Iy, I } with A, = dom T the following conditions are equivalent:

(1) A, =kerT is essentially selfadjoint and T, is a bounded operator (w.r.t. the graph norm) on A,;
(ii) A, is selfadjoint and the restriction T'y | 9, (A,) is a bounded operator for some (equivalently for every) 1 € C \ R;
(iii) the form associated with Im M () has a positive lower bound for some (equivalently for every) A € C \ R.

If one of these conditions is satisfied, then the transposed boundary triple 1T = {H, Iy, —PO} is B-generalized.
Remark 2.10.

(i) For infinite direct sums of ordinary boundary triples the extensions A; = ker I}, j = 1,2, are automatically essen-
tially selfadjoint; see [52, Theorem 3.2]. If, in addition, T'; is bounded, then IT = {H, Ly, Fl} is a B-generalized bound-
ary triple for A* by Proposition 2.8; this implication was proved in another way in [52, Proposition 3.6]; see also
Corollary 4.6 below.

(ii) Note that IT = {H,FO,I‘I} is a B-generalized boundary triple if and only if the composition T';7(1) (= M(1)) is
bounded for some (equivalently for all) A € C \ R. In particular, if T';%(1) is bounded, then also the y-field y(1)
itself is bounded (see [26, Equation (3.6)]), Ay = A; (by Theorem 1.3) and the restriction I'; | A, is also bounded (by
[26, Corollary 5.6]). However, in this case I'; need not be bounded. Therefore, the conditions in Proposition 2.8 are
sufficient, but not necessary, for IT to be a B-generalized boundary triple. An example is any B-generalized boundary
triple IT, which is not an ordinary boundary triple, such that also the transposed boundary triple IT" is B-generalized,
since then IIT cannot be an ordinary boundary triple. Then the condition in (iii) of Proposition 2.8 is not satisfied.
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For an explicit example of such a B-generalized boundary triple, see local point interactions of Dirac operators treated
in Proposition 4.17. Also the S-generalized boundary triple for the Laplace operator associated with the Dirichlet-
to-Neumann map in Theorem 3.1 (i) does not satisfy the properties in Proposition 2.9, but the transposed bound-
ary triple is B-generalized. On the other hand, the ES-generalized boundary triple associated with the Krein-von
Neumann Laplacian in Theorem 3.1 (ii) satisfies the conditions in Proposition 2.9 and the transposed boundary triple
therein is B-generalized.

The boundedness of the component mappings I'; and I'; can be used to derive the following new characterization of
ordinary boundary triples.

Proposition 2.11. For a unitary boundary triple I1 = {H, Iy, T } with A, = domTT the following conditions are equivalent:

(i) T, isbounded andranT'y = H;
(ii) Ty is bounded and ranT'| = H;
(iii) I = {M,T,, T, } is an ordinary boundary triple.

Proof.

()= (iii) By [26, Corollary 5.15] ranT, = H implies that A, = A7 and IT is a B-generalized boundary triple. In partic-
ular, the Weyl function M(-) of IT belongs to the class RS[H] of bounded strict Nevanlinna functions. On the
other hand, (T} E)At,l(A*))_l =7), 1 € C\ R. Now T, | %,(A,) is bounded and this means that y(1)*y(1)
has a positive lower bound or, equivalently, that 0 € p(Im(M(4)). Hence, M(-) € R¥[H] and II is an ordinary
boundary triple; see [28, Proposition 2.18].

(ii) = (iii) Apply the previous implication to the transposed boundary triple.

(iii) = (i), (ii) This is clear, since for ordinary boundary triple T' : A, — H? is bounded and surjective.

2.3 | Extrapolation of Weyl functions via a real regular point

The main result here contains an analytic extrapolation principle for Weyl functions in the case when the underlying
minimal operator A admits a regular type point on the real line R. The proof relies on the so-called main transform of
boundary relations (called here boundary pairs) introduced in [28]. The main transform makes a connection between
subspaces of the Hilbert space ($ & 7-[)2 and linear relations from the Krein space ($?,Jg) to the Krein space (H2,J,).
It is a linear mapping J from $? X H? to ($ @ H)? which establishes a one-to-one correspondence between all (closed)
linear relations I' : $% — H2 and all (closed) linear relations A in 5 =9 D H via

crmo () (@) e

According to [28, Proposition 2.10] .J establishes a one-to-one correspondence between the sets of contractive, isometric,
and unitary relations I from ($?,J 55) to (#2,J;,) and the sets of dissipative, symmetric, and selfadjoint relations Ain
$ D H, respectively. Recall that a boundary pair {H, I'} is called minimal, if

$=$min :=M{m/1(14*) : AGC_*_UC_ }

The next result shows usefulness of the main transform for analytic extrapolation of Weyl functions M(-) from a single
real point x € R to the complex plane, when x € p(A) is a regular type point of the minimal operator A. In the special case
when the analytic extrapolation of M(x) is a uniformly strict Nevanlinna function the extrapolation principle formulated
for Weyl functions in the next theorem, yields a solution to the following general inverse problem: given a pair {FO, 1“1}

of boundary mappings from A* to H determine the selfadjoint extension Ag of A (up to unitary equivalence) when the
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boundary condition Flf = 0T, fis fixed by some operator ® acting on H. It is emphasized that for this result it suffices
to know initially only the value of M(x) at the single point x € p(A). In this case the value M(x) is defined in the same
way as M(A) is defined for 1 € C \ R (see [26, Definition 3.2]): M(x) = F(mx(A*)) or, more precisely,

M(x) := { heH?: {?x,ﬁ} €T forsome f, = <x]}‘ ) eH’ xeR } (2.24)

Theorem 2.12. Let{T', H} be an isometric boundary pair for A* with domain A, = domT, clos A, = A*, (i.e. Green’s identity
(1.1) holds for f, 8 € A,; cf. [26, Def. 3.1, Equation (3.1)]), let A = J(T') be the main transform (2.23) of T. Assume that there
exists a selfadjoint extension H C A, = domT of A with x € p(H) N R and let the mapping M(x) at this point x be defined
by (2.24). Then the following assertions hold:

(i) The following two conditions are equivalent:
(@) M(x) is selfadjointin H and 0 € p(M(x) + xI);
() x€p(A)NR.

(ii) If the conditions (a), (b) in (i) hold then {T', H} is a unitary boundary pair for A* and M(x) admits an analytic extrap-
olation from the point x to the half-planes C, as the Weyl family M(-) which necessarily belongs to the class R(H) of
Nevanlinna families, see Definition in [26, Section 2.1].

(iii) If the boundary pair {', H} is minimal then all the intermediate extensions Ag of A determined by

[(Ag) =0« Ay =T71(0)
are, up to unitary equivalence, uniquely determined by M(-).
Proof.

(i) To prove the equivalence of (a) and (b) consider the main transform A of I' in (2.23). The range of A — x is given by

ran(A — xI) = { <_f;l,__x){h> : {(J{,) , <:,>} er } (2.25)

(a) > (b) For fx € E)AZX(A*) one has f’ = xf, and {h, '} € M(x) by the definition in (2.24). Since —x € p(M(x))
and —h' — xh € ran(—M(x) — xI) = H it follows from (2.25) that

0 -
<H> C ran(A — xI). (2.26)

Since H C domT'and x € p(H) N Ronehasran (H — x) = $ which combined with (2.25) and (2.26) shows
that ran(ﬁ —xI ) = $ @ M. This implies that A is a selfadjoint relation in § @ #, since A is symmetric by
isometry of T; cf. [28, Proposition 2.10]. In particular, x € p(4) N R.
b)=>() If x e ,O(A~) NR then ran(ﬁ —xI ) = $H D H and, in particular, (2.26) is satisfied. In view of (2.23)
and (2.24) this means that {f, f’} (S ﬁx(A*) and {h, h'} € M(x) and therefore ran(—M(x) — xI) = H.On
the other hand, it follows from (2.24) and Green’s identity (1.1) that M (x) is symmetric, i.e., (', h) = (h, h')
for all {h, h'} € M(x). Therefore, M(x) is selfadjoint and —x € p(M(x)).
(ii) The proof of (i) shows that if (a) or, equivalently, (b) holds then Aisa selfadjoint relation in $ @ H. Thus the
(inverse) main transform I’ = J ! (ﬁ) defines is a unitary boundary pair {T', H} for A*. By the main realization resultin
[28, Theorem 3.9] one concludes that M € R(H).
(iii) To prove this assertion first recall that according to [28, Theorem 3.9] the Weyl function uniquely determines T, as
well as A, by the minimality of . Uniqueness of I here means that if there exists another minimal boundary pair
{H, f} associated with the symmetric operator A = kerT in some Hilbert space 53 having the same Weyl function

M(-), then there exists a standard unitary operator U : $ — 53 such that
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() () =)

Hence, if the extension Ag of A in the Hilbert space $ and the extension 21\@ of A in the Hilbert space 33 are associated
with the same “boundary condition” © then (2.27) implies that

Ao ={{UL, U} : {f.f'} € Ap} = UAgU™.
Thus Ag and A are unitarily equivalent via the same unitary operator U for every linear relation © in H. 0

Remark 2.13. The proof of item (i) in Theorem 2.12 shows that (b) = (a) without the assumption on the existence of a
selfadjoint extension H C A, with x € p(H).

Astoitem (iii) of Theorem 2.12 it should be mentioned that if the analytic extrapolation M(-) belongs to the class R*[H ],
then each selfadjoint extension Ag (O = ©*) of A is uniquely (up to the unitary equivalence) defined by the Weyl function
Mg(-) € R[H] as well as by the (non-orthogonal) spectral measure Z(¢) from the integral representation of Mg(-), see
[20, 27, 29, 32, 33] for details.

Some further developments concerning uniqueness of boundary triples and connections between O'(A@) and the
spectral functions %(¢) can be found in [42].

Theorem 2.12 offers also a useful analytic tool to check whether an isometric boundary triple (or boundary pair) is
actually unitary or, equivalently, if the Weyl function of some isometric boundary triple is in fact from the class R(H) of
Nevanlinna functions. We use this result to construct a unitary boundary pair for Laplacians defined on rough domains
in Section 3.4 and to associate unitary boundary triples with boundary pairs of nonnegative forms in the next subsection.

2.4 | Boundary pairs of nonnegative operators and boundary triples

The notion of boundary pairs involves initially only one boundary map associated with a closed nonnegative form  or a
pair of nonnegative selfadjoint operators. The purpose in this section is to show that, after introducing a second boundary
map I'; (via the first Green’s identity), the boundary pair (H, T ) generates a unitary boundary triple { #, T, T, }. Further-
more, various special cases of boundary pairs are connected to specific classes of unitary boundary triples. In applications
to PDE’s §j is often the Neumann form and in abstract setting the form §; associated to the Krein extension Ay, which is
the smallest nonnegative selfadjoint extension of A. The notion of a boundary pair can be seen to arise from the works of
Krein, Birman, and Visik and has been treated in later papers by G. Grubb (PDE setting) and Yu. M. Arlinskii (abstract
setting).

A (basic) positive boundary pair {H, fo} involving the form domain of the Kreln extension was introduced in [8]. This
notions leads to positive boundary triples {#, Ty, T, }, where ker T, = Ar and Ay = ker T are the Friedrichs and the
Krein extension of a nonnegative operator A; see [7, 50]. Boundary pairs which lead to B-generalized boundary triples
appear in [9]. A more general class of boundary pairs (H, fo) has been studied recently by O. Post [62]; who relaxed the
surjectivity condition on I'y and replaced it by the weaker requirement that ran I, is dense in H. We recall the definition
more explicitly here (using present notations):

Definition 2.14 [62]. Let §j be a closed nonnegative form on a Hilbert space $ and let T, be a bounded linear map from
! 1= (domb, | - II;), where [ flI? = H(f) + I f1|?, into another Hilbert space H. Then (H,T,) is said to be a boundary

pair associated with the form ¥, if:

(a) (9P :=)kerT is dense in §;
(b) (H'/? :=)ranT| is dense in H.

A pair (H, fo) is said to be bounded if ran fo = H, otherwise it is said to be unbounded.
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Since fo is bounded its kernel defines a closed restriction of the form [, which we denote here by
5,(f) =H(f), f € kerT,. By assumption (a) the forms §, and § are densely defined in § and we denote by H, and H
the nonnegative selfadjoint operators associated with the closed forms §, and b, respectively. Next we associate a symmet-
ric operator and its adjoint with the boundary pair (H, fo) via

A:=HynH, A"=clos(Hy+H).

In what follows we assume that A is densely defined. By definition H, and H are disjoint selfadjoint extensions of A.
Recall that dom A* = dom H,, + ker(A* — AI), A € p(H,), and there is similar decomposition with H. Since §, C b, one

has H < H, or, equivalently, (H + a)™! > (H, + a)_1 for all @ > 0. Then one can write,

_N1/2
domH'Y? = domH;/2 + ran((H +a)™' = (Hy+a) 1) , (2.28)

and since clearly ran((H +a)' = (Hy+ a)_1> C ker(A* + a), one obtains
dom b = dom f, + (N_, ndomBb), a > 0; (2.29)

This sum is not in general direct, since 91_, N dom §, is nontrivial, whenever H;, # A. Formulas (2.29) and (2.28) go back
to the classical papers by Krein [54] and Birman [19], respectively. Boundary triples approach to (2.28) as well as its further
development including the case of operators with zero lower bound can be found in [56] (see also [43], [64, Theorem 14.24],
and [34, Theorem 8.78]). A simple different proof of (2.28) was also given in [44, Lemma 2.2].

The sum in (2.29) can be made direct with a restriction on ;. As shown in [62, Propositions 2.9] the set of so-called
weak solutions with a fixed 1 € C defined by

N ={fed : (/.9 -Af.8g=0,Vgedombh,} (2.30)

leads to the following direct sum decomposition for every A € p(HO):
domf) = dom §, + 2)2/11 (2.31)
Here 9} (C9; ndom b) is closed in §', N} is dense in ker(A* — 1), and N} N dom b, = {0}. The restriction Ty | N} is a

bounded operator from 272/11 into 7 and the decomposition (2.31) implies that it is injective and its range is equal to ran T
The inverse operator

SQ) 1= (Tt )™ 12 s ;! (2.32)
is closed as an operator from H to $' with domain H!/? = ranT,.

Definition 2.15 [62]. The boundary pair ( H, fo) associated with the form § is said to be elliptically regular, if the operator

S 1= S(-1) is bounded as an operator from ¥ to 9, i.e. ||Shllg < C|lh|l;, for all h € H'/? and some C > 0. Moreover,
the boundary pair (H, fo) is said to be (uniformly) positive, if there is a constant ¢ > 0, such that ||Sh||g > c||h|l;, for all

heHY2
Let A = —1 and define the form I[h, k] on H by
([hk] = (Sh,Sk)g1, h,k € H'/%

The form [ is closed in H, since S : H — $' is a closed operator. By the first representation theorem, see [49], there is a
unique selfadjoint operator A in H characterized by the equality

I[h,k] = (Ah,k);;,  hedomA, ke&doml=H2 (2.33)

ASUAOI'T suowwo)) dAnear) a[qesrjdde ay) Aq pau1aa0d ale sa[anIE Y (SN JO SANI 10J AIRIQIT SUIUQ A[IAN UO (SUOHIPUOI-PUB-SULIA}/ WO K[ Im ATRIqI[aul[uo//:sdny) suonipuo)) pue swid I, a1 32S "[€70Z/10/¢1] uo Areiqry aurjuQ Ao[ip ‘eseeA JO ANSIaAIUN £q 600000 BUBW/ZO0 ] (1/10p/wod KajimK1eiqrjauljuo,/:sdiy woiy papeojumo( ‘9 ‘770Z ‘9197CTS1



' MATHEMATISCHE
DERKACH ET AL NACHRICHTEN 1129

It is clear that A = S*S, where S* : $! — H is the usual Hilbert space adjoint. The operator A is called the Dirichlet-
to-Neumann operator at the point 1 = —1 associated with the boundary pair (H, fo). The (strong) Dirichlet-to-Neumann
operator at a point A € p(H,) is defined as follows ([62, Section 2.4]):

dom A1) := {qo e M2 1 Fp e H st (h—D(SWep,Sn) = @, 1)y, Y € HY? } (2.34)

and then A(1)g := 1. The operator A(1) is closed in 7 and it has bounded inverse A(1)™' € B(H) forall1 € ,o(HO); see
[62, Proposition 2.17].
Next consider the restriction of A* to the form domain of §

o i={feH' ndomA* : h(f,g) = (A*f,8)g, Vg € dom b} (2.35)

and equip it with the norm defined by ||f||2 =H(f) + IfII* + ||A* f]|?>, which makes 5(1) a Hilbert space. Now using the

rigged Hilbert space H'/2 ¢ H c H~'/? 1ntr0duce a bounded operator I'; : §! — #~'/2 such that
(P2 To8)_y 01 )0 = (A°F. )5 = B(F.8) (2.36)

holds for all f € g(l), g € H'; this map is well defined by the formulas (2.35), (2.36). Finally, introduce the restriction A,
of A* by

domA, :={ge H;: I''geH}
and denote Ty = T} dom A,, T'; = I, } dom A, . By definition (the first Green’s identity)

f)(f’ g) = (A*f’ g)@ - (Flf’ f0 g)H (2.37)

holds for all f € dom A, and g € $'. In what follows the triple {H, Ty, Fl} with the domain dom A,, = domI'y ndom I
is called a boundary triple generated by the boundary pair (H, fo). The next result characterizes the central properties of

the boundary pair (H,T,) by means of the boundary triple { H, T, T} }. In particular, it shows that the notion of boundary
pair in Definition 2.14 can be included in the framework of unitary boundary triples whose Weyl functions are Nevanlinna
functions from the class R5(H).

Theorem 2.16. Let (H, fo) be a boundary pair for the closed nonnegative form Yy in 9, let {H, Lo, Fl} be the corresponding
triple as defined above and let S(-) and A(-) be defined by (2.32) and (2.33), respectvely. Then:

(i) {M,Ty,T,} is a unitary boundary triple for A*;
(ii) A,y := A*|kerI\, is a symmetric restriction of H,, while A, := A" | ker T is selfadjoint and equal to H;
(iii) the y-field and the Weyl function M(-) of the boundary triple {H, Ty, Fl} are given by

y() =S@A)domAQ), MQ)=-A), A€ p(Hy);

(iv) the transposed triple {H, ry, —FO} is a B-generalized boundary triple for A*;
) {H, Ly, T4 } is ES-generalized, i.e., clos Ay = Hy, ifand only if S(1) is closable when treated as an operator from H — $
for some (equivalently for all) A € p(H,);
(vi) (fo, ) is elliptically regular if and only if {H, Ty, Fl} is an S-generalized boundary triple;
(vii) (I‘O, ) is uniformly positive ifand only if T, : A, — H is a bounded operator (w.r.t. the graph norm on A,,) or, equiv-
alently, the form 1, has a positive lower bound for some (equivalently for every) A € C \ R;
iii) (T, H) is bounded if and only if {H,T, T, } is a B-generalized boundary triple;
(ix) (Ty, M) is bounded and uniformly positive if and only if {H,T,, T, } is an ordinary boundary triple.
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Proof.

®

(ii)

NACHRICHTEN

First observe that the first Green’s identity (2.37) applied to h[f, g] and h[g, f] with f,g € dom A, leads to the
second Green’s identity (1.1) by symmetry of the form §. The second Green’s identity (1.1) implies that the restrictions
Ay =A*kerTyand A; = A* | kerI'; are symmetric operators extending A.

Next we prove that the (graph) closure of A, is A* and that {H, Ty, 1‘1} is a unitary boundary triple for A*. Itis clear
from (2.35) that the set of weak solutions 92/11 belongs to 353. Since H|, is the selfadjoint operator associated with
the form §,, by the first representation theorem of Kato and §, C b, one concludes from (2.35) that dom H,, C 53(1).
Similarly H is the selfadjoint operator associated with the form f) and, hence also dom H C 35(1). Now applying (2.36)
with f € dom H, g € $! and taking into account that ran I is dense in H by assumption (b) in Definition 2.14 one
concludes that I, f = 0. Hence, dom H C dom A, and T';(dom H) = {0}. Thus, H C A, and since A, is symmetric
this implies that A; = H is selfadjoint. Now consider the operator A = S*S. Since dom A is a core for the form I it
is also a core for the operator S. This implies that S(dom A) is dense in 2)21_1 w.r.t. the topology in ', since S has
bounded inverse. We claim that S(dom A) C dom A, . To see this consider the form

b9 —(A*f.8)g  fEH, g€H (2.38)

Notice that %/11 C 9, see (2.30), (2.35), and that the decomposition (2.31) for 2 = —1 is orthogonal in $'. Hence,
one can write g = g, + g, € domb, @, N’ , g € H' = dom . Now for h € dom A one has Sh € N’ | and for all
g =8, €dombp, = kerI'y,

H(Sh,gy) — (A*Sh’go)g, =H(Sh,go) + (Sh,g)g = (Sh’go),:,l =0.
On the other hand, when g = g, € ®! , then k =T, g, € H'/? satisfies g, = Sk. This leads to
H(Sh,g,) — (A*Sh,Sk)%) = (Sh, Sk) + (Sh, Sk) g, = (Sh, Sk) g
= (Ah,k)g = (AR, T g1)g
One concludes that for f = Sh, h € dom A, and all g € $! the form (2.38) can be rewritten as follows
H(Sh,g) — (A*Sh,g)g = (Ah, Fog)g.

Comparing this with (2.36) leads to I'; Sh = T';Sh = —Ah € H, which proves the claim S(dom A) C dom A,.
Since S(dom A) is dense in 2721_1 and dom H C dom A,,, the closure of A, is equal to the closure of H + ml_l, which

coincides with A*. Hence, the domain of {FO, Fl} is dense in dom A* w.r.t. the graph topology. As was shown above
I'Sh = —Ah for all h € dom A and, in addition, T'\,Sh = h. Since S(dom A) C 91_;(A,) this implies that for the
regular point A = —1 € p(H) one has —A C M(-1).

Here equality M(—1) = —A prevails, since M(—1) is necessarily symmetric by Green’s identity (1.1). Clearly,
M(-1)—I=—-A—1<—I and thus 0 € p(M(—1) — I). Therefore, we can apply Theorem 2.12 to conclude that
{H,T,,T,} is a unitary boundary triple for A* with dense domain A,.

The equality A; = H was already proved in item (i). Next we prove the inclusion A, C H,,. The first Green’s identity
(2.37) shows that

h(f.g) =(A"f,g)g, forall f€domA,, ge&ker T, = dom §,. (2.39)
If, in particular, f € dom A, i.e.,, [, f = 0, then f € dom §, and (2.39) can be rewritten as

h(f.8) = (4, f,g).f), for all g € dom §,,.

Now by the first representation theorem (see [49]) one has f € dom H, and A, f = H,, f. Thus, A, C H,,.
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(iii)

(iv)
W)

(vi)

(vii)

(viii)

(ix)

NACHRICHTEN

It was shown in part (i) that ran S(1) = N C §,, for each 1 € p(H, ). Now assume in addition that h € dom A(4)
and let g € H'. Then the definition of A(1) shows that

BH(S()h,g) — (A*S(Dh. &)g = (h — AD[S(Dh. gl = (AMh. Ty g)

Comparing this with (2.36) gives I';S(1)h = T;S(1)h = —A(1)h € H. Hence S(dom A(1)) C dom A, and, more-
over, one has M(A)h = —A(A)h. Therefore, —A(1) Cc M(1), A € p(HO). Equivalently, A(1)~! ¢ —M(1)~! and since
M(-) is the Weyl function of a single-valued unitary boundary triple, M(-) € R5(H), in particular, ker M(1) = {0};
see (1.2). On the other hand, A(1)~! € B(H) and, hence, the equality A(1)~! = —M(1)~! follows. The equality
y(4) = S(A)} dom M(A) is clear. The formulas for y(1) and M(4) are proven.

Since A(-)"! € B(H) and —M(1)~! = A(:)"! by part (iii) the transposed boundary triple is B-generalized; see
[33, Theorem 6.1].

By definition {H, Iy, T } is ES-generalized if and only if A is essentially selfadjoint, which in view of (ii) means that
clos Ay, = H,,. On the other hand, by [26, Theorem 1.14] {H, Ty, Fl} is ES-generalized if and only if y(1) is closable
for some (equivalently for all) 1,2 € p(H,).

Since y(1) € S(4), it is clear that if S(4) is closable then also y(1) is closable. On the other hand, it follows from
[62, Theorems 2.11, Proposition 2.17] that dom A(1) is dense w.r.t. the H'/2-topology on /2 and that

—HI/Z_)gl
S(A) dom A(1) =S(A),

since S(1) : H'/?2 - M) is a topological isomorphism. Since the topologies on H'/? and $' are stronger than the
topologies on H and $) it follows that if y(z) : H — $ is closable, then also S(z) : H — $ is closable and

9 )

——H~- —H-
y(A) =S) .
When (fo, 7-[) is elliptically regular, then S : $' — H is a bounded operator. Then equivalently the y-field y(1) is
bounded forall A € p(HO), cf. [62, Theorem 2.11], and the statement is obtained from Theorem 1.3.

If (Ty, ) is (uniformly) positive then S(1), A € p(H,) is bounded from below; cf. [62, Theorem 2.11]. The connection
between the y-field and the Weyl function (see [26, Equation (3.10)]) combined with (1.4) gives

(M(Du,v) — (u, M(A)v)

(yu,y(Dv) = T3

=tywlu,vl, u,v €domM(), 1 € C\R, (2.40)

and this implies that the form t,(;) has a positive lower bound. Now the statement follows from Proposition 2.9,
because A; = H is selfadjoint by part (iii).

If (T, H) is bounded, i.e., ran Ty=H"Y?>=H, then S : H — $' is closed (as an inverse of a bounded oper-
ator fo ) 921_1), everywhere defined, and bounded by the closed graph theorem. In particular, {H,FO,FI} is a
B-generalized boundary triple. On the other hand, we conclude that the form (§ + 1)(Sh, Sk) is closed and defined
everywhere on H. Now it follows from (2.34) that dom A(—1) = H. This implies that M(-) € R5[H]; see e.g. (1.3) in
Theorem 1.3. Therefore, {H, Ty, 1“1} is a B-generalized boundary triple; see [33, Theorem 6.1].

The converse statement is clear, since ran I'y = H implies that alsoranI'y = H.

This follows directly, e.g., from Proposition 2.11. Alternatively, by (vii) and (viii) the conditions mean that
M(-) € R*[H], which characterizes ordinary boundary triples (cf. [26, Theorem 1.4]). O

Remark 2.17.

(a) Characterizations (viii) and (ix) have been announced (without proofs) in [62, Theorem 1.8]. Moreover, elliptic regu-
larity has been characterized in [62, Theorem 1.8] using equivalence to quasi boundary triples. However, as indicated
the conditions defining a quasi boundary triple are not sufficient to guarantee that the corresponding Weyl function
belongs to the class of Nevanlinna functions. In this sense the characterization of elliptic regularity presented in (vi)
is more precise and complete. As to (vii) a characterization of positive boundary pairs via uniform positivity of the
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form valued function z — —I, appears in [62, Theorem 3.13], while the other characterization thatT'y : A, - Hisa
bounded operator, as well as the statements (i)—(v) in Theorem 2.16 are obviously new.

(b) Since H, and H are nonnegative selfadjoint operators, the Weyl functions M(-) and —M(-)~! admit analytic continu-
ations (in the resolvent sense) to the negative real line. In fact, M(-) belongs to the class of operator valued (in general
unbounded) inverse Stieltjes functions, while —M (-)~! belongs to the class of operator valued Stieltjes functions. These
facts follow from the following formula:

(MG 1) = =) = )| (Ho + 1) (Hy =) 'h,h| <0, hedomM@), x <0,

3 | APPLICATIONS TO LAPLACE OPERATORS

In this section the applicability of the abstract theory developed in the preceding sections is demonstrated for the analysis
of some classes of differential operators. First we consider the most standard case of elliptic PDE by treating Laplacians
in smooth bounded domains; in this case many of the abstract results take a rather explicit form.

3.1 | The Krein-von Neumann Laplacian

Let Q be a bounded domain in R¢ (d > 2) with a smooth boundary Q. Consider the differential expression 7 := —A,
where A is a Laplacian operator in Q and denote by A := A,;, and A, the minimal and the maximal differential
operators generated in H(Q) := L?(Q) by the differential expression 7.

It is well known (see, for instance, [18], [40, Chapter 9], [55]) that

dom Ay, = HY(Q) 1= {f € HX(Q) : ypf =ynf=0}.

Here y, and yy are the Dirichlet and Neumann trace operators originally defined for any f € H?(Q) by

) i af
Yo: feflegr n: f"’%

aQ’
and n denotes the outward unit normal to the boundary dQ. Then the mapping

v Yo f H32(3Q) ) .
(Vi) : fEH(Q) - (Vif) IS <H1/2(69)> is bounded and onto 3.1

(see [55, Thm 1.8.3], [2], [40]). It is known (see, for instance, [18]) that A, = A” . (= A¥).
Clearly, dom A, D H*(Q). However, dom A, # H?*(Q) and a description of dom A* was given via trace mappings
by Lions and Magenes [55] (see also [40, Chapter 9]) who have shown that the mappings y, and y,; admit extensions
¥p i domA,,. — H2(Q), yy:domA,, — H/*5Q) (32)

max max

to dom A,,,, equipped with the graph norm and these mappings are surjective and continuous.
Denote by Hj (Q) the following space

HS(Q) 1= H(Q)ndomA,,, ={f € H'Q) : Af e L*(Q)}, 0<s<2, (3.3)
where Af is understood in the sense of distributions. We equip the space with the graph norm
1/2
1Ny = (1712 + M S )

of —A on H3(Q). In particular, Hg(Q) is a domain of maximal operator A,,,,.
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According to the Lions—Magenes result ([55, Theorem 2.7.3] (see also [40, Chapter 9])) the restrictions of the trace
mappings yp and y in (3.2) to H} (Q),

yS 1 H5(Q) - HV2(0Q), S, @ H(Q) —» H/2(6Q), 0<s<2, (3.4)

are continuous and surjective. It is emphasized that the values s = 1/2 and s = 3/2 are not excluded here in contrast to
the case of the trace mappings y;, : H*(Q) - H 5=1/2(3Q) and Yy - HS(Q) - H $-3/2(3Q) that are continuous if and only
if s > 1/2 and s > 3/2, respectively, (see ([55, Theorems 1.9.4, 1.9.5] and [2]). In the latter case both mappings in (3.4) are
surjective and the mapping y}, X 7y, : HY(Q) — HS"1/2(6Q) x H=3/2(3Q) is also surjective for s > 3/2.

When treating the traces ¥}, and y3, as mappings into L*(0Q) a natural choice for the index is s = 3/2; see Remark 3.3
below. Namely, we introduce a pre-maximal operator A, by setting

A, = ApdomA,, domA, = HZ/2(Q) = H*?(Q) N dom A,,. (3.5)

It is well known (see e.g. [55], [2], [40, Chapter 9]) that two classical realizations of the expression ¢, the Dirichlet
Laplacian —Ap and the Neumann Laplacian —Ay;, given by ¢ on the domains

domAp = {f € HX(Q) : yp f =0} = H*(Q) := H*(Q) N Hy(Q), (3.6)

domAy = {f € H*(Q) : yyf =0}, (3.7)

respectively, are selfadjoint. Moreover, the Dirichlet Laplacian —Aj, is invertible in L?*(Q) with a discrete spec-
trum ¢ ,(—Ap). Define a solution operator P(z) : L*(3Q) — HY3(Q) for ze C\ a,(—=Ap). Let ¢ € L*(3Q2) and let
f, € dom A, ., be the unique solution of the Dirichlet problem

_Afz - Zfz =0, nyz = . (38)

Then the operator P(z) : ¢ — f, is continuous as an operator from L?(dQ) onto H 1/2(Q) and it maps H'(3Q) onto
H3/2(Q); see [39]. Hence the Poincaré-Steklov operator A(z) defined by

A2)p 1= yNP(2)p, (3.9

maps H'(3Q) into H°(AQ) with continuous extension from H~/2(3Q) into H~3/2(3Q). Moreover, the Dirichlet-to-
Neumann map A := A(0) treated as an operator in L?>(Q) is selfadjoint on the domain dom A = H'(6Q); see [57] and
also [59].

It was shown in [65] and [39] that the regularized trace operators T q f = (yy —AQ)yp)f, Tiaof =S,
f €domA,,,, are well defined on dom A, ,, and meet the following regularity properties:

Toq =y — A, : HUQ) - H?(0Q), Ty o =vp : HXQ) - H/2(30), (3.10)

and here both mappings are continuous and surjective. These properties have allowed one to extend the Green formula
to dom A, with pairing between H'/2(dQ) and H~'/2(3Q). The main ingredient of the proof in Visik [65] and Grubb
[39] is the following decomposition dom A ., = dom A, + ker A*(0 € p(—Ap)) and the properties (3.2), (3.3), and (3.6)
(see [39]).

With these preliminaries we are ready to describe complete analogs of the abstract results in Theorem 2.2 for Laplacians
on smooth bounded domains. Let A, be a restriction of A,,,,, to the domain

A, = ApytdomA,, domA, = HY*(Q) = {f € dom Ay, : 7pf € L*(GQ)}. (3.11)
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Theorem 3.1. Let the operators yy, ¥p, A(z), A, and Zf* be as above. Then:

(i) the triple TT = {L*(6Q),yp | dom A,, —yy | dom A, } is an S-generalized boundary triple for A*, and the transposed
triple I1 is B-generalized. The corresponding Weyl function M(-) coincides with —A(-) and, in particular, M(-) is domain
invariant;

(ii) the triple 1 = {L*(8Q), Ty 1 dom A,, T, o} dom A, } defined by (3.10) is an ES-generalized boundary triple for A*.
The transposed triple T1" is B-generalized. Moreover, the extension A, := A, | ker fo’g is essentially selfadjoint and its
closure coincides with the Krein-von Neumann extension Ag of Apins

(iii) the Weyl function M(-) and (the closure of) the y-field corresponding to the ES-generalized boundary triple TI are
given by

~ —_— 1 =~ -1

M(z) = (A(z) — AO)7L, F(z) = (FO,Q r mz(AmaX)) , ze C\R, (3.12)
where the closures are taken in the L?-space sense. In particular, M(-) is form domain invariant, 7(z) is unbounded
domain invariant and, furthermore,

dom M(z) G dom tz,) = dom #(z) = HY/2(8Q), ran¥(z) = N, (Apa), z€C\R. (3.13)
Proof.

(i) It is first shown that the transposed triple II" = {L?(Q),yy | dom A,,yp | dom A, } is a B-generalized boundary

triple for A*. Indeed, the Green’s identity is obviously satisfied. Furthermore, it follows from (3.5) and (3.4) with

3/2 3/2

s =3/2 that ran(yN ) domA*) = ran(yN > = L*(dQ), i.e., the mapping yy | dom A, = Yy is surjective. On the

other hand, combining definition (3.5) with (3.7) shows that

ker(yyldomA,) 2 {f € H(Q) : yyf =0} =domAy.

Since A, := A, | ker(yy | dom A,) is a symmetric extension of A, and Ay = Ay, one gets Ay = Ay.

Clearly, the triple IT is unitary because it is transposed to the B-generalized triple IT1T. Moreover, as above from (3.6)
one concludes that ker(yD I dom A*) = dom Ap,. Since —Ap, = —A7, the triple IT is an S-generalized boundary triple
for A*. By definition, the corresponding Weyl function coincides with —A(z).

(ii) Again it is first shown that the corresponding transposed triple IT" is B-generalized. Green’s identity is clearly satis-
fied. Hence, it suffices to show that 1"“'1,9 | dom A, maps onto L2(3Q) and that ker fLQ defines a domain of a selfadjoint
extension. To this end observe that H>(Q) c H'/2(Q) and hence the decomposition dom A,,,, = dom Ap, + 9N,
z € p(Ap) together with (3.6), (3.11) implies that

dom A, = H>°(Q) + N, n H/*(Q), z€E p(AD). (3.14)
It follows from this decomposition of dom A, (withz = 0 € p(Ap)) and (3.4), (3.10) that
ran(T} o domA,) =y, (R,) N¥p (HI/Z(Q)) =H28Q)nH°(BQ) = H°(BQ).

On the other hand, ker(T} oldomA,) = H>°(Q) = dom A, and, since Ay, = A%, the transposed triple TI" is
B-generalized. To complete the proof of (ii) consider the Krein extension Ag; see [54]. One has dom Ay =
ker(T o} dom A = dom A + 9N, and hence

max )

dom A, = ker(T o1 domA,) = dom A + 9%, N H'*(Q).

Since N, N H/2(Q) is dense in N, dom A, is a core for the operator Ay = Ay Thus, A, = Ay | dom A, is essentially
selfadjoint and the triple IT is an ES-generalized triple.

(iii) To prove the first formula in (3.12). note that it follows from (3.9) that the mapping A(z) — A(0) takes H'(3Q) into
H°(3Q). Hence, from the definition of the Weyl function —M(z)~!, one gets that it is an extension of —A(z) + A(0),
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i.e., A(z) — A(0) C M(z)~L. Since by (ii) the transposed boundary triple II" is B-generalized, the operator —M(2)!
isbounded foreach z € p (AD ) This implies the required formula in (3.12).

The y-field 7(z) corresponding to IT is given by 7(z) = (T oI R, (K*))_l. Hence, 7(z)' = Ty oI N, (A, ). Combin-
ing (3.10) with the decomposition (3.14) implies that T, , maps 9, (A,,) continuously onto H'/2(3Q). Hence the
mapping 1’:0’9 : N, (Apay) = L?(8Q), as well as its restriction to N, (}L) is also continuous. Since

N,(A,) = RN,(A")NHY>Q)

is dense in M, (A
This proves the second formula in (3.12). In particular, dom7(z) = H/2(3Q) and ran7(z) = 0N, (Amax )» While the
identity domty; ;) = dom¥(2), z € C \ R, follows from (2.40).

Finally, to see the strictness of the inclusion dom M(1) G ran 1:0’9 observe that for all z € C\ R the mapping
Too @ M, (Anay) — HY2(3Q) is bijective (because Ay = A%). Since R, (A, ) is a proper dense subset of 1, (A )

, the L?-closure of 7(z) ™" coincides with the mapping Ty o : M, (A ) — L*(0Q),z € C\ R.

max )

it follows that dom M(z) = T, o (%,(A,)) is a proper dense subset of H/2(3Q). O
Remark 3.2.
(i) Another proof for Theorem 3.1 can be extracted from the abstract result in Theorem 2.2 (for details see [25]). Indeed,

(ii)

(iii)
(iv)

take A, = —Ap and fix the mappings G := P(0) and E := —A(0); see Remark 2.3. By definition y,Gp = ¢ and
YA, f = 0forall p € H'(Q) and f € L*(Q). Moreover, a direct calculation (see e.g. [63] with smooth functions
f)leads to

G'f =—ynAg'f. fELX(,

cf. [26, Equation (3.11), (4.1)]. It follows that the abstract boundary mappings I'y and I'; in (2.5) of the boundary triple
IT in Theorem 2.2 (i) coincide with the trace operators y, | dom A, and —y, | dom A,, respectively. Similarly, the
boundary mappings T, and T, constructed in Theorem 2.2 (iv) coincide with the regularized boundary mappings in
Theorem 3.1 (ii). Notice that ran G = HY/2(Q) is not closed in H°(Q) and hence also by Theorem 2.2 (v) the triple
{H, T,, fl} cannot be S-generalized. Indeed, by Theorem 3.1 (iii) the property (iii) in Theorem 1.3 is violated since
the strict inclusion dom M(1) G ran fO,Q holds; cf. [26, Section 1.5]. In fact, a more explicit characterization of the
domain of the Weyl function M (1) will be given later on elsewhere.

The above proof shows that the boundary triple I in Theorem 3.1 satisfies the condition (ii) in Proposition 2.9 and
hence the fact that the transposed triple II" is B-generalized can be deduced also from Proposition 2.9.

By Theorem 3.1 (i) the Weyl function M(-) = —A(-) of IT in Theorem 3.1 (i) is domain invariant with dom M(z) =
H'(3Q); see (3.9). In fact, (cf. [25, Prop. 7.6]) M(-) belongs to the class of inverse Stieltjes functions of unbounded oper-
ators and is associated with the Friedrichs extension of the minimal operator A,;,. The inverse —M(-)~! belongs to
the class of Stieltjes functions of compact operators, because the embedding H'(6Q) — L?*(9Q) is compact. The form
domain invariant Weyl function M(-) of I in Theorem 3.1 (ii) belongs to the class of Stieltjes functions of unbounded
operators, while the inverse —M(-)~1(-) belongs to the class of inverse Stieltjes functions of bounded operators.
Another B-generalized boundary triple for A* was constructed and used in [15] to compute the scattering matrix. In
that case a B-generalized boundary triple has been selected to satisfy dom A, = Hi(Q).

We expect the relation dom M(-) = H'(8Q) in (3.13), in which case M(-) is domain invariant, while the triple IT is
ES-generalized. We postpone a discussion of this fact to another place.

Remark 3.3.

®

Using the above mentioned properties of the traces y}, and yy,, it is easily seen that for the values 3/2 <'s < 2 the
boundary triple

I, = {L*(3Q), v} 1 dom A,, =y} | dom A, }
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as well as the transposed boundary triple HST are quasi boundary triples (compare [13, Theorem 6.11])
and, in particular, AB-generalized boundary triples. Indeed, since Green’s identity holds for s=3/2 (by
Theorem 3.1), it holds also for s € [3/2,2], moreover, dom A}, = kery]sj, domAy = kerylsv, and surjectivity of

Yo Xy P H(Q)— H"1/2(6Q) x H=3/2(6Q) shows that the range of ¥}, X ¥ is dense in (L2(aQ))2.
(i) More precisely, for every s € [3/2,2] the quasi boundary triples in (i) are, in fact, essentially unitary. The choice

s = 3/2 in Theorem 3.1 is motivated by the following statement: for every s € [3/2,2] the closure of the graph of

(v, xyy) in (HY(Q)) x (Lz(éfl))2 coincides with the graph of (y;/z X y?\,/Z) in L?(Q) x (LZ(aQ))Z. By Theorem 3.1

this closure is an S-generalized boundary triple for A, and, hence, it is unitary.

(iii) It follows from (ii) that the Weyl function M*(-) of the quasi boundary triple IT° for any s € (3/2,2) is not closed
in L?(3Q), hence it is not a Nevanlinna function. However, the closure of M*(-) in L*(9Q) is just the Weyl function
M3/2() = M() of IT;, = 1T in Theorem 3.1 (i).

Remark 3.4.

(i) General theory of, not necessarily local, boundary value problems for elliptic operators in bounded domains with
smooth boundary was built in the pioneering works by Visik [65] and Grubb [39]. In terms of boundary triples Grubb’s
results were adapted and further developed in Malamud [57] (see also [1, 14, 21, 36, 40] for some further developments
and applications).

(ii) The description of the Krein-von Neumann Laplacian (see Theorem 3.1 (ii)) in terms of boundary conditions for
domains with smooth boundary is immediate by combining Krein’s description of Ay [54] with trace theory by Lions
and Magenes (see [55]) and goes back to the works [65] and [60, Section 12.3] (see also [57]). For Lipschitz domains
a similar description of the Krein-von Neumann Laplacian in terms of extended trace operators was recently given
in [10]; see also Section 3.3 below for another construction.

(iii) Finally, it is mentioned that the abstract renormalization result in [26, Theorem 5.32], when specialized to the case
of the ES-generalized boundary triple in Theorem 3.1 (ii), leads to an ordinary boundary triple for A,,,,; for further
discussion see [25, Cor. 7.7] and comments therein.

3.2 | Mixed boundary value problem for Laplacian

Let Q be a bounded open set in R4 (d > 2) with a smooth boundary Q. Let =, be a compact smooth submanifold of 4Q,
er be theinteriorof X, andletX_ :=0Q\ X¢,sothat® =X, UX_.Let —A, be the Zaremba Laplacian, i.e. the restriction
of the maximal operator A, ,, to the set of functions, which satisfy Dirichlet boundary condition on ¥_ and Neumann
boundary condition on X, .

Let Hi Q)= {u € HY(Q) : suppypu C Z, } It is known (see for instance Grubb [41]), that the operator —A,, is asso-

ciated with the nonnegative closed quadratic form
ag, (u,v) = / Vu-Vodx, domay = Hi(ﬂ),
Q

hence it is selfadjoint in H(Q). Clearly, its spectrum o (—A) is discrete.

Here we construct an ES-generalized boundary triple, associated with the Zaremba Laplacian.

Let A, and A, be the minimal and pre-maximal operators, respectively, associated with —A, dom (A4,) = HZ/ Q) =
H3?(Q) ndom A, (see Section 3.1). Let A, _ be a realization of —A given by

domA, _ = { FeH @ (rnf)ls, = o}, (3.15)

andletA_ := (A*,_)*. Then A_ is an intermediate extension of A := A,;, in the sense of [29], i.e.

Anin CA_CA,_ C(AL)" CAp,y

More precisely we have the following result.
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Theorem 3.5. Let the operator A, _ be defined by (3.15) and let A_ = (A, _)". Then:

() A_ is a symmetric realization of the Laplacian —A on the domain
domA_ = {f € HXQ) : yyf = (rpf)ly = 0} C dom Ay; (3.16)

(ii) the tripleTI~ = (L*(Z_), Pras yrns PLZ(Z,)VD) is a B-generalized boundary triple for (A_)*;
(iii) the Weyl function corresponding to the boundary triple T1~ equals to

M_(z) = Ppas_yM2) ' 1 L*(2L),

where A(z)~! is the Neumann-to-Dirichlet map;
(iv) the triple (I17)" = (Lz(Z_), Pras y¥p» —PLZ(L))/N) is an ES-generalized boundary triple for (A_)*.

Proof.

(i) Since Ay C A, _ it follows that A_ C Ay and hence dom(A_) C H?(Q) and yyf =0 for f € dom(A_). Since
yydom(A,) = L*(Q) for every ¢ € L*(=_) there exists f € dom(A,) such that

_ ) ek), xeX;
(rnf)0) = {0, X €0Q\ ..

Then for every g € dom (A_) one obtains from

0= (=Af,Qr20) = (s =A)r20) = — (NS ¥D8) 12s y = —(@:7D8) 125 -

Hence P2z y¥pg = 0. This proves the inclusion

domA_={f €HXQ): yyf = (rof)ls. =0} C domay.

The converse inclusion is immediate from (3.15).

(ii) AsisprovedinTheorem 3.1(i) the triple IT = (L*(6Q), 7y, ¥p) is a B-generalized boundary triple for A*. Since S_ is an
intermediate extension of A, also II™ = (L*(Z_), P12z y¥n- P12z y¥p) is a B-generalized boundary triple for (S_)*;
see [29, Proposition 4.1]. Notice that ran(PLz(Zi))/N) = L*(Z_), and the operator A, _ defined as the restriction of —A
to the domain

dom A, _ = ker 1“8" = {f S dom(A*,_) PP yynSf = O}

= {feHZ/Z(Q) : ny=0} ={f €H* Q) : yyf =0} =dom(—-Ay)

is selfadjoint, since it coincides with the Neumann Laplacian.

(iii) This statement is implied by the fact that the Weyl function of the operator A, corresponding to the boundary triple
IT = (L%(89Q), ¥y, 7p ). coincides with A(z)~!; see [29, Proposition 4.1].

(iv) Consider the operator A, _ defined as the restriction of —A to the domain

dom A, _ = {f edom(s,_) : Pr_yof =0f = {f e @ : (1f)ly, = (rof)ls. =0}

Observe, thatdom(—A,) € H3/27¢(Q) for each ¢ > 0 while dom(—A,) ¢ H*/%(Q) (see [41]). Therefore, the operator
A, _ is a proper symmetric restriction of Zaremba Laplacian —A,, hence A, _ is not selfadjoint.
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To prove the statement (iv) it suffices to show that the operator A; _ is essentially selfadjoint. Assuming the contrary one
finds A = 4, & 0,(—A;) and a vector g € L*(Q) such that g L ran(A; _ — 1), i.e.,

(8, (-A— /IO)f)LZ(Q) =0 forall fedomA, . (3.17)

This relation with f € dom A implies g € dom(Amax) and (—A - /10) g = 0. Letting f € dom A_ and applying the Green
formula one obtains from (3.16) and (3.17) that

0= (g’ _Af)LZ(Q) - (Aog’ f)LZ(Q)
= (g —Af)12) — (A8, i)

= ('N& VDS )3/23/2 = VD& ¥NS)-1/21,2

= {(r8)ls.. (o))

-3/2,3/2’

Here (-,-)_g ; denotes duality between H~*(dQ) and H*(dQ), s € R. It follows from (3.1) that yp,(dom Ay) = H3/2(6Q).
Hence yp(dom A_) = H3/2(%, ) and the latter implies

(rvg)ls, =0 (3.18)
Similarly, it follows from (3.1) that yy (dom A, ) = H'/2(9Q). For a subset £ of dom A, _
c={fem@: (f)ls, =rpf =0}
one obtains
ynL =HYA(E)). (3.19)
Let now f € L. Then using the Green formula the equality (3.17) can be rewritten as
0=1(g,—Af)r2q) — (Aog’f)Lz(Q) =—(rp&¥nf)-121)2 (3.20)
and (3.19), (3.20) lead to
(7p8)ls_ =0. (3.21)

Since g € dom (A, ), relations (3.18) and (3.21) mean that g € dom(—Ay). Thus g € ker(—A, — 4,) = {0}, hence g = 0.
This completes the proof. O

Remark 3.6. As follows from [26, Theorem 5.24] the statement (iii) in Theorem 3.5 is equivalent to the fact that the
y-field y(1) admits a single-valued closure for all 1 € C, U C_ with constant domain and the M-function —M_(z)~!
is form domain invariant. As was mentioned in the proof, A; _ is essentially selfadjoint, while is not selfadjoint. By
[26, Theorem 1.12, Theorem 5.17], this implies that the operators y(4) are not bounded; this fact was apparently first
mentioned in [62, Theorem 6.23]. In particular, the corresponding boundary triple (IT")" is neither S-generalized, nor
an AB-generalized or a quasi boundary triple in the sense of [12].

3.3 | Laplacians on Lipschitz domains

Here the smoothness properties on Q are relaxed; it is assumed that Q is a bounded Lipschitz domain. In this case the
Dirichlet and Neumann traces

vp @ Hi(Q) - HV2(3Q), yy @ HY(Q) » H™/?(0Q)
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are still continuous operators for all 1/2 < s < 3/2 and, in addition, both are surjective when s = 1/2 and s = 3/2; see
Gesztesy and Mitrea [36, Lemmas 3.1, 3.2]. In this case the results, which are analogous to those in Section 3.1, will be
derived directly from the abstract setting treated in Section 2.1.

The following analog of Theorem 3.1is obtained from Theorem 2.2 using the 3 /2 regularity of the selfadjoint extensions
—Ap and —Ay; cf. [36, 45, 46]. Since 0 € p(—Ap ), one can decompose

domA,,, =domAp+kerA,,..

Proposition 3.7. Let Q C R", n > 2, be a bounded Lipschitz domain. Let the operators yy, ¥p, P(z), A(z) and A, be defined
by (3.2), (3.8), (3.9), and (3.5). Then:

(i) {L*(6Q),yp!domA,,—yy | dom A, } is an S-generalized boundary triple for A* with domain dom A, = HZ/Z(Q), the
transposed boundary triple is B-generalized, moreover, the corresponding y-field y(-) is bounded and coincides with P(z)
and the Weyl function M(-) coincides with —A(-);

(i) {L*(8Q), Ty o.T} o} where

@?Z) (f +7(0h) = (_V(O_)*hADf ) , fedomAp, helL*(0Q), (3.22)

defines an ES-generalized boundary triple for A, with dense domain
dom A, = domAp + rany(0) C dom A%,

the transposed boundary triple is B-generalized, and the corresponding Weyl function is the L?>(dQ)-closure

M(z) = clos(A(z) — A(0)7};

(iii) the extension Zo 1= Al | ker fo’Q is essentially selfadjoint and its closure coincides with the Krein-von Neumann
extension of the operator A ;-

Proof.

(i) Green’s identity holds: this can be obtained for instance from the formula (3.21) in [36] (cf. proof of Theorem 3.12
below). Moreover, according to [36, 45, 46], see also [16],

AD=Ar{yeHZ/2(Q): yDy=0} and AN:A[{yeHZ/Z(Q): )/Ny=0},

are selfadjoint operators in L?(3Q) and, in addition, 0 € p(—Ap). Hence,
domM(-) =rany, = H'(0Q), ranM(-) =ranyy = H°(6Q).

Thus, {Lz(aQ),yD rdomA*,—erdomA*} is an AB-generalized boundary triple. Moreover, according to [36,
Theorem 5.7] the corresponding Weyl function M(-) is a bounded operator from H'(3Q) to L?>(dQ). Since M(z),
z € p(—Ap), is surjective, the inverse M(z)™!, z € p(—Ap) N p(—Ay), is bounded from L%(3Q) to H'(3Q); in par-
ticular, —M(z)~! is bounded in L?>(8Q). From [26, Corollary 4.7] one concludes that the AB-generalized boundary
triple {Lz(aQ),yD I domA,, —yy | dom A*} is unitary, i.e., it is S-generalized. The assertion concerning the y-field
is obtained from Theorem 1.3. The transposed boundary triple is B-generalized, since yy : HZ/ 2(Q) - H°(0Q) is
surjective, or since the corresponding Weyl function —M(z)~! is bounded.

(ii) This result is obtained directly from Theorem 2.2 with A, = —Ap, G := m which is bounded by item (i) and
E := —A(0) which is selfadjoint, since 0 € p(—Ap).

(iii) This follows from Theorem 2.2 and Theorem 2.6; see (2.21). O

Next the renormalization in Theorem 2.6 is applied to the ES-generalized boundary triple in Proposition 3.7.
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Proposition 3.8. With the notations and assumptions as in Proposition 3.7, let {Lz(aﬁ), Ty 0.1, Q} be the ES-generalized
boundary triple with the Weyl function M(-) and let P, be the orthogonal projection onto N, : = ker A,,,. Then:

(i) the Weyl function M(z) = clos(A(z) — A(0))~! is form domain invariant,
domty,) = rany(0)*, z€p(-Ap);

(ii) the renormalized boundary triple {3, T, ,, T} , }, where

<r0,r>(f +h)= <_P32Df> , fedomA,, heN,

is an ordinary boundary triple for A ,.;
(iii) the corresponding Weyl function is given by

M,(1) = A} =1/ - (Az_l)*(Az_z - 1//1)_1‘42_1’ 7S P(_AD)’

2
where —A7! = <A;> s decomposed according to $ = N, B (%O)L.
i,j=

Proof. The result is obtained by applying Theorem 2.6 to Proposition 3.7 with the choices Ay = —Ap and G := m O
As a consequence one has the following result:
Corollary 3.9. The inverse of the regularized Dirichlet-to-Neumann map clos(A(z) — A(0)) has the form
M(z) = clos(A(z) — A(0) ™" = ¥(0) "V M, (z)y(0)"™
and, consequently, the Dirichlet-to-Neumann map has the representation
A@) = AO) +7(0) M (2)'y(0),  z € p(=Ap).

Notice that here by definition M,(0)™! = (c0™! =) 0.
Comparing Proposition 3.7 (ii) with Proposition 3.8 (i) we get the following equality

ranl, o = domty ) = rany(0)*, z€ p(-Ap).
Furthermore, it is clear from (3.22) that
ranly o X T'| o = rany(0)* x L*(3Q).
In particular, one can renormalize the regularized boundary mappings Ty o = ¥y — A(0)yp, T'; o = ¥p also by any
bounded operator G acting in the boundary space L?(dQ) such that ran G = rany(0)* and ker G = {0}. This leads to an

isomorphic copy of the results in Proposition 3.8. In this case the parametrization of all intermediate extensions of A,;,
can be expressed via boundary conditions involving G‘l(yN - A(O)yD) and G*yp; cf. Remark 3.4 (iii).

3.4 | Laplacian on rough domains

Let Q be a bounded domain in R¢ (d > 2) whose boundary dQ is equipped with a finite (d — 1)-dimensional Hausdorff
measure g, g(6Q) < oo.To construct an analog for the boundary triple appearing in Theorem 3.1 (i) in nonsmooth domains
Q we make use of some results established in [23] and [4-6]. Following Arendt and ter Elst [4, Definition 3.1] we first recall
the notion of a trace ¢ € L*(o) for a class of functions u € H'(Q).
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Definition 3.10. A function ¢ € L?(do) is said to be a trace of u € H'(Q), if there is a sequence u, € H'(Q) N C(ﬁ),
such that

lim u, =u (inH'(Q)) and nlim ulso =9 (inL*@0)).

n—oo

Denote by H é(Q) the set of elements of H'(Q) for which there exists a trace. In general, the trace is not uniquely defined.
It is possible that u | Q = 0 while its trace ypu = u | dQ in L?(0) is nontrivial; for an example see e.g. [4, Example 4.4].
Define the linear relation y, by

vp i={{u, 9} 1 u€ HAQ), p € L*(0), pisatrace of u}.

Then ¥/, can be considered as a mapping from H'(Q) to L?(¢), which is linear but in general multivalued on the domain
H;(Q) and it has dense range in L?(0); cf. [4]. If u and ¢ are as in Definition 3.10 we shall write

® EYpl.

The space H(Q) coincides with the closure of H'(Q)n C (5) in the norm
Il = Wl + [ do. (3.23)

Following [4] denote by H'(Q) the closure of H(Q) N C(ﬁ) in H'(Q). In view of (3.23) HL(Q) is a subset of H'(Q).
Without additional conditions on Q the space H'(Q) need not be dense in H'(Q). Some sufficient conditions, like Q being
starshaped or having a continuous boundary, can be found e.g. in [61, Section 1.1.6]. Consequently, H ;(Q) is not necessarily
a dense subset of H(Q).

For associating an appropriate boundary triple in this setting, we impose the following additional assumption.

Assumption 3.11. H:(Q) = HY(Q).

A list of conditions equivalent to Assumption 3.11 is given in [4, Theorem 6.1]. Notice that the space H}{(Q) appearing
in [4, Section 5] has a norm which is equivalent to norm of H;(Q) defined in (3.23) due to the following special case of
Maz’ya inequality: there exists a constant c,; > 0 such that

/ lul? dx < cy, (/ [Vu|? dx+/ lu|? da) (3.24)
Q Q Elo)

holds for all u € HY(Q)nC (5), see [61, Section 3.6], [4, Equation (5)]. The inequality (3.24) is a generalization of
Friedrichs inequality to the case of rough domains.

In [4, Definition 3.2] the (weak) normal derivative is defined implicitly via Green’s (first) formula as follows: a function
u € H'(Q) with Au € L?(Q) is said to have a weak normal derivative in L?(o) if there exists ¢ € L?>(¢) such that

/ (Au)o dx + / Vu - Vo dx = / Yo do (3.25)
Q Q 0Q

holds forallv € H'(Q)n C (Q), where Au denotes the Laplacian understood in distributional sense. Since the functions

v} dQ,v € H'(Q) N C(Q), form a dense setin L*(c), the function § € L*(¢) is uniquely determined by u and the mapping
u — 1 is denoted by yy:

yyu =%, u€domyy C H(Q)ndomA,,,.
Assume that for some ¢,9 € L?(0), u € H'(Q), and x < 0 one has

(kA—xDu=0, peypu, P=yyu, x<0. (3.26)

ASUAOI'T suowwo)) dAnear) a[qesrjdde ay) Aq pau1aa0d ale sa[anIE Y (SN JO SANI 10J AIRIQIT SUIUQ A[IAN UO (SUOHIPUOI-PUB-SULIA}/ WO K[ Im ATRIqI[aul[uo//:sdny) suonipuo)) pue swid I, a1 32S "[€70Z/10/¢1] uo Areiqry aurjuQ Ao[ip ‘eseeA JO ANSIaAIUN £q 600000 BUBW/ZO0 ] (1/10p/wod KajimK1eiqrjauljuo,/:sdiy woiy papeojumo( ‘9 ‘770Z ‘9197CTS1



1142 &Aﬁxggl}%lhéﬁ%%ﬁHE DERKACH ET AL.
[NACHRICHTEN |

The operator A(x) which maps ¢ to ¥ is called the Dirichlet-to-Neumann map. A slight modification of the proof of
[4, Theorem 3.3] shows, that A(x) is a nonnegative selfadjoint operator on L?(c) which is uniquely determined by the
three properties listed in (3.26).

Now consider the differential expression —A, where A = V - V is the (distributional) Laplacian operator in Q. Recall
(see [6, Example 3.1]) that for an open set Q (without any regularity on the boundary) the Dirichlet Laplacian —Ap, is
defined as the selfadjoint operator associated with the closed (Dirichlet) form

TD(f,g)=/QVf-V_gdx, domt), = H}(Q).

Similarly the Neumann Laplacian —Ay is defined as the selfadjoint operator associated with the closed form (see [6,
Example 3.2])

N (f,8) = /Q Vf-Vgdx, domrty =H'(Q). (3.27)

Theorem 3.12. Let Q c RY, d > 2, whose boundary 3Q is equipped with a finite (d — 1)-dimensional Hausdorff measure
o, let Assumption 3.11 be in force, and let the linear relation I be defined by

771 2 2
- {f,( @ >} : feH @) ndomyy, ¢,% €L(o), Af e€L(Q) ‘ (3.28)
—¥ ¢ €rpf, b=ynf

Then:

(i) the pair {Lz(o), F} is a positive unitary boundary pair for —Aon A, := domT;
(ii) for every x < 0 the Weyl function M(x) of the pair {Lz(cr), F} coincides (up to the sign) with the Dirichlet-to-Neumann
map A(x):

M(x) = =A(x), x<0, (3.29)

in particular, the function M(-) is an inverse Stieltjes function whose values M(z), z € C \ [0, o), are (unbounded)
operators with ker M(z) = mul T,
(iii) the operator A, := —A| kerT'; coincides with the Neumann Laplacian —Ay;

(iv) the transposed pair {Lz(o), FT} is S-generalized and the corresponding Weyl function —M(-)~" is a multivalued domain
invariant Stieltjes function.

Proof.

(i)-(iii) If f € domT, then the (first) Green’s identity (3.25) holds with u = f and v € H'(Q) N C(Q). Then in view
of (3.23) this identity can be extended to hold forallv € H},(Q). Thus, in particular, it holdsforallg :=v € domTI:

[@pga+ [ v Vgar= [ 45do. w=rs. Ferme (330)
Q Q Elo)
Similarly, one gets from (3.25) withu = g€ domI'and v = f € dom "
[@oF dx+ [ vg-TFdx= [ Fado. =g werof.
Q Q 30

Taking conjugates in the last identity and subtracting the identity (3.30) from that leads to Green’s (second) for-
mula in [26, Equation (3.1)] for —A with f,g € A, = domT. Thus, {Lz(o), I‘} is an isometric boundary pair.
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To prove that {Lz(a), F} is a unitary boundary pair, we proceed by proving (ii) and (iii). With x < 0 it follows
from (3.28) that ¢ € dom M(x) and M(x)¢ = — precisely when there exists u € H'(Q) n dom yy;, such that

—Au—xu=0, @Eypu, P=yyu.

In view of (3.26) this means that the operator —M(x) coincides with the Dirichlet-to-Neumann map A(x),
which is a nonnegative selfadjoint operator in L?(c). This proves (3.29). The definition of I' shows that
mul ' = mul I, X {0} and hence by [26, Lemma 3.6] ker M(z) = mulT'; does not depend on 4 € C \ R. The asser-
tion that M(-) is an inverse Stieltjes function is a consequence of M(x) < 0, x < 0, (the nonnegativity of the main
transform A, which is shown below, implies that M(x) is also holomorphic at x < 0). This proves (ii).

By definition every f € dom(—Ay ) belongs to /(). On the other hand, by Assumption 3.1 HY(Q)=H Q) =
dom y, and hence, in particular, for every f € dom(—A N) there exists a Dirichlet trace ¢ € yp f. Next it is shown
that for every f € dom( —AN) also the Neumann trace ypu exists. Indeed, by definition the Neumann Lapla-
cian —Ay is the selfadjoint operator associated with the closed form (3.27). Hence, (3.27) implies that for all
f €dom(-Ay) and g € H'(Q),

/QVf.v_gdx:/Q(—Af)g dx.

Comparing this identity with the definition of y, it is seen that the equality (3.25) is satisfied with the
choice ¢ = 0. Therefore, f € domy, and y5 f = 0. This implies that dom(—AN) C dom A, and, moreover, that
dom(—Ay) C keryy = dom A,. Since —Ay, is a selfadjoint operator in L*(Q2) and A, is symmetric (see [26, Sec-
tion 3.3], the equality A; = —Ay, follows. This proves the assertion (iii).

Next we complete the proof of (i) by showing that {Lz(o), F} is a positive unitary boundary pair, i.e., that the main
transform A of T given by

({0 () )

is a nonnegative selfadjoint relation in L*(Q) x L?(c); see (2.23). Nonnegativity of A follows immediately
from (3.30). On the other hand, by item (ii) the Weyl function satisfies —M(x) = A(x) > 0, x < 0, and hence it is
a nonpositive selfadjoint operator with —x € p(M(x)). Since dom(—AN) C dom A, and —Ay > 0 is selfadjoint it
follows from Theorem 2.12 that x € p(Z) and hence A = A* > 0, which proves the claim.

Since A; = —Ay is selfadjoint, the transposed pair {Lz(o), I“T} is S-generalized; see [26, Definition 5.11]. More-
over, the value of the corresponding Weyl function —M(x)~! > 0 is a nonnegative selfadjoint relation in L?(c) for
every x < 0. This implies that —M(-)~! is a (multivalued) Stieltjes family (see Definition in [26, Section 2.1]). It is
domain invariant by [26, Theorem 5.17].

O

In this general setting, the multivalued part of I' can be nontrivial, since the trace y, need not be uniquely determined.
For unitary boundary pairs the multivalued part is described in [28, Lemma 4.1] and for isometric boundary pairs in [26,
Lemma 3.6]. In the present setting a more explicit description of the multivalued part can be given with the aid of a result
of Daners in [23]; see also [6] for an other proof of Daners result via capacity arguments.

Corollary 3.13. There exists a Borel set B, C 0, such that

muly, = L*(B,), mulT = muly, x {0},

and, in particular, muly, = ker M(1), 1 € C \ [0, o).
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Hence, T is single-valued if and only if L?(B,) = {0}, i.e., o(B,) = 0. The set B, is unique up to o-equivalence
o(ByAB,) = 0. Since muly;, # 0 corresponds to o(B,) > 0, B, can be considered to represent an irregular part of the
boundary.

Remark 3.14. In this general setting we do not know if the operator A, := —Al ker T, coincides with the Dirichlet
Laplacian —Ap,. In other words, we do not know if the Neumann trace y,u exists for every u € dom( — AD).

4 | DIFFERENTIAL OPERATORS WITH LOCAL POINT INTERACTIONS

4.1 | Abstract results on direct sums of boundary triples

A general class of unitary boundary triples, which are more general than generalized boundary triples is obtained by
considering an infinite orthogonal sum of ordinary boundary triples. Here we mainly follow the considerations in [52];
see also the references given therein.

Let S, be a densely defined symmetric operator with equal defect numbers n +(Sn) =n +(Sn) in the Hilbert space 9,,,
n € N. Consider the operator A = @, , S, in the Hilbert space

9 :=P9o.= {EBfn D fn €O D Ifl < oo}.
n=1 n=1 n=1

Then A is symmetric with equal defect numbers and its adjoint A* is given by

A =@Ps;, doma®= {@fn €9: f,€doms;, IS5 £l < oo}' @D
n=1 n=1 n=1
Now letIT,, = {Hn, I‘éﬂ), rgn)} be an ordinary boundary triple for S, n € N. Let
o0
H = @HH, r™ .= col{FE)"),F(ln)}
n=1

and let the mapping I') and T} be defined by

[se] [se] 2
T = @rﬁ”l domT’ = {@fn edomA*: Y ||r§”>fn < oo}, jefo,1} (4.2)
n=1 n=1 neN n
We also put
FO F, / /
= =  domTI, where domTI =domI7 NndomT,. (4.3)
1'*1 Fll 1 0

Then F;. = F_] J =0,1. Denote by $, the domain dom A* equipped with the graph norm of A*. Clearly, dom I is dense in

n=1

9, Define the operators S, ; =S | ker FE.") and A" := @, Sy ;,Jj €1{0,1}. Then A and A/ are selfadjoint extensions
of A, which are are disjoint but not necessarily transversal. Finally, denote

A, :=A* | domT and Aj1=A, M kerD;, je{o1} (4.4)

Clearly, ITJ = A;., hence A j is essentially selfadjoint, j € {0, 1}.
The following result is contained in [52] (and stated here in the terminology of the present paper).
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Theorem 4.1 [52]. Let I1,, = {Hn, Fé"), Fi”)} be an ordinary boundary triple for S?, let also S, ; = S’ | ker F;”), j€{o,1},
and let M, (), n € N, be the corresponding Weyl function. Moreover, let the operators A%, FJ( and Fj, j €{0,1}, be given

by (4.1), (4.2) and (4.3). Then:

() Tl = {H,T,, T} is a unitary boundary triple for A*;
(ii) the Weyl function is the orthogonal sum M(z) = @le M, (z);
(iti) the mappingT; @ $, — H is closable andFj = FJ(, j€{0,1};
(iv) The operator Aj given by (4.4) is essentially selfadjoint and A_] = 69:[0:1 Sp,j = A;, j€{o,1}
The triple IT = {H, T, Fl} in Theorem 4.1 is called the direct sum of IT, and is denoted by IT = &7° | I1,,. The following
result characterizes selfadjointness of A;, j € {0, 1}, and completes Theorem 3.2 from [52].

Proposition 4.2. Let the assumptions be as in Theorem 4.1 and let A; = ker T}, j € {0,1}. Then
[s9)
A =@S,.; < TytA; isbounded (j'=1-j€{0,1}). (4.5)
n=1

In particular, A, satisfies (4.5) (i.e. Ay = A(*)') if and only if the corresponding Weyl function M(-) and the y-field y(-) satisfy
one of the equivalent conditions in Theorem 1.3.

Similarly, A, satisfies (4.5) if and only if the Weyl function —M~'(-) and y-field y(-)M ~'(-) corresponding to the transposed
boundary triple II" = {H,T,,—T } satisfy one of the equivalent conditions in Theorem 1.3.

Proof. Indeed, by [26, Proposition 5.5 ()] T'; H(1) = y(4)* and hence T'; H(1) is closed. Since A, is essentially selfadjoint, the
equivalence A, = Aj <T' | 4 is bounded, is obtained from [26, Lemma 5.3 (iii), (v)]. All the other equivalent conditions
for Ay = Aj hold by Theorem 1.3.

The criterion (4.5) and the other equivalent statements for A; = A are obtained by passing to the transposed boundary
triple {H,T,—T}. O

Remark 4.3. The criterion (4.5) implies the sufficient conditions for A, and A; to be selfadjoint as established in
[52, Theorem 3.2]. Namely, if I'; or T'j is bounded, then also the restriction I'; | A, or Ty A;, respectively, is bounded.
Moreover, if Aj and A, are transversal, i.e. dom A, + dom A; = dom A%, then clearlyI';/ | A; is bounded <T ', is bounded,
since kerI; = dom 4; (j' =1 - j € {0,1}).

A criterion for a direct sum of ordinary boundary triples to form also an ordinary boundary triple can be formulated in
terms of the corresponding Weyl functions (see [22, 52, 58]).

Theorem 4.4. LetII, = {Hn, an), Fﬁ") } be a boundary triple for S, let M, (-) be the corresponding Weyl function, n € N,
and let A* = 69;":18;.

(D) Thedirect sumI1 = @ I, is an ordinary boundary triple for the operator A* if and only if

< 0.

n

C, =sup||M,(0)||;, <o and C,=sup
n " n

’(ImMn(i))_l‘ .

(it) The direct sum Il = @° |11, is a B-generalized boundary triple for the operator A* if and only if C; < co.
(iii) If, in addition, the operators {Sn,O}n on have a common gap (a —¢,a +¢), then the direct sum 11 = P, 11, is a
B-generalized boundary triple for A* = @;"_, S* if and only if

n=1
C; :=sup ||Mn(a)||Hn <o and C,:=sup ||M;l(a)||Hn < 00, (4.6)
neN neN
where M/ (a) := (dM,(2)/dz)|

z=a"
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(iv) The direct sum I1 = @:’:1 I1, is an ordinary boundary triple for A* if and only if in addition to (4.6) the following
condition is fulfilled Cs := sup,cy “(M,’l(a))_IHH < co.

The next result contains analogous characterization for S-generalized boundary triples.

Proposition 4.5. Assume the conditions of Theorem 4.1. Then the direct sum I1 = @;’:’:1 I1,, forms an S-generalized bound-
ary triple for A* = @°°_, S* if and only if

n=1"n

sup ||ImMn(i)||Hn < co. 4.7)
n

Similarly, if the operators (Sn,O) have a common gap (a — €, a + €), then I forms an S-generalized boundary triple for A* if
and only if C4 < oo where C, is given by (4.6).

Proof. The condition (4.7) means that Im M(z) is bounded for some (equivalently for every) z € C,.. By Theorem 1.3, this
amounts to saying that IT is an S-generalized boundary triple for A*.
Similarly, in case of a common spectral gap (a — ¢, a + €) the condition (4.7) is equivalent to the condition C; < oo
in (4.6) as can be seen by the same argument that was used in [26, Remark 5.25]. O
The next result is immediate by combining Proposition 2.8 in (4.6) with Proposition 2.9.

Corollary 4.6. Assume the assumptions of Theorem 4.1. Then the following statements are equivalent:

() Ty : A, — Hisbounded;
(i) C, = sup, (ImMn(i))_lnH < co.

In this case the transposed boundary triple TI" = {H,T,,—T} is B-generalized.
Similarly, the following conditions are equivalent:

@) T, : A, — H isbounded;
(i) CJ :=sup, (Im(M,;l(i)))‘lﬂH < oo.

In this case the triple I1 is a B-generalized boundary triple.

Proof. By Theorem 4.1 (see [52, Theorem 3.2]) IT is a unitary boundary triple such that A, = ker I, and A; = kerI; are
essentially selfadjoint. Now the first part of the statement follows easily from Proposition 2.9, while the second part is
implied by Proposition 2.8. O
4.2 | Momentum operators with local point interactions

LetX = {xn }clxj be a strictly increasing sequence of positive numbers satisfying lim,_, ., x,, = oo and let

d, :=x,—x,.,>0, (x,:=0), 0<d, ::)irelgdn, a* :=su1N>dn < co. (4.8)
ne

Define a symmetric differential operator D,, in H,, := L?([x,_;,x,]) by

domD, = W} ([x,_1,%,]), neN.
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In quantum mechanics this operator in 1-D case appears in the form —ihdd—x, where i = h/27 is the reduced Planck
constant and whose eigenvalues are measuring the momentum of a particle.

The adjoint of the operator D, is given by D = —i% with dom D = W'2([x,_,,x,]), n € N. Following [58] associate
with D a boundary triple IT,, = { C, I‘f]”), F(ln) } by setting

, F(ln)fn :=fn(xn_0)+fn(xn—1+0)' (4‘9)

V2

l,fn(xn _0) _fn(xn—l +0)

V2

The Weyl function M,,(-) corresponding to the triple II,, is given by

Fg”)fn =

eizxn + eizxn_l

M, (z) = —i = —cot(27'zd,), zeC,. (4.10)

eizx, — pizx,_y

Let Dy := @{° D,. Then D}, = @° D; and dom D} = W'(R, \ X) = @, W2 ([x,_1,x,]).

Next we describe the main properties of a boundary triple IT : = @D, , II,, assuming that d, = 0 partially treated in [58].
To this end we first recall a complete trace characterization of the space W2 (IR S\ X ) (see [22, Proposition 3.5]). Due to
the embedding theorem, the trace mappings

mt WR(RAX) > PN), 7, ={f(x+)}7. 7 (D={f(x, =)}

are well defined for functions with compact supports, i.e., f € @JIV w2 [xn_l, xn] , N € N. We assume 7, to be defined
on its maximal domain

dom(z,) :={f e W (R, \X) : n, f €PN}
Clearly, dom (7, ) is dense in W?(R, \ X) although, in general, dom(7x, ) # W'?(R, \ X).
Lemma 4.7 [22]. Let X = {x, } _ be as above with x, = 0 and X C R . Then:
(i) For any pair of sequences a* = {a; } 7" satisfying
at = {an“—“};0 e *(N;{d,}) and {a} - a;};o e P(N;{d'}), (4.11)
there exists a (non-unique) function f € W'2(R, \ X) such that 7. (f) = a*. Moreover, the mapping
m,—m_ W (R\X) - B(N;{d'})
is surjective and contractive, i.e.

B (k=) = f (g + )| < 0o i F € W2 (RLAX).

neN

(ii) Assume in addition, that d* < co. Then the mapping 7, can be extended to a bounded surjective mapping from
W2 (R, \ X) onto I*(N; {d, } ). Moreover, the following estimate holds

Y dn<|f(xn_1 P+ (- )|2) < OBz, (4.12)

neN

forany f € Wh2 (R, \ X) where C; :=4max{(d*)?,1}. Besides, the traces a* := 7, (f) of each f € WH*(R, \ X)
satisfy conditions (4.11). Moreover, the assumption d* < oo is necessary for the inequality (4.12) to hold with some C; > 0.

Now we are ready to state and prove the main result of this subsection.
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Proposition 4.8. Let X be as above, letd, = 0 and d* < oo, let I = { C, Fg"), F(I") } be the boundary triple for the operator
D;, defined by (4.9). Let T = @@, 1" =: {M,T,T; }, where H = I*(N), Dy := @Dy, Dy , = D|domT and I, T,
j €10, 1}, are given by (4.2) and (4.3). Then:

(i) The mapping T x T'| can be extended to the mapping

Iy T/ : W (R\X) » B(N;{d'}) x2(N; {d,. }),

I , _— . 1.2
which is well defined and surjective. Besides, ker(T) x T}/ ) = W (R, \ X).
(ii) The mapping

[y XTIy : domDy, =domT ~ 2(N;{d;*}) x I*(N)( c I*(N) ® C?),

is well defined and surjective. Moreover, I'y boundedly maps dom Dy , in I2(N).
(iii) The Weyl function M(-) is domain invariant and its domain is given by

domM(z) = I*(N; {d,?}) (G ranT, =Ty(dom A4, ) = *(N; {d;;'})), zeC,. (4.13)
(iv) The domain of the form ty, associated with the imaginary part Im M(z) is given by
domty,) = {{a,},_, € P(N) : {a,},_, €*(\;{d;"'})}, zeC,. (4.14)

(v) The triple I1 is an ES-generalized boundary triple for Dy and A, # Aj. Moreover, the imaginary part Im M(-) of the
Weyl function M(-) takes values in C(H) \ B(H).

(vi) The transposed triple TI" is B-generalized (but not an ordinary) boundary triple for the operator D§. In particular, the
Weyl function —M(-)~"! takes values in B(H), and A, = Aj.

Proof.

(i) The proof is immediate from Lemma 4.7(1).
(ii) Since d* < oo, the space [?(N) is (continuously) embedded in lZ(N; {dn}) Therefore the surjectivity is immediate

from (i). By Lemma 4.7 (i), the mapping Ty : dom Dy , ~ lz(N; {dn}_l) is bounded. To prove the boundedness of

Iy : domDy, = domT - [*(N) it remains to note that the embedding I <N; { dn}_1> < [2(N) is continuous since
d* < 0.

(iii) In accordance with (4.10) M, (z) = — cot(2‘1dnz). Therefore the description of dom M(-) follows from the obvious
relation

cot(27'zd,) ~2z7'd ! as d, =0, z€C,. (4.15)

n

(iv) Notice that {an}:ozl € dom ), if and only if | (Im M, (z)a,,a,) < co. It follows from (4.10) and (4.15) that

ImM,(x +iy) ~ xzzfyz d. ! asn — oo. Therefore,
6] [Se]
Z (ImM,(2)a,,a,) < o < z |an|2d;1 < 0.
n=1 n=1

(v) Being a direct sum of ordinary boundary triples, the triple IT = @;":1 1" is an ES-generalized boundary triple in
accordance with Theorem 4.1(iv). The relation A, # A; is implied by item (iii) since the inclusion dom M(z) ¢ ranT,
is strict.
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Furthermore, relation (4.10) implies M,,(i) = i cth(27'd,, ). It follows that Im M,,(i) = cth(27'd, ), n € N. Hence the
values of imaginary part Im M(-) are unbounded, Im M(-) € C(H) \ B(H). Due to Theorem 1.3 this last property gives
another proof for the fact that the triple II is not S-generalized.

(vi) It follows from (4.10) that —M;!(z) = tan(27'd,z). Therefore the Weyl function —M~'(:) = &% ( - M; () €
RS[H]. By [26, Theorem 1.7] the transposed triple IT" is B-generalized. O

Remark 4.9.

(i) Note that statements (iii)-(vi) remain valid for d* = co.
(i) Assuming that d* < oo it is shown in [58] that the triple IT = @,y 11, is an ordinary boundary triple for Dy, if and
only if d,, > 0. This result remains true also in the case d* = .

(ii) LetG = diag{ (&1)1/2, . (dn)l/z, } be the diagonal operator defined on H = I2(N), with d,, = min{1,d,},n €N.
In accordance with Theorem 4.8 (iv),

ranG = dom G~ = dom ty ;.

Hence the renormalization in [26, Theorem 5.32] is determined via the formulas Ty = G~'T,, T'; = GT, and the corre-
sponding Weyl function is given by

Mg(2) = G*M(2)G = — P d, cot(27'zd,,).

n=1

Since d~nIm M, (i) - 2 as d,, — 0, we conclude that (the closure of) M(-) is a bounded uniformly strict Nevanlinna
function, M(-) € R*[H]. Thus, the renormalization procedure in this case leads to an ordinary boundary triple for D.
In the case d* < oo this renormalization procedure was firstly applied in [58] to construct the above mentioned ordinary
boundary triple for D% ; see Examples 3.2, 3.8 and Theorem 3.6 in [58].

4.3 | Schrodinger operators with local point interactions

LetX = {xn };o be a strictly increasing sequence of positive numbers satisfying lim,,_, ., x,, = o and letd,,, d.., and d* be
2
defined by (4.8). Let also H,, be a minimal operator associated with expression — % inL? [xn_l, xn] . Clearly, H,, is a closed

symmetric, n, (H,) = 2, and its domain is dom(H,,) = W;"*[x,,_1, X,|.

70 71

wp . [ Fn +) wp._ [ +) 2
r, f'_<f’(xn—) > I f.—< fo-) ) feEWs[x,_1.x,]. (4.16)

It is easily seen that a boundary triple IT,, = {Cz ™, } for H} can be chosen as

The corresponding Weyl function M,, is given by

cot(/zd,,) SR

M, (2) = == sin(v/zd,) | (417)

1
Vz Ton(vid) cot(/zd,)

Consider in L?(R ) the direct sum of symmetric operators H,,, H := H,;, = ®%_ H,, dom(H;,) = W;*(R, \ X) =
2,2
@;11 W() [xn—l’ xn] .
We note that dom I is dense in dom(H*) equipped with the graph norm while in general it is narrower than dom(H*). As
was shown in [51], the triple IT = @,y 1T, = {H, Iy, T 1} is an ordinary boundary triple for the operator H,,, := H*

min
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whenever

0 <d, _1nfd < d" =supd, < +oo.
neN

The converse statement is also true (see [52]): the condition d, > 0 is necessary for the direct sum IT = @, I1,, to form
a boundary triple for H,, 1= H .

Such type of boundary trlples have naturally arisen in investigation of spectral properties of the Hamiltonian Hy ,
associated in L? ([R ) with a formal differential expression

d? 0
Cxq 1= = zelxornS(x = X,), a=(a,) _ CR, (4.18)
xn

when treating Hy , as an extension of H,;;, (see [51, 52], and Remark 4.15 below).

Theorem 4.10. Let II,, n €N, be the boundary triple given by (4.16), let M,(-) be the corresponding Weyl
function, H = BEN)®C? let1I := @le II, = {H, Ty, Fl} be the direct sum of triples I1,, given by (4.2) and (4.3) and let
H, :=H"|yomr- Assume also that d,, = 0 and d* < oo. Then the following statements hold.:

() The triple Il is an ES-generalized boundary triple for H'' . such that A, # Aj.
(ii) The Weyl function M(-) is domain invariant and with z € C, one has

dom M(z) = {{ (Z) }oo eP(N)®C?: {a,-b,}, , €(N;{d;?}) } (4.19)
n=1

n

(iii) Letin addition d* < co. Then the range of T, is given by

ranT, = { (Z)m ePN)®C?: {a, — b}, € *(N;{d;'}) } (4.20)

n/ n=1

in particular, the proper inclusions dom M(+i) & ran T, hold.
(iv) The domain of the form ty,,) generated by the imaginary part Im M(z2), z € C,,, is given by

dom ty,) = { { (Zn> } ePN)®C?: {a, — b}, € *(N; {d;'}) } (4.21)
n=1

n

In particular, if d* < oo, then dom ),y = ran T,
(v) The transposed triple I1" is an S-generalized boundary triple for HY. . ie, A} = A]. However, it is not a B-generalized
boundary triple for H*

min”
(vi) The Weyl function M"(-) = —M(-)~! corresponding to the transposed boundary triple 11" is domain invariant and its
domain for z € C, is given by

domM'(z) = {{ (Z”) } ePN)QC?: {a, +b,}>, € *(N;{d,*}) }
n n=1
(vii) The domain of the form t\ v, generated by the imaginary part Im M T(2), z € C,, is given by

dom tyyres) = { { <Z> }oo PN ®C? : {a, +b)2, € P(N: {d)) }
n=1

n
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Proof.

(i) By Theorem 4.1(iv), the triple IT is an ES-generalized boundary triple for H;in. Fix z € C\ R. It follows from (4.17)
that

-1

. . . 1 -1
dlil—l?o d,M,(z) = - K, (}:EloanmMn(l) =K, where K= ( 11 > (4.22)

Since d, = 0, the last relation yields sup,, [|[Im M, (i)|| = co. Therefore, Proposition 4.5 implies A4, # A;.

(i) By Theoremi.l(ii), the Weyl function of I1 = @ I1,, is M(:) = @;11 M, (-), where M,,(-) is given by (4.17). By defi-
nition, {h, } € dom M(z) if and only if

) }oo e P(N)® C%. (4.23)

n=1

Z ”Mn(z)hn”2 < 005 {hn}:;l - {(Z”
n=1

n

It follows from (4.17) that ||M,,(z)|| as a function of d,, is bounded on the intervals [, c0), § > 0.

sin ( \/Edn )

Combining this fact with the first relation in (4.22) and noting that d, = 0 and 7o
Z n

~1lasd, — 0, one con-
cludes that the convergence of the series in (4.23) is equivalent to

2

oo
-b
ylil e
n=1 dn

ie. to the inclusion {a, — b, } =~ € I*(N;{d,?}).
(iii) The proof is postponed after Lemma 4.12.
(iv) The proof is similar to that of the item (ii). First notice that {hn }:o=1 € dom ty,,) if and only if

Y (ImM,(2)h,, hy,) < o0, {hy}o | = {(Z”) }m € P(N)® C~. (4.24)
n=1 n=1

n

Note that Im M,,(z) as a function of d,, is bounded on the intervals [§, o), § > 0. It follows from (4.17) that

. 1 1 -1
dlir—I}O (Mn(z)+ anK> =0, where K = <_1 1 >

Hence the convergence of the series in (4.24) is equivalent to

[+ 0 2
(Khn,hn) y |an - bnl .
ZIm( ~d = T 22 P <o, z=x+iyeC,.
n=1 n x y n=1 n

This proves the statement.
(v) The Weyl function MT(:) corresponding to the transposed boundary triple II" is M'(:) = @°M, (-), where
M) (-) = =M '(-) is given by

1
MT Z) = _\/E t(\/_dn) Sin(\/zdn)
@) . S cot(+/zd,,)
sin(vzd,)

It follows that

. . . 1 1
d}ll_r{looM;(z) = il\/glz, (}:Eloan;(z) =— <1 1> , z€eC,. (4.25)
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Since d,, = 0, the last relation shows that the Weyl function M '(-) takes unbounded values.
On the other hand, using the Laurent series expansions for cot z and (sin z)~! at 0 gives

1 1
lim d-'ImM(z) = Im z) 3 6 , z€C,.
d,—0 " n 1 1 -
6 3

Hence, Im M| (z) is uniformly bounded as a function of d,, € (0, o) for every z € C \ R. Therefore Proposition 4.5
ensures that the transposed boundary triple II" is S-generalized. At the same time IT" is not B-generalized, since
MT(-) takes values in C(H) \ B(H).

(vi) The proofis similar to that of the statement (ii). One should only use relations (4.25) instead of (4.22).

(vii) The proofis similar to that of (iv). O

Remark 4.11. Here we show that the triple IT = @,y I, 1= {H, Ly, I‘l} is an ordinary boundary triple for the operator
H' . ifand onlyif d, > 0. This statement extends the corresponding results from [51, 52], to the case d* = oo.

Consider the behavior of M, (z) as d, — co. The functions cot(+/zd) and (sin(\/Ed))_1 depend continuously on
d € (0,00) and lim_, cot(y/zd) = —i and lim,_ o, (sin(\/Ed))_1 = 0. Therefore for any fixed z € C \ R the matrix

function M,,(z) in (4.17) is continuous and bounded in d,, € [§, o0) for every § > 0.
Furthermore, clearly limy _ , Im M, (z) = £I, for z € C, and this implies that for every fixed z € C, there exists
c5(z) > 0 such that
ImM,(z) > c5(2)I,, d,€[5,d*], &>0.

Thus, by Theorem 4.4 (i) IT is an ordinary boundary triple for the operator H: . , whenever d, > 0 and, in particular,
Ay = Ajand A, = A] are transversal extensions of H,;, in this case.

It remains to prove the assertion (iii) of Theorem 4.10. It is more involved and to this end we describe traces of functions
few?? (IR S\ X ) as well as traces of their first derivatives and prove an analog of Lemma 4.7.

Lemma 4.12. Let X = {x, }_ beasaboveand let0 < d, < d* < co. Then the mapping

r) : W»(R,\X)®C* > I*(N;{d>})

"o N f’(xn—1+)
ot {(f'm—) >}

is well defined and bounded and its range ran Fg is given by

defined by

n

I (W22 (R, \ X)) = { (‘;) eP(NALY ®C : {a,—b,} _, € P(N:{d)) } (4.26)
neN
Proof. Denote temporarily the right-hand side of (4.26) by R (1“6’ ) First we prove the inclusion
ranT) =T (W**(R, \ X)) c R(T}).

Let f € W22(R, \ X). This inclusion implies f € W*?|x,_,,x,| for each n € N and, it is easy to check that

dnlf(x)|2 S 2<||f”1242(An) + di”f,”iZ(An))! X € An = [xn—l’xn]’ ne N (427)
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Moreover, by the Sobolev embedding theorem (cf,, e.g., [2], [49, p. 192]) there exist constants ¢, c; > 0 not depending on
f and n € N such that

||f'||22(An> < c1d2”f//||L2(A )+ cod, 2||f||L2(A ) X€AN, neN. (4.28)
By applying (4.27) to f’ and combining the result with (4.28) shows that
a2|f’ (x)| < C1d3||f”||L2(A )+ Cod 1||f”L2(A . x€AN,, neN,
where C, and C; do not depend on f and n € N. Therefore,
Zd,31<|f’(xn - )|2 +|f (xpo1 + )| ) <20G Zd4||f”||L2(A )y +2Co Z ||f||L2(A )
n
<20@Y " ) + 2601 e (4.29)
< C3”f”W22(R \X)’

where C; = 2max{C,, C,(d*)*}. Hence, the mapping I'} is bounded.
Furthermore, since f € W*?[x,_;,x,],n € N,and f” € L?>(R_ ), one gets

/ (%) dx

Z |f (X0 =) = f"(xp1 +)

d
neN n neN Xp— (4'30)
/ "GO dx = / GO dx < Iy
neN X
Combining (4.29) with (4.30) yields ranT] = T/ (W**(R, \ X)) C R(L}/).
To prove the reverse inclusion choose any vector { <Z”> } from R(Fg’ ) Setting
n neN
g () =a,(x—x, ) +27'd (x - xn_l)z(bn —a,), XE€E [x,_,x,] (4.31)

and g := @°g, one easily checks that

1
l8altzco,) < 2 [Zlanl” + 5o lbn = aul’] < & (laal* + [bal),

hence g = ®%g, € L?(R, ). Moreover, the condition {a, — b, } ", € I*(N;{d;'}) yields the inclusion g’ € L*(R,).
Thus g € W22(R, \ X). To complete the proof it remains to note that

g (Xn+)=a, g (x,—)=a,+(b,—a,) = by, (4.32)

e (7). u
n neN

Remark 4.13. Notice that the relation (4.26) cannot be extracted from Proposition 4.7(i) applied to the derivative f’, since
the embedding W>?(R, \ X) - W1?(R, \ X) holds if and only if d, > 0 (see [53]).

We are now ready to prove the assertion (iii) in Theorem 4.10, i.e., to prove relation (4.20).
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Proof of item (iii) in Theorem 4.10. Let the righthand side of (4.20) be denoted temporarily by R,(T,). The inclusion
ran(Ty) = Ty(domH, ) C R (T,) is immediate from Lemma 4.12.

. . a o
To prove the reverse inclusion we choose any vector {( ”)} € I’(N) ® C? that satisfies {an —bn}:;l €
n neN

I%(N; {d;,' }) and consider the functions g, and g = ©%°g,, as defined in (4.31). Asshown in Lemma4.12g € W>?(R, \ X)
and g’ satisfies the equalities (4.32). Besides,

g (x,_1+)=0 and g,(x,—)=a,d,+27"d,(b,—a,) =2""(a, +b,)d, € P(N).

Note that the latter inclusion holds since d* < co. Summing up we get

i) I () S OO ) e

Thus, g € dom Ty ndom I’} = dom H, and this completes the proof. O
One gets from Lemma 4.12 a description for the ranges of the closures of I'y and I';.

Corollary 4.14. Assume the conditions of Theorem 4.10 and let d* < oo. Then
ranT, =ranT, and ranT; = ’(N) ® C%. (4.33)
Proof. Recall that, by definition, domTI'y = domTI'; = dom H,. Clearly, ') = Fg I domH, and
ranT, C ranT, C ran ) n(BPN)®C?). (4.34)
On the other hand, it follows from Lemma 4.12 and Theorem 4.10 (iii) that
ranT = ranT} n (I*(N) ® C?).

Combining this relation with (4.34) and applying Theorem 4.10 (iii) yields the first relation in (4.33).
The second relation is proved similarly. O

Remark 4.15.

(i) Recall that according to Theorem 1.3 the condition

ranl'y =domM(z), ze€ C\R, (4.35)

ensures selfadjointness of A, = kerI',. Theorem 4.10 (iii) gives an explicit example showing that condition (4.35)
cannot be replaced by the weaker domain invariance condition

dom M(z) = domM(i) (GranT,), zeC\R.

In other words, domain invariance property does not imply the property of a boundary triple to be S-generalized (see
also [26, Example 5.29]). Such Weyl functions cannot be written in the form (1.3) without a renormalization of the
boundary triple as in [26, Theorem 5.32].

(i) In the case d, = 0 and d* < oo an abstract regularization procedure from [52, 58] has first been applied in [52] to
the direct sum IT = @7 | II, = {H, Ty, Fl} of triples (4.16) for H} to obtain a (regularized) ordinary boundary triple
In = {H, o, F;} satisfying ker I'y = ker I'j. A special construction of a regularized triple I1" in [52] has been moti-
vated by the following circumstance: the boundary operator By , corresponding to the Hamiltonian Hy , of the

form (4.18), i.e. operator satisfying dom(Hy ) = ker(l“; - BX,O(I“(’)), is a Jacobi matrix. It is shown in [52] that cer-

tain spectral properties of Hy , strictly correlate with that of By ,.
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Finally, it is mentioned that boundary triple models are motivated by and naturally appear in various physical problems
as exactly solvable models that describe complicated physical phenomena; see, e.g., [3, 14, 35, 53] for further details.

Next we apply the renormalization result in Theorem 2.6 to the ES-generalized boundary triple IT in Theorem 4.10. The
transposed boundary triple IT1" can be renormalized by a suitable modification of [26, Theorem 4.4, Theorem 4.11], using
aregular point (here z = —1) on the real line; cf. Theorem 2.2.

Proposition 4.16. Assume the conditions of Theorem 4.10 and let d,, = min{d,,1}. Then:

(i) The direct sum II = ®;Zo=1ﬁn = {H,Ty,T,} of the triples 11, = {Cz,fg"),l:(l") }, where H = 12(N) ® C% and the

mappings lqgn) 7

2[x,-1,x,] = C:neN, j €{0,1} are given by

~1/2 ~1/2

fgn) - dn f’(xn—1+) f(ln)f o _dn f(xn—1+)
+—1/2 ’ ’ ~1/2
a," 1 (x, ) a,”f(x,-)

is a B-generalized boundary triple for H*. Moreover, I1 is an ordinary boundary triple if and only if d,, > 0.

(ii) The direct sum ") = GBZ":lH;r) = {7—[, Fg),l“(lr)} of the triples II! = {CZ,FE)r’n),FY’")}, where the mappings

I‘;r’") : W2 [x,_1.%,] = C:neN, j €{0,1} are given by

e p T T Goa )| o [ ) @ T s ) = S (=) |
’ & -)) @, =)+ P (F (s +) = F(x—)

is an ordinary boundary triple for H' . .

The proof is similar to that of Theorem 4.10 and is omitted.

4.4 | Dirac operators with local point interactions

Let D be a differential expression

2 d
d 2 c?/2 —ic—
D=—ic—®0, +—Qo0; = d dx (4.36)
dx 2 —ic— —c?/2
dx

acting on C?-valued functions of a real variable. Here ¢ > 0 denotes the velocity of light and o;, o,, o5 stand for the Pauli

matrices in C2:
0 1 0 —i 1 O
o = , O, = , O,= )
"\1 o 2" \i o " \o -1

Furthermore, let X = {xn };o be a strictly increasing sequence of positive numbers satisfying lim,_, . x,, = o0,letd,,,d,,
and d* be defined by (4.8) and let D,, be the minimal operator generated in L? [xn_l, xn] ® C? by the differential expression
(4.36)

D, =D | dom(D,), dom(D,) = W ?[x,_;.x,] ® C*

Recall that D, is a symmetric operator with deficiency indices n, (Dn) = 2 and its adjoint D} is given by

Di =D tdom(D?),  dom(D})=W'?|x,_;,x,] ®C.
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Next following [22] we recall the construction of a boundary triple for D) and compute the corresponding Weyl function.

; _ 2 7)) )
Namely, the boundary triple nm = {C ,FO I },Where

e (F1\ _ ([ F1(%na +) M. <n><f1>_ icfa(xn1+)
rf =l <f2>_<icf2(xn—)>’ g =1 2)=U ety ) (4.37)

forms a boundary triple for D;. Clearly, D, , := D) | ker Fg”) = D";’O and

dom(D, ) = {{fl’fz}f e W[x, 1,x,]® C* : fr(xny +) = fax,—) = 0}-

Moreover, the spectrum of the operator D, is discrete,

c2r? (. 1)? 2\*
C)’(Dn,O) = Ud(Dn,O) =4+ d_2 (_] + E) + <?> , JjEeNp. (4.38)
n

The defect subspace 9, := ker(D;’; - z) is spanned by the vector functions
. eii k(z)x
f;(x: zZ) = <ik1(z)eii k(z)x) .
Moreover, the Weyl function M,,(-) corresponding to the triple ™ is (cf. [22])

_ 1 cky(z) sin(d, k(2)) 1
M = cos(d, k(z)) ( 1 (cky(2)) " sin(d, k(z))>’ (4.39)

k(z) :=c"\/z2 - (c2/2)2, and k,(z2) := % = ‘/%, zeC. (4.40)

Next we construct a boundary triple for the operator Dy := @Z":l D; in the general case 0 < d, < d* < co. It appears
that the result in the case d* = oo remains analogous to what was obtained in [22] for the case d* < co.
Define Dy := @]° D

where z € p(D,,),

n»
dom(D}) = W' (R, \X) @ C* = P W"[x,_1,x,] ® C*.
1

Next following [22] certain properties of the direct sum IT : = @2":1 1" of the boundary triples IT" given by (4.37) are
collected.

Proposition 4.17. Let X be as above, let 0 < d, < d* < oo, and let TI" = {Cz, Fé"), Fi")} be the boundary triple for the

operator Dy defined in (4.37). Let H = EN)®C2andIl := @Z":l om = {H, FO,FI}, where the operators Iy, je {0,1},
are given by (4.3), i.e.

AT s e

where f = <§1> € domDy , :=domI and Dy, := Dy | domDy ,. Then:
2
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(i) The domainT is given by dom Dy, := domT (=domT, = domT,).
(it) Thedirect sumIl := ., 1™ forms a B-generalized boundary triple for D§.
(iii) The transposed triple TIT = {H, Iy, —FO} also forms a B-generalized boundary triple for D§.
(iv) The triple TI (equivalently the triple I1") is an ordinary boundary triple for the operator D} = @le Dy if and only if
d, > 0 (withd* < ).

Proof.

(i), (ii) The Weyl function of the boundary triple {H, Ty, 1"1} is the orthogonal sum M = @7°M,, of the Weyl functions
defined by (4.39). It follows from (4.40) that k(0) = ic/2 and k,(0) = i and hence

_ 1 —csh(d, c/2) 1
0= g ST o) 42
Hence,
M,(0) - <(j (1)> as d,—0 and M,(0) — <_Oc 091> as d, — oo. (4.43)

It follows that the sequence {M,,(0)}, _, is bounded.

Furthermore, one gets from (4.40) that k’(0) = 0, k[ (0) = —i 2 /c?, and

z th(d, c/2) 0

M;(0) =€ ) >0, neN. (4.44)
2 th(d, c/2)
C

This description implies that

2
- 0
M;l(o)—><8 8) B 40 and MO =€ 5| s dyo o (4.45)
c3

Thus, the sequence {M ;1(0) }n N is bounded too. Combining the formulas in (4.43) with (4.45) and applying
Theorem 4.4 (iii) one concludes that IT = {H, Lo, Fl} is a B-generalized boundary triple for Dg.
(iii) It follows from (4.42) that det(M n (0)) = —1, hence the sequence of inverses {M L(0)71 }n N is bounded alongside

the sequence {M,(0)}, _
and using the identities

Combining this fact with boundedness of the sequence {M ;l (0) }n N of the derivatives

—(M;1(0) = M X O ML) M1 (©0), neN,

we obtain that the sequence { (M, 1)/(O) },en, is bounded too. It remains to apply Theorem 4.4 (ii).

(iv) It follows from (4.44) that the sequence {M;(O) }n N of the derivatives is uniformly positive if and only if d, > 0.
One completes the proof by combining Theorem 4.4 (iv) with the above proved items (ii), (iii). O

2
guished from the considerations in [22] treating the case d* < oo, here we consider the behavior of the Weyl function at

z=0€ p(DO).

Remark 4.18. Note that if d* = oo then in view of (4.38) i% € a(D,), while (—% i) C p(Dy). Therefore as distin-

We now apply a modification of Theorem 2.1 and Theorem 2.2 to produce an ES-generalized boundary triple for Dy
from the B-generalized boundary triple IT := @°° | I = {#,T,,T, }. In this modification we subtract from the Weyl
function M,, the limit value limy _,M,(0), instead of the value M,,(0), to get a transform of boundary mappings in a
simple form.
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Proposition 4.19. Let X be asabove, let0 < d, < d* < oo, let TI"™ = {Cz, 1:(0”), 1:(1")} be the boundary triple for the operator
D;, n € N, defined by

()= (P ) ) -(R)

let f} =P, 1:5."),j €1{0,1}, and let T = @27, I, = {H, T, T, } be the boundary triple for D};, where

T o= f} I dom(Dy,), dom(Dy,) :=domT :=domTjndomT.
Then:

(i) The mapping Ty xT, is naturally extended to the mapping T xT" defined by the same formulas on
W12(R, \ X) ® C. Moreover, the following mapping is well defined and surjective:

I xT) : W (R\X)®C? - (I(N;{d'}) ® C?) x (I*(N;{d,.}) ® C?).
(ii) The mapping

Iy xT, : domDy, — (lz(N; {d'})® Cz) x (P(N)®C*)(c’(N)®cC?), (4.46)

is well defined and surjective. Moreover, dom Dy , = domT = dom f_l while domf_o =domDj} = W?(R,\ X) ® C%
(iii) The Weyl function is of the form M(-) = @2":1 ]\7In(-), where

sin(d, k(2)) .
~ _ 1| cky(2)(1 = cos(d, k(2)))
M,(2) = =2 . cky(z)sin(d, k(z)) (4.47)
1 — cos(d,k(2))
This function is domain invariant and with z € C, one has
dom M(z) = I*(N;{d,*})  C* C Tj(dom Dy ,) = I*(N; {d;'}) ® C*. (4.48)
Here the strict inclusion dom M(z) G Ty(dom Dy ) holds if and only if d,, = 0.
(iv) The Weyl function M(-) is also form domain invariant with
domtg,) =1*(N;{d;"'}) ® C* =Ty(domDy ), z€C,. (4.49)

(v) T = {M,T,,T,} is an ES-generalized boundary triple for D},. Moreover, I1 is an S-generalized boundary triple for D3, if
and only ifd, > 0 and in this case I1 is in fact and ordinary boundary triple for D§.
(vi) ThetripleTI" = {H, f;r, f;r } for D} is B-generalized. In particular, A, = D}, | ker T, is selfadjoint.
Proof.

(i) The proof is immediate from Lemma 4.7.
(i) Due to d* < oo one has the following chain of continuous embeddings

P(N;{d'}) ®@C*cP(N)®C* c I*(N; {d, }) ® C*. (4.50)

ASUAOI'T suowwo)) dAnear) a[qesrjdde ay) Aq pau1aa0d ale sa[anIE Y (SN JO SANI 10J AIRIQIT SUIUQ A[IAN UO (SUOHIPUOI-PUB-SULIA}/ WO K[ Im ATRIqI[aul[uo//:sdny) suonipuo)) pue swid I, a1 32S "[€70Z/10/¢1] uo Areiqry aurjuQ Ao[ip ‘eseeA JO ANSIaAIUN £q 600000 BUBW/ZO0 ] (1/10p/wod KajimK1eiqrjauljuo,/:sdiy woiy papeojumo( ‘9 ‘770Z ‘9197CTS1



' MATHEMATISCHE
DERKACH ET AL NACHRICHTEN 1159

Since I>(N) ® C? is a part of I*(N; {d,, } ) ® C?, the surjectivEy of T = (fg’ X fg’) } dom Dy, is immediate from (i).

The inclusion in (4.46) as well as the relation dom T’ = dom fl is implied by the first inclusion in (4.50).
(iii) The Weyl function of IT is the direct sum M(-) = >, M,(-), where

0 1 -
M,(z) := <<1 0)—Mn(z)> , zEp(Mn).

This immediately leads to formula (4.47) for M, (z). Using (4.40), and the Taylor series expansions for sin(z) and
cos(z) we easily derive

_ 1 ((z-¢2/2)7" 0 1/(0 1
M - = d,—0, zEC,. 4.51
n@+ d, < 0 cz(z+cz/2)_1 “3\1 o) ¥G70 ZE€LL (4.51)

This formula shows that M (2), as well as Im M (2), is bounded if and only if d, > 0, z € C,. Moreover, it follows
from (4.51) that { (Z") } e domM(z),z € C,,, precisely when
neN

n

Zlal 1ol _

The inclusion (in fact the continuous embedding) in (4.48) follows from the estimate
o an|” + ba]”

RIS

n=1 n n=1

|an|” +|b|
d2

The reverse inequality holds if and only if d, > 0. Indeed, writing down the reverse inequality and inserting here
{an} = {8jn},y and {b,} = {O},cn, one arrives at the inequalities 1 < cd;, j € N, so thatd, > 1/c > 0.

(iv) By definition, {h,} € domtg;,, if and only if

[es)

Y (ImM,(2)h,, h,) < 005 {h,}r = {(Z”)} e P(N)® C*. (4.52)
n=1 n

n=1

As a function of d,, the imaginary part Im M, (z) is bounded on the intervals [§, o), § > 0, and hence it follows
from (4.51) that the convergence of the series in (4.52) is equivalent to

ImK(z)h h,) o A
Z <oo; {h,} _ = {(Z}) } e P(N)® C?,

n=1

where K(z) denotes the diagonal matrix function in the left-hand side of (4.51). Clearly, Im K(z) is bounded with
bounded inverse for each z € C, and this yields the stated description of dom t 7.

(v) By Theorem 4.1(iv), the triple II being a direct sum of ordinary boundary triples, is an ES-generalized boundary
triple. On the other hand, by (iii) the strict inclusion dom M(z) & T;(dom Dy ) is equivalent to d,, = 0. Therefore,
Theorem 1.3 applies and ensures that in the latter case I is not an S-generalized triple.

(vi) The Weyl function corresponding to the transposed boundary triple IT" is —M(:)~! = ®r (—1\7 a7 ) In particular,
one gets from (4.51) (or from (4.39)) that

2
—1\7In(z)_1=Mn(z)—<(1) (1)>~d,,<z g/z 0_2(2202/2)> as d, — 0,

This shows that —M(-)~! € R5[H].

Thus IT7 is a B-generalized boundary triple; cf. [33, Chapter 5]. O
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Remark 4.20. Apart from statements (ii) and the formula for fo (dom DX,*) in statement (iii) the results in Proposition 4.19
remain valid for d* = 0. Indeed, statement (i) is still immediate from Proposition 4.7(i) which holds in this case, too. All
the other statements can easily be extracted from the fact that the limit value of the Weyl function M, (z) as well as its
inverse M, (z)~! remain bounded when d,, — .

Let o = {“n}neN be a sequence from R. Gesztesy-Seba realization of Dirac operator (see [37]) is defined by
Dy o =Dlgompy > where

fEWcomp(R+\X)®CZ : fl GACZOC(R+)’f2EACIOC<R+\X)

ia, (4.53)
Faat) =0, fr(xy+) = folxa =) = =—"f1(xx), n EN

domDy , =

As was shown in [22, 37] the Gesztesy-Seba realization Dy, is always selfadjoint.

Proposition 4.21. Leta = {oc,1 }n ey C R, let Dy, be the Gesztesy-Seba realization of the Dirac operator given by (4.53), let
Il = {H,T,,T, } be the boundary triple defined by (4.41) and let

M) = P M, @), ) =Pr.@
n=1 n=1

with M,,(1) and y,,(1) given by (4.39) and [22, (3.11)], respectively. Then:

0 0 0 1
Dy, =ker(I'; — B,T B, = B, = : 4.54
domDy , = ker(I'y —B,Ty), where B, ( 0 @20:1]3:1)’ . < i (4.54)
Moreover,
A€ 0,(Dyy) < 0¢&a,(B,—MQ)), (4.55)

and the following Krein-type formula holds

(Dxoa=2) " = (Dy=2) " +yW)(B, —MW)'y(1)",  2€p(Dxz) np(Dy). (4.56)

Proof. The equality (4.54) is implied by (4.53) and (4.41). The formulas (4.55) and (4.56) follow from [26, Theorem 5.8]. []
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ENDNOTE

IThis notation is much better suited for applications than the notation in [26, (1.14)], where t Mz Was used for the nonclosed form (1.4).
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