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Abstract

An isometric operator V' in a Pontryagin space ) is called standard, if its domain
and the range are nondegenerate subspaces in ). A description of coresolvents for
standard isometric operators is known and basic underlying concepts that appear in
the literature are unitary colligations and characteristic functions. In the present paper
generalized coresolvents of non-standard Pontryagin space isometric operators are
described. The methods used in this paper rely on a new general notion of boundary
pairs introduced for isometric operators in a Pontryagin space setting. Even in the
Hilbert space case this notion generalizes the earlier concept of boundary triples for
isometric operators and offers an alternative approach to study operator valued Schur
functions without any additional invertibility requirements appearing in the ordinary
boundary triple approach.
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1 Introduction

Extension theory for standard symmetric and isometric operators in Pontryagin spaces
was first developed by Iokhvidov and Krein in [30], generalized resolvents of such
operators were described by Krein and Langer in [37-39]. Following [28] we will
use the notion standard for an isometric operator V in a Pontryagin space 9, if its
domain dom V and the range ran V are nondegenerate subspaces in §). In this case
every unitary extension of V can be obtained in pretty much the same way as in the
case of Hilbert space isometric operator. Similarly, the extension theory and the theory
of generalized coresolvents of standard isometric operators in Krein spaces was built
by Dijksma et al. in [28]. For a nonstandard isometric operator in a Pontryagin space,
description of its regular (resp. nonregular) generalized coresolvents in Pontryagin
spaces without growth (resp. with growth) of negative index was given by Sorjonen
[46] (resp. by Nitz [43,44]). However, the proof in [44] is not so convincing, as it
becomes quite complicated and contains some gaps.

Another approach to the extension theory of symmetric operators in Hilbert spaces
is based on the concept of abstract boundary value introduced by Calkin [13] and
later formalized in the notion of boundary value space in [33,35] (or ordinary bound-
ary triple in [26]). In [25] with each boundary triple there was associated an analytic
object—abstract Weyl function which allows to carry out spectral analysis of exten-
sions of symmetric operators. In the case of a Hilbert space isometric operator (and
more generally for a dual pair of operators) the notions of a boundary triple and a
corresponding Weyl function were introduced in [41,42]. These notions, when gener-
alized to the indefinite case in [5], proved to be an adequate language in the extension
theory of nonstandard isometric operator V in a Pontryagin space, since they allowed
to give full description of generalized coresolvents of V. However, the method pro-
posed in [5] is restricted to the case of regular generalized coresolvents, which have
minimal realizations in Pontryagin spaces §) with the same negative index as §), and
does not work for generalized coresolvents of V' which have minimal realizations in
Pontryagin spaces §) with bigger negative indices.

This difficulty can be prevented by using an appropriate notion of boundary pairs,
which extend the concept of ordinary boundary triples. In the case of symmetric
operators in Hilbert spaces an extension of ordinary boundary triples, a so-called
generalized boundary triple, was introduced and studied in [26]. This notion was
further generalized in [19] to the notion of a unitary boundary pair (called therein as a
boundary relation), which can be applied to study generalized resolvents of symmetric
operators [20,21] and various general classes of boundary value problems for ordinary
and partial differential operators, see [21-24]. In particular, in [19] it was shown that
every Nevanlinna pair (or Nevanlinna family of holomorphic relations) can be realized
as the Weyl family of some unitary boundary pair, and in [18,20] this notion was used
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to get a new proof of Krein formula for generalized resolvents of symmetric operators
via the coupling method developed therein. In [8] the notion of unitary boundary pair
was introduced for symmetric operators in Pontryagin spaces and it was shown that
every generalized Nevanlinna pair, allowing a finite negative index for the associated
Nevanlinna kernel, can be realized as the Weyl family of such a unitary boundary pair.

In this paper a new notion of a unitary boundary pair with an associated Weyl func-
tion is introduced and studied in the setting of isometric operators in Pontryagin spaces.
In particular, it is shown in Sect. 3 how a certain subclass of unitary boundary pairs is
connected to unitary colligations (see [1]) and, moreover, that the Weyl functions asso-
ciated with that subclass of unitary boundary pairs actually coincide with characteristic
functions of the corresponding unitary colligations; see Theorems 3.10, 3.11. Further-
more, using some transformation results, being motivated by [1], it is also shown that
every operator valued generalized Schur function (not necessarily holomorphic at the
origin) can still be realized as the Weyl function of some unitary boundary pair for an
isometric operator V in a Pontryagin space; see Theorems 3.15, 3.17. These two the-
orems show that the present notion of a unitary boundary pair for isometric operators
in a Pontryagin (as well as in the classical Hilbert) space setting is a natural object to
realize and study generalized (or standard) Schur functions as their Weyl functions.
In particular, these new notions complement and extend the approach, which relies on
characteristic functions of unitary colligations being associated with the special case
stated in Theorem 3.11.

After these characteristic results on unitary boundary pairs and their Weyl func-
tion for isometric operators we study in Sect. 4 some spectral properties of proper
extensions of V and find a formula for their canonical coresolvents, see Theorem 4.2,
and then with these preparations prove an analog of Krein formula for the generalized
coresolvents of the isometric operator V. This latter problem is solved via the cou-
pling method, where we consider a coupled unitary boundary pair as a direct sum of
an ordinary boundary triple and a unitary boundary pair and then derive the formula
for generalized coresolvents from the formula for canonical coresolvents associated
with the coupled boundary pair.

2 Preliminaries
2.1 Indefinite Inner Product Spaces

A linear space §) endowed with an inner product [-, -]s is called an inner product
space, see [4,11]. A vector f € $) is called positive (resp. negative or neutral), if
[f, flg > O (resp. [f, flg < Oor[f, flg = 0). A subspace £ C 9 is called
positive (resp. negative or neutral), if every vector f € £\ {0} is positive (resp.
negative or neutral). The orthogonal complement of a subspace £ is denoted by £+,

An inner product space $) is called a Krein space, if it admits a fundamental decom-
position

H =94 [+19- 2.1
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as an orthogonal sum of a positive subspace 4 and a negative subspace $)_. The
operator / = P, — P_, where P are orthogonal projections in $) onto $4, is called
the fundamental symmetry of §). We will use the notation (£, J) for the Krein space )
with the fundamental symmetry J. A Krein space (), J) with a finite negative index
k—($) := dim $H_ is called a Pontryagin space.

Every closed subspace ® of a Pontryagin space (£, J) admits the following decom-
position

D =D9+D:+D_, (2.2)

where D¢ = © N D is a neutral subspace (the isotropic part of ®) and D and D _
are closed (uniformly) positive and negative subspaces of (9, J); see e.g. [11, Theo-
rem IX.2.5]. We will need the following slightly modified version of this statement.

Lemma 2.1 Everylinear subspace X of a Pontryagin space (), J) admits the following
decomposition

T =7,49,, (2.3)

where % is a positive subspace of (9, J), such that % | is a maximal positive subspace
of T, and % is a k-dimensional subspace of (9, J), where k = dim % /% ..

Proof Let® be the closure of ¥ in §) and decompose D as in (2.2),

where D9 = © N DM, ©_, and ® . are closed neutral, negative, and positive sub-
spaces of (£, J), respectively. Since ¥ is a dense subset of ® and the subspaces Dg
and ® _ are finite dimensional, ¥ has a dense intersection with 2,

gﬁ®+ = ©+; (24)

see e.g. [32, Lemma 2.1]. Denote T := TN D4 and let k = dim (Do+D_). Since
T = D one concludes that there exists a k-dimensional subspace ¥ C ¥\ D. The
closed subspace ¥1 C T decomposes ¥ and (2.4) together with a dimension argument
leads to

T 4T =T, 4%, =0,4%, =9 =2%.

The equality T=9 —i—ﬁ combined with (2.4) yields the decomposition (2.3) for ¥.
O

2.2 Linear Relations in Krein Spaces

Let (91, Jg,) and ($)2, Jg,) be two Krein spaces. A linear relation 7" from £ to $»
is a linear subspace of 1 x 9, see e.g. [2]. Often a linear operator T : $; — 9o
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will be identified with its graph
g T:={{f,Tf}: fedomT}.

For a linear relation 7 from ) to 2 the symbols dom 7', ker T, ran T, and mul T
stand for the domain, kernel, range, and multivalued part, respectively. The inverse
T~!is arelation from ), to $; defined by { {f’, f}: {f, f'} € T }. Denote by p(T)
the resolvent set of 7', by o (T') the spectrum of T and by o, (T) (resp. o.(T), 0,(T))
the point (resp. continuous, residual) spectrum of 7. The adjoint 7™ is the closed
linear relation from $); to $; defined by (see [9])

TH = ({h k) € 92 x 91+ [k flo, = [ gl (f.8)€T) (25)
The following equalities are obvious from (2.5)
(dom 7)™ = mul 7M. (ran T)H = ker T, (2.6)

A linear relation T from )1 to ) is called isometric (resp. contractive or expand-
ing), if for every { f, g} € T one has

lg.8ls, =f. fln, (resp. [g.8ls, < [f. flg, or [g.&len, = [f. fls,)-
2.7)

It follows from (2.5) and (2.7) that T is isometric, if 7! € T, A linear relation
T from §; to $; is called unitary, if T-1 = 71 [45]. Moreover, T is said to be a
standard unitary operator if domT = $ and ran T = $);. For an isometric linear
relation T’ one obtains from 7' € 71 and the identities (2.6) that

ker T € (dom 7)™, mul T € (ran 7). (2.8)

For a unitary linear relation the following statements hold, see [45, Theorem 2].

Proposition 2.2 Let T be a unitary relation from the Krein space (1, Jg,) to the
Krein space (2, Jg,). Then:

(i) dom T is closed if and only if ran T is closed;
(ii) the following equalities hold:

ker T = (dom 7)™, mul T = (ran 7). 2.9)
Denote

D={reC: Al <1}, Do={reC:|rA|>1}, T={reC: Al =1}
(2.10)

If V is a single-valued closed isometric operator in a Pontryagin space $) then the
subspaces ran (V — AI) are closed for every A € D U D,, see e.g. [40, Section 1.3]
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or Lemma 2.4 below, and each of the sets o, (V) NI and 0,(V) N D, consist of at
most k = k_ (%)) eigenvalues, see e.g. [31, p. 49 Corollary 2]. Denote by 0, the defect
subspace of V:

M, :=H[—Ilran (I —1V), AL eDUD,.
Then
M, =ker (VI — a0 = {fi: (a0 e vy,

As is known, see [31, Theorem 6.1], the numbers dim 91, take a constant value n_ (V)

forall € D\ o,(V) '.andn_(V) forall A € D, \ o, (V) . The numbers nx(V)
are called the defect numbers of V.

Definition 2.3 The isometric operator V in §) is called simple, if 5,(V) \ T = # and
span {M), : A e DUD,} = .

In the case of Pontryagin spaces some further results on isometric and unitary
relations can be established. For any isometric relation 7" between two Krein spaces it
is clear that ker 7 and mul 7' are neutral subspaces. Therefore, in a Pontryagin space
ker T and mul 7 are necessarily finite dimensional. If T is closed then ker T and
mul 7" are also closed. In Pontryagin spaces the following stronger result is true.

Lemma 2.4 Let T be a closed isometric relation from the Pontryagin space ()1, Jg,)
to the Pontryagin space (§)2, J¢,). Then the domain and the range of T are closed.

Proof The isometry of T means that 7! < T Taking inverses one gets 7 =

(T’l)’1 c T e, T and T~ are simultaneously isometric. Therefore, to prove

the statement it suffices to prove that the range of T is a closed subspace in §2, since

T is closed precisely when its inverse 7! is closed and clearly dom 7 = ran 7!,
Now let dom T be decomposed as in Lemma 2.1,

domT = T, 4%, (2.11)

so that ©4 := T is a maximal uniformly positive subspace of ® := dom T'. Next
introduce the restriction of (the graph of) T by setting

Ty :=TN D4 X H).
Then T is closed and as arestriction of 7 itis also an isometric relation from (91, Jg,)

to (92, Jg,). Moreover, dom 7y =%, C ® is a uniformly positive subspace. This
implies that for all { f, '} € T+ and some § > 0,

U, f'la=1f, fli = 8IFI3,
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which shows thatker 7 = {0}, so that (T+)’1 is an isometric operator, and, moreover,

IO~ 13 =112 <87, fho<s7HsI1%

Therefore, the closed isometric operator (7))~ ! is also bounded. Consequently,
ran Ty = dom (TJF)’1 is a closed subspace in $);. On the other hand, since dom T
admits the decomposition (2.11), where ¥ is finite dimensional and mul 7 = mul 7.;
(also finite dimensional), one concludes that

ranT = T (%)) +ran Ty

as a finite dimensional extension of the closed subspace ran 7, is a closed subspace
of §,. This completes the proof. O

Lemma 2.4 can be seen as an extension of [11, Theorem IX.3.1]. It is known e.g.
from [11, Theorem IX.3.2] and [31, Theorems 6.2, 6.3]) that if T is an isometric
operator in a Pontryagin space such that fan T (resp. dom T') is a nondegenerate sub-
space, then T (resp. T~!) is continuous. The next lemma contains main properties of
isometric relations acting between two Pontryagin spaces.

Lemma 2.5 For an isometric relation T from the Pontryagin space (91, Jg,) to the
Pontryagin space (92, Jg,) the following statements hold:

() Iftan T (resp. dom T) is a nondegenerate subspace of (9, Jg,), then T (resp.
T~1) is a continuous operator.

(ii) If T is densely defined then k_($1) < k_($2) and if, in addition, k_($1) =
Kk—($2), then ran T is a closed nondegenerate subspace of $, and, moreover, T
and T~ are continuous operators.

(iii) If ranT is dense in $o then k—_(H1) > k—(H2) and if, in addition, k_($H1) =
k_($2), then dom T is a closed nondegenerate subspace of 1 and, moreover,
T and T~ are continuous operators.

@iv) If the relation T is unitary and ker T = mulT = {0}, then k_(H1) = k—_(H2)
and T is a standard unitary operator.

(v) Ifthe relation T is unitary and k_(91) = k—($2), then

mulT = {0} <= ker T = {0}. (2.12)

In particular, if k—(91) = k—($92) then a unitary relation T is an operator if and
only if it is a standard unitary operator.

Proof (i) By assumption 7 € 7land T € 7~ i.e., T is also isometric. Hence,
if ran 7' is nondegenerate, (2.8) implies

mul7 cfan T N (fan 7)) = {0}.

Thus T is a closable operator, which by Lemma 2.4 and the closed graph theorem
implies that T and, therefore, also T is continuous. Similarly it is seen that

ker T € dom T N (dom T)*! = {0},
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if dom T is nondegenerate, and then 7 and T~ are continuous.

(i) Since dom 7T = 9 is nondegenerate, T~ is a continuous operator by item (i).
On the other hand dom T, as a dense subspace of 1, contains a negative subspace
D_ C dom T of dimension x_($)1); see [11, Theorem IX.1.4]. Then also ran T
contains a negative subspace of the same dimension and hence k— (2) > k_($1).
Now assume that x_ (1) = «_($2). Then ranT = fan T is necessarily
a nondegenerate subspace of the Pontryagin space (£2, Jg,), see e.g. [11,
Lemma I1.10.5], and (i) shows that T is a continuous operator.

(iii) This follows by applying (ii) to 7', which is also an isometric relation.

(iv) If T is unitary then the conditions ker 7 = mul 7T = {0} are equivalent to
dom 7T = $; andtan T = $)»; see (2.9) in Proposition 2.2. Now the assertions
follow from (ii) and (iii).

(v) Let k_($H1) = k_(H2) and let T be unitary. By symmetry it suffices to prove
one implication in (2.12), say, “="". The condition mul 7 = {0} is equivalent
toran T = $)o; see (2.9). Now item (iii) shows that 7 and 7! are continuous
operators. Thus, in particular, ker 7 = {0} and (2.9) together with Lemma 2.4
shows thatdom 7 = $; andran T = $)». O

2.3 Operator Colligations

Let $ be a Pontryagin space, £1 and £, be Hilbert spaces. The set of bounded every-
where defined operators from £ to £, is denoted by B(£1, £2), B(£1) := B(£1, £1).
Let U be a bounded operator from $) @ £ to $ @ £, represented in the block form

v=(on):(2)~(2)
GH) \£ L)
The quadruple (9, £1, £, U) is called a colligation, §) is the state space, £1 and £
are the incoming and the outgoing spaces, T is the main operator and U is called the
connecting operator of the colligation. The colligation (9, £1, £, U) is called unitary,
if U is a unitary operator from $) @& £1 to $ @ £,. The colligation (9, £, £1, U )

is called adjoint to the colligation (9, £1, £2, U); cf. [1,12].
Components of a unitary colligation satisfy the following identities

T + G[*]G =g, Fl¥l g + H*H = Ie,, THE + G[*]H =0, o3
7T + FF¥ = Iy, GGY + HH* = I¢,, TG + FH* =0, '
which are equivalent to the identities
UMU = Igge,, UUM =Igq0,.

A colligation (9, £1, £2, U) is said to be closely connected, if

$ = span {ran (T F), ran (TP Gy - m, n > 0}. (2.14)



Unitary Boundary Pairs for Isometric Operators. . . Page90of52 32

A unitary colligation is closely connected if and only if the operator U has no nontrivial
reducing subspaces. The operator valued function

OaV) :=H+AG(UI —AT)"'F, 1/x € p(T),

is called the characteristic function of the unitary colligation (), £1, £», U).

Recall, see e.g. [1], that a B(£, £7)-valued function ® (A) is said to belong to the
generalized Schur class S,? (£1, £) if it is holomorphic in a neighborhood €2 of 0 and
the kernel

I —0006(w*

KO9G) = —————— 2.15
o0 T (2.15)
has x negative squares in 2 x €2, i.e. for any finite set of points w1, ..., w, in 2 and
vectors f1, ..., fn in £, the Hermitian matrix
) n
(K @) f- fes); ;—, (2.16)
has at most « negative eigenvalues, and for some choice of wy, ..., ®, in Q and

1, ..., fu in £o the matrix (2.16) has exactly « negative eigenvalues.

As is known, see [1], the characteristic function of a closely connected unitary
colligation belongs to the generalized Schur class 8,9(21, £7), where k = k_(9).
Moreover, the converse is also true; see e.g. [1, Theorem 2.3.1].

Theorem 2.6 Let £ and £, be Hilbert spaces and let S () belong to the generalized
Schur class S,? (L1, £2). Then there exists a closely connected unitary colligation
(9, £1, £2, U), such that the corresponding characteristic function © 5 (L) coincides
with S (X) in a neighborhood <2 of 0.

In what follows a B(£, £)-valued function ® (-) holomorphic in some open subset
Q C Dis said to belong to the generalized Schur class S, (£1, £2), if the kernel (2.15)
has « negative squares in 2 x 2. In particular, we do not require that 0 € €2, which
implies that characteristic functions of unitary colligations used in Theorem 2.6 are
not sufficient to give a realization for all functions ® (-) from the class S, (£1, £2) . In
the next section we introduce the notions of a unitary boundary pair for an isometric
operator and an associated Weyl function as a replacement for unitary colligations
and their characteristic functions. These new notions allow to realize an arbitrary
operator function from the class S, (£, £2) as the Weyl function of a Pontryagin
space isometric operator, corresponding to some unitary boundary pair.

3 Unitary Boundary Pairs for Isometric Operators
3.1 Unitary Boundary Pairs and the Main Transform

Let $ be a Pontryagin space with the negative index « and the fundamental symmetry
Jg and let £1 and £, be Hilbert spaces. In this section we introduce the notion of a
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unitary boundary pair for an isometric operator V: here, and in what follows, V is
assumed to be closed.

For this purpose equip the Hilbert spaces $* and £ = £; x £, with the indefinite
inner products by the formulas

[F.8lg = o L D) gs [, 0le = (Jell, D

where

_ Jg 0 _ 121 0
Jﬁz_(o-g—,)’ J’J_(o —Ig, )°

and f = {f. f'}.2=1{g.8'} € H% 0 = {u1, u2}, 7 = {1, v2} € £ Then (H2, J2)
and (£, Jg) are Krein spaces. In particular, for U C $?2 the linear set B! in the
Krein space (5’)2, J2) can be characterized as follows

gett — [felg=0fral feU — zev B @30

Definition 3.1 Let £; and £, be Hilbert spaces, let V be a closed isometric operator
(or isometric relation) in $) and let T be a linear relation $2 — £, where £ := £ x £5.
The pair (£, I') will be called a unitary boundary pair for V if:

(1) V =ker I and for all { f, @}, {2, D} € T the following identity holds

[f.8le —[f &l = (u1,v)e, — (U2, v2)g,; (3.2)

(2) T is maximal in the sense that if {g, 7} € $% x £ satisfies (3.2) for all {f, uyerl,
then {g, v} € T'. Here

~ _J(f u ~~ _ (g v
A=) ma-[(2)- (e

Item (1) of Definition 3.1 means that I is an isometric linear relation from the Krein
space (5’)2, J2) to the Krein space (£, Jg¢), while items (1) and (2) together mean that
I" is unitary.

Application of Proposition 2.2 to a unitary boundary pair leads to the following
Statement.

Proposition 3.2 Let (£, I') be a unitary boundary pair for V. Then:

(i) V, :=domT is dense in V~1*1;
(ii) ran T is dense in £ if and only if mulT" = {0};
(iii) ranT" = £ ifand only ifdom T = V1 and mul T' = {0}.
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Define the components I'y and I'; of I by

I = {{f, u}: {f, (Z;)} e forsome uj € Sz}; (3.3)

I = {{f uz} {f (Z;)} eI’ forsome uj e £1} . 34)

In the case that I'y and I'; are single-valued, i.e. mulI'; = mulI', =0 anddom " =
Vv~ and ranT = £; x £, the collection {£1 x £9,T1, 'z} is called an ordinary
boundary triple for the isometric operator V. For a Hilbert space isometric operator
the corresponding notion was introduced and studied in [41,42] as a boundary triple
for the dual pair (V, v,

For ordinary boundary triples an application of the closed graph theorem shows
that the component mappings I'; and I'; are bounded. However, for a general unitary
boundary pair (£, I') the mappings I'1 and I'; need not be bounded or single-valued.
With I'y and I"; one associates the extensions V| and V; of V by the equalities

Vi :=ker I'y, V,:=ker I'p. 3.5

It follows from the identity (3.2) that V| is an expanding linear relation and V; is a
contractive linear relation in the Pontryagin space ). Moreover, it is clear from (3.2)
that the sets ker Vi \ ker V and mul V> (= mul V;, \ mul V) consist of negative vectors
in §) while the sets ker V» \ ker V and mul Vj (= mul V; \ mul V) consist of positive
vectors of §).

Let §; := 9 x £; (j = 1, 2) be a Pontryagin space with the inner product

[({t‘)’({t‘)] Z[fvf]ﬁ+||u||,2g]s foJ,ueEj,le,Z
9j

In establishing some properties of unitary boundary pairs it is useful to connect the
unitary relation I' which acts between two Krein spaces to another unitary relation that
acts between two Pontryagin spaces, since unitary relations between Pontryagin spaces
have simpler structure. For this purpose we introduce the following transform from the
Krein space (5’)2 DL J5 D (—Jg)) to the Krein space (5’)2 @D N1, Ug,) & (—Jg, ))
by

A EN @) evmmesmes

It establishes a one-to-one correspondence between (closed) linear relations I from
(532, Jg,) to (£, Jg¢) and (closed) linear relations U/ from §); to £ via

e CAR(S) AN R
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The linear relation U will be called the main transform of T'; cf. [19] for the case
of symmetric operators. In the following lemma, which is an analog of [19, Proposi-
tion 2.10], some basic properties of the transform 7 are given.

Lemma 3.3 Let the linear relation I from (92, J2) to (£, Je) and the linear relation
U from $ x Lo to H x £1 be connected by = J (). Then

Ut = @y, (3.7)

Moreover, the transform [J establishes a one-to-one correspondence between iso-
metric (unitary, contractive, expanding) relations T' from (2, Jg2) to (£, Je) and
isometric (unitary, contractive, expanding) relations U from $ x £5 to $H x L.

Proof 1t is straightforward to check that for all elements of the form

() COE)- G () (&),

the following identity is satisfied:

(o) (L, G- COL,, =) (@, 1G)- C)L.

(3.8)

In view of (3.1) this identity implies the equivalence

() () e = {(F)- () e

which leads to identity (3.7). It follows from (3.7) that
u-! C U — rr-! C rs y =y —=r-1= Iﬂ[*]’

i.e., U is isometric (unitary) precisely when I' is isometric (resp. unitary). The con-
nection between contractive (expanding) relations I and U/ is clear from (3.8). O

The next proposition contains the basic properties of I'1, I'; and Vi, V; for a unitary
boundary pair (£, I').

Proposition 3.4 Let (£, T") be a unitary boundary pair for V, let I'1, I'> and Vi, V>
be defined by (3.3), (3.4) and (3.5), and let U be the main transform of I'. Then:

(i) T'y and T, are closed;
(i) ranT"} = £y andranTy = £5;
(iii) mulT'; = Pg, (mull"), j = 1,2, and the following equivalences hold:

mull'; = {0} <= mull, ={0} <= mull = {0};
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(iv)
v)

the extensions V| and V> of V are closed, Vi C V2 Vand VaCv, [*]
the following equivalences hold:

mul V, = {0} <= muli/ = {0};
ker Vi = {0} <= ker U = {0};
mul V, = {0} <= ker V| = {0}.

If one of the sets appearing in the above equivalences is trivial, then the main
transform U from $ x £5 to H x £1 of I is a standard unitary operator.

Proof (i) ToprovethatI';isclosed assume that{ﬁ,ﬁn} € I'such thatﬁ — fe H?

(i)

(iii)

and u1 , — u; € £1. Then (3.2) gives

[fn — Sfins S — fm]f) - [fr: - fr:z’ fr; - fr:z]ﬁ

2 2
= llu1,n — ul,m”,g, = lluzn — u2,m||22

and letting n, m — oo one concludes that ||uz , — u2 mllg, — 0. As a Cauchy
sequence (u2,,) converges to some element u; in 22 This means that { fn, Uy} —
{f u} and, since T is closed as a unitary relation, {f u} € T and thus {f ui} €
I'1. This proves that Iy is closed. Similarly one proves that I'; is closed.

First it is shown that ran T"; is a closed subspace of £;. For this consider the
main transform &4 = J(I'). By Lemma 3.3 I{ is a unitary relation between the
Pontryagin spaces §) x £, and $) x £1. Moreover, by Lemma 2.4 ran ¥/ is closed
and Proposition 2.2 shows that mul/ is the isotropic part of ran{. Therefore
mul{ is a closed finite dimensional subspace of ) x £ and thus also the co-
dimension k of ran ¢/ is finite (k < x_(5))). Let 91 be any k-dimensional subspace
such thatran /+901 = § x £ and let Py be the orthogonal projection from § x £
onto £;. Then

£ = P(ranUU+M) = Pyranld + PN,

and here dim P9t < k, which implies that Piran{/ = ran I'; is closed.

To see that ran I'; = £ it suffices to prove that ran I'| is dense in £1. For this
assume that v; L ranTj. Let § = {0,0} € $% and T = {v1,0} € £. Then
{g, v} satisfies the identity (3.2) for all {f, u} € T, and hence assumption (2) in
Definition 3.1 implies that {g, v} € I'. This means that v € mul I" and then, in
particular, v € mul 'y € ran I'y. Thus, v; = 0 and this proves thatran '} = £;.
The equality ran I'y = £; is then clear by symmetry.

The identities mul I'; = P,gj (mulT), j = 1, 2, are clear from the definition of I.
Hence, mul I = {0} implies that mul 'y = mulI"; = {0}. Conversely, assume
that e.g. mul 'y = {0} and that ? € mulT". Then v = {0, v} and hence for all
{f, u} € T the identity (3.2) implies that

0=(u1,0)g, — (u2,v2)g, = —(u2,v12) g,.
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In item (ii) it was shows that ran ' = £, and, thus, one concludes that vy = 0.
Hence, mul I' = {0}. Similarly, mul I'; = {0} implies mul ' = {0}.

(iv) Since V; = ker I'; and I'; is closed by item (i) also V; is closed j = 1,2.If
f € Viand g € Vz then 1t follows from (3.2) that [ f '] 8lg2 = 0 and in view

of (3.1) this means that the inclusions Vi C V, 1 and Va SV L] hold; these
inclusions are clearly equivalent to each other.
(v) The definition in (3.6) shows that

mul V = Pg (mullf).

Hence, mulYd = {0} implies mul V, = {0}. Conversely, if {f/,u;} € mulid
then f € mul V, and if mul V, = {0} then f’ = 0. Now (3.2) implies that
(u1,u1)g, = 0 and thus also u; = 0, i.e,, mulYd = {0}. The equivalence of
ker U = {0} and ker Vi = {0} can be seen in the same way. As to the last
equivalence notice that k_($ x £1) = k_(H) = «k_(H x £2). Now, according
to item (v) in Lemma 2.5 ker & = {0} is equivalent to mul{/ = {0} and in this
case U is a standard unitary operator. O

Later it is shown that the inclusions in (iv) of Proposition 3.4 actually hold as
equalities; see Theorem 3.15. In the special case that §) is a Hilbert space and V is an
isometry in $) Proposition 3.4 can be specialized as follow.

Corollary 3.5 Let (£, I') be a unitary boundary pair for an isometric operator V in the
Hilbert space ). Then the properties (i)—(iv) in Proposition 3.4 hold and, moreover, Vo
and Vfl are contractive operators. Furthermore, the main transform U from $ x £,
to $ x £1 of I' is a standard Hilbert space unitary operator

Proof The fact that in the Hilbert space case V, and V|~ are contractive operators
follows from (3.2) which with the choice f = g and u = v can be rewritten as

2 2 2 2
1A% = 1F'1g = luille, — luzllg,-

In particular, with u; = 0 the condition f’ = Oimplies f = 0 and hence ker V; = {0}.
Similarly with up = 0 the condition f = 0 implies ' = 0 and thus mul V, = {0}.
According to item (v) in Proposition 3.4 one has mul/ = {0} and thus &/ € B($)) is
a standard unitary operator. O

3.2 The Weyl Function and the y-fields of a Unitary Boundary Pair

Define the set 91, (V,) as the intersection of I, and V:

‘JI,\(V*) = {fA . <)\]}A) € V*} (g Ny, = {f)L : ()\?)\) = V-[*]})

and the corresponding subset of V,:

(V) = {ﬁ - (Af}) Tl e v*}.
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If ﬁ IS ‘fn(V*) and f; IS ‘ftM(V*) then for some %, v € £ one has

o~ Ui
()l er () er
and an application of (3.2) shows that

(I =AW fas fulg = (w1, v e, — (w2, v2)g,. (3.9)

Lemma3.6 (cf. [16, Lemma 3.2]) Let u; belong to a Hilbert space H, let A; € C,
and define the vector valued function f; by

Fi0) = . j=1,....n

J
—AjA

Then the Gram matrix of the functions f;(A) (j =1, ...,n) inthe space L,(H) over
the unit circle

o _ wiu)r\" ey A .
(1) isequalto G = (—l_ijk )j,kzl’ ifrjeD(j,k=1,...,n);

. n
(i) is equal to —G = (—%)k iRy €D (k=1 ),
j’=

Proof To determine the Gram matrix consider the inner product of the H-valued
functions fj(A) and fx(1) withx =¢'’, ¢ € [0, 2], for j,k=1,...,n

(i) If A; € D then in view of the equalities

dt
2n (1 —2jein)(1 — hge™it)

(uj, up)H

(fJ’ fk)Lz(H) =

dr (uj, ui)H
(uju)y = ———
= 2mi (I—=2;0)— k) I— 2k
the matrix G coincides with the Gram matrix of the functions f;(A) (j = 1,...,n)

in the space L, () on the unit circle.
(ii) Analogously,if A; € D, (j =1, ..., n) then it follows from

§£ d 1 d. o
2mi (1 =200 — A) = 27 =i = 1/A) (0 — Ag) - Ajhk

. n

that the matrix G=<(1:”%%H> differs in sign from the Gram matrix for func-
—Airk ) j k=1

tions f;(A), j=1,...,n. O

Proposition 3.7 Let V be an isometric operator in a Pontryagin space §) and let (£, T')
be a unitary boundary pair for V. Then:
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(i) the set (o,(V2) \ 0,(V)) N, consists of at most k points and the corresponding
eigenspaces are negative;

(ii) the set (0, (V1) \ 0,(V)) N D consists of at most k points and the corresponding
eigenspaces are negative.

Proof (i) A point A € ID, belongs to the set o,,(V>) if and only if there exists ﬁ €

‘j\IA(V*), fo. # 0, such that {ﬁ, <L:)l>} € I' for some u; € £1. The assumption

A ¢ 0,(V) means that u; # 0.
Now assume that A, ..., A,41 € D, and for some linearly independent vectors
Fr; € T, (Vi) \ {0} and some uy ; € £\ {0},

{ﬁ,-,<”(1)'f)} el j=1,....k+1

Then from (3.9) one gets

(uy,j,urp)e,
Lfis Fiule = =25
If A; = Ay for some j # k then the vectors u; and uy are linearly independent
by the assumptions A; ¢ o, (V). On the other hand, if A; # Ay, then the vector
functions f;(A) and fi(A) defined in Lemma 3.6 are also linearly independent.
Hence the matrix G in Lemma 3.6 is invertible. One concludes that the form

k+1 B k+1 k+1
D Uy fulebiEe=| D &ifu- Y Efu
Jok=1 j=1 k=1

)

is negative for linearly independent vectors ﬁ ; when A; € D,. This contradicts
the assumption that the Pontryagin space $) has negative index «.
(i) The second statement is proved analogously. O

In the sequel the following two subsets of ID and D, (cf. (2.10)) will often appear:
D :=D\op(V1), D, :=D\op(V2). (3.10)

It should be noted that for various realization results and for the study of proper
extensions of the isometry V it is typically sufficient to assume that o,(V) = ¥;
this is the case in particular when V is a simple isometric operator in §). In this case
Proposition 3.7 shows that both of the sets 0, (V2) N D, and 0, (V1) N D contain at
most k' points. R

Now consider the restrictions of (the graphs of) I'y and ' to I, (Vy),

Ty [ M(Ve) = ”f (Lg‘)} €T : feMVi), u e 21}
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and

o~

F2 [ (Vi) = Hf (fz)} €Ty feM(Va). ua e 22} :

It follows from (3.10) that
ker (1 [94(Vi)) = {0} (A €D); ker (T2 [ Mu(V)) ={0) (A €D,

and the assumption 0, (V) = # guarantees in particular that the inverses

70 = ) GeD); By = (T2 Tu(Vo) ' (heDy)
(3.11)

determine single-valued operator functions, which will be denoted by the same sym-
bols

AL > M) LeD);  mR):Lr— M(Ve) (e D).

Let 71 and 7> be projections onto £1 and £, in £, respectively.

Definition 3.8 The operator functions
i) =myi(d) A €D) and y(A) =mp»@R) (A €D (3.12)

will be called the y-fields of the unitary boundary pair (£, I').

The definition of the y -fields of the unitary boundary pair (£, I') yields the following
explicit formulas:

{(fk),(“)}en HeMVy), reD = yi(ur = fi

)‘fk u
(3.13)
(). ()] er et e = momes
(3.14)

Later it is shown that y; (A) and y»(A) are bounded everywhere defined operators
and holomorphic in }; see Theorem 3.15.

Definition 3.9 The family of linear relations defined by

O0) = {(Z;) : {ﬁ, (5;)} erl, fre %(v*)}, reD,  (3.15)

will be called the Weyl family of V corresponding to the unitary boundary pair (£, I'),
or, briefly, the Weyl family of the unitary boundary pair (£, I').
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In Theorem 3.15 it will be shown that the formula (3.15) determines a single-
valued operator function, which is called the Weyl function of V corresponding to
the boundary triple (£, I'). If the mapping I is single-valued, then the Weyl function
®(A) can be defined by using the y-fields

M) =H7i(h), reD. (3.16)

3.3 Unitary Boundary Pairs and Unitary Colligations

In the present section we consider a unitary boundary pair whose main transform is a
unitary colligation

A=(9,L1,£,0), U=((T;Z>:<g>—> (g) (3.17)

and write explicit formulas for all the objects connected with this unitary boundary
pair in terms of the blocks of U.

Theorem 3.10 Let A = (5, £1, £2, U) be a unitary colligation of the form (3.17), let
U= grU™ ler T = T-YU) be a unitary relation from (52, Jg2) 1o (£, Je), ie.
U = J () as in Lemma 3.3, and let

V.=kerI', Vy,:=domI, V;:=kerI';, V,:=ker .

Then the following statements hold:

(1) The pair (£, ') is a unitary boundary pair for V.
(i) The unitary relation T" admits the representations

r— Th+ Fuj u . he®H
B h >\ Gh + Hu, Tup €Ly

(] . (3.18)
_ 8 F ¢+ Hu\| . 8€9
o T[*]g + G[*]Mz ’ uy Tup e |
(iii) The isometry V in (9, Jg) admits the representations
V=T ker G, V=1 ]ker FI* (3.19)

and the linear relation V, takes the form

V. — Th+Fu1\ he$ | _ g . g€H
* h Ture g | T T[*]g—i—G[*]uz Tup e |

(3.20)
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(iv) The multivalued part of T has the representations

IR _ ) (H u2\ | %]
mulF_{<Hul>.ulekerF}_{< s ).vekerG . (3.21)

(v) The linear relations V| and V; are given by

Vlz{(Thh>;hefo}, V2={<T§]g>:geﬁ}, (3.22)

and hence the sets D := p(Vy) N D and D, := p(V2) N D, are nonempty, they
coincide with the sets in (3.10) and are connected by

D, =D° :={reD,:1/x €D}, (3.23)
moreover, card (D \ D) = card (D, \ D,) < «.

Proof (i) By Lemma 3.3 I' = J U is a unitary relation from ($)2, Jg2) to
(£, Jg). This means that the assumptions (1), (2) of Definition 3.1 are satisfied
and, therefore, (£, I') is a unitary boundary pair for the isometry V = ker I
(which is an operator in view of (3) below).

(i) Since the operator U : (? ) — (?2) is unitary then &/ = gr U™ is also the
1

graph of the operator U ~! in (3.17), and hence I/ has the following representations

_ -1 Th+ Fuj h  heH
U=gU _{{<Gh+Hu1)’<u1)}' uleﬂl}'

In view of (3.6) this yields the first formula in (3.18). The equality

[x] [x]
oty = 8 I'g+G ua\[ . g€9
U=grlU _{{<u2>’(F[*]g+H[*]u2 Tupe |
leads to the second representation of I" in (3.18).
(iii) and (iv) The formulas (3.19), (3.20), and (3.21) are all implied by (3.18).
(v) The formulas (3.22) for V| = ker I'1 and V> = ker I'; are again obtained from
(3.18). In particular, V; is the graph of the bounded operator 7!, It is closed and

D, = p(V) = p(T™) # . Since T*! is a contractive operator in the Pontryagin
space (5, Jg), its spectrum in D, consists of at most x eigenvalues, so

card (D,\D,) = card (D, \p(T"*h) < «,

see e.g. [31, p.91 Lemma 11.8]. Similarly, V]_1 is the graph of the contractive
operator T in the Pontryagin space ($), Jg). Therefore,

D=p(V)ND=p(THND = (p(T™*)ND,)° = D;.
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This completes the proof. O

By Proposition 3.2 the closure of Vj is V ~*I. Hence, by taking closures in (3.20)
one arrives at the following representations for V ~*I:

- _ J(Th+ 1. heH
' _{( h )'fef)[—]kerpm}’ (3.24)

and

= 8 : )
Y B {<T[*]g + f) " fel—lker G } : (3.25)

Theorem 3.11 Let A = (9, £1, £2, U) be a unitary colligation of the form (3.17), let
U=grU™ letT = 77U and let the corresponding Weyl function © (1) of V and
the y-fields y1 (L) and y2 (L) be given by (3.15) and (3.13), (3.14). Then the following
statements hold:

(i) The defect subspace N, (V) takes the form

M (V) =1 = AT) "Fuy: uy € £}, reD; (3.26)
M (V) = { T — TG0y up € €21, A e D,. (3.27)

(i1) Fl(‘j\TA(V*)) = £, A €D, and Fz("ﬁx(V*)) = £, A € D,, and the y-fields
y1(A) and y2(A) take the form

) =U—-xT)"'F, 1eD;
r) =0l =TI L eD,.

(iii) The Weyl function ® (A) of V corresponding to the unitary boundary pair (£, T")
coincides with the characteristic function of the colligation A, i.e.,

O) =0Or(W) =H+AGU —AT)"'F, »eD.

(iv) The unitary colligation A is closely connected if and only if the operator V is
simple.

Proof (i) Recall that ‘ﬁA(V*) consists of vectors ( i ) € V. Therefore, the vector

A fa
(Th)‘; Fu1> (h) € 9, u; € £1) belongs to "I\IA(V*) precisely when
A

h), = AMThy + Fuy).
Hence, for A € D = p(T~") N D one obtains

hy = A(I —AT) 'Fu;, reD.



Unitary Boundary Pairs for Isometric Operators. . . Page210of52 32

Similarly, the vector < ) g, € 9, ur € £, belongs to {Y\I;\(V*) if

8x
T[*]g)L + Gy,
and only if

T g + G¥uy = ag;.
Hence, for A € D, = p(T"*)) N D, one obtains
g = OO0 =T 16y, 1 e D,.

(ii) By the first formula in (3.18) one gets

fa ui
{()\fk) ’ (Hm +AG(I — AT)IFu1>} €l reD. (29

and in view of (3.11) and (3.12) the y-field y;()) takes the form
niWuy = o= —AT) '"Fuy, xreD.

Similarly, by the second formula in (3.18)

2 H*us + FHI O — TBh=1 Gy,
rgx)’ up

)} el, »eD,, (329
and hence
yruy = g = W = TGy, 2 e D,.
(iii) It follows also from (3.28) that
O, = (H +AGU — AT)_1F> up = Oa()us, €D, uj €Ly

(iv) Notice that in view of (3.24) and (3.25) the defect subspaces 91, take the form

M ={I —AT)" ' f: fefl—lker FI}, 1 eD; (3.30)
M = {A =T g : g € H[—lker G}, A € D,. (3.31)

Comparison of (3.26), (3.27) with (3.30), (3.31) shows that the subspaces 1, (Vi)
are dense in 91, for all L € D U D,. Therefore, the set

span {M, : L € D} (resp. span{N, : A € D,})
coincides with the set

span {9, (Vi) : L € D} (resp. span{My (Vi) : A € D,}).
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In view of the formulas (3.26), (3.27) one obtains the equalities

span {91, : A € D} =span{ran (T"F) : m > 0}, (3.32)
span (M, : A € D,} = span {ran (T"N"G™) : n > 0}. (3.33)

By Definition 2.3 and the definition in (2.14) this proves the statement (iv). 0O

Remark 3.12 With the assumptions of Theorem 3.11 there exist uniform limits

(y2(00) :=) lim (1) =0, lim Ay () = Gl (3.34)
A—00 A—00

3.4 General Case

To prove the desired statements for a general unitary boundary pair some preparatory
lemmas will be used.

Let o € C such that || # 1 and define the transform M@ e B($?) in the space
(92, Jg2) by

Itis easy to check that M (%) is a standard unitary operator in the Krein space ($2, J. 52)-
Clearly, M = I and

MY =MD ] £ 1. (3.36)

Associated with M@ define a transform of the extended complex plane C U {co} by
the formula

A —
(W)A — .
wE@) [ —an

Lemma 3.13 The transform M in (3.35) maps closed subspaces of the Krein space
(Y)z, Jg2) back to closed subspaces and it satisfies

(M<“>(S—1)) - (M@ (5))71 (3.37)
and
M@ (3—[*]) — (M(“)(S)>_[*]. (3.38)

In particular, M“) maps isometric (unitary, contractive, expanding) relations S in
$ back to isometric (unitary, contractive, expanding) relations M (S) in $ and,
moreover, for any closed linear relation S in $) the following statements hold with
I —ar #0:



Unitary Boundary Pairs for Isometric Operators. . . Page230of52 32

(i) ker (S — 1) =ker (M@ (S) — u@)I), mulS = ker («aM @ (S) + I);
(i) ran (S — A) = ran (M@(S) — u @ (W) 1), dom S = ran (M@ (S) + I);
(i) A € 0;(S) &= u Y Q) € o;(M@(S)) for j = p,c,r;

(iv) A € p(S) &= u @) € p(M@(S)).

Proof The mapping M‘® is unitary in the Krein space ($%, J. »2) and, in fact, also
unitary and selfadjoint as a linear operator on the Hilbert space $%. Therefore, it
maps closed subsets to closed subsets in $32. The formula (3.37) is checked with a
straightforward calculation. Moreover, for all f: (f, fl,g=1{g g}

(Vo2 7. 8) = (Js2 M@ F. M), (3.39)

which shows that if S is isometric (contractive, expandmg) relation in $ so is its image

M@(S), since the expression in (3.39) with f = g € § takes the value = 0 (resp.
> 0 and < 0). Moreover, (3.39) implies the property (3.38).

The relation S in the Pontryagin space §) is unitary precisely when § = §~[*I
and hence (3.39) implies that then also M@ (S) = (M@ (S))~* ie., M@ (S)isa
unitary relation in §).

To prove the remaining assertions let { f, '} € S. Then {f, f' — Af} € (S — Al)
and this is equivalent to

( 5(f —af)

s )eMW&—uW@ﬂ,
l—ot)x(f/ _)"f)

where @ € D, 1 —ax # 0. This formula with . € C gives the equalities for ker (S —A)
and ran (S — ). Analogously the choice A = oo corresponds to (@ (c0) = —1/a
and this yields the formulas for mul S and dom § in (i) and (ii).

The statements (iii) and (iv) follow from (i) and (ii) when applying the definitions
of the resolvent set p(S) and the spectral components o (S), j = s, ¢, . O

In the next lemma the transform M @ e B($)?) is composed with a unitary boundary
pair.

Lemma 3.14 Let V be a closed isometric operator in a Pontryagin space %), let (£, T')
be a unitary boundary pair for V, and let ¢ € C, || # 1. Then

V@ = M@ wv)

is also a closed isometric relation in §). Moreover, mul V@ = {0} precisely when
g 0, (V), and in this case:

(i) The composition
r®.=rom-« (3.40)

defines a unitary boundary pair (£, T'*)) for the isometric operator V.
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(ii) The Weyl function ®% and the y-fields yl(a), yz(a) of the unitary boundary pair
(£, T @) are connected to the Weyl function and the y -fields of the unitary bound-
ary pair (£,T") by

O (w@)=00), reD, (3.41)
(@) l — )\Ot

v (u() = yi(h), L eD, (3.42)
" 1—A

Y (@) = —2,(), x €D, (3.43)

Proof The statements concerning the linear relation V@ are implied by Lemma 3.13.
(i) By definition M~% is a standard unitary operator in the Krein space (2, J 52)-
Therefore, the composition I'® = I o M~ is a unitary relation from the Krein

space (92, J2) to the Krein space (£, J¢). It follows from the equivalence
(fi}el & (MY f,u} eT@ (3.44)

that ker '@ = M@ (V) and dom '@ = M@ (V,); see (3.36).
(i) By Lemma 3.13

reap(Vi) & @0 eop(V)

and hence the defect subspaces 91, ( V*(a)) = ker (V*(a) —wl) are connected with
the defect subspaces I, (Vy) by

M (Vi) = Moy (VL. (3.45)

Rewriting the equivalence (3.44) for vectors f € 91, (V) we obtain

f “ _1—)\0( f ui ()
(D)) erem (1250 0 ) ()] exo.

In view of Definition 3.8 this implies

1 — i
A W0 = =, ke D;
1 — i
0 = — e, ke D
By virtue of (3.50) this proves (ii). O

The next two theorems contain a full characterization of the class of Weyl functions
®(A) of boundary pairs. In the first theorem it is shown that ® (1) belongs to the
generalized Schur class S, (£1, £2).
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Theorem 3.15 Let (£, I') be a unitary boundary pair for an isometric operator V in
a Pontryagin space $ and let V1 = ker I'1, Vo = ker I'. Then:

(1) V1 and V; are closed linear relations which are connected by V| = Vz_[*] and,
moreover, the sets

D:=pVi)ND and D, := p(Vo) ND, (3.47)
coincide with the sets in (3.10) and they are connected by (3.23). In particular,
they are nonempty and the sets D \ D and D, \ D, contain at most k points.

(ii) The y-field y (L) is holomorphic on D with values in B(£1, $).
(iii) The y-field y» (1) is holomorphic on D, with values in B(£;, 9). If 0 € D and
y2# is defined by
# o T—1\*
(A =n@A )", reD, (3.48)
then the following uniform limits exist
# . # #y/ N
(3(0) =) lim £ 0) = 0. ((4)/(0) =) lim =y () (€ B, £2)).
A—0 =0 A
(3.49)
(iv) The Weyl function ® (L) is holomorphic on D, takes values in B(£1, £2) for

A € D and belongs to the class S, (£1, £2).
(v) For all A € D the following relation holds

Yi(Muy Ui
{(km(k)m) ’ (@()»)m)} €l w ek, +eD, (3.50)

and for all A € D, the following relation holds

#
{<ky332(?k);l;z> ’ (8 ;);)uz)} el u ety 1€l (3.51)

where
e*) = 01/0* (L eD,).
(vi) Moreover, the following equalities are satisfied

i) = yi(w) + O — w)(Vi =AD" 'yi(p), A, pe Dy (3.52)
) =)+ — W (Va —AD 'ymw), A, ueD,. (3.53)

Proof (i) By Proposition 3.7 there is o € D, such that

ker (I —aV) = {0}. (3.54)
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Then the linear relation V@ = M@V is isometric and single-valued. By
Lemma 3.14 the pair (£, I'@) with T® = TI' 0 M9 is a unitary boundary
pair for the isometric operator V@),

The linear relations V( *) .= Ker F(a) Vz(a) = ker Fé ) are related with the linear
relations V| and V; by the equahtles

Vi = M<“><V>—{(_fa}if},):{f, f/}evl}, (3.55)
v = M("‘)(Vz)—{(_fa}if}/):{ﬁf’}e%}- (3.56)

By the choice of « we have mul V(a) {0}. Leti® = JT@ By Proposition 3.4
mul/® = {0}, which by Lemma 2.5 (v) implies that /%) is (the graph of)
a unitary colligation U®). Now an application of Theorem 3.10 shows that Vz(“)
and (V(“) )~ ! are graphs of closed bounded operators defined everywhere on §) and
Vl(a) (V(a)) [+1: see (3.22). In view of (3.55) and (3 56) the linear relations V;

and V; are closed and (3.38) implies that V| = V2 ; I of Lemma 3.13. Moreover,
it follows from Lemma 3.13 that with j = 1, 2,

e p(Vy) & u90) e p(v;®). (3.57)

Hence the set D := p(V]) N D is nonempty and card (D\D) < « since the same
properties hold for the set D@ .= p(Vl(a)) N ID; see Theorem 3.10 (v).
Similarly, by Theorem 3.10 (v) the set D) := p(V;a)) N D, is nonempty,
card (D, \DEO‘)) < k and by (3.57) this implies the corresponding statement for
DA\D,.

(i1) and (iii) By Theorem 3.11 the y-field yl(a) (1) is holomorphic on D@ with
values in B(£q, ) and the y-field yz(“)(k) is holomorphic on Df,a) with val-
ues in B(£,, ). The desired statement for the y-fields y;(A) and y2 (1) follows
from (3.42) and (3.43).

The existence of the limits in (3.49) is obtained from (3.42) and Remark 3.12.
(iv) This statement is implied by Theorem 3.11 (iii) and (3.41).

(v) The relation (3.50) is implied by (3.14), (3.15) and items (ii), (iv).

To prove (3.51), let us choose for A € D,, ur € £;, and a unique vector v € £,

such that
v2(Muz v
{(M/z(?»)bQ) , <u2>} erl. (3.58)
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By applying (3.2) or (3.9) to the elements (3.58) with A € D, and (3.50) with A
replaced by 2~1 € Ditis seen that for all u; € £;

0 = [y2(Muz, yi 2" Hurly — yaWua, Ay G Dl
= (v, un)g, — (w2, ®A " Huy) g,
and hence v = O(A " H*uy = % (W)us.

(vi) To prove the identity (3.52) consider the vector f,, = y1(uw)u; € N, (Vy),
where u € £1, u € D. Then there exists uy € £, such that

{(Mfﬁﬂ) , (Z;)} el, weD. (3.59)

For A € D consider the vector

~ (fu), =~ - Vi =AD7fy
A—(Mfu>+g, where g = (A M)<I+X(V1—)J)_lfu>EVICV*'

Direct calculations show that ]/‘,\\ € ‘.?t,\(V*). Since g = <§,) € V) there exists

g 0
[(5).(2)) er s
It follows from (3.59) and (3.60) that
(EARORINIES (P RPN B
Afa ) \u2 +v2 wfn+g') \uz+uv2

and hence y(A)u; = f,. This proves (3.52).
The equality (3.53) is proved similarly. O

vy € £ such that

There is an analog for the notion of transposed boundary triple (see [19]) for bound-
ary pairs of isometric operators. In the present case this notion contains the second
boundary triple associated with a dual pair {V, V !} as defined in [41] in the case of
ordinary boundary triples for Hilbert space isometries. For this purpose the notion of
transposed boundary pair (£,® £1, T'") is introduced for boundary pairs of isometric
operators and its basic properties are established in the next proposition.

Proposition 3.16 Let (£, I') be a unitary boundary pair for an isometric operator V
in a Pontryagin space %), let Vi = ker I'1, V, = ker I'y, let y1(A) and y>(A) be the
y-fields of (£, ), let ©® () be the Weyl function of (£, '), and define

OGN o
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Then:

() (£2 @ £1, ') is a unitary boundary pair for V1.
(i) V,/ :==ker I =V, 'and vV, :=ker T} =V, .
(iii) The Weyl function ® T (1) and the y-fields le (A) and )/ZT (A), corresponding to
the pair (£, & £1, I'") are connected with © (1), y1(A) and y> () by

O'W) =00 reD:={m:ueD) (3.62)

1 1 — 1 1 —
T _ - . T _ -
vy, (&) = )Lyz ()\), reD; vy (A) = Ayl <)L>, L eD,. (3.63)

Proof (i) This statement is implied by the equality V = ker I" and the following
identity

[f' 8'ls — [f. gls = (u2,v2) e, — (w1, vi)g,, (3.64)

which is valid for all {f, u}, {g, v} € T'; see Definition 3.1.
(i1) The statement is clear from the definition of (£, @ £;, T 7).
(iii)) If A € D then 1/A € D, and one obtains from (3.51)

y2(1/M)uz O (1/M)uz _
{(1/)»)/2(1//\)@) ’ ( s )} el upyety, reD.

In view of (3.61) this implies

1//\V2(1/)»)M2> uz ) T =
, el e, reD,
{( (/) \eF(1/0u e
and hence
1 1 _ _
¥ ) = Re (X) and ©'(LW) =0%1/0)=00)" reD.
The second equality in (3.63) is proved similarly. O

3.5 Realization Theorem

The converse statement to Theorem 3.15 contains the main realization result for the
generalized Schur class S, (£1, £7): every function ® (1) from the class S, (£1, £2)
can be realized as the Weyl function of a boundary pair for some isometric operator
V in a Pontryagin space.

Theorem 3.17 Let s(-) € S5, (£1, £2) with the domain of holomorphy hs(C D). Then
there exists a simple isometric operator V in a Pontryagin space $) and a unitary
boundary pair (£1 x £2, I') such that the corresponding Weyl function ® () coincides
with s(\) on by.
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Proof (1) First assume that s(-) is holomorphic at 0. Then by [1, Theorem 2.3.1]

F .
G H) such that its

there exists a closely connected unitary colligation U =
characteristic function coincides with s(A) for all A € b;.
Let V be defined by the formula V = TU! | ker FI*| and let the linear relation I’
be defined by (3.18). Then by Theorem 3.10 the pair (£, I') is a unitary boundary
pair for V, and the corresponding Weyl function ® () coincides with s(1) on bj.

(2) Assume that s(}) is holomorphic at & € b;. Consider a new operator function

@ _ (ST
s (;)_s(1+a§). (3.65)

Since s () € Sc(£1, £2) and also is holomorphic at 0 there exist a Pontrya-

gin space ), a simple isometric operator V@ in §), and a unitary boundary

pair (£, T'@) such that the corresponding Weyl function ®® () coincides with
(@)

$(0).

By Lemma 3.14 the pair (£, I') with I" := I'® o M@ is a unitary boundary pair

for the simple isometric operator

_ _ cave | (fFaf . / (@)
V=kerI'=M \% _{(&f+f’)'{f’f}ev }

The domains V, := dom I" and V*(a) = dom I'® of [" and I'® are connected
by

._ _ yay@ _ [ (fraf). / (@)
=domI =M V. _{(6f+f’>'{f’f}ev* },

The defect subspace M, (V,) := ker (Vi —AI) and My (VL) = ker (V¥ —wl)
are connected by (3.45) and the equivalence (3.46) holds. It follows from (3.46)
and Definition 3.9 that the Weyl functions of the unitary boundary pairs (£, I')
and (£, I'®) are connected by

P
O = 0@ ( ¢ > A € by (3.66)
1 —ai
Setting ¢ = l)‘__‘z one obtains A = f_:i and hence by (3.66) and (3.65)
00) = 0@ () = 5@ () = s ( (e ) =500, reb,
14+ a¢
This completes the proof. O

Remark 3.18 Notice that a simple isometric operator V in Theorem 3.17 and a unitary
boundary pair (£ x £;, I') are determined by the Weyl function s(-) uniquely, up to a
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unitary equivalence. The latter means that if there is another simple isometric operator
V' in a Pontryagin space $)’ and a unitary boundary pair (£; x £, I'”), such that its
Weyl function coincides with s(-), then there exists a unitary operator W from £’ to
', such that

vV =wvw !, =rwL

Next Theorem 3.15 is specialized to the case where §) is a Hilbert space and (£, I')
is a unitary boundary pair for an isometric operator V in §). When combined with
Theorem 3.17 we get a general realization result for operator valued Schur functions
s(-) € S(£1, £2) as a Weyl function of a unitary boundary pairs for an isometric
operator in a Hilbert space.

Theorem 3.19 Let § and £ = £ x £y be Hilbert spaces, let V be an isometric
operator in 9, let (£, ') be a unitary boundary pair for V and let V1, V> be defined
by (3.5). Then:

@) Vl_l and V; are contractive operators in B($) and they are connected by
Vy = Vf*' (3.67)

(ii) The y-field y (L) is holomorphic on D with values in B(£1, $) and satisfies the
identity (3.52) for all 1, u € D.

(iii) The y-field y>(A) is holomorphic on D, with values in B(£,, $) and satisfies the
identity (3.53) for all &, p € D,.

(iv) The Weyl function ® (L) of V corresponding to the boundary pair (£, ') belongs
to the Schur class S(£1, £).

Conversely, for every function s (-) from the Schur class S(£1, £7) there exists a simple
isometric operator V in a Hilbert space $) and a unitary boundary pair (£, T") for V
such that the corresponding Weyl function ® (-) coincides with s(-).

Proof (i) According to Corollary 3.5 V1_1 and V; are contractive operators. From item
(i) in Theorem 3.15 one concludes that

D<oV, and D, € p(V;h.

In particular, 0 € p(Vz_l) so that V> € B($). On the other hand, by Proposition 3.4
one has the inclusion V, € V,;"*. Since D, € p(V, *), the equality (3.67) must prevail
and, hence, V; * € B() & Vl_1 € B(9).

The assertions (ii)—(iv) are now obtained directly from Theorem 3.15.

The last statement follows from Theorem 3.17 by taking k = 0. O

3.6 Classification of Unitary Boundary Pairs

We start by collecting some main properties of unitary boundary pairs in the next
proposition.
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Proposition 3.20 Let V be an isometric operator in the Pontryagin space $) and let
(£, ) be a unitary boundary pair for V. Then T and its components I'1 and I' defined

by (3.3), (3.4) admit the following properties:

(i) T'y and Ty are closed linear relations with ranT"; = £, ran'y = £ and,

moreover, mulT'| = {0} & mul ', = {0} & mul " = {0};

(i) Vi =ker I'1 and Vo = ker 'y have nonempty resolvent sets and Vi = Vz_[*];

(iii)) Vi, = dom I" admits the decompositions

Vi=Vi FM(V), ~eD=p(V)ND,
Vi =Va FMu(Vi), AeD,=p(Va)ND,.

Proof (i) These properties were proven in Proposition 3.4.

(i1) The fact that p(V7) and p(V>) are nonempty and the equality V, = Vl_”< were

proven in Theorem 3.15.
(ii1) This is a direct consequence of (ii); see e.g. [29, Lemma 4.1].

O

Remark 3.21 Proposition 3.20 shows that in a Pontryagin space ) every unitary bound-
ary pair (£, I') (as well as its transposed boundary pair) of an isometric operator V
can be seen as an analog of so-called (B-)generalized boundary triple, since the com-
ponent mappings I'1 and I'; are surjective and the corresponding kernels V| = ker Iy
and V, = ker I'; are closed extensions of V with nonempty resolvent sets; see [19,26]

and [22-24] for some further developments.

Proposition 3.22 The following relations hold:

I —O"OR)

5;(:)()\) = =% =y, rpeDd;
SHOEES (91#(_%;@#&) ="y 0G), A e D
Si(h) = % ="y (), reD, neD,;
Si(h) = Oml)_% ="M, reD., peD.

Proof Let A, u € D and uy, v; € £1. Then by (3.50)

y1(AMuj uj y1()v vy
{(xm (Mm) ’ (@(A)ul)} €l {(Mm (M)v1> ’ (@(u)vl)} er

and the identity (3.9) applied to these vectors yields

(I =2 [yiMur, yi(wvilg = [ur, vile, — [OR)ur, O(w)vile,.

This proves the equality (3.68).

(3.68)

(3.69)

(3.70)

3.71)
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Letnow L € D, u € D, and let u; € £1 and v» € £,. Then by (3.50)

{(Vl(l)ul > < u )} cr {( y2(u)va ) <@#(M)v2>} er
Ayi(Muy )T\ O Muy ' pny2(mvz )’ v '
By applying (3.9) to these vectors one arrives at

(1= ADyiWur, 2 (wvaly = [ur, O (Wale, — [OG)u1, vale,.

This yields (3.70). The proof of (3.69) and (3.71) is analogous. O

Proposition 3.23 Let (£, I') be a unitary boundary pair for an isometric operator V
in the Pontryagin space ). Then

mul '] =ker y1(X) (A € D) and mull'y = ker y2(A) (A € D).

Moreover, the following statements are equivalent:

(1) T is single valued (i.e. mul ' = {0});

(i) ran T is dense in £1 x £;
(iii) ker y; (1) = {0} for some (equivalently for all) » € D;
@iv) ker y2(1) = {0} for some (equivalently for all) A € D,.

If, in addition, the operator V is simple then the conditions (i)—(iv) are equivalent to

) N ker Sl(? (A) = {0} for some (equivalently for all) » € D U D,.
neDUD,

Proof (i) < (ii) This is item (ii) in Proposition 3.2.

(i) < (iii), (iv) The formula (3.11) and Definition 3.8 of the y-fields shows that
ker y1(A) = mul ' for A € Dandker y2(A) = mul I'; for A € D,. Now the statement
follows from item (i) in Proposition 3.20.

To prove the statement in (v) first observe that with A € D the inclusions

ker y1 (1) € ker S;(3) forall u e DUD,
are clear from (3.68) and (3.70) in Proposition 3.22. Thus

ker i) €[] ker S;(A), A eD. (3.72)
neDUD,

As to the reverse inclusion apply Proposition 3.22 again to see that for all A, u € D
and up, V] € £1,

(5,(:)(?»)”1, v1)£1 = [yi(Mur, y1(vilg (3.73)
andforallA € D,v e D, and u; € £1, vy € £y,

(Sp Mur.v) g = [ Wur. (vl (3.74)
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Now assume that the operator V is simple. Then
span {y1 (WL, 2L : n €D, veD} =9

and by virtue of (3.73) and (3.74) the reverse inclusion in (3.72) follows. This proves
the equivalence (iv) < (v) for A € D when V is simple. Similarly one proves the
equivalence (iii) < (v) for A € D,. O

Proposition 3.24 Let (£, I') be a unitary boundary pair for an isometric operator V
in the Pontryagin space $). Then the following statements are equivalent:

(1) ranT = £1 x £o;

(i) domT = VI gnd mul T = {0};
(iii) ker y1(A) = {0} and ran y| ()) is closed for some (equivalently for all) A € D;
@iv) ker y2(A) = {0} and ran y»(X) is closed for some (equivalently for all) A € D,.

If0 e p(Sﬁ? (X)) for some A € D U D,, then the conditions (i)—(iv) hold.
If one of the condition (i)—(iv) is satisfied then (£, I') is an ordinary boundary pair
forV.

Proof (i) < (ii) This is item (iii) in Proposition 3.2.

(i1) « (iii), (iv) Definition 3.8 of the y-fields shows that ran y; (1) = D, (V) for
A € D andran y» (1) = My (Vy) for A € D,. Now the decompositions of V, = dom I
in item (iii) of Proposition 3.20 imply that O, (V,) is closed for some L € D U D,
if and only if V, = V~I*I. This combined with Proposition 3.23 gives the stated
equivalences.

The last implication follows from Proposition 3.22. Indeed, if 0 € ,0(55) (1)) for
some A € D, then by Proposition 3.23 ker y;(A) = {0} and by (3.68) ran y;(}) is
closed. Similarly, if 0 € p(Sf{) (1)) for some A € D,, then again by Proposition 3.23
ker y»(A) = {0} and by (3.69) ran y» (1) is closed.

Finally, the fact that (£, I') is an ordinary boundary pair for V is clear from the
properties in (ii). O

The next example shows that the condition (v) in Proposition 3.23 cannot be
replaced by a single condition ker S? x) = {0}.

Example3.25 Let § = C* with the skew-diagonal fundamental symmetry J =
(8j,5—k)§,k:1’ where §; ; is the Kronecker delta and let us set e; = (5j,k)2:1’
(j = 1,2,3,4). Let V be an isometry in $ which maps e into e>. Then the defect
subspaces of V

M= {(f o )5 A f fr e (3.75)

are degenerate for all A € C and thus, the operator V' is not standard.
The linear relation V ~*I consists of vectors

4 4
r= (,{) where £ =3 fiej ['= " fiei fi=fu
./:1 .,':1
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Therefore, the left part of the identity (3.2) for f: 2 takes the form
(fi = o+ fofs + F2 + fa(Fi = 1) = fiFi = fif]
and can be rewritten in the diagonal form
1
s A =RP=1f+ P18 =+ B2 —1h - B f
2+ fiP=112 - 13}

Hence a single-valued boundary triple (£1 & £2, I'1, I'2) can be chosen as follows

€ =8 =C, I'f=— fi nf= - fis
1=£=C, lf_ﬁ fljjsz};ﬁ‘ , 2f—ﬁ fl]jzjiz]gﬂ

(3.76)

Then for |A| < 1 one obtains from (3.75) and (3.76)

| 22 a3 ot
®(,\)=3? 20 A2 =203
2 —2) A%
and hence
B 20420 —QR+2@) 1-)1o
SO = SO —Q+i@) 201 -iw) —(1+22@) | A,
‘@ =@ —(1+2@) —22 + r@)
where A diag (l,k,kz), Q = diag (l,w,wz). Notice that in this example

det SS(A) = 0 for all A, w € D\{0}, while Q\{O} ker SS(A) = {0}. In fact, for
we

every pair w1, wy € D\{0}, w1 # wy, one gets ker SSI (A) Nker 582 1) ={0}.

Remark 3.26 Let A be a closed symmetric operator in a Pontryagin space ) with equal
defect numbers, and let =i ¢ o,(A). Then its Cayley transform V = (A —il)(A +
il )’1 is an isometric operator in $).

Let (£1 & £, ') be a boundary pair for V with V,, = dom I" such that £; = £, =:
‘H. Define the Krein spaces 311 2) and (H2, T, -ll942) with the inner products

LF, fllg: = —i (Lf', fls —Lf, f'le), f= ( Jf) €9

[, @lyp = —i (', Wy — u,u)p), T= (;‘,) e H2.
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Then the Cayley transform determines the unitary operator from the Krein space
(Y)z, [, lg2)to the Krein space (562, ]ﬁz) defined in Sect. 3.1,

1 i1
‘= (-l,- 1) O A = 6 )

and similarly with £ = £ x £, it determines a unitary mapping from the Krein space
(H2, -, -ll342) to the Krein space (£, Jg),

Ce (PN G2 D) — (2 Te)
—ﬁ _i1): N | EA | ) ,Je).

It follows that the linear relation

et = {550, (H 1))

is unitary from (92, [, -llg2) to (H2, [[-, -l32) with the kernel ker I' = A and the

domain
NV
ot (7= (58) (2) )

Since the mapping T is isometric from (532, [ Jg2) to (H2, -, -ll942) the following
(Green’s) identity

[f/s f]ﬁ - [f» f/]fj = [l/l/, M]H - [I’ts M/]H

holds for all {f u} € I and due to [19,22] the unitarity of ' means that (H2, F) is
a unitary boundary pair for the symmetric operator A. This boundary pair becomes
ordinary when the mapping Tis surjective or, equivalently, when (A2, I') is an ordinary
boundary pair for V.

Finally the main results in this subsection are specialized to unitary boundary pairs
of Hilbert space isometries. In a Hilbert space setting the properties of the y-fields
can be connected more directly to the properties of the Weyl function.

Proposition 3.27 Let (£, ') be a unitary boundary pair for an isometric operator V
in the Pontryagin space $). Then

mull'; =ker y1(A), L €D, and mull'y = ker y2(A), A € D,

and (£, I') admits the following further properties.
(a) The following statements are equivalent:

(1) T is single valued (i.e. mul I" = {0});
(i1) ran T is dense in £1 x £;;
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(>iii) ker y1(A) = {0} for some (equivalently for all) . € D;
@iv) ker y»(A) = {0} for some (equivalently for all) A € D,;
(v) ker Sg)()\) = {0} for some (equivalently for all) » € D U D,.

(b) Moreover, the following statements are equivalent:

(1) (£, T) reduces to an ordinary boundary triple (£, T'1, I'p) for V;
(i) domT = V¥ gnd mul T = {0};
@iii) ranT" = £1 x £5;
@iv) ker y1(A) = {0} andran y1 (1) is closed for some (equivalently for all) ). € D;
(v) ker y2(A) = {0} and ran y»(X) is closed for some (equivalently for all) A €
D,
(vi) 0 e p(Sﬁ?()\)), ie, |®M)| < 1for some (equivalently for all) > € DU D,.

Proof (a) The equivalences (i)—(iv) follow from Proposition 3.23; see also Theo-
rem 3.19. To see the equivalence with item (v) apply Proposition 3.22 with A = u:

5 I —OMW*e(A
S&M=——Té%FL3=MQWMMz0,Aem (3.77)

1-0*W*efo)

S0 =T = MR S0 AeD.  (7)

In the present Hilbert space case these identities lead to
ker S?(A) =ker y1(A), A € D; ker S?(A) = ker y»(A), A € D,.

This implies the equivalence of (iii), (iv) and (v) in part (a).

(b) Here the equivalence of (i) and (ii) holds just by the definition of an ordinary
boundary triple (see [41]). The equivalences (ii)—(v) are obtained from Proposition 3.24
(cf. also Theorem 3.19). To see the equivalence with item (vi) apply the identities
(3.77), (3.78):

0ep—O0)ON) = 0ecpin)*n(), reDb;
0ep(—0"W)*O*L) & 0¢ep(n(M)*nQ), AecD,.

Thus I — ®(A)*@ (1) and I — ©%(1)*©% (1) are uniformly positive or, equivalently,
[©M)] < 1and [|©%(1))| < 1. This completes the proof. m]

Notice that part (b) of Proposition 3.27 contains the properties and generality that
can be attained when applying (ordinary) boundary triples for isometric operators
which have been introduced and studied in [41,42].

Remark 3.28 An analog of boundary triple in scattering form (3.2) is encountered in
[17], where extension theory of multiplication operators in indefinite de Branges spaces
was developed. The role of the Weyl function in that work is played by de Branges
matrix.
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4 Extension Theory and Generalized Coresolvents

An extension V of the isometric operator V is called proper, if V C % C v The
set of proper extensions of V was parametrized in [5] via an ordinary boundary triple.
In the present section we consider extensions V of the isometric operator V, which
are proper with respect to a given unitary boundary pair (£, I'), i.e.

VCVCV,=domT. .0
For such extensions we prove sufficient conditions for regularity of a point A, find

formulas for their coresolvents and then apply them for a description of generalized
coresolvents of the isometric operator V.

4.1 A Preparatory Lemma

Lemma4.1 LetV : § — $§ be an isometric operator and let T1 = (£, ') be a unitary
boundary pair for V. Then:

(i) For every (fl) € Vi and ) € D, as defined in (3.48) one has

A
1
{(ﬁ) SOV - xfo} e T. 4.2)
If 0 € D then the formula (4.2) for > = 0 takes the form
fl ( #y/ 0 r 43
fl/:Vz)()flez- (4.3)

(ii) For every (?,) € Vp and ) € D, one has
2

1
{(z) ; —Xyl#(?»)(f{ —/\fl)} el 4.4)

Proof (i) Using Definitions 3.8, 3.9 it is seen that

) O (@) @

for all ur € £5, and some vy € £7, A € D\{0}. By applying the identity (3.2) to these
elements one obtains

1 1 1
[7/2 (f) uz, flL 5 [Vz <§> uy, f{L = —(u2,v2)¢,,
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or, equivalently,

IN* 1
<u2, 72 (f) (Xf{ - f1)>£2 = (u2, v12)g,-

Since up € £ is arbitrary this implies the equality

1
v2 =73 ) (f{ =2 f1)

which in combination with (4.5) yields (4.2).
The equality (4.3) is implied by (4.2) and (3.49).
(ii) Similarly, applying (3.2) to the vectors

o O | RN B

where u1, v; € £1, f2, fz/ € 9, L € D,, one obtains

|:V1 <%> ut, fz} - % |:V1 <%> ur, fz/L = (ur,v)g,

and

# 1 /

ut, vy (A) fz—;fz = (u1,v1)g,-
£
This implies
_ 1 # /

V=3 M) (fr=rf2),

which together with (4.6) yields (4.4). O

4.2 Weyl Function and Spectrum of Proper Extensions of V
A unitary boundary pair (£, T) is a tool which allows to determine those extensions

V of V that satisfy V C % C Vi in the following way. Let ® be a linear relation from
£1 to £; represented in the form

— q>1h .
®— {(%h) he H} , @)
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where H is an auxiliary Hilbert space and ® ; are bounded linear operators ®; : H —
£; (j =1, 2), such that

ker (7P| + P5Py) = {0}. (4.8)
Then & is closed if and only if
0 € p(P]D) + D5 Dy). 4.9)

Associate with @ an extension Vg of V by

Vo = {(]{,) €Vy: {(;,) : <$;Z>} e T for some h € H}. (4.10)

The following theorem gives a description of the spectrum of Vg and contains a Krein
type resolvent formula.

Theorem 4.2 Let V be a closed isometric operator in ), let I1 = (£, ') be a unitary
boundary pair for V, let ® € B(H, £) and let (4.8) hold. If . € D then:

(i) * € 0,(Vo) = ker (& — QL) Py) # {0},
(i) &y — OWN)DP; : H — £ has a bounded inverse =— A € p(Vop).

When (ii) is satisfied the resolvent of Vg takes the form

1
(Vo —rlg) ™" = (Vi —alg) ' + TN)P1(@ — OWeN ') (eD).
4.11)

If & € D, then:

(i) A € 0,(Vo) = ker (®; — OF () D2) # {0);
(iv) @ — ©* WDy : H — £ has a bounded inverse =—> )\ € p(Vo);

When (iv) is satisfied the resolvent of Vo takes the form

1
(Vo — M) = (V) — Alg) "' — 722 (®1 — * @) 'y (e D).
(4.12)

If, in addition, T1 = (£, ") is an ordinary boundary triple for V then the implications
(i)—(iv) become equivalences.

Proof The proof is divided into steps.
1. Verification of (i). If . € DNo,(Ve), D = p(V1), then there is f € §\ {0} and

h € 'H such that
{([J,) , (g:)} erl. (4.13)
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Since A € D, one has A ¢ 0,(V) and hence i # 0. By Definition 3.9 this means that
OM)DP1h = Pk, reD. (4.14)

Hence, h € ker (P2 — O(A) D).
2. Verification of (ii). First assume that ($; — ® (1) P1) has a bounded inverse with

A € D\ {0}. Let us find a solution f: (f

f,) € Vg of the equation
ff=rf=g¢ (4.15)

for arbitrary g € $. Since A € D = p(V}), there are f, fl’ € %, such that

fi—rfi=g and (2,) ev.

Hence
fi= (Vi —rlg) g (4.16)

By Lemma 4.1

1 1
{(?) , (0>} eI', where up = Xyz#(?»)g = XJQ#()»)(ff - AfD). 417
1

uz

Now choose & = (P — O(1)D;) Luy and apply (3.50) to get

2(A)P1h dh
{(Xyz(k)®1h> ' (@(A)d)lh)} el (4.18)
Combining (4.17) and (4.18) one obtains
N V() ®@1h ®h
{(ff> " ()\Vl()h)qﬁh) ’ <u2 + ®(X)<I>1h>} el (4.19)
Setting
(N y1(W)®1h
<f’) a (ﬂ) * (/\yl (k))cblh) (4.20)

and using the equality

Uy + O 1h= U +ON)D(Dy — ORN)D)) Hupr = Orh
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one obtains from (4.19)

((4)-()f e .

Therefore, the equation (4.15) has a solution f: <]]:/> € Vg and

f=f+ryi0)dh

1
= (Vi = o)~ 'g + 511 (@2 = O PN (g

Next assume that 0 € D and 0 € p(Py — ®(0)P). Then by Lemma 4.1 the
equality (4.17) holds with uy = ()/5“E )'(0) f1 and now combining this analog of (4.17)
with (4.18) yields (4.21). The formula (4.11) for A = 0 takes the form

Vo =V +71(0)@1 (22 — ©0)1) ' (13)(0).
This completes the proof of the implication in (ii) and the formula (4.11).

3. Verification of (iii). If » € o,(Vp) N D, then there is f € H\{0} and h € H
such that (4.13) holds. Again, since A € D, one has A ¢ 0,(V) and hence h # 0. By
Definition 3.9 one gets

®h — OF )Pk = 0.
Hence & € ker (& — OF(1)Dy).

4. Verification of (iv). Assume that ®; — ©* (1)@, has a bounded inverse and
A € D,. Since A € D, = p(Vy), there are f>, f; € $, such that

fi—Afr=g and (@ 2%

Hence f» = (Vo — Alg)"'g. By Lemma 4.1

{(ﬁ) ’ (L:)l)} el with u = —%m#(/\)g- (4.22)
Now choose h = (®1 — ©(A)®2)~'uy and apply (3.51) to get
y2(A) @2k O* () Dok
(2 (0o

Combining (4.22) and (4.23) one obtains

|(7)- (o)) e v ()

f2 2(A) D2k
(fé) + (Ayz(k)q)zh) . 424



32 Page42of52 D. Baidiuk et al.

Making use of (4.24), (4.22), and the above formulas for & and f> one obtains

f=rfh+rn0oh

1
= (Va—Alg) g — ~72()2(P1 — ef o) yfng.

This proves (4.12) and the implication in (iv).
5. Verification of the reverse implication in (i) for the case of an ordinary boundary
triple (£,T). Let (& — ©(L)P1)h = O for some h € H\{O}. Then it follows from

Y1) ®1h D1h
{(Ayl(x)cp]h Nooyon)[ €T 425
and (4.14) that (4.13) holds with f = y1 ()P h. Notice that @14 # 0 since otherwise
®,h = 0by (4.14), which contradicts to (4.8). Therefore, f # Osinceker y1(A) = {0}
for the ordinary boundary triple IT = (£, I'); see Proposition 3.24. Thus A € o, (Vo).
6. Verification of the reverse implication in (ii) for the case of an ordinary boundary

triple (£,T). Let A € p(Vg). By virtue of item 5 to prove the boundedness of the
inverse (®; — O(L)®1)~! : £ — H it is enough to show that

ran (&3 — O(L) D)) = £5. (4.26)

By assumption A € p(Vg) U D and hence for arbitrary g € ) one can find vectors

(JJ:,) € Vg and <§1,> € V| such that
1

fi=rfi=f—rf'=g (AepVo)UD).

Then (4.17)—(4.19) hold for some & € H and, in particular,
1 #
(P2 = ON)PDh =up = PRe *)g.

Since g € $ is arbitrary and for an ordinary boundary triple ran yf (L) = £, the

claim (4.26) is proved. By Open Mapping Theorem the operator T := &, — O (L) P :

‘'H — £, has a bounded inverse, since T € B(H, £7),ker T = {0} andran T = £;.
O

The operator function (/g —z Vo)~ is called the coresolvent of Vg. Setting A = 1/z
in Theorem 4.2 one obtains the following statement for coresolvents of Vg.

Corollary 4.3 Let V be a closed isometric operator in ), let T :_(2, ') be a unitary
boundary pair for V, let ® € B(H, £) and let (4.8) hold. If z € D then:

() z€0p(Vy') = ker (@1 — O ()" d2) # (0}
(i) ®; — O@)* Py : H — £1 has a bounded inverse = 7 € ,o(Vq;]).
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When (ii) is satisfied then the coresolvent of Vg takes the form

1 _
(Ig — Vo) ' = Iy —2V2)~ 1+V2< )cbz(cbl 0@ ®) " n@*
4.27)

If z € D, then:

(iil)) z € ap(qul) = ker (&3 — O (1/2) 1) # {0},
(iv) @3 — O (1/2) @1 : H — £ has a bounded inverse — z € p(qul).

When (iv) is satisfied then the coresolvent of Vg takes the form

(I —2Ve) ' =g —2VI) ' — 1 (1/2) @1 (D2 — O (1/2) 1)~ (D)™
(4.28)

If, in addition, T1 = (£, ') is an ordinary boundary triple for V then the implications
(i)—(iv) become equivalences.

Remark 4.4 1f (£, ® £,, I'1, ['7) is an ordinary boundary triple for V then every closed
proper extension of V' can be represented in the form (4.10) with ®; € B(H, £;)
(j = 1,2) such that (4.9) holds due to [5, Theorem 2.1], [27, Proposition 6.12].
Moreover, if @ is defined by (4.7), then the following equivalences hold:

(1) Vo is an isometric relation in H <= ® is the graph of an isometric operator;
(2) Vg is a unitary relation in H <= ® is the graph of a unitary operator;
(3) Vg is a contractive relation in H <= ® is the graph of a contraction.

The fact that the implications (i)—(iv) of Theorem 4.2 become equivalences for an
ordinary boundary triple IT = (£,T") = (£, I'1, I'2) was proved in [41] in the case
when « = 0, and in [5] in the case k¥ # 0.

4.3 Description of Generalized Coresolvents

Definition 4.5 (see [38,39]) An operator-valued function K; holomorphic in a domain
O C D with valuesin B($)) is called a generalzzed coresolvent of an isometric operator
V95— 9, if there ex1st a Pontryagln space 5") D $ with negative mdex K =kK_ (57))
and a unitary extension V:9— §ofthe operator V such that O C p(V 1), and

K. =Py (Iz —2V) ' 19, z€O, (4.29)

where Pg is the orthogonal projection from :‘5 onto §). Notice that in [38] the operator
function K; in (4.29) is called a generalized resolvent of V.
The representation (4.29) of the generalized coresolvent of V is called minimal, if

5=m{ﬁ+(15—zﬁ)—15: AGO}.
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The generalized coresolvent K, is said to be k-regular, if k = «_ (5[—]&')) for a
minimal representation (4.29).

Every generalized coresolvent K, of the isometric operator V admits a minimal repre-
sentation (4.29) and every two minimal representations of K, are unitarily equivalent,
see [14, Proposition 4.1] for the case of a symmetric operator.

Lemma 4.6 Let K, be a (K — «)-regular generalized coresolvent. Then the kernel

K, + Kb -1
Ry(z) := # - KUK, (4.30)

has K — K negative squares on ,0(\7_1) N D.

Proof Let {zj};?zl be a set of points in ,O(V_l) NDandletg; €9, j=12,...,n.
Denote

fi=Ug—2;V) g fi=Pafi=K,g, (j=12....n. (431
Then it follows form the first equality in (4.31) that
[)eneat = ()7
el —z;V — ~ eV.
(gj o fi—gj

Since V is a unitary relation in H one obtains ZjZk[j?}, ﬁ]g = []?;' —gj, ﬁ — &kl
or, equivalently,

(=220l f5. flg = 1fi. aulg + [g). filg — [g)- &l (4.32)
It follows from (4.30), (4.31), and (4.32) that

n

D Ry (z))gss rlngiEr=— Y K8/, Ky ailné &y

k=1 Jjik=1

n
(K:;8): 8rle + (8, Koy 8kl — [8, 8kl —
+ : - j
Z 1 —2z;7 it
j.k=1
@30 Z [fi. &lg + [g). filg — [g). 8ls
1 —2z7k

= Lfj fils } £, (433)

Jok=1

432) (> ~ a

42 S {5 s - Uy Ao e
Jj.k=1

= Y [U = Po) 5. (I = Po) i €

Jk=1
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This form has at most ¥ — « negative squares, since ind (f)[—]f)) = K — k. Because
the representation (4.29) is (K — «)-regular the set

{(15 —Po)Ig—zV) "9z e p(V‘l)}

is dense in 5[—]5?) and hence it contains a (K — «)-dimensional negative subspace.
Therefore, the form (4.33) has exactly K — « negative squares for an appropriate choice
ofzj,g; j=1,2,...,mn). O

Remark 4.7 In the case of a standard isometric operator the statement of Lemma 4.6
was proved in [28].

Theorem 4.8 Let V : § — § be an isometric operator, let (£1 @ £2,T1, '2) be an
ordinary boundary triple for V, and let ©(-), y1(-), y2(-) be the corresponding Weyl
Junction and the y -fields.

Then for z € D N p(V™Y) the formula

K. =z —zV) ™ +n1/9e@) (Ie, — @) n@* (434

establishes a one-to-one correspondence between the set of K — k-regular generalized
coresolvents of V and the set of all operator-valued functions €(-) € Sg_,(£1, £2),
such that

0€p(le, — O e(). (4.35)

Forz € D, N ,o(V_l) the formula (4.34) takes the form

-1
K. = (5 — 2V~ = 11 (1/2e7 (1/2) (Ie, = ©1/2e" (1/2)) 122",
(4.36)

Proof The proof is divided into steps.

1. Verification that for every e(-) € Sg—«(£1,£2) satisfying (4.35) the for-
mula (4.34) determines a (K — «)-regular generalized coresolvent of V.

By Theorem 3.17 there exists a simple isometric operator V™~ in a Pontryagin
space $)~ with negative index ¥ — « and a unitary boundary pair (£, I'"") such that the
corresponding Weyl function ®~ (z) coincides with (z) for z € b, = p(V| ), where
Vi =kerI'|.

Next we construct a new unitary boundary pair (Z}, T') as the direct sum of the
ordinary boundary triple (£, ') := (£, I') and the unitary boundary pair (£, I'"") by
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the formulas

E-Biok wheedi == ()

I+ Uy N
= /- Uy Y u +
N ] e
fr u;

Let&(z), ¥, (2), ¥, (2) be the Weyl function and the y-fields of the unitary boundary

pair (£, '), lete” (z), 20 T2, y2 T(2) be the e Weyl function and the y-fields of the
transposed boundary pair (£, (I'™ )T and let V1 = ker Fl, V2 = ker Fz Then the
Weyl function ®(z) and the y-fields 71 (z), y2(z) of the unitary boundary pair ()3 1")
are given by

o _ 0 ST(Z) (& £1 ~ 5
O(z) = (@)(Z) 0 ) : (22) — <£2> z€D:=p(V)ND, (4.38)

o 0 @) (& 9 S _ (T
¥2(2) = (J/Z_’T(Z) 0 ) : <£2) — (j;j‘) , z€D=p(V))ND, (4.39)
§>—> <5> z€ D :=p(h)ND,.

(4.40)

Consider the extension 17q> of the operator V = (‘(; VO_> in the space 9§ =

HT @ H T, HT ;= H, corresponding to the linear relation ® of the form (4.7), where
D) =Py =1¢g ¢,

In view of (4.37) the extension ch takes the form

o= [{G7)- GOMA(R)- () er 7w}

Then Iz — @(Z)* = Ley —OG" and the assumption (4.35) yields
£ —&(z) g,
0€p(z, — 6@ (4.41)

forz € D. By (4.41) and Corollary 4.3 one obtains z € p(\7<;1) and

Iz — Vo) ' = U5 — ) '+ H(1/2Uz, - 0@ M@ (442)
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By using (4.40), (4.39), (4.42) and the formula (see [10][Prop. 2.8.7, p.108])

 meet _ ((1e, 0@\ * *
(g, —0@7" = <—8(1z) Ie, > = <8<z)(1£1 — 0@ ()" *)

(4.43)
one obtains the equality
(I —2Ve) ' = (g — V)~
" < 0 Vz(Z)> ( * *) <)/1 @ 0 )
v T 0 ) \e@Ue, —0@* @) +) 0y Ter)
(4.44)

where * denotes blocks which are not used in further calculations. Considering the
compression of the formula (4.44) to the subspace HT = § one arrives at 4. 34)
Similarly, for 7 € D one obtains by (4.41) and Corollary 4.3 that z € ,o(V ) and

(I — Vo) ' = U5 — 2V~ = 711/ U5, — ©1/2) 'R E)"

By (4.43)

—1
O I

where w12(z) = eT (1/2)(Ig, — ©(1/2)eT (1/2))~!. Using (4.40), (4.39) and (4.45)
one gets

z—2Ve) ' = (g — 2V

_<7/1(1/z) 0 ><*a)12(z))( 0 yz_’T(Z)*) (4.46)
0y Ta/)\x x rn@* 0 ‘

The compression of the formula (4.46) to the subspace T gives the equality (4.36).
2. Verification that every (K — «)- regular generalized coresolvent of V admits the
representation (4.34), where ¢(:) € Si—i (£1, £2) and (4.35) holds.
First observe that for z € ,o(V 1) and g € $ the following relations hold:

~ _ 1 ~ o~
<(IZ~(I_ sz)v)g g) eV, Kg:= <K§Z_‘°’g> e v, (4.47)

Indeed, the first relation in (4.47) is self-evident and hence for every 4 € dom V one
also has the equality

[2(Ig — V) g hlg = [—g + Iz — V) 'g. Vhlg. (4.48)
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On the other hand,
=[5 —7)""s. Gl = Voh]_+1g. Vi
=[z(Iz —2V)'g. hlg — [z — 2V)'g. Vhlg +[g. Vhls =0,

and here the last equality follows from (4.48). This proves the second relation in (4.47).
Next consider the linear relation

V, = {ﬁzg cgen}, ze p(V71 (4.49)
in 9. The linear relation V; is closed, since the assumptions
Kegn = f. Kegn—gn— f (n—> o0)

imply g, — g := %(f — zf") (z # 0) and hence

Y _( Kg
(J”) - (Kzg —g) Ve

In order to construct a parametric representation of the proper extension V., let us
introduce a closed subspace N of V, such that

Vo, =V +N.
Since V~¥I = V| + V,, this implies
v — v, LN (4.50)

Let P; and P, be projections onto the 1-st and the 2-nd components in $? and let
@ (z) be operator functions with values in B(\/, £;) defined by

®j(2)h =T K (Pth —zPh), heN, zep(Vh, j=12

The values of @ (z) belong to BW, ¢ i) due to formula (4.47). Moreover, ®1(z) and
®,(z) satisfy (4.8), since the assumption ®1(z)h = ®2(z)h = Oimpliesh € VNN =
{0}.

Now introduce the linear relation

| (P1@nY ~_
e(z) = {(CDZ(z)h) che N} zep(V7. 4.51)

Since ran (I — zV2) = 9 for all z € D it follows from (4.49) and (4.51) that the
linear relations V, and (z) are connected via (4.10) and hence

V.=Vew, z€p(Vh. (4.52)
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Since (£, I') is an ordinary boundary triple one concludes that £(z) is closed in £ © £,
and hence by Remark 4.4 &1 (z) and ®,(z) satisfy (4.9); cf. [5, Theorem 2.1]. Using
(4.47) and (4.52) one obtains

K.g=(5—2Ver)) 'g, g€9. (4.53)

Therefore z € ,o(Vs_(Zl)) for all z € ,o(V_l) and since (£, I') is an ordinary boundary
triple Corollary 4.3 shows that 0 € p(I¢, — ©(z)¢(z)) and that the following formula
holds for z € p(V~1) N D:

(5 — 2Ve) ' = U5 — 2V2) ' + 12(1/2) D2 (2)(®1(2) — O@)* 2(2) 11 (D)™
(4.54)

It remains to show that e(-) € Sg_(£1, £2). For a choice of z; € p(V’l) ND and
gj € $ denote

~ (fi ~ ,

fi= <fj’ =K g5, j=L....n (4.55)
j

and let

=~ <®1(Zj)hj

I'fi = , hieN, j=1,...,n 4.56
fi CDZ(Zj)hj) J J n ( )

Then it follows from (4.55), (4.56) and (3.2) that with &; € C,

z”: - Z (@1 )hj. P12, — (P2(2))h). Pa(z)he) s

— £k
k=1 k=1 I=2zj% '

B - (Flf;, Flﬁ)sl - (Fzﬁ, Tzﬁ);:z —

=y R £7ék
st 2%k

= Y s s — U e ) (4.57)
j,k=1 - Z]Zk

Since

[fjs fids = U} fils = 2j2k(Ke; 8, Kookl — (Ko g — g5 Kok — 8kl
= (zjzk — DIK;; 85, Ko 8kly + Kz 8, il + (87, Ky 8ilsy — [, 8kl
= (1 — z;z1)[R; (z)g;, &kl

the form in (4.57) is reduced to

Y ki = Y Ry (z))g) sxlodibe.

J k=1 Jk=1
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By Lemma 4.6 the form (4.57) has at most ¥ — « and for some choice of z;, g;,
j=1,...,n, exactly K — k negative squares.

In view of Lemma 3.2 in [16] this implies that the operator ®(z) is invertible for
allz € ,0(\7_1) N D except ¥ — « points and

e(z) = ©2(2)®1(2) ' € Se_« (L1, £2). (4.58)

In view of (4.58) the formula (4.54) can be rewritten as (4.34). O

Remark 4.9 (1) For a standard isometric operator in a Pontryagin (resp. Krein) space
similar formulas for generalized coresolvents were found in [38—40] (resp. [28]).
For the case of a nonstandard isometric operator in a Pontryagin space see [44].
An elegant proof of the formula for generalized resolvents of a nonstandard Pon-
tryagin space symmetric operator with deficiency index (1,1) given by H. de Snoo
was presented in [34]. In [5] a description of regular generalized resolvents of
a nonstandard Pontryagin space isometric operator was given by the method of
boundary triples. For a Hilbert space isometric operator this method was devel-
oped earlier in [41] and applied to the proof of Krein type resolvent formulas
(4.34), (4.36).

(2) The extension V() appearing in (4.52) is an analog of Shtraus extension, which
was introduced in [47] for the case of a symmetric operator. In view of (4.53) the
vector function f, = K;g can be treated as a solution of the following “abstract
boundary value problem” with z-dependent boundary conditions

fo= ( 2k ) eV M I =e@n f..
fe—8

(3) Inabstract interpolation problem considered in [36] the crucial role was played by
the Arov-Grossman formula for scattering matrices of unitary extensions of iso-
metric operators, [3]. In [6] the formula for generalized coresolvents was applied
to the description of scattering matrices of unitary extensions of Pontryagin space
isometric operators which, in turn, was used in [7] for parametrization of solu-
tions of an indefinite abstract interpolation problem, see also [15]. The present
version of formula (4.34) will allow to consider k-regular indefinite interpolation
problems with the growth of index «.
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