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Abstract

Passive discrete-time systems in Pontryagin space setting are investigated. In this case
the transfer functions of passive systems, or characteristic functions of contractive
operator colligations, are generalized Schur functions. The existence of optimal and
*-optimal minimal realizations for generalized Schur functions are proved. By using
those realizations, a new definition, which covers the case of generalized Schur func-
tions, is given for defects functions. A criterion due to D.Z. Arov and M.A. Nudelman,
when all minimal passive realizations of the same Schur function are unitarily similar,
is generalized to the class of generalized Schur functions. The approach used here is
new; it relies completely on the theory of passive systems.
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1 Introduction

An operator colligation ¥ = (Tx; X', U, YV; k) consists of separable Pontryagin
spaces X (the state space), I/ (the incoming space), and ) (the outgoing space) and
the system operator Ty € L(X @ U, X & )), the space of bounded operators from
XoUto X DY, where X U, or (ﬁ), means the direct orthogonal sum with respect
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to the indefinite inner product. The symbol « is reserved for the finite negative index
of the state space. The operator Ty, has the block representation of the form

Ty = (g g) : (j) N (;‘) (L1
where A € L(X) (the main operator), B € L(U, X) (the control operator), C €
L(X, ) (the observation operator), and D € L(U, )) (the feedthrough operator).
If needed, the colligation is written as ¥ = (A, B, C, D; X, U, Y; k). It is always
assumed in this paper that ¢/ and ) have the same negative index.

All notions of continuity and convergence are understood to be with respect to the
strong topology, which is induced by any fundamental decomposition of the space in
question.

The colligation (1.1) will be called as a system since it can be seen as a linear
discrete time system of the form

hiy1 = Ahg + Bé,

k>0,
or = Chy + D§,

where {hi} C X, {&} C U and {ox} C V. In what follows, the “system” is identified
with the operator expression appearing in (1.1). When the system operator Tx, in
(1.1) is contractive (isometric, co-isometric, unitary), with respect to the indefinite
inner product, the corresponding system is called passive (isometric, co-isometric,
conservative). In literature, conservative systems are also called unitary systems. The
transfer function of the system (1.1) is defined by

Ox(z) =D+ zC — zA)_lB,

whenever I — zA is invertible. Especially, 0y, is defined and holomorphic in a neigh-
bourhood of the origin. The values 0x(z) are bounded operators from U to ).
Conversely, if 0 is an operator valued function holomorphic in a neighbourhood of the
origin, and transfer function of the system X coinsides with it, then X is a realization
of 6. In some sources, transfer functions of the systems are also called characteristic
functions of operator colligations.

The adjoint or dual of the system X is the system X* such that its system operator
is the indefinite adjoint T3 of Tx. That is, £* = (T5; X', Y, U; k). In this paper, all
the adjoints are with respect to the indefinite inner product. For an operator valued
function ¢, the notation ¢*(z) is used instead of (¢(z))*, and the function ¢*(z) is
defined to be ¢*(z). With this notation, for the transfer function fx+ of X*, it clearly
holds Ox+(z) = 0x*(z). Since contractions between Pontryagin spaces with the same
negative index are bi-contractions (cf. eg. [24, Corollary 2.5]), ¥* is passive whenever
X is.

In the case where all the spaces are Hilbert spaces, the result that the transfer
function of a passive system belongs to the Schur class has been established by Arov
[4, Proposition 8]. In the case where U/ and ) are Hilbert spaces and the state space X
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is a Pontryagin space, Saprikin showed in [30, Theorem 2.2] that the transfer function
of the passive system (1.1) is a generalized Schur function. It will be proved later in
Proposition 2.4 that this result holds also in the case when all the spaces are Pontryagin
spaces. The generalized Schur class S, ({/, )), where U and ) are Pontryagin spaces
with the same negative index, is the set of L(U/, )))-valued functions S(z) holomorphic
in a neighbourhood €2 of the origin such that the Schur kernel

1 —S)S*(w
Ks(w,z) = M, w,z € Q, (1.2)
1—zw
has « negative squares (¢« = 0, 1,2, ...). This means that for any finite set of points
wi, ..., W, in the domain of holomorphy p(S) of S and set of vectors { f1, ..., fu} C
Y, the Hermitian matrix

n

i

((Ks(wj, w;) fj, fi)y)i,jzl .
where (-, )y is the indefinite inner product of the space ), has no more than «
negative eigenvalues, and there exists at least one such matrix that has exactly «
negative eigenvalues. A function S belongs to S, (U4, )) if and only if S,f e SQ,U);
see [1, Theorem 2.5.2]. The class So(U, )) coinsides with the ordinary Schur class,
and it is written as S(U, ). The generalized Schur class was first studied by Krein
and Langer; see [26] for instance.

The direct connection between the transfer functions of passive systems of the form
(1.1) and the generalized Schur functions allows to study the properties of generalized
Schur functions by using passive systems, and vice versa. Therefore, a fundamen-
tal problem of the subject is, for a given 6 € S, (U, )), find a realization ¥ of 0
with the desired minimality or optimality properties (observable, controllable, sim-
ple, minimal, optimal, *-optimal); for details, see Theorems 2.6 and 3.5 and Lemma
2.8. The described problem is called a realization problem. In the standard Hilbert
space setting, realizations problems, as well as other properties of passive systems,
were studied, for instance, by Arov [4,5], Arov et al. [6-8], Ball and Cohen [13], de
Branges and Rovnyak [20,21], Helton [25] and Nagy and Foias [29]. The case where
the state space is a Pontryagin space while incoming and outgoing spaces are still
Hilbert spaces, unitary systems were studied, for instance, by Dijksma et al. [22,23],
and passive systems by Saprikin [30], Saprikin and Arov [10], Saprikin et al. [9] and
by the author in [27]. The case where all the spaces are Pontryagin spaces, theory
of isometric, co-isometric and conservative systems is considered, for instance, in
[1,2,24].

Especially, Arov [5] proved the existence of so-called optimal minimal realizations
of an ordinary Schur function; for definitions, see Sect. 3. The proof was based on the
existence (right) defect functions. For an ordinary Schur function S(¢), the (right)
defect function ¢ of S is, roughly speaking, the maximal analytic minorant of / —
S*(¢)S(¢). More precicely, this means that for almost everywhere (a.e.) ¢ on the unit
circle T, it holds

P (Q)e0) = I = S*()S(©),
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and for every other operator valued analytic function ¢ with similar property, it holds

PH)P) < " (O)p(0).

For the existence of defect functions, see [29, Theorem V.4.2], and for a detailed
treatise, see [17-19]. Another names of defect functions are “spectral factors”, see
[12]. Arov et al. [6] constructed (*-)optimal minimal passive systems in the Hilbert
space setting without using defect functions. The construction can be done by taking an
appropriate restriction of some system. In the indefinite setting, if one uses a suitable
definition of optimality, a similar method as was used by Arov et al. still produces a
(*-)optimal minimal passive system. In Pontryagin state space case, this was proved
by Saprikin [30]. It will be shown in Theorem 3.5 that the same result still holds in
the case where all the spaces are Pontryagin spaces.

The study of the class of generalized Schur functions S, (U, )) was continued in
[9,10], in the case where U/ and Y are Hilbert spaces and the state space is a Pontryagin
space. Saprikin and Arov [10] used the right Krein—-Langer factorization of the form
S =SB for S e S« (U, Y), and proved that the existence of the optimal minimal
realization of S is equivalent to the existence of the right defect function of S, . However,
they did not define the defect functions for the generalized Schur functions. This was
done by the author in [27] by using the Krein—Langer factorizations. With the definition
given therein, the main results of [3] were generalized to the Pontryagin state space
setting. The main subjects of [27] include some continuation of the study of products
of systems and the stability properties of passive systems, subjects treated earlier
by Saprikin et al. [9]. In the present paper, it will be shown that a concept of defect
functions can be defined in the case where all the spaces are Pontryagin spaces. The key
idea here is to use optimal minimal passive realizations and conservative embeddings.
By using such a definition, it is shown that one can generalize and improve some of
the main results from [3], using different proofs than those given in [3] or [27], see
Theorem 4.8. Furthermore, in Theorem 4.10, the main results from [7,8] concerning
the criterion when all the minimal realizations of a Schur function are unitarily similar,
is generalized to the present indefinite setting. The proof will be carried out entirely
by using the theory of passive systems, without applying Hardy space theory or the
theory of Hankel operators as in the proof provided in [8].

The paper is organized as follows. In Sect. 2 basic facts of linear systems, Julia
operators, dilations and embeddings are recalled. Moreover, Lemma 2.8 gives some
usefull representations and restrictions of passive systems. That lemma will be used
extensively later on in this paper.

In Sect. 3, the existence and basic properties of (*-)optimal minimal realizations
are established. The main result of this section is Theorem 3.5.

The generalized defect functions are introduced in Sect. 4. In particularly, Theorem
4.10 in this section can be seen as the main result of the paper.
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2 Linear Systems, Dilations and Embeddings

Let ¥ = (Tx; X, U, YV; k) be a linear system as in (1.1). The following subspaces

X¢:=span{ranA"B: n=0,1,...} 2.1
X? :=span{ranA™C*: n=0,1,...} (2.2)
X* :=span{ran A"B,ran A" C* : n,m =0, 1,...}, (2.3)

are called, respectively, controllable, observable and simple subspaces. The system is
said to be controllable (observable, simple) if Y = X(X? = X, ¥ = X) and
minimal if it is both controllable and observable.

When @2 > 0 is some symmetric neighbourhood of the origin, that is, 7 €
whenever z € €2, then also

X¢ = span {ran (I —zA)"'B,z € Q} (2.4)
X° = span {ran (I — zA*)~'C*, z € Q) (2.5)
X% = span {ran (I —zA)"'B,ran (I — wA")~'C*, z, w € Q} (2.6)

The system (1.1) can be expanded to a larger system without changing the transfer
function. It can be done by using the so-called defect operator and Julia operator,
see, respectively, (2.7) and (2.8) below. For a proof of the following theorem and more
details about the defects operators and Julia operators, see [24]. The basic information
about the indefinite inner product spaces and their operators can be recalled from
[11,15,24].

Theorem 2.1 Suppose that X| and X, are Pontryagin spaces with the same negative
index, and let A : X1 — X be a contraction. Then there exist Hilbert spaces ® 4 and
® ax, linear operators Dy : D4 — X1, Dyx : Dax — Ab with zero kernels and a
linear operator L : D p — D g+ such that it holds

I —A*A=Dy,D%, I—AA*=DsD%., 2.7

and the operator

. A Dy (X X>
Uy = (DZ —L*) : <©A*) — (©A> (2.8)

is unitary. Moreover, D, D o+ and U are unique up to unitary equivalence.
The notion of dilation of a discrete time-invariant system has been introduced by

Arov [4]. Ag\ilg\tiqg of a system ¥ =(A,B,C,D; X,U,Y; k) is any system of the
form ¥ = (A, B,C, D; X, U, Y; k), where

X=De®X®D., ADCD, A*D,CD, CD={0}, B*D,={0}. (2.9)
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The spaces D and D, are required to be Hilbert spaces. The system operator 75 of b5
is of the form

Ayr A A B D D
. 0 A Ax B X X
=\o o 45/ \o )|~ | \n.) |
0 c ) D U y (2.10)
(A A A (B .
A= 0 A Axn|, B=\|B]|, CZ(OCCl).
0 0 A3z 0

The system ¥ is called a restriction of . Recall that subspace NV of the Pontryagin
space H is regular if it is itself a Pontryagin space with the inherited inner product
of (-, -)3¢. The subspace A is regular precicely when A/ is regular, where L refers
to orthogonality with respect to the indefinite inner product of H. Since X clearly is
a regular subspace of X , there exists the unique orthogonal projection Py from X
to X. Let A [ ¥ be the restriction of A to the subspace X'. Then, the system X can be
represented as ¥ = (PXZ[X, PX§, 6[)(, D; P;\gf, U, Y; k). A calculation show
that the transfer functions of the original system and its dilation coincide. Moreover, if
¥ is passive, then is any retriction of it. The following proposition states that a passive
system has a conservative dilation. For the Hilbert space case, this result is from [4],
and for the Pontryagin state space case, see [30]. The similar proof as in [4] and [30]
can be applied. For details, see the proof in [28, Proposition 2.3].

Proposition2.2 Ler ¥ = (A, B, C, /l\)/g(,l\/l y;ﬁ) be a passive system. Then there
exists a conservative dilation ¥ = (A, B,C, D; X, U, Y; k) of Z.

It is possible that D = {0} or D, = {0} in (2.9). In those cases, the zero space and
the corresponding row and column will be left out in (2.10). In particular, if the system
Y. with the system operator 7 as in (1.1) is isometric (co-isometric), then Dy = 0

There is also an another way to expand the system (1.1), and it is called an embed-
ding. In this expansion, the state space and the main operator will not change. The
embedding of the system (1.1) is any system determined by the system operator

A (B By X
C

n=(@ )@= = () )@
-6
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where " and )’ are Hilbert spaces. The transfer function of the embedded system is

b () = D+zC(Ix —zA)™'B  Din+z2CUy —zA)7'B;
2T A\ Dy +2C1(Iy —zA)7'B - Dy +z2C1(Ix — zA) 7' By

_(OZ(Z) 912(Z)>
S\ @)’

where 6y is the transfer function of the original system. The embedded systems will
be needed in Sect. 4.

It will be proved in Proposition 2.4 below that the transfer function of any passive
system (1.1) is a generalized Schur function with index not larger than the negative
index of the state space. For a special case where incoming and outcoming spaces are
Hilbert spaces, this result is due to [30, Theorem 2.2]. The proof of the general case
follows the lines of Saprikin’s proof of the special case.

Lemma23 Let ¥ = (A, B,C, D; X, U, Y; k) be a passive system with the transfer
function 6. Denote the system operator of ¥ as T. If

_ (DPri). X _ (P . X
A R R 1 I )

are defect operators of T and T*, respectively, then the identities

Iy —0(2)0"(w) = (1 — z0)G()G*(w) + ¥ (Y™ (w), (2.11)
Iy — 0" ()0 (2) = (1 — zw) F*(w) F (2) + ¢™ (w)e(2), (2.12)

with
G(@)=CUx —zA)~", (@ = Dry+2C(Ux —zA)"' Dy,

. . . . (2.13)
F(z) =Ux —zA) "B, ¢(@) =Dy, +2D7 (Ix —zA) B,

hold for every z and w in a sufficiently small symmetric neighbourhood of the origin.

Proof By applying the results from [1, Theorem 1.2.4] and the identities in (2.7), the
results follow by straightforward calculations. For details, see the proof in [28, Lemma
2.4]. O

Note that if ¥ in Lemma 2.3 is isometric (co-isometric), then D7 = 0 (D7+ = 0) and
therefore ¢ = 0 (v = 0).

Proposition2.4 I[f ¥ = (A, B,C, D; X, U, Y; k) is a passive system, the transfer
function 0 of ¥ belongs to S, (U, )), where k' < k.

Proof Denote the system operator of X as 7. By Lemma 2.3, the kernel Ky defined
as in (1.2) has a representation

Ko(w,2) = GR)G*(w) + (1 — z0) 'Y ()™ (w), (2.14)
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where G(z) and ¥ (z) are defined as in (2.13). Since the negative index of X is k and
the negative index of the Hilbert space ® 7+ is zero, it follows from [1, Lemma 1.1.1.],
that for any finite set of points wy, ..., w, in the domain of holomorphy of # and the
set of vectors {y1, ..., y,} C Y, the Gram matrices

n

(v s v @ovile,. ),

ij=l

n

(G*w)y;, G*(wi)yi>X)iyj=1 ;
have, respectively, at most « and zero negative eigenvalues.

The kernel (1 — zw) ! has no negative square, since it is the reproducing kernel of
the classical Hardy space H2(ID). The Schur product theorem shows that the kernel
(1 — zw) " (z)¥*(w) has no negative square. Then it follows from [1, Theorem
1.5.5] that the kernel Ky has at most x negative square. Thatis, 0 € S,/ (U, ), where
k" < k, and the proof is complete. O

Definition 2.5 A passive realization ¥ of a generalized Schur function 8 € S, (U4, ))
is called x-admissible if the negative index of the state space of X coinsides with the
negative index « of 6.

In what follows, this paper deals mostly with the «-admissible realizations. It will turn
out that the x-admissible realizations of 6 € S, ({/, )) are well behaved is some sense;
they have many similar propeties than the standard passive Hilbert space systems.

The following realizations theorem is well known, see [1, Theorems 2.2.1, 2.2.2
and 2.3.1].

Theorem 2.6 For a generalized Schur function 0 € S, (U, )) there exist realizations
Y= (Tx; X, U, Vs k), k= 1,2, 3, of 0 such that

(1) Xy is observable co-isometric;
(i) X, is controllable isometric;
(iii) X3 is simple conservative.

Conversely, if the system ¥ has some of the properties (1)—(iii), then 0y € S, (U, )),
where k is the negative index of the state space of X.

Recall that a Hilbert subspace of the Pontryagin space X is a regular subspace
such that its negative index is zero. Conversely, anti-Hilbert subspace is a regular
subspace such that its positive index is zero. When I/ and Y happens to be Hilbet
spaces, the transfer function 6 of the passive system ¥ = (Tx; X', U, V; k) belongs
to class S, (U, )) (with k = ind_X) if and only if (X*)" is a Hilbert subspace [27,
Lemma 3.2]. In the case when U/ and ) are Pontryagin spaces with the same negative
index, the transfer function 6 of the isometric (co-isometric, conservative) system
Y = (Tx; X, U, Y; k) belongs to class S (U4, )) if and only if (X)+ ((X°)+,(x%)1)
is a Hilbert subspace [1, Theorem 2.1.2]. For a passive system, one has the following
result.

Proposition 2.7 For a passive realization ¥ = (A,B,C,D; X, U,Y;k) of 0 €
S U, Y), spaces X, X° and X* are regular and their orthogonal complements
are Hilbert subspaces.
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Proof Let 2 be a symmetric neighbourhood of the origin such that (I — zA)~! and
(I —zA*)~! exist for every z € Q. Represent the kernel Ky as in (2.14). Since Ky has
K negative square, a similar argument used in the proof of 2.4 shows that the kernel
Ki(z,w) = G(z)G*(w), where G(z) = C(I — zA)~!, has « negative square. It
follows now from [1, Lemma 1.1.1°] that span{ran (I — wA*)~'C*, w € Q} contains
a x-dimensional maximal anti-Hilbert subspace &,.. Then, X, & (.)6,()L =Xisa
fundamental decomposition of X'. Especially, (X,)T is a Hilbert subspace of X'. But

(span{ran (I —wAH ™ 'c*,w e Q})L = (X")J' C (X)),

which implies that (X’ 2yt is a Hilbert subspace, and therefore its orthocomplement
X? is regular.

By duality argument, the space X is a regular subspace and the space (X¢)" is a
Hilbert subspace. It easily follows from (2.1)~(2.3) that (X*)* = (X)L N (x°)*,
and therefore (X*)* is also a Hilbert subspace and X is regular. O

It follows from the Proposition 2.7 above that the state space X of a x-admissible
realization ¥ of 6 € S, (U4, )) can be decombosed to the controllable, observable and
simple parts. Using this fact, the lemma below, which will be used extensively, can be
proved.

Lemma28 Let ¥ = (A, B,C,D; X,U,Y; k) be a passive system such that the
spaces (X)L, (X)L and (X°)* are Hilbert subspaces of X . Then the system operator
T of X has the following representations

Al A\ (B (xoy* (xoyt
T = 0 A, Bo : xe — x° (2.15)
C ) u Y
(xo)t (xo)t
T = X — X (2.16)
(Cl CC u y
As 0 (x5)* (x5t
T = 0 AJ P — XS (2.17)
(0Cy) u y
A’“ AL, A/13 B] (X0)* (xo)t
T A Aiz3 B’ : PyoX°© N Poyo X°
0 A} 0 XN (X9t X0 N (X9)+
o c’ ; D u Yy
(2.18)
A’{l Al, AL\ (B XN (xo)t xen o)t
A” AL B . Pye X0 . Pe X0
A//3 0 : (XC)L (XC)L
0 C// C// D Z/{ y

(2.19)
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The restrictions

Yo = (Ao, By, Co, D; X°, U, V5 k) (2.20)
e = (Ac, Be, Ce, D; XU, Y; k) (2.21)
Xy = (As, By, Cy, D; X, U, Vs k) (2.22)
> = (A", B, C',D; PxoX°,U,Y; k) (2.23)
" =(A",B",C",D; Px<X°,U,Y; k) (2.24)

of X are passive, and X, is observable, X is controllable, Ty is simple, and ¥’
and X" are minimal. For any n € Ny and any z in a sufficiently small symmetric
neighbourhood of the origin, it holds

A"B = A"B. = A"B, (2.25)
(I—zA) 'B=(U-zA) "By = —zA.)" !B, (2.26)
AY'CF = AY'CF = AY'C, (2.27)

(I —zAH7IC* = (I —zAH7ICr = (1 — zAD) 71 CE. (2.28)

Moreover, if ¥ is co-isometric (isometric), then so are ¥, and X (2. and Xg).

Proof Since (X°)*, (X¢)* and (X*)* are Hilbert spaces, the spaces X, X' and
X* are regular subspaces with the negative index «. It follows from the identities
(2.1)—(2.3) that

(X)L, (x%)+ are A-invariant,
(X)L, (X*)* are A*-invariant,
ranC* C X? C &7,

ran B C X C A",

) (2.29)

and the representations (2.15)—(2.17) follow. That is, ¥,, X, and X are restrictions
of the passive system X, ans therefore they are passive.

Let Ty, be the system operator of ¥; where k = o0, ¢, s, and let x € X’ k& U and
X € X*¥ @ Y. Calculation show that Ts,x = TX, where k = ¢, s and T;ki = T*x
where k = o, s. It follows that if X is co-isometric (isometric), then so are X, and X
(X¢ and Xy).

Suppose x € X such that C,A”x = 0 foreveryn =0, 1,2, .... Then

A A\ (0
CA'x=(0 C,) ( 0 A0> <x) = C,Ax =0,

and the identity (2.2) implies that x € X° N (X)L~ = {0}. Thus x = 0, and it can
be deduced that X, is observable. Similar arguments show that X.. is controllable and
3 is simple, the details will be omitted.
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Letu € U, and n € Ny. Then, by (2.16) and (2.17),

nm. _(As O\ (O _( O \ _ .,
A"Bu = <A4 A, B.) = \a"Bu) = A.B.u

wm. _ (As ON'[0Y _ 0 o
A"Bu = (O AS BS = A?BS],{ = AS BS“?

and (2.25) holds. By Neumann series, (I — zA)~'B = 2%/ 27 A" B holds for all
in a sufficiently small symmetric neighbourhood of the origin, and (2.26) follows now
from (2.25). The equalities (2.27) and (2.28) can be deduced similarly.

Since the orthocomplements (X°)* and (X)* are Hilbert subspaces, it follows
from [30, Lemma 3.1] that Pyo X' and Py X? are regular subspaces, and it holds

XON (Pro X)Lt = XN (X, XN (Pre X0t = XN x%)*L.

Since (X)L C (Pyo X)L, (X))t C (PyeX?)* and all the spaces are regular,
simple calculations show that
(Pro X)Lt = (X)L @ (X° N (Pyro X)) and (PyeX)t
= (X" @ (XN (Pre X)),

Therefore,

X — PXOXC @ (PXOXC)J_ — (X())J_ @ PXOXC @ (XO m (PXGXL)J_)
= (X)) @ Pxo X< @ (X7 N (X)),

and similarly, X = (XN (X°)1) @ Prc X @ (X)L, Since (X N (X€)+ and XN
(X°)* are also Hilbert spaces, the spaces PyoX¢ and PycX? are Pontryagin spaces
with the negative index «. By considering the properties in (2.29), the representations
(2.18) and (2.19) follow now easily. That is, ¥’ and X" are restrictions of X, and
therefore passive.

Denote X’ := PyoX¢. Represent the system operator 7 of X as in (2.18). Then

Ajy A A\ (B 0
PyvA"B=Py [ 0 A A, B'|=|A"B' | =A"B,
0 0 Al 0 0

and similarly A”"C"* = Py A*"C*. Therefore,

X'“ =span{ranA”B : n=0,1,...) =Span {ran Px»A"B: n=0,1,...}
= Pyspan{ranA"B: n=0,1,...} = Py X¢ = Py PyoX¢ = Py X' = X,

and similarly X’° = Py X° = X', which implies that ¥’ is minimal. A similar
argument shows that X" is minimal, and the proof is complete. O
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Note that in particular, Lemma 2.8 implies the existence of a minimal passive realiza-
tionof 6 € S, (U, )).

Definition 2.9 The restrictions ¥,, 2., X5, £/, and £” in Lemma 2.8 are called,
respectively, the observable, the controllable, the simple (or proper), the first min-
imal and the second minimal restrictions of X.

The first minimal and the second minimal restrictions will be considered later in
Sects. 3 and 4.

Tworealizations X1 = (A1, By, C1, D1; X1, U, Y; k1) and Xy = (A3, By, Co, D»;
Xy, U, V; ko) of the same function 6 € S, (U, )) are called unitarily similar if
D = D; and there exists a unitary operator U : X} — &> such that

A =U""'AU, Bi=U"'B,, Cy=0CU. (2.30)

In that case, it easily follows that k1 = k». Unitary similarity preserves dynamical
properties of the system and also the spectral properties of the main operator. If two
realizations of 6 € S, (4, V) both have the same property (i), (ii) or (iii) of Theorem
2.6, then they are unitarily similar [1, Theorem 2.1.3].

The realizations X1 and X, above are said to be weakly similar if D; = D; and
there exists an injective closed densely defined possible unbounded linear operator
Z : X} — X, with the dense range such that

ZAix =AryZx, Cix=CyZx, xe€D(Z), and ZB| = By, (2.31)

where D(Z) is the domain of Z. In Hilbert state space case, a result of Helton [25]
and Arov [4] states that two minimal passive realizations of 6 € S(U, )) are weakly
similar. However, weak similarity preserves neither dynamical properties of the system
nor the spectral properties of its main operator.

Helton’s and Arov’s statement holds also in case where all the spaces are indefinite.
This result is stated for reference purposes. Similar argument as Hilbert space case can
be applied, definiteness of the inner product play no role. For a proof of special cases,
see [14, Theorem 7.1.3], [31, p. 702] and [27, Theorem 2.5]. Note that the realizations
are not assumed to be x-admissible or passive.

Proposition 2.10 Tivo minimal realizations of 0 € S (U, Y) are weakly similar.

3 Optimal Minimal Systems

For k-admissible realizations of 6 € S, (U, ))), where U and ) are Pontryagin spaces
with the same negative index, one can form the similar theory of optimal minimal
passive systems as represented in the standard Hilbert space case in [6] and the Pon-
tryagin state space case in [30]. Techniques, definitions and notations to be used here
are similar to what appears in those papers.

Denote Ex (x) = (x, x)x for a vector x in an inner product space X. Following
[6,10,30], a passive realization ¥ = (A, B,C, D; X, U, Y;k) of 6 € S, U,)) is



Minimal Passive Realizations of Generalized Schur... Page 130f34 35

called optimal if for any passive realization ¥’ = (A’, B, C’, D’; X', U, Y; k) of 0,
the inequality

n n
Exy (Z AkBuk> <Ex (Z A’kB/uk) , neNy, wreld, @31

k=0 k=0

holds. On the other hand, the system X is called *-optimal if it is observable and

n n
Ex (Z AkBuk) > Ex (Z A’kB’uk) , neNy, wreld, (32

k=0 k=0

holds for every observable passive realization X’ of 0. The requirement for observ-
ability must be included for avoiding trivialities, since otherwise every isometric
realization of 6 would be *-optimal; see Lemma 3.3 below and [6, Proposition 3.5
and example on page 144].

In the definition of optimality and *-optimality, the requirement that the considered
realizations are x-admissible is essential, as the example below shows.

Example3.1 Let ¥ = (A,B,C,D; X, U,Y;k) and ¥’ = (A',B,C’,D"; X', U,
Y; k'), wherek < k', be passive realizationof & € S, (U4, )). Suppose that (3.1) holds.
By Lemma 2.8, if (3.1) holds for X, it holds also for the controllable restriction X, =
(A¢, Be, Ce, D'; X°,U, Y; k) of X. For any vector x of the form x = Z,I:/I:o A Beuy,
where {u,} C U and M € Ny, define

M
Rx = Z A"B'u,.
n=0

It is easy to deduce that R is a linear relation. Moreover, since 2. is controllable by
Lemma 2.8, R is densely defined. Since (3.1) holds, R is contractive. It follows now
from [1, Theorem 1.4.2] that R can be extended to be everywhere defined contractive
linear operator. Since ind_X¢ = ¥ < «’ = ind_A”, it follows from [24, Theorem
2.4] that linear operator from X to X’ cannot be contractive, and hence (3.1) cannot
hold.

It will be shown in Theorem 3.5 below that an optimal (*-optimal) minimal realiza-
tion exists, and it can be constructed by taking the first (second) minimal restriction,
introduced in Definition 2.9, of simple conservative realizations. More lemmas will
be needed before that.

Lemma3.2 Let ¥ = (A,B,C,D;X,U,Y; k) is a passive realization of 0 €
ScU,Y), and let ¥y = (Ag, Bg, Cs, D; X°, U, Y; k) be the restriction of X to the
simple subspace. Then, the first (second) minimal restrictions of ¥ and X coinside.

Proof Only the proof of the statement concerning about the second minimal restric-
tions is provided, since the other case is similar. To make the notation less cumbersome,
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write X* = X, where p refers to proper part. By Lemma 2.8, the equalities
(2.25) and (2.27) hold, and it easily follows that it holds X° = X;, X¢ = Xli,

X+ = XHt e (2(;)l and (X)L = (X)L @ (X;)l, where orthogonal
complements (X[?)J- and (X ;)J- are taken with respect to the space X,. Therefore
PycX? = PX,ﬁ/Yﬁ C &* = &), and consequently,

PPX;.;X;;AP rPX;X;)’ = PerXOArX‘V rper” = PchX"A{chXU’

PPXIL;XZ;BPZPPXL‘X{)B’ Cprpng;;ICrPXpX(),
which shows that the second minimal restrictions of ¥ and X co-inside. m|

To prove the (*-)optimality of a system, the following lemma is helpful.

Lemma3.3 Let X = (A, B,C,D; X, U, V,k), £ = (A, B,C,D; X, U, Y, k) and
Y = (A’ B',C',D; X',U,Y; k) be realizations of 0 € S,(U,Y) such that ¥ is
passive, Sisa passive dilation of ¥ and ¥’ is the first minimal restriction of S. Then

n n
Ey <Z A”‘B/uk> <Ey (Z AkBuk> ., neNy, wupel. (3.3)
k=0 k=0

Moreover, for any isometric realization Y = (A], Ié], él, D; /'\?,Z/l, Y,k) of 0, it
holds

n n
Exy <Z AkBuk) <Ey (Z A"Buk) ., neNy, wupel. (3.4)
k=0 k=0

Note that Proposition 2.2 guarantees the existence of a passive dilation S of ¥ with
the properties described above.

Proof Since ¥ is a dilation of ¥, the system operator T has a representation

L A Ap Ag B D D

Te — (é B) . 0 A Axy B X N X
XT\C D)™ 0 O Asz3 0 D, D, ’

0 ¢ ¢ D y

(3.5)

where D and D* are Hilbert spaces. On the other hand, by Lemma 2.8, $ can also be
represented as

A/” A/I/Z A;]3 B{/ Xl/ X]/
o A an|B]] ||~ X
Iy = o o Az \o/| |\)| 7 |\) |

o ¢ ) D 2
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where X = (2?”){ X = PA?(,/'/Y\C and X3 = x°n (/'/Y\C)L. The spaces X} and X3 are
Hilbert spaces, and X” is a Pontryagin space with the negative index «. Let n € No
and {ug}{_, C U. Since X3 C (X)*, it holds

n
Ey <Z A/kB/uk>
k=0
n
=E3 (PX/ ZAkBuk>

k=0
n n n
=Eg (Z Aka) -Ep (le ZAkBuk> —Ep (P;g} ZAkBuk>
k=0 k=0 k=0
n n
=Ep <Z Z"Buk> ~E3 (PXl ZAkBuk> : (3.6)
k=0 k=0

With D and D* as in (3.5), the identities lp (2.9) hold. The/r\efore, it follows from
the identities (2.1) and (2.2) that D, C (X°)* and D C (X°)* = A). A similar
calculation as above yields then

Ex (ZAkBuk> =E3p (Zg\ké\uk> —Ep (szgkguk) . 3.7

k=0 k=0 k=0

The inclusion D C A and the fact that D and &} are Hilbert spaces now implies the
inequality E 5 (Pp Y j_, A¥ Euk) < Ez(Px, Xioo Ak Euk) . It follows now from
the Egs. (3.6) and (3.7) that Ex (}}_y A*B'ux) < Ex (Y }_o A*Bux), and the
inequality (3.3) is proved.

Assume that ¥ is isometric. Since D is a Hilbert space, it follows from (3.7) that

Ex (Z AkBuk) <Ez (Z Xkﬁuk> . (3.8)

k=0 k=0

By Lemma 2.8, the controllable restriction fc = (XC, §C, 66, D; )E”,)Zi{, y,’ic)Aof
> is controllable isometric, and for every n = 0, 1,2, ..., it holds A"B = AlB..
Therefore

n n
Es (Z A\kguk> = Ezp. < Z’;ﬁcuk) . 3.9)
k=0

k=0

v -

o, D; X, U, Y, k) is the controllable

Similar argument show that if e = (AC, D; xe, )
,C,D; X,U,Y, k), then X€ is con-

Cr
restriction of the isometric system X = (A,
trollable isometric and it holds

UJ( Q(
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n n
E; (Z /ikéuk> =E;. (Z A’;écuk) ) (3.10)
k=0 k=0

But 3¢ and X are unitarily similar, and therefore

n n
E . (Z A’;Bcuk> = E 3. (Z A’chuk> : 3.11)
k=0

k=0
By combining (3.8)—(3.11), the inequality (3.4) follows. m]

Remark 3.4 1t follows from the inequality (3.4) of Lemma 3.3 that if there exists an
observable isometric realization of 6 € S, (U, )), then it is *-optimal.

In the standard Hilbert space case, results of Arov [5] show that there exist optimal
minimal realizations of a Schur function. The construction was based on the existence
of the defect functions, see Sect. 4. Arov et. all provided new geometric proofs of
these results in [6]. Saprikin used those new proofs and generalized Arov’s results to
Pontryagin state space case in [30]. It will be proved next that Arov’s results holds in
the case when all spaces are Pontryagin spaces. The geometric proofs in [6] can still
be applied in the present setting with few appropriate changes.

Theorem 3.5 Let 6 € S, (U, ), where U and Y are Pontryagin spaces with the same
negative index. Then:

(1) The first minimal restriction of a simple conservative realization of 6 is optimal

minimal;

(ii) The minimal passive system ™ is optimal if and only if the dual system X is
*-optimal minimal;

(iii) The second minimal restriction of a simple conservative realization of 0 is *-
optimal minimal,;

(iv) Optimal (*-optimal) minimal systems are unique up to unitary similarity, and
every optimal (*-optimal) minimal realization of 0 is the first minimal restriction
(second minimal restriction) of some simple conservative realization of 6.

Proof (i) Let ¥’ = (A’, B’,C’, D; X', U, Y; k) be the first minimal restriction of
a simple conservative realization 3 = (X’, B, C', D; )’(\’,L{, Y;k) of 6 €
ScU,Y). Let ¥ = (A,B,C,D; X,U, Y; k) be the first minimal restriction
of some conservative realization of 6 such that its state space has negative index
k. To prove that X’ is optimal, Lemma 3.3 shows that it is enough to prove

n n
Ey <Z A/"B/uk> <Ey (Z AkBuk> ., neNy, urel. (3.12)

k=0 k=0

By Lemma 3.2, it can be assumed that ¥ is the first minimal restriction of some
simple conservative realization ¥ = (A, B, C, D; X, U, )Y; «) of 6. Since X and
>’ are both simple conservative, they are unitarily similar, so there exists a unitary
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(ii)

operator U : X — ;Y\’suchthat//f— u- IZU §— U-'B and C = C'U.
Easy calculations shows that X" = UX°, Xc = UXe, (Xt = uxo)t,
(X C)J- U(XC)J- and Py, X © = UPXOXC In particular,

~ — 71 ~ _ 71
Py = PPX,OXC =U PP)?,OX’('U =U""PyU,
which implies

A=PyAly=U"PyAU[xy=Uly) '"PrAxUly = Ulx)'AUly
B=Ulx)""'B. C=CUly

It follows that ¥ and X’ are unitarily similar and the corresponding unitary
operator is Up = U [ x. Then

n n n
Ex (Z AkBuk> = Ey (UO—‘ ZA’kB’uk) =Ey <Z A'kB’uk> .

k=0 k=0 k=0

Therefore (3.12) holds, and X’ is an optimal minimal system.
Let X* = (A*, C*, B*, D*; X, Y, U; k) be an optimal minimal passive real-
ization of 6% € S.(Y,U). Then ¥ = (A, B,C,D; X,U,Y; k) is a minimal
passive realization of 6§ € S, (U, )). Consider an arbitrary observable pas-
sive realization ¥ = (A’,B’,C/,D; X', U,Y;k) of & € S,(U,)Y). Then
= (A/*, C/*, B,*, D*; X', Y,U; k) is a controllable passive realization of
6*. For a vector of the form x’ = Yo A/*kC,*yk, where n € Ny and y; € ),
define

n
Sx' =" (AN Cr

k=0

Since X'* is controllable and X* is optimal, the domain of S is dense, and it
holds

Ex(Sx)=Ey (Z (A*)"C*yk> < Ex (Z A’*"C’*n) = Ex(x).

k=0 k=0

Thatis, S is a contractive linear relation with the dense domain. Then [1, Theorem
1.4.4] shows that the closure of S, which is still denoted as S, is contractive every-
where defined linear operator from X’ — X. Since X’ and X" are Pontryagin
spaces with the same negative index, S* : X — X’, is contractive as well. The
transfer functions of the ¥ and ¥’ coincide, and therefore CA"B = C'A’ kg
for every m € Ny. By definition, S(A/*)”‘Cl* = (A*)™C*, or what is the same
thing, C’'A"" $* = C A™, for every m € Ny. Then also

C'AMR B — cAmAKB = C'A" S*A¥B for m.k > 0.
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(iii)

(iv)

This implies A’ B’ = §* AF B and moreover §* (Y{_o A*Buy) = Y4 _, A”* B’
uy, since the system X’ is observable. Therefore,

n n n
Exy (Z A/kB’uk> = Exy (S* (Z AkBuk)> <Exy <Z AkBuk> ,
k=0

k=0 k=0

since S* is contractive. This proves that ¥ is *-optimal.

Suppose then that ¥ = (A, B, C, D; X, U, Y; k) is minimal passive *-optimal
realization of & € S,(U,)Y). Then ¥* is a minimal passive realization
of 0% € S.(V,U). To prove the optimality of =*, it suffices to consider
all the minimal passive realizations of 0*. see Lemma 3.3. Let =
(A/*, C/*, B/*, D*; X', Y, U; k) be a minimal passive realization of 0%, Then
>’ is a minimal passive realization of 6. Since T is *-optimal, the inequality

n n
Ey <Z AkBuk> > Eyr (Z A/kB/uk) , neNy, upel,

k=0 k=0

holds. Define Kx = Y} _o A*B'uy for x = 3} _, A¥ Buy. Using similar tech-
niques as above, K can be extended to be a contractive operator from X — X’
such that

K*(A/*)kc/* — (A*)kc*

Since K* is contractive,

1 1 ok 1 ok
EX(ZA*kC*yk>=EX<K*ZA*C*yk <Ey ZA*C*yk ,

k=0 k=0 k=0

for {yx} C V. This shows that ¥* is optimal.

Let X be a simple conservative realization of 6 € S, (U, )). Then X* is a simple
conservative realization of 8%, and the first minimal restriction * of ©* is
optimal minimal by the part (i). By using the representations (2.18) and (2.19)
from Lemma 2.8, it is easy to deduce that the dual system of X*' is the second
minimal restriction X" of ¥, and it follows from the part (ii) that X" is *-optimal.
Only the proofs of the claims considering optimal minimal realizations will be
given, since the claims considering *-optimal minimal realizations can be proved
analogously. Let ¥; = (A, Bj, Cj, D; X;,U, Y; «) for j = 1,2, be optimal
minimal realizations of 6 € S, (U, )). In a sufficiently small neighbourhood of
the origin, the transfer functions 0y, and 6y, of the systems X and X, have the
Neumann series and they coincide, so C1A]1‘Bl = CgAéBz fork =0,1,2,...
Define

N

Ux =Y ASByuy (3.13)
k=0
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for a vector x of the form x = ZQ’:O A’fBluk, where {u;} € U. Since X is
controllable, such vectors are dense in X|. Because X, is controllable as well,
vectors of the form Ux are dense in A}.

Since ¥ and X; both are optimal realizations, Ey, (x) = Ex, (Ux), and there-
fore U is an isometric linear relation with the dense domain and the dense range.
It follows now from [1, 1.4.2] that the closure of U is a unitary operator, which is
still denoted as U. Then, trivially B] = U~ B,. For vector x in (3.13), it holds

N N
UAix=UY A" Buy =Y AT Bouy = ArUx.
k=0 k=0

It follows that U A1x = A,Ux holds in a dense set, and therefore by continuity,
everywhere. Thus Ay = U—1A,U. Moreover, for k = 0,1,2, ..., one con-
cludes ClAll‘Bl = C2A§Bz = CgUAIfBl. Since spankeNoAlfBl is dense in A7,
it must be C; = C,U. It has been shown that the unitary operator U has all the
properties of (2.30), and therefore X; and X, are unitarily similar.

Suppose then that ¥ = (A, B, C, D; X, U, Y; k) is an optimal minimal realiza-
tion of 6. Let fo = (Zo, §0, 60, D; 2/(\0, U, Y; k) be some simple conservative
realization of #. Lemma 2.8 shows that the system operator of S can be repre-

sented as
A’n A/12 A/13 Bi X X
Te — 0 A’ A’23 B’ ) X’ N X’
Zo T 0 0 A’33 0 ’ X, X ’
(O C’ C{) D U

where &; = (X)L, X = P)?(,.)/C'\C and X = X° N (X)L, Now ¥/ =
(A’,B’,C', D; X', U, Y; k) is the first minimal restriction of 3. and it follows
from part (i) that X’ is optimal minimal, and moreover, as proved above, unitarily
similar with X. Therefore, there exists a unitary operator U : X — X” such that
A=U"'AU,B=U""B"and C = C'U. Define

A/ll A/12U A/13 Bi X X
0 A U AL | B X X
Is = , : — ,
0 0 Al 0 X, X
o c ¢y D U y

and let T be the system corresponding the system operator T . Easy calculations
show that ¥ and X are unitarily similar and

R I 0 0 X X1
U=10 U 0}):lX]|—|X
0 0 I 2 0) X2



35 Page20of34 L. Lilleberg

is the corresponding unitary operator. Therefore Tisa simple conservative sys-
tem. Now U maps PxoX¢ to Pyo X', and UX' = UX’ = X. It follows that
¥ is the first minimal restriction of 2. O

4 Generalized Defect Functions

If U and ) are Hilbert spaces, it is well known that S € S/, ))) is holomorphic in the
unit disk and it has non-tangential contractive strong limit values almost everywhere
(a.e.) on the unit circle T. Therefore, S can be extended to L°° (4, )) function, that is,
the class of weakly measurable a.e. defined and essentially bounded LU, ))-valued
functions on T. Then it follows from [29, Theorem V.4.2] that there exist a Hilbert
space /C and an outer function ¢5 € S(U, K) such that

P5(Ops(6) <1 —S*()S(©) 4.1

a.e. on T, and if a function ¢ € S, IE), where K is a Hilbert space, has this same
property, then

P ()P = 95(Des() (4.2)

a.e. on T. The function ¢y is called the right defect function of S. For the notions
of the outer functions, *-outer functions, inner functions and *-inner functions, see
[29, Chapter V]. From [29, Theorem V.4.2] it is also easy to deduce that there exists
a Hilbert space H and a *-outer function ¥s € S(H, )) such that

Ys(©Yg(6) < I —S()S*(©) 4.3)

a.e. ¢ € T and if a Schur function 1’/7 € S(ﬁ, V) has this same property, then

Us(OVEQC) < POV Q). (4.4)

The function g is called the left defect function of S. Both ¢g and g are unique
up to a unitary constant.

The theory of the defect functions is considered, for instance, in [17-19]. Various
connections of defect functions and passive realizations can be found in [3,7,8]. The
definition of the defect functions was generalized for functions S € S, (U, ) in[27] by
using the Krein—Langer factorizations and the fact that all functions in S (U, )) have
also contractive strong limit values a.e. on T. If ¢/ and ) are Pontryagin spaces such
that their negative index is not zero, the defect functions cannot be defined similarly
as in the Hilbert space setting, since the boundary values of S € S, (i, )) may not be
Hilbert space contractions. However, in the Hilbert state space case, Arov and Saprikin
showed in [10] that for a function § = S, B~ leS, U, Y), where S, B, 1'is the right
Krein—-Langer factorization of S, the existence of the optimal minimal realization of
S is connected with the existence of the right defect function of S;,. In general, similar
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connections exist with certain functions constructed by embedded systems, and those
function are called defect functions; this is the approach taken here.

Suppose that ¥ = (A, B,C, D; X, U, Y; k) is a passive realization of 6 €
S« (U, Y). Denote the system operator of ¥ by 7. Theorem 2.1 shows that 7' has
a Julia operator of the form

T D\ (XeolU Xey
(o 2) (%)~ (%5)) @
where ©®7+ and D7 are Hilbert spaces, D+ D}, = —TT* and Dy D} =1 —T*T
such that D7 and D7+ have zero kernels. Then, one can form the Julia embedding

T of the system X; recall the embeddings from page 5. That is, the corresponding
system operator 7% of the embedding X is a Julia operator of 7', and it is of the form

A (B DT*I) X X

Ty = C D Dp)|: (u) - (y) , (4.6)
Dy, Dy, —L* D= Dr

Do
where D+ = ( DT"> and Dy = (gr.> . The transfer function of the Julia embed-
T T2

ding is
by [ PHCU= zA)'B Dry +2zC(I —zA)™' Dry
(@) = Dy, +zD;](1—zA)—1B —L*+zD;](1—zA)—lDTfi
_ (0@ ¥ (@)
B ((P(Z) X(Z)) ' @7

Moreover, the identities (2.11) and (2.12) of Lemma 2.3 hold for the system ¥ and
its transfer function 6. If ¢/ and Y are Hilbert spaces, similar arguments as used in the
proof of Proposition 2.4 and in the proof of [27, Lemma 3.2] show that ¢, ¢ and x
are generalized Schur functions with the index not larger than «.

Definition 4.1 Let I/ and ) be Pontryagin spaces with the same negative index. Let
¥ = (A,B,C,D; X,U,Y; k) be an optimal minimal passive realization of 6 €
S.U,Y), and let ¥ be the Julia embedding of it, represented as in (4.6). Then the
function ¢ in (4.7) is defined to be the right defect function ¢y of 6.

Moreover, let ¥ = (A, B, C, D; X, U, Y; k) be a *-optimal minimal passive real-
ization of & € S, (U, )), and let S be the Julia embedding of it, represented as in
(4.6). Then the function ¥ in (4.7) is defined to be the left defect function /g of 6.

Remark 4.2 Since optimal (*-optimal) minimal realizations are unitarily similar by
Theorem 3.5, and Julia operators for contractive operator are essentially unique by
Theorem 2.1, it can be deduced that the defect functions are essentially uniquely
defined by 6 € S, (U4, )). The definition above is also slightly different from the one
given in [27] for functions in the class S, (U/, )), where U and ) are Hilbert spaces.
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The right defect function of 6 € S, (U, ) and the left defect function of 0¥ are
closely related to each other.

Lemma4.3 For6 € S, (U, ), it holds (pg = Yo+ and ng = @yt

Proof Let . = (A, B,C, D; X,U, Y; k) be an optimal (*-optimal) minimal realiza-
tion of 6. Denote the system operator of X as T', and the Julia operator T of T as in
(4.6). By Theorem 3.5, the system X* is *-optimal (optimal) minimal, and a calcula-
tion shows that T% is the Julia operator of 7*. Now the results follow means of (4.7).

O

In the Hilbert space setting, S € S(U, )) has factorizations of the form
S = SiS() = S*()S*iy

where S; € S(),)) is inner, S, € SU,)’) is outer, Sy, € SU’, ) is *-outer,
S« € S(U,U") is *-inner, and )V’ and U’ are Hilbert spaces [29, p. 204]. The next
proposition shows that for an ordinary Schur function 6 € S(U, )), the outer factor
of ¢g and the *-outer factor of vy defined above coincide essentially with the usual
definition of defect functions.

Proposition4.4 Let 0 € S, (U, Y), where U and ) are Hilbert spaces. Then

@5 (o (8) <1 —0%(0)0(¢)

a.e. on' T, and if a generalized Schur function ¢ € S, (U, I/C\), where K is a Hilbert
space and k' does not depend on «, has this same property, then

PP = 95 (pa(0),

a.e.onT.Ifk =0, denote the inner and outer factors of pg as pg; and ¢g, , respectively.
Then, g, is an isometric constant, and if ¢’ is an outer function with properties (4.1)
and (4.2), then it holds Uy, = ¢', where U is a unitary operator.

Moreover,

Vo (D) (§) < 1 —0(5)0%(Q)

a.e. ¢ € T and if a generalized Schur function {17 € S,(/(ﬁ, Y), where K is a Hilbert
space and k' does not depend on k, has this same property, then

Yo (OVE () < P(OTH(E)

a.e. { € T.If k = 0, denote the *-inner and *-outer factors of Vg as Y., and Y.,
respectively. Then, Vg, is a co-isometric constant, and if ¥' is a *-outer function with
properties (4.3) and (4.4), then it holds Yo, U’ = V', where U' is a unitary operator.



Minimal Passive Realizations of Generalized Schur... Page230f34 35

Proof Let ¥ = (A, B,C, D; X, U, Y; k) be an optimal minimal realization of 6.
Denote the system operator of 3 as 7', the Julia operator T5 of T as in (4.6) and the
function ¢ = ¢y as in (4.7). Since T is unitary, the operator

() (2) @ (2)

must be isometric, and therefore the system

; C D\ VAW
== (00 (o7) (07, 2 (2,) )

is an isometric realization of the function ((;’9) . Since ¥’ is an embedding of the

minimal system ¥, the system X’ is also minimal. It follows from Theorem 2.6
that (je ) eS¢ (U, Y & D7) . Since contractive boundary values of generalized Schur

functions exist for a.e. { € T, it holds

6(¢)

(0*(0) 95(0)) <<p9(;)

) <I = @i ©ee(t) <1 —0%()0(¢)

forae. ¢ € T.

Suppose that a function ¢ € S,/ (U, I’C\), where K is a Hilbert space, has the property
O ()P) <1 —0*()0(¢) for a.e. ¢ € T. Since the function ¢ has the left Krein—
Langer factorization of the form ¢ = B% ! @1, where @ is an ordinary Schur function,
it holds 9*(£)@(¢) = ¢ (¢)@i(¢) for a.e. ¢ € T. Then the function

- (6
0= (a,) , 4.8)

belongs to the Schur class S (U , Ve //C\) , and it has a controllable isometric realiza-
tion ¥ with the system operator

Al B

(e () @)

X

|- 4.9)
K

s (0@ _ (D C _ —1
0(z) = (@(z)) = (Dz) +z <C2> (I —zA1)™ B

Dy +zC (I —zA)™'By
Dy +zC(I —zA)"'By )

That is,
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It follows that
X1 = (A1, B1,Cy, D1; X1, U, Vs k) (4.10)

is a realization of 6, and since ¥ is isometric and K is a Hilbert space, the system X
is passive. Since T is isometric, the defect operator Dr, of T, is zero, and it follows
from Lemma 2.3 that

I -6%2)0(z) =1 —6*(2)0() — & @D@(2)

4.11
— (1-1R) i —zap hu —zap e

whenever the expressions are meaningful. By combining the identities (2.12) and
(4.11) for optimal minimal realization ¥, one gets

(1= 122) B¢ = 24D 7" U = 24D 7' B + 9 i)
(4.12)
= (1-12P) B =247 U = 207" B + 9" ()0 2)

for every z in a sufficiently small symmetric neighbourhood €2 of the origin. Since the
system X is optimal, if follows by using Neumann series that

<B*(I —ZA NI = zA) " 'Bu, u>

- Ex((l - zA)—‘Bu) = Ex<i A”Buz”)

n=0

00
SEX1<Z A’fBluz") = <BT(1 — ZAT)_I(I — ZAI)_IBIM, u>

n=0

for every z € Q and for every u € U. Then it follows from (4.12) that @T Do1(z) <
o™ (2) o (2) for every z € Q. By continuity,

P @(6) =" (O)P©) < 9o™ ()pa(Q) (4.13)

forae.¢ € T.
Next suppose that k = 0. By combining (4.2) and (4.13), it can be deduced that

()P @) = 9o™(O)a(C) = 0o, (O)pe,* (), (s, (0) = 8, (D), ()

for a.e. ¢ € T. Then it follows from [29, Proposition V.4.1] that ¢" = Ugy,, where
U is a unitary operator. If one puts an outer function ¢, = ¢, = U~'¢’ in (4.8) and
constructs the operator Ty, as in (4.9) , the construction of an optimal minimal system
used in the proof of [5, Theorem 7] shows that the associated system X in (4.10) is
optimal. Since ¥ is also optimal, for every z € D, it holds
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B*(I —zA") ™' = zA)7'B = Bf(I —zAD) ™' — zA) 7' By

Then it follows from (4.12) that ||y, (z)@e, ()ull = |l¢g, (z)u|l for every z € D and
every u € U. The outer function ¢y, (z) has a dense range for every z € D [29,
Proposition V.2.4]. This implies that gy, (z) is an isometry for every z € D, and
arguing as in the proof of [29, Proposition V.2.1] one deduces that ¢, is an isometric
constant. The claims involving ¢y are proved.

The claims involving ¥y follow now directly by applying Lemma 4.3. O

Lemma4.5 Let £y = (Ao, Bo, Co, D; Xp,U,YV;k) and ¥ = (A, B,C,D; X, U,
Y; k) be passive realizations of 0 € S, (U, V) such that ¥y is optimal. If for every z
and w in a sufficiently small symmetric neighbourhood Q2 of the origin the equality

B*(I —wA") "I —zA)7"'B = Bi(I — WA~ '(I —zA0)"'By  (4.14)
holds, then X is optimal.

Proof It follows from Lemma 2.8 that the system operator T, of ¥ can be represented
asin (2.16), therestriction X, = (A., B, Cq, D; X, U, V; k) of X to the controllable
subspace X’ is controllable passive, and (2.25) and (2.26) hold.

Define Rx = ij:l A} Bou; for the vectors of the form x = Zﬁ/lzl AlBeuj,
where M € N and {u.,'}?”= | C U. Since X, is controllable, the domain of R is dense.
Moreover, X is optimal, and therefore E y, (Rx) < Eyc (x) . Thatis, R is contractive,
and it follows from [1, Theorem 1.4.2] that the closure of R is everywhere defined
contractive linear operator. It is still denoted by R. Since

oo oo
(I—zA)™'Be =) "A{B., (I —zAo) 'Bo=) z"AjBo,
n=0 n=0

holds for every z in a sufficiently small symmetric neighbourhood €2 of the origin, it
follows by continuity that R ((I — zA;) "' Beu) = (I — zAo) "' Bou for every z € Q
and u € U. Then

M M
R\ > (I —zjA)™ Bauj | =D (Ix, = zjA0)” Bouj,
j=1 j=1

for all M € N, {Zj};v:] C Q, and {"/'}?il C U. Equalities (2.26) and (4.14) imply
now
M M M
-1 — 4y —1 -1
E ye ZI(I —2zjAc)” Beuj =ZII;<Bf(I—zkAf) (I—z;Ae) Bcujsuk>u
j= j=1k=

M M
= ZZ(B?;(I — AN NI = z;A0) " Bouj, uk>u
j=1 k=1
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M

= Ey, Z([ — ZjA())_lBouj
=1

M
=Ex, | R Z(I_ZjAC)_lBCuj
=1

This implies that R is isometric in spanf{ran ( — zA1)"' By, z € Q}, which is a dense
set, since X is controllable. Since R is bounded, it is now isometric everywhere, and
it follows that X, is optimal. Then it follows from (2.25) that X is optimal, and the
proof is complete. O

The main results of [3, Theorem 1.1] were generalized to the Pontryagin state space
setting in [27, Theorem 4.4]. By using Definition 4.1, it can be shown that parts of this
result, as well as [8, Theorem 1], hold also in the case when all the spaces are indefinite.
Moreover, certain parts of [3, Theorem 1.1], [8, Theorem 1] and [27, Theorem 4.4]
can be improved. Before stating these results, some lemmas are needed.

Lemma4.6 Let0 € S, (U, )). Then the following statements are equivalent:

(i) all k-admissible minimal passive realizations of 0 are unitarily similar;
(ii) there exists a minimal passive realization of 6 such that it is both optimal and
*-optimal;
(iii) all k-admissible minimal passive realizations of 6 are both optimal and *-optimal.

Proof (i) = (iii). Suppose (i). Let the systems X = (A, By, C1, D; X1, U, Y; k) and
¥ = (A3, By, Ca, D; X2, U, Y; k) be, respectively, minimal passive and optimal (*-
optimal) minimal passive realizations of 6. Let U be the unitary operator from X to
X, with the properties described in (2.30). An easy calculation shows that

n n n
Ex, <Z A’nguk> = Ex, (UZA’fBluk) = Ex, (Z A’{Bluk>
k=0

k=0 k=0

foreveryu € U andforeveryn = 0, 1,2, ... whichimplies that X is actually optimal
(*-optimal), and therefore (iii) holds.

(iii) = (ii). The claim (iii) trivially implies (ii).

(i1) = (i). Suppose (ii). Let the systems X1 = (A, By, C1, D; X1,U, YV; k) and
¥y = (Az, By, Cy, D; X, U, Y; k) be, respectively, optimal and *-optimal minimal
passive realizations of 6. Let Z be the weak similarity mapping from X to X, with
the properties described in (2.31). It follows from (2.31) that all elements of the form
Y ko AlfBluk belongs to the domain of Z, and Z (ZZ:O A’fBluk) = io A’;Bzuk.
Recall also here the construction of Z in the proof of [27, Theorem 2.5]. Since X is
both optimal and *-optimal,

n n n
Ex, (Z A’nguk) = Ex, (ZZA’{Bluk) = Ex, (Z All‘Bluk> .
k=0

k=0 k=0
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Then it follows from [1, Theorem 1.4.2] that the operator Z has a unitary extension,
and the properties in (2.30) follow by continuity. Therefore X1 and X, are unitarily
similar. Since unitary similarity clearly is a transitive property, (i) holds, and the proof
is complete. O

Lemma 4.7 If the system ¥ = (A, B, C, D; X, U, Y; k) is an optimal passive real-
ization of 0 € S, (U, Y), then X C X°.

Proof According to Proposition 2.7, the spaces X° and (X°)* are regular sub-
spaces and (X°)* is a Hilbert space. It follows from Lemma 2.8 that the system
operator T of ¥ can be represented as in (2.15), and the restriction ¥, =
(A,, By, Cy, D; X°, U, Y; k) of T to the observable subspace X is observable pas-

sive realization of 6. Forn =0, 1, 2, .. ., it holds
Al f(n)
n __ 1
A= ( 0 Ay )

where f(n) is an operator depending on n. Then forany N € Ny and any {u,, } rI,v:o cu,
it holds

N N

Z A" B — <Z,’f=0 (A" Biuy + f(n)Bgun)>_ PyoyL (Zn:o A"Bun)
n— N —

=0 ano AZ Boun PXO (Z;}j:() AnBl/tn)

This implies
N N N
EX(Z A"Bun> =E (yoyL (P(X,,)l (Z A”Bu,,>) + Exo (Z AZBoun) :
n=0 n=0 n=>0

But since ¥ is optimal and (X?)% is a Hilbert space, one deduces P oyt
(Zflvzo A”Bu,,) = 0. That is, span{A"B : n = 0,1,...} C X° and since X? is
closed, also span{A”"B : n € Ny} = X C X°. O

The next Theorem contains promised extensions for some results of [3]. In partic-
ular, the fact that statements (I)(b), (I)(b) and (IIT)(b) implies the other statements,
respectively, in parts (I), (IT) and (II), is new also in the Hilbert space setting.

Theorem 4.8 Let 6 € S, (U, )), where U and Y are Pontryagin spaces with the same
negative index.

(I) The following statements are equivalent:

(a) o =0;

(b) all k-admissible controllable passive realizations of 0 are minimal isometric;
(c) there exists an observable conservative realization of 9,

(d) all simple conservative realization of 6 are observable;

(e) all observable co-isometric realizations of 0 are conservative.
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(Il) The following statements are equivalent:

(a) Y9 =0;

(b) all k-admissible observable passive realization of 6 are minimal co-isometric;
(c) there exists a controllable conservative realization of 9;

(d) all simple conservative realization of 0 are controllable;

(e) all controllable isometric realizations of 6 are conservative.

(II1) The following statements are equivalent:

(a) g =0and yrg =0;
(b) all k-admissible simple passive realization of 0 are minimal conservative;
(d) there exists a minimal conservative realization of 6.

Proof (I) (a) = (b). Suppose (a). Let the systems X = (A, B, C, D; X, U, V; k) and
Yo = (Ao, Bo, Co, D; Xp, U, Y; k) be, respectively, a controllable passive and an
optimal minimal passive realizations of 6. Represent the Julia embeddings of ¥ and
3o as in (4.6). Then, (2.12) holds for X. Since ¢y = 0, if follows from the definition
of ¢y that

I —0*(w)(z) = (1 — zw)BE(I — wAY) (I — z40) ' By

holds for every z and w in a sufficiently small symmetric neighbourhood €2 of the
origin. Since X is optimal, by considering the Neuman series of (I — zA0) ' By and
(I — zAo)~ ' By, one deduces that

Bi(I —ZAY) ™' (I —zA0)"'Bo < B*(I —zA") (1 —zA)7'B, zeQ.

Then it holds ¢*(z)p(z) <= 0 for every z € . But since ¢(z) is an opera-
tor whose range belongs to the Hilbert space D7, this implies ¢(z) = D;z +

zD} (I — zA)"'B = 0 for z € Q. It follows that Dj., = 0. Since X is control-

lable, span{(/ — zA)~'B; z € Q} is dense in X by the identity (2.4) and therefore
also D; L= 0. Then Dy = 0, so T is isometric, and X is a controllable isometric
system. In particular, if ¥ is chosen to be minimal passive; for the existence, see
Lemma 2.8, the previous argument shows that ¥ is a minimal isometric realization of
6. Since all controllable isometric realizations of 6 are unitarily similar, they are now
also minimal, and (b) holds.

(b) = (c). Suppose (b). Let X’ = (A’, B',C’, D; X', U, ); k) be an optimal mini-
mal passive realization of 8. The existence of ¥’ follows from Theorem 3.5 (i). By
assumption, X’ is isometric. It follows from Theorem 3.5 (iv) that X’ is the first mini-
mal restriction of the simple conservative system ¥ = (A, B, C, D; X, U, Y; k). By
Lemma 2.8, the system operator T of ¥ can be represented as in (2.18), where now
X' = PyoX°.

Ty of ¥’ is isometric and Ty is unitary, an easy calculation using the fact that the
range space (X'°)" is a Hilbert space shows that B} =0and A}, = 0in (2.18). But
then for every x € (X”)J- andeveryn =0,1,2,...,
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ALY 0 0\" (x
B*A*x=(0 B™ 0)| 0 Ay 0 0| =o0.
AT AT ALY o
13 23 33

That is, (X°)+ C (X€)* and therefore X C X°. Since X is simple, this implies now
X? = X. Then X is observable, and (c) holds.

(c) = (a). Suppose (c). Let ¥ = (A, B, C, D; X, U, Y; k) be an observable con-
servative realization of 8. By Lemma 2.8, ¥ can be represented as in (2.18). The first
minimal restriction (2.23) of X is an optimal minimal realization of 6 by Theorem
3.5 (i). But since ¥ is observable, X° = X and (X°)+ = {0}. It follows that the
reprentations (2.16) and (2.18) coinsides. That is, the first minimal restriction X’ is
just a restriction to the controllable subspace of X. By Lemma 2.8, £’ is now isomet-
ric. Thus if one constructs a Julia operator of Ty’ as in (4.5), Dry, = 0, and then it
follows from the definition of ¢y and (4.7) that ¢y = 0, and (a) holds.

The equivalences of the statements (c), (d) and (e) follow easily from the facts that all
observable co-isometric realizations of 6 are unitarily similar, all simple conservative
realization of 6 are unitarily similar and unitary similarity preserves the structural
properties of the system and system operator. The part (I) is proven.

(IT) The proof is analogous to the proof of the part (I), and the details are omitted.

(IIT) (a) = (b). Suppose (a). By combining the parts (I) and (II), it follows that all
controllable or observable passive realizations of # are minimal conservative. Con-
sider a simple passive realization ¥ = (A.B, C, D; X, U, Y; k) of 6. It follows from
Lemma 2.8 that the contractive system operator T of ¥ can be represented as in (2.15),
where the restriction X, in (2.20) is observable passive, and therefore now minimal
conservative. Then the system operator T, of X, is unitary. Let x € A°. Then, by
contractivity of T and unitarity of T,

A1 Ay B 0 Arx Aox
E[lo A B |lx||=E|lAx]|]|=E)+E <<C°x>)
o ¢, pJ\o Cox ’

=E(Tx) = E(x) =E(Tsg,x) =E <<2S§>> '

Since Axx € (X°)t and (X°)' is a Hilbert space, it follows that A, = 0. If one
chooses u € U, a similar argument as above shows that By = 0. Then for any n € N,

it holds
A"B = A 0" (0 = 0 and
—\0 A, B,)  \A!B,

A* 0\" /0 0
wrer= (4 4) (6)= ()
0 A* Cr AC

This is only possible if (X°)" = 0, since ¥ is simple. But then the systems ¢ and
¥ coincide, so the system X is minimal conservative, and (b) holds.
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Now (b) trivially implies (c), and the fact that (c) implies (a) follows by combining
the parts (I) and (I). The proof is complete. O

Remark 4.9 1f U and ) are Hilbert spaces, it follows from [27, Lemma 3.2] that simple
passive realizations of 8 € S, (U, ))) are k-admissible. Therefore, in that case it is not
necessary to assume the considered systems to be k-admissible in Lemma 4.6 and
Theorems 4.8 and 4.10, since the other assumptions already guarantee it. However,
if U and Y are Pontryagin spaces with the same negative index, it is not known that
are all simple passive, or even all minimal passive, realizations of 6 € S, (U, ))
k-admissible.

If 9 = 0 (Yp = 0), then Theorem 4.8 shows that all k-admissible minimal passive
realizations of 6 € S, ({4, ))) are minimal isometric (co-isometric). In particular, they
are controllable isometric (observable coisometric), and it follows from Theorem 2.6
that they are unitarily similar. This situation can occur also when the defect functions
do not vanish identically. In what follows, the range of ¢y and the domain of vy
will be denoted, respectively, by D, and Dy, . In the Hilbert space setting, it is well
known [18,19] that for a standard Schur function 6 € S(U/, ))), there exists a function
X0 € L®(Dy,, Dy,) such that the function

(4.15)

o) = <9(c) %(;‘))

wo(&)  x0(0)

has contractive values for a.e. { € T. Under certain normalizing conditions for the
functions ¢y and ¥y, the function ¥y is unique. In the Hilbert space setting, the impor-
tant properties of the function xy (¢) established by Boiko and Dubovoj, were bublished
without proof in the paper [16]. In general, y» may has negative Fourier coefficients
and therefore it is not a Schur function. In that case the function ® in (4.15) is not
a Schur function either. However, Arov and Nudelmann showed in [7,8] that ® is a
Schur function if and only if all minimal passive realizations of 6 are unitarily similar.
This result will be generalized to the indefinite setting in the following theorem. The
proof uses optimal and *-optimal realizations as in [7,8], but it is more elementary.

Theorem 4.10 Let 6 € S, (U, Y), where U and Y are Pontryagin spaces with the
same negative index, and let gy and Vg be defect functions of 6. Then all k -admissible
minimal passive realizations of 6 are unitarily similar if and only if there exist an
LDy, , Dy,)-valued function xg analytic in a neighbourhood of the origin such that

~_ (0 Ve u y
o= w)esi((ar,) (s.) @19

Proof Suppose that all k-admissible minimal passive realizations of 8 € S, (U, V) are
unitarily similar. Then it follows from Lemma 4.6 that every kx-admissible minimal
passive realization is optimal and *-optimal. Take any «-admissible minimal passive
realization ¥ of 6 and consider its Julia embedding as in (4.6). Then the transfer
function (4.7) of the Julia embedding belongs to the class S, (U & D7+, Y ® D7),
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and since ¥ is both optimal and *-optimal, the upper right corner and lower left corner
of (4.7) are defect functions of 6. Choose xy = x in (4.7), and the necessity is proven.

Suppose then that there exists an £(D+,, Dy, )-valued function x4 such that © in
(4.16) belongs to the class S, (Z/{ S Dy, VD Qwa) . It suffices to show that there
exists minimal passive realization ¥ of 6 such that it is both optimal and *-optimal;
see Lemma 4.6. Let

So=(AB,C,D; X, U Dy,, Y ®Dy,; k)

be a simple conservative realizationof ® € S, (Z/{ DDy, VD CDW) . Then the system
operator Tg of X can be represented as

A (B B) X X

@) (2 20 ) 7 ()
Ci) \ D21 Dx» Dy Dy

In a sufficiently small symmetric neighbourhood €2 of the origin, it holds

_ (0@ Y2
®(Z)_<<ﬂ9(z) Xe(z))

_( D+zCU-zA)'B D12+ zC(I — zA) "' B
T\ Do +z2C+ T -zA)'B Dy +:z2C1(I-zA)7'By )"

The spaces D, and D, are Hilbert spaces, and therefore it follows that the system
Y =(A,B,C,D; X, U, Y; k) is apassive realization of 6. Since X g is conservative,
Lemma 2.3 shows that

I — ©(2)0* (w) = (Iy — 00" (W) — Yo @DYy(w)  —0(D)esw) — Yo (2)x; (w) )

—pp (20" (w) — X0 (V5 (W) In,, — o (@D)e5 (W) — xo(2) x4 (W)

= —wz)CU —zA) ' —wA*)~'C*

——an (€Y AT —wA")TICY € —zA) I — wAH)TICE

=TIl = zA) U — wAHTICF O (I = zA)7 VU — wA")~ICY

Ty — 0% ()6 (2) — @ (w)pa(z) =0 (W)Pp(2) — @5 (w) xe(2) )
=Yg (W)@ — xg Wee(2) I, — VW)Y (@) — x5 (W) xo(2)

—d_a B*(I —wA*)~ " (I —zA)"'B B*(I —wA*)"'(I —zA)~'B;
=00 pr(r A (1 — 24y B BI(I — A" (1 —zA)'By )

-6 o) = (

That is,

Iy — 0(2)0* (w) = (1 — wz)C(I — zA) "' — WA ' C* + Yo ()W (w), (4.17)
Ly — 60*(w)0(z) = (1 —wz)B*(I —wA*) ' (I —zA)"'B + 5 (W)p(z). (4.18)

An easy calculation and Lemma 4.3 show that the Eq. (4.17) is equivalent to

Iy — 0" )" () =1 = w2)CU — WA) ™ (I — 2A")T'C* + ggs™ (W) s (2).
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LetY = (A,B,C',D; X', U,YV;k)and X" = (A", B",C", D; X", U, V; k) be,
respectively, an optimal minimal and a *-optimal minimal realizations of 6. It follows
from Theorem 3.5 (ii) that £”* is an optimal minimal realization of 6*. Then, by the
definition of ¢y and ggy#, it holds

Iy —0*(w)0(z) = (1 —wz)B*(I — wA™) ™' (I — zA) ' B + ¢} (w) g (2)
Iy — 6" (w)o*(2) = (1 —w2)C"(I — wA") ' (I — 2A") 7' C" + @ps™* () @i (2).

It follows that

B*(I —wA") ' (I —zA)"'B = B*(I —wA™)™ (I — zA) "'/,
C(I _ U_)A)il([ _ ZA*)flc* — C//(I _ u—)A//)fl(I _ ZA//*)flc//*‘

By using Lemma 4.5, it can be deduced that ¥ and X* are optimal systems. Then it
follows from Lemma4.7 that ¥ = X’° and therefore X* = X = X°. By Lemma?2.8,
the restriction Xy = (Ay, By, Cs, D; X%, U, V; k) of X to the simple subspace X™* is
simple, and it holds A" B = A% By and A*" C* = A¥"C} forevery n € Ny. That s, X
and X} also are optimal systems. Moreover, they are minimal since X = X¢ = X°. It
follows now from Theorem 3.5 (ii) that X; is also *-optimal, and the proof is complete.
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